life"' 


m 


mi 


W 


LlBRARV 


.MP  L\ST  SEP  ^  ^ 


^  TRANSACTIONS  OF 

THE 

OPTICAL  SOCIETY 


VOL.  XXIV 
1922-23 


PUBLISHED  BY  THE  OPTICAL  SOCIETY 

IMPERIAL  COLLEGE  OF  SCIENCE  AND  TECHNOLOGY 

SOUTH  KENSINGTON,  LONDON,  S.W.  7 


PRINTED  IN  CHEAT  BRITAIN 


CONTENTS  OF  VOLUME  XXIV 

PAGE 

A  Physical  Study  of  Coma.  By  L.  C.  Martin,  D.Sc,  D.l.C,  A.R.C.Sc.        .       .  i 
Comparison  of  the  Structure  of  Sand-blasted  and  Ground  Glass  Surfaces.    By 

F.  W.  Preston,  B.Sc,  A.M.I.C.E lo 

A  Large  Aperture  Aplanatic  Lens  not  Corrected  for  Colour.    By  T.  Sivirni,  M..-\., 

F.Inst.P 22 

The  Optical  Cosine  Law.   By  T.  Smith,  M.A.,  F.Inst.P 31 

The  Amount  of  the  Displacement  in  Gelatine  Films  shown  by  Precise  Measurements 

of  Stellar  Photographs.   By  C.  Davidson,  F.R.A.S 41 

Discussion  on  Mr  Guild's  paper  "Angle  Comparators  of  High  Precision  for  the 

Goniometry  of  Prisms" 47 

Exhibits:      I.  By  Messrs  .-Vdam  Hilger,  Ltd 48 

II.  By  John  S.  .Anderson,  D.Sc,  F.Inst.P 49 

III.  By  S.  Weston  (Messrs  E.  R.  Watts  &  Son,  Ltd)       ....  52 
Presidential  .Address:  Large  Telescopes.     By  Sir  Frank  Dyson,  M..A.,  LL.D., 

F.R.S 61 

The  Birth  of  Kinematography,  and  its  Antecedents  (Chronological  Tables).    By 

W.  Day 69 

Spectacles  and  Spectacle  Construction : 

Some  Recent  Developments  in  Spectacle  Lenses.    By  W.  A.  Dixey         .  72 

Standards  of  Accuracy  for  Ophthalmic  Prescriptions.    By  O.  P.  Raphael       .  75 

Paraxial  Actions  of  Ophthalmic  Lenses.    By  W.  Swaine,  B.Sc.                 .        .  79 

The 'Ocentric' Eye- Glass.   By  Henry  C.  Raxworthy 89 

On  the  .Available  Means  for  Correcting  Cases  of  Considerable  Anisometropia. 

By  Professor  M.  von  Rohr 92 

On  the  Best  Form  of  Spectacle  Lenses  for  the  Correction  of  Small  Amounts  of 

.Anisometropia.    By  A.  Whitweli.,  .M.xA. 96 

Notes  on  the  Non-operative  Treatment  of  Squint.    By  Margaret  Dobson, 

M.D.,  Lond loi 

Sir  William  Crookes'  Anti-Glare  Glasses.    By  J.  H.  Gardiner,  F.Inst.P         .  102 

The  Manufacture  of  Gold-filled  Spectacle  Frames.  By  Herbert  S.  Ryland  .  103 

Exhibitof  a  Prismatic  Astrolabe.  By  Instructor-Commander  T.Y.Baker,  R.N. ,B. .A.  no 
OnthePropertiesof  Pitch  used  in  working  Optical  Glass.  By  F.W.Preston,  B.Sc, 

A.M.LC.E 117 

Optical  Designing  as  an  Art.   By  H.  Dennis  Taylor 143 

The  Distribution  of  Corrective  Duties  in  Optical  Instruments.  By  T.  Smith,  M.A., 

F.Inst.P 168 


iv  Contents 

PAGE 

Exhibit  of  a  New  Research  Microscope.   By  J.  H.  Barton 184 

Further  Discussion  on  Mr  Davidson's  paper  "The  Amount  of  the  Displacement 

in  Gelatine  Films" 186 

The  Hilger  Microscope  Interferometer.  By  F.  T\vym.\n,  F.Inst.P.  ...  189 
On  the   Form  of  the  Wave-Surface  of  Refraction.    By  A.  Whitwell,   M.A., 

A.R.C.Sc.1 209 

Stereoscopy  Re-stated.    By  James  Weir  French,  D.Sc 226 

Levels  and  Level  Bubbles.  By  S.  G.  Starling,  A.R.C.Sc,  B.Sc,  F.Inst.P.  .  261 
Surveying  and   Navigational   Instruments  from   the  Historical   Standpoint.    By 

L.  C.  Martin,  D.Sc,  A.R.C.S.,  F.R.A.S 289 

Early  Telescopes  in  the  Science  Museum,  from  an  Historical  Standpoint.    By 

David  Baxandall,  A.R.C.Sc,  F.R.A.S 304 

The  Primary  and  Secondary  Image  Curves  formed  by  a  Thin  Achromatic  Object 

Glass  with  the  Object  Plane  at  Infinity.   By  E.  Wilfred  Taylor        .               .  321 

A  New  Form  of  Balloon  Theodolite.    By  T.  F.  Connolly,  M.Sc          .       .        .  326 

Reviews 56,111,187,257,329 

Abstracts  of  Patent  Specifications 59,112,187,259,331 

Notice 116 

Index  to  V'olumc  .x.\iv 333 


PROCEEDINGS 

AT  THE 

MEETINGS  OF  THE  OPTICAL  SOCIETY 
1922-23 


PROCEEDINGS  ^^ 

AT  THE 

MEETINGS  OF  THE  OPTICAL  SOCIETY 

1922-23 

12///  October,  1922 

Meeting  held  at  the  Imperial  College  of  Science. 

Professor  F.  J.  Cheshire,  C.B.E.,  Vice-President,  in  the  Chair. 

The  deaths  of  Dr  F.  W.  Sanderson  and  Mr  S.  A.  Willmott  were  announced. 

The  following  papers  were  read : 

"A  Physical  Study  of  Coma."   By  L.  C.  M.-vrtin,  D.Sc,  D.I.C,  A.R.C.Sc. 

"Comparison  of  the  Structure  of  Sand-blasted  and  Ground  Glass  Surfaces."    By 
F.  W.  Preston,  B.Sc,  A.M.l.C.E.   (Read  by  Mr  Bryson.) 

Mr  F.  TwYMAN  described  a  number  of  instruments  made  and  exhibited  by  Messrs 
Adam  Hilger,  Ltd. 

()th  November,  1922  ■ 
Special  Meeting  held  at  the  Imperial  College  of  Science. 

Sir  Frank  Dyson,  F.R.S.,  President,  in  the  Chair. 
The  Third  of  the  Series  of  Lectures  dealing  with  the  Evolution  and  Development  of 
Optical  Instruments  was  delivered  by  Dr  R.  S.  Clay  on  "The  History  of  the  Photo- 
graphic Lens." 

T^oth  November,  1922 

Conference  on  Spectacles  and  Spectacle  Construction  held  at  the  Imperial 
College  of  Science. 

Sir  Frank  Dyson,  F.R.S.,  President,  in  the  Chair. 

The  following  papers  were  read : 

"  Standards  of  Accuracy  for  Ophthalmic  Prescriptions."   By  O.  P.  Raphael. 

"On  the  Available  Means  for  Correcting  Cases  of  Considerable  Anisometropia." 
By  Prof.  M.  von  Rohr.   (Read  by  Mr  Whitwell.) 

"On  the  Best  Form  of  Spectacle  Lenses  for  the  Correction  of  Small  .\mounts  of 
Anisometropia."   By  A.  Whitwell,  M.A. 

"Notes  on  the  Non-operative  Treatment  of  Squint."   By  Margaret  Dobson,  M.D. 

"Sir  William  Crookes'  .■Vnti-Glare  Glasses."  By  J.  H.  Gardiner,  F.Inst.P. 

"Some  Recent  Developments  in  Spectacle  Lenses."    By  W.  A.  Dixey. 

"Paraxial  Actions  of  Ophthalmic  Lenses."    By  W.  Swaine,  B.Sc. 

"The  Manufacture  of  Gold-filled  Spectacle  Frames."   By  Herbert  S.  Ryland. 

"The  'Ocentric'  Eye-glass."   By  Henry  C.  Ra.\worthy. 

Messrs  Hadley  presented  to  the  Society  a  card  mounted  with  the  gold-filled  parts  of 
a  spectacle  frame,  showing  the  various  stages  of  manufacture  of  the  parts. 

.•\n  Exhibition  of  Instruments  and  Appliances  connected  with  the  Spectacle-making 
Industry  was  held  on  the  same  day. 
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i^th  December,  1922 
Extraordinar}-  Meeting  held  at  the  Imperial  College  of  Science. 
Sir  Fr.\nk  Dyson,  F.R.S.,  President,  in  the  Chair. 
The  following  proposed  addition  to  Rule  VII  was  moved  from  the  Chair  and 
carried  unanimously,  due  notice  having  been  given  to  all  members: 

At  the  request  of  a  Fellow  or  Member  of  more  than  one  year's  standing,  the  Council 
may,  by  special  resolution,  transfer  his  membership  to  a  specified  Partnership  firm. 
Company,  or  other  corporate  body  with  which  he  is  associated.  Such  body  may  then 
be  admitted  to  Corporate  Membership  in  accordance  with  the  preceding  section  of  this 
Rule  but  without  the  payment  of  an  entrance  fee,  provided  that  the  Fellow  or  Member 
then  resigns  in  accordance  with  the  conditions  specified  in  Rule  X  and  that,  if  the  sub- 
scription for  Corporate  Membership  be  greater  than  that  paid  for  the  current  year  by  the 
Fellow  or  Member  resigning,  the  difference  be  paid  by  the  Corporate  Member  so  admitted. 

14///  December,  1922 
Meeting  held  at  the  Imperial  College  of  Science. 

Sir  Frank  Dyson,  F.R.S.,  President,  in  the  Chair. 
Messrs  W.  M.  Brett  and  P.  F.  Everitt  were  elected  Hon.  Auditors  for  the 

Society's  accounts  for  the  year  1922. 
The  following  papers  were  read : 
"A  Large  Aperture  Aplanatic  Lens  not  Corrected  for  Colour."   By  T.  Smith,  M.A., 

F.Inst.P. 

"The  Optical  Cosine  Law."   By  T.  Smith,  ^LA.,  F.Inst.P. 

Dr  John  S.  Anderson  gave  the  following  demonstrations: 

"A  Simple  Differential  Method  of  Refractometry  for  Liquids." 

"An  Immersion  Method  of  Measuring  the  Internal  Diameters  of  Transparent  Tubes." 

Mr  S.  Weston  exhibited  "Compensated"  and  "Constant"  Spirit  Levels  made  by 

Messrs  E.  R.  Watts  &  Son,  Ltd. 

yd  and  ^th  January,  1923 

Thirteenth  Annual  Exhibition  of  Electrical,  Optical  and  other  Physical  Apparatus 
held  at  the  Imperial  College  of  Science,  jointly  with  the  Physical  Society  of  London. 

The  following  discourses  were  given : 

"  Reproduction  of  Colour  by  Photographic  Processes."    By  W.  Gamble. 

"Recent  Photo-Elastic  Researches  on  Ivnginecring  Problems."  By  Prof.  E.  G.  Coker, 
F.R.S. 

1 1  til  January,  1923 

Meeting  held  at  the  Imperial  College  of  Science. 

Sir  Frank  Dyson,  F.R.S.,  President,  in  the  Chair. 

The  follcnving  papers  were  read : 

"  The  Amount  of  the  Displacement  in  Gelatine  Films  shown  by  IVecise  Measurements 
of  Stellar  Photographs."    By  C.  Davidson,  F.R.A.S. 

"The  Use  of  Ultra-violet  Light  in  Microscopy."   By  J.  E.  Barnard,  F.R.M.S. 

"On  the  Properties  of  Pitch  used  in  working  Optical  Glass."  By  F.  W.  Preston, 
B.Sc,  A.M.I.C.E.   (Read  by  Mr  Bryson.) 
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25///  January,  1923 
Special  Meeting  held  at  the  Imperial  College  of  Science. 

Professor  F.  J.  Cheshire,  C.B.E.,  Vice-President,  in  the  Chair. 
The  Fourth  of  the  Series  of  Lectures  dealing  with  the  Evolution  and  Development 
of  Optical  Instruments  was  delivered  hy  Mr  W.  Day  on  "The  Birth  of  Kinematography, 
and  its  Antecedents." 

The  Lecture  was  illustrated  by  a  large  number  of  lantern  slides  and  apparatus  of 
historical  interest. 

S///  Ft'hniaiy,  1923 
.Annual  General  Meeting  held  at  the  Imperial  College  of  Science. 

Sir  Fr.'vnk  Dyson,  F.R.S.,  President,  in  the  Chair. 
The  Hon.  Secretary  presented  the  .Annual  Report*  of  the  Council,  which  was  approved. 
The  Treasurer's  Reportf  and  Balance  Sheet  J  were  presented  by  the  Hon.  Treasurer, 
and  were  approved. 

The  Chairman  read  the  list  of  persons  nominated  by  the  Council  for  office  in  the 
year  1923-24  and  declared  all  these  duly  elected  as  no  other  nominations  had  been  received. 
President:  Emeritus  Prof.  Archib.m.d  Barr. 

Vice-Presidents:  Sir  Frank  Dyson,  Mr  T  Smith,  Mr  R.  S.  Whipple. 
Business  Secretary:  Prof.  A.  Pollard. 
Papers  Secretary:  Mr  F.  F.  S.  Bryson. 
Treasurer:  Major  E.  O.  Henrici. 
Librarian:  Mr  J.  H.  Sutcliffe. 
Editor:  Dr  John  S.  Anderson. 


Already  serving : 
Dr  John  S.  Anderson. 
Instr.-Comdr.  T.  Y.  Baker. 
Mr  R.  W.  Cheshire. 
Dr  R.  S.  Clay. 
Mrs  C.  H.  Griffiths. 
Dr  L.  C.  Martin. 
Mr  F.  Twyman. 
Mr  A.  Whitwell. 
The  Chairman  announced  that  Prof. 


Elected,  February,  1923: 
Mr  W.  M.  Brett. 
Prof.  F.  J.  Cheshire. 
Mr  H.  H.  Emsley. 
Mr  P.  F.  EvERiTT. 
*Dr  J.  W.  French. 

Miss  L.  M.  GiLLMAN. 

•Prof.  A.  W.  Porter. 
*  Re-elected, 
had  written  regretting  his  unavoidable 


absence,  and  consequently  the  introduction  of  the  new  President  could  not  take  place. 

Votes  of  thanks  to  the  retiring  Officers  and  Members  of  Council,  to  the  Hon.  Auditors, 
and  to  the  Governors  of  the  Imperial  College,  with  Prof.  Callendar,  for  the  use  of  the 
College  premises  for  the  meetings  of  the  Society  were  unanimously  passed. 

8//;  February,  1923 
Meeting  held  at  the  Imperial  College  of  Science. 

Mr  T.  Smith,  M.A.,  Vice-President,  in  the  Chair. 
Sir  Frank  Dyson,  F.R.S.,  delivered  his  Presidential  Address  on  "Large  Telescopes." 
The  paper  "On  the  Properties  of  Pitch  used  in  working  Optical  Glass,"  by  F.  W. 
Preston,  B.Sc,  A.M.I.C.E.,  which  had  been  read  at  the  meeting  on  nth  January,  was 
then  discussed. 


See  p. 


t  See  p.  XV. 


J  See  p.  xvi 


X  ProceediJigs 

Instr.-Comdi .  T.  Y.  Baker  exhibited  a  Prismatic  Astrolabe. 

The  Hon.  Secretary  read  a  letter  from  the  Secretary  of  the  IHuminating  Engineering 
Society  in  which  the  nomination  of  representatives  was  invited  to  take  part  in  a  Discussion 
on  "The  Projection  of  Light,"  to  be  held  at  the  Royal  Society  of  Arts  on  20th  February. 
Instr.-Comdr.  T.  Y.  Baker,  Dr  L.  C.  M.\rtin  and  Messrs  J.  Guild  and  J.  W.  T.  Walsh 
were  chosen  as  representatives. 

8//?  March,  1923 

Meeting  held  at  the  Imperial  College  of  Science. 

Sir  Fr-ANK  Dysox,  F.R.S.,  Vice-President,  in  the  Chair. 

Instr.-Comdr.  T.  Y.  Baker  gave  a  report  of  the  Discussion  on  "The  Projection  of 
Light,"  held  by  the  Illuminating  Engineering  Society  on  20th  February. 

The  following  papers  were  read : 

"Optical  Designing  as  an  Art."   By  H.  Dennis  Taylor. 

"The  Distribution  of  Corrective  Duties  in  Optical  Instruments."  Bv  T.  Smith, 
M.A.,  F.Inst.P. 

It  was  announced  that  a  visit  to  the  works  of  the  Hadley  Co.,  Surbiton,  had  been 
arranged  for  26th  .\pril. 

22nd  March,  1923 
Special  Meeting  held  at  the  Imperial  College  of  Science. 

Instr.-Coindr.  T.  Y.  Baker,  R.N.,  in  the  Chair. 
The  Fifth  of  the  Series  of  Lectures  dealing  with  the  Evolution  and  Development  of 
Optical  Instruments  was  delivered  by  Dr  L.  C.  Martin  on  "Surveying  and  Navigational 
Instruments  from  the  Historical  Standpoint." 

The  lecture  was  illustrated  by  apparatus  of  historical  interest. 
Major  E.  O.  Henrici  exhibited  a  Douglas  Reflector  of  1825. 

12//;  Apii/,  1923 
Meeting  held  at  the  Imperial  College  of  Science. 

Emeritus  Professor  A.  Barr,  F.R.S.,  President,  in  tlio  Chair. 
The  following  papers  were  read : 

"On  the  Form  of  the  Wave-Surface  of  Refraction."  Bv  A.  Whitvvell,  M.A., 
A.R.C.Sc.I. 

"The  Hilger  Microscope  Interferometer."   By  F.  Tvvyman,  F.Inst.P. 
Mr  J.  H.  Barton  exhibited  a  New  Research  Microscope. 

ID///  May,  1923 
Meeting  held  at  the  Imperial  College  of  Science. 

.Mr  T.  Smith,  M.A.,  Vice-President,  in  the  Chair. 
The  following  paper  was  read : 

"Stereoscopy  Re-stated."    By  Jami:s  Wkir  French,  D.Sc. 

Dr  John  S.  Anderson  gave  a  demonstration  of  an  experiment  ilhisiraiing  the  tinic-lag 
in  vision,  as  described  recently  in  Pulfricli,  the  apparatus  beint;  kiiuli\  lent  by  Dr  1".  L. 

Hop  WOOD. 
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24</z  May,  1923 
Special  Meeting  held  at  the  Imperial  College  of  Science. 

Mr  R.  S.  Whipple,  M.I.E.E.,  Vice-President,  in  the  Chair. 
The  Sixth  of  the  Series  of  Lectures  dealing  with  the  Evolution  and  Development  of 
Optical  Instruments  was  delivered  by  Mr  David  Baxandall,  A.R.C.Sc,  F.R.A.S.,  on 
"  Karly  Telescopes  in  the  Science  Museum,  from  an  Historical  Standpoint." 

The  lecture  was  illustrated  by  exhibits  from  the  collection  in  the  Science  Museum 
(by  the  kind  permission  of  the  Director,  Col.  Lyons,  F.R.S.). 

ijfthjune,  1923 
Meeting  held  at  the  Imperial  College  of  Science. 

Mr  T.  Smith,  M.A.,  Vice-President,  in  the  Chair. 
The  following  papers  were  read : 

"Levels  and  Level  Bubbles."   By  S.  G.  St./vri.ing,  A.R.C.Sc,  B.Sc,  F.Inst.P. 
"A  New  Form  of  Balloon  Theodolite."    By  T.  F.  Connolly,  ALSc. 
"  The  Primary  and  Secondary  Image  Curves  formed  by  a  Thin  Achromatic  Object 
Glass  with  the  Object  Plane  at  Infinity."    By  E.  Wilfred  Taylor. 
Mr  H.  A.  Hughes  exhibited  his  new  "Dead-beat"  Compass. 


THE  OPTICAL  SOCIETY 

REPORT  OF  THE  COUNCIL  TO  THE  ANNUAL  MEETING 
OF  MEMBERS,  8th  FEBRUARY,  1923. 

^HE  COUNCIL  of  the  Optical  Society  presents  the  following  Report  for  the 
year  ending  31st  December,  1922: 

Nine  Ordinary  Meetings  of  the  Society  took  place  during  the  year.  On  15th 
June  a  visit  was  made  to  the  works  of  Messrs  Kodak,  Ltd.,  and  the  thanks  of  the 
Society  are  due  to  the  Directors  for  their  hospitality. 

In  conjunction  with  the  Physical  Society  of  London,  an  annual  Exhibition  of 
Electrical,  Optical,  and  other  Physical  Apparatus  was  held  at  the  Imperial  College 
of  Science  and  Technology'  on  4th  and  5th  January,  and  was  very  largely  attended. 

The  Ordinary  Meeting  on  nth  May  was  distinguished  by  an  important  dis- 
cussion and  group  of  papers  on  Motor  Headlights,  dealing  more  particularly  with 
the  optical  problems  involved.  The  papers  read  at  this  discussion  have  been 
separately  reprinted  from  the  Transactions  so  as  to  be  readily  available  to  those 
interested  in  the  subject  and  give  in  convenient  form  a  general  review  of  the 
problems  involved  and  the  methods  so  far  employed  in  their  solution. 

As  a  result  of  this  meeting  the  Illuminating  Engineering  Society  invited  the 
Optical  Society  to  elect  a  representative  on  a  Joint  Committee  to  deal  with  the 
question  of  Motor  Headlights.  Instructor-Commander  T.  Y.  Baker  has  been 
appointed  to  represent  the  Society. 

On  30th  November  there  was  held  with  marked  success  a  conference  on  "  Oph- 
thalmic Optics,  Spectacle  Frames  and  Lens  Construction"  and  also  an  Exhibition 
of  Ophthalmic  Apparatus  and  Instruments  at  the  Imperial  College  of  Science  and 
Technology.  The  leading  firms  in  the  industry  were  represented  at  this  meeting. 

Messrs  Hadley  of  Surbiton  presented  to  the  Society  a  card  mounted  with  the 
gold  filled  parts  of  a  spectacle  frame  showing  the  various  stages  of  manufacture,  and 
the  thanks  of  the  Society  are  due  to  this  firm  for  their  generosity. 

Of  the  special  series  of  meetings  originally  initiated  for  the  purpose  of  bringing 
into  wider  recognition  the  valuable  and  unique  collections  of  optical  apparatus 
at  the  South  Kensington  Museum,  the  second  was  held  on  27th  April  when 
Prof.  Alan  Pollard  gave  a  lecture  on  "The  Mechanical  Construction  of  the  Micro- 
scope from  an  Historical  Standpoint."  The  lecture  was  illustrated  by  a  demonstra- 
tion of  historical  microscopes,  mostly  taken  from  the  valuable  Court  Collection  at 
the  Science  Museum,  which  were  lent  for  the  occasion  by  the  Director.  The  thanks 
of  the  Society  are  due  to  the  Director  and  to  .Mr  T.  Court  for  their  courtesy. 
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The  third  lecture  of  this  series  was  delivered  on  9th  November  by  Dr  R.  S.  Clay 
on  "The  Historj'  of  the  Photographic  Lens"  and  was  illustrated  by  a  large  amount 
of  historical  apparatus. 

These  lectures  were  well  attended  and  aroused  much  interest. 

The  fourth,  fifth,  and  sixth  lectures  of  this  series  have  been  arranged  and  will  be 
given  in  the  first  part  of  1923  by  Mr  Will  Day  on  the  Cinematograph,  by  Dr  L.  C. 
Martin  on  Surveying  and  Nautical  Instruments  and  by  Mr  D.  Baxandall  on 
Telescopes. 

Mr  R.  S.  Whipple  has  continued  to  represent  the  Society  on  the  Conjoint  Board 
of  Scientific  Societies  and  the  National  Committee  for  Physics,  while  Mr  J.  Guild 
has  represented  the  Society  on  the  Board  of  the  Institute  of  Physics. 

With  a  view  to  making  the  Transactions  more  widely  known,  the  contents  of 
the  various  numbers  are  now  regularly  advertised  in  Scientific  Journals,  and  there 
has  been  an  increase  in  the  sales. 

Authors  of  papers  now  receive  free  of  charge  in  the  case  of  a  single  author 
30  bound  reprints,  in  the  case  of  two  joint  authors  40  bound  reprints,  and  jn  the 
case  of  three  joint  authors  50  bound  reprints  of  their  papers. 

Rules.  An  addition  has  been  made  to  Rule  VII  regarding  Corporate  Member- 
ship which  has  been  framed  for  the  convenience  of  those  Fellows  or  Members  who, 
being  unable  to  make  direct  use  of  the  Society,  may  desire  to  transfer  their  member- 
ship to  their  Firm. 


The  following  books  have  been  received  during  1922: 

Die  Amcetidung  des  Mikroskops.   By  R.  Schmehlik. 

The  Theory  of  Modern  Optical  Instruments.  By  Dr  Alexander  Gleichen.  Translated 

by  H.  H.  Emsley,  B.Sc,  and  W.  Swaine,  B.Sc.   Second  edition. 
Report  on  Series  in  Line  Spectra.  By  Prof.  A.  Fowler,  A.R.C.S.,  F.Inst.P.,  F.R.S. 
Durability  of  Optical  Glasses.   Report  of  an  Investigation  carried  out  by  T.  Haigh, 

B.A.,  A.R.C.Sc.I.,  A.I.C. 
Process  Work  and  the  Printer  (Quarterlv).   Edited  by  William  Gamble,  F.R.P.S., 

F.O.S. 
Eyes  and  Spectacles.  By  Prof.  M.  von  Rohr.  Translated  bv  A.  Harold  Levy,  B.A., 

M.D.,  CM.,  F.R.C.S.(Eng.). 
Die  Brille  als  optisches  Instrument.   By  Prof.  M.  von  Rohr. 
The  Origin  of  Spectra.   By  Paul  D.  Foote  and  F.  L.  Mohler. 
Penrose's  Annual:  The  Process  Year  Book.  Vol.  25.    Edited  by  William  Gamble, 

F.R.P.S.,  F.O.S. 
The  Making  of  a  Speculum.    By  D.  E.  Benson. 
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The  following  journals  are  now  being  regularly  received  by  the  Library  of  the 
Society : 

American  Journal  of  Physiological  Optics. 

Bulletin  de  la  Societe  franfaise  de  Photographie . 

Dioptric  Bulletin. 

Illuminating  Engineer. 

Journal  of  Industrial  Administration. 

Journal  of  the  Royal  Microscopical  Society. 

Journal  of  the  Society  of  Glass  Technology. 

Optician. 

Photographic  Journal. 

Proceedings  of  the  American  Academy  of  Arts  and  Sciences. 

Proceedings  of  the  Cambridge  Philosophical  Society. 

Proceedings  of  the  Royal  Society  of  Edinburgh. 

Transactions  of  the  Optical  Society. 

Tfie  Library  is  housed  at  lo  Clifford's  Inn,  Fleet  Street,  E.C.  4,  and  those  who 
desire  further  information  or  catalogues  should  communicate  with  the  Librarian, 
Mr  J.  H.  SuTCLiFFE,  O.B.E. 
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During  the  year  Prof.  A.  A.  Michelson  and  Prof.  Moritz  von  Rohr  were  made 
Honorary  Fellows  of  the  Society,  making  22  new  Members  elected,  of  whom  five  are 
Corporate  Members  under  the  new  Rule.  Twenty-four  names  were  removed  from 
the  list  under  Rule  IX,  25  resignations  were  tendered,  and  three  members  died. 
There  was,  therefore,  a  net  decrease  of  30  in  the  membership  of  the  Society,  leaving 
the  members  on  ist  January,  1923,  as  follows: 


Honorary  Fellows 

10 

Fellows      ..... 

102 

Fellows  non-resident  in  British  Isles 

6 

Members 

154 

Corporate  Members     . 

4 

Members  non-resident  in  British  isles 

25 

Corporate  Member ,,        ,,             ,, 

Student  Members 

8 

Total 

310 
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TREASURER'S  REPORT  FOR  THE  YEAR  1922. 

The  income  for  the  year  shows  an  increase  of  about  £50,  due  to  increased  sales  of 
publications  and  receipts  from  advertisements  in  the  Transactions,  the  latter  being 
a  new  item  in  the  accounts  this  year.  The  increase  in  the  sales  is  especially  gratifying 
in  view  of  the  facts  that  it  follows  considerable  increases  and  that  the  increases  in 
the  receipts  are  due  to  the  larger  numbers  sold  as  well  as  to  the  higher  prices  now 
charged  for  the  Transactions.  The  annual  sales  since  1918  are  ^^51,  ^52,  ^jTSo,  £,i(ii, 
and  now  £\C)\. 

The  increase  in  the  cost  of  printing  is  due  to  the  considerable  increase  in  the 
size  of  the  Transactions  issued  during  the  year. 

The  item  'printing'  includes  the  cost  of  distributing  the  Transactions  to 
members,  and  the  cost  of  printing  notices,  etc.  The  cost  of  addressing  and  dis- 
tributing notices  appears  under  'clerical  assistance'  and  'postage'  respectively, 
instead  of  under  'printing'  as  was  largely  the  case  in  previous  years. 

The  other  increased  expenditure  is  accounted  for  partly  by  the  increased 
activities  of  the  Society,  including  an  extra  meeting,  and  partly  by  extra  assistance 
to  the  Secretary  for  sorting  out  the  stock  of  old  Transactions,  and  other  work  which 
had  fallen  into  arrears  owing  to  the  shortage  of  funds. 

The  ;^ioo  Canadian  Northern  Railway  5  %  Land  Mortgage  Bonds,  held  by 
the  Society,  were  redeemed  at  par  at  the  end  of  the  year,  and  the  proceeds,  together 
with  ;(jioo  from  the  cash  which  had  been  on  deposit  at  the  Bank,  have  been  invested 
in  ;£200  of  5  %  War  Loan.  The  ;£ioo  Grand  Trunk  Western  Railway  4  %  Gold 
Bonds,  bought  many  years  ago,  are  shown  on  the  balance  sheet  at  their  purchase 
price  of  £()^.  los.  od.;  the  Stock  Exchange  quotation  at  the  end  of  the  year  was 
£75.  lOi-.  od.,  showing  a  depreciation  of  £27,. 

The  item  'Library'  Fund'  has  been  removed  from  the  balance  sheet,  being 
amalgamated  with  the  accumulated  funds  account,  and  no  credit  has  been  taken 
this  year  for  the  value  of  the  books,  etc.,  in  stock,  though  the  value  is  considerable. 
The  assets  included  are  all  readily  realizable,  consequently  the  balance  sheet  dis- 
closes a  healthy  financial  position. 

The  books  and  manuscripts  of  the  Society  are  insured  against  fire  with  the 
Guardian  Assurance  Company,  Ltd.,  for  the  sum  of  ^{^300. 

E.  O.  Henrici, 

Hon.  Treasurer. 
()th  January,  1923. 


INCOME  AND  EXPENDITURE  ACCOUNT  FOR 
YEAR  ENDING  31st  DECEMBER,  1922. 


EXPENDITURE 


To  Printing  and 
Clerical 
Postage  and  receipt  stamps 
Conjoint  Board  of  Scientific  Societies 

Sundries 

Advertising 

Physical  Society' — share  of  joint  ex- 
hibition expenses    .... 
Balance — income  over  expenditure  . 


£     s.  d. 

G8()     8  2 


:5    17  8i 
3   10  0 


£942     7  7J 


iy  Subscriptions : 
Fellows,  arrears 

for  1922 

Members,  arrears 

for  1922 

Corporate  members  for  1922  6  6  0 
Student  members  for  1922  7  7  0 
Entrance  fees       .      .         .  12   12  0 


£     s.   d. 

28  7  0 
290   17  0 

40  19  0 
827   12  0 


Less  rebate  to  members  of  the 
Institute  of  Phvsics    . 


Sales  of  publications    . 
Advertisements   in    Tra, 


less 
and  deposit  . 


Cr 

£     s.  d. 


34     9     4 

16     9     9 

£042     7     7i 


BALANCE  SHEET  AT  31st  DECEMBER,  1922. 

ASSE'l'S 


By  Sundry  Debtors  (advertisements)    . 

Cash  at  Bank 

Cash  in  hand  (Treasurer)    . 

Petty  cash  in  hand  .... 
Investments  at  cost: 

£100  Grand  Trunk  Western  Railway 
4  %  1st  Mortgage  Gold  Bonds 

£200  .'5  %  War  Stock  1929,47    . 


LIABILITIES 

To  Sundry  Creditors : 

Printing  .... 
Physical  Society 
Postage    .... 
Advertisements       . 

£ 

100 
18 

11 

2 
6 
6 

7 

4 
3 
0 
5 

£ 

s.    </. 

Clerical  assistance  . 

16 

3 

6 

Subscription  and  entrance 
fee  for  1923 

4 

4 

0 

1.50 

9  6 

Accumulated  Funds  and  Pro- 

perty Account : 

Balance  31st  Dec.  1921 

304 

8 

4 

Plus    income    over    ex- 

penditure    . 
Transfer  from  Library 
Fund 

43 
347~ 

2 

3 
14 

4 

9 
5 

Less  books,  etc.,  written  off 

JiL 

3 

3 

296 

11   2 

Guarantee  fund  for  Journal  of 
Scientific  Instruments  . 

i 

0 

6  0 

:4.-.3 

(1  8 

£     s. 

.-.3      O 


98    10 
200      0 


We,  the  undersigned  .Auditors  elected  at  the  General  Meeting  held  on  14th  December,  1922, 
hereby  certify  that  we  have  examined  the  above  accounts  and  do  find  them  correct. 

W.  IMasdn  Bri;tt. 
Philip  Francis  Everitt. 
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lIon.Treas 


TRANSACTIONS   OF 

THE 

OPTICAL    SOCIETY 

Vol.  XXIV.  1922-23  No.  I. 

A  PHYSICAL  STUDY  OF  COMA 

By  L.  C.  martin,  D.Sc,  D.I.C,  A.R.C.Sc. 

Lecturer  in  the  Optical  Engineering  Department, 

Imperial  College  of  Science  and  Technology 

MS.  irceired  -jth  June,  1922.   Read  and  discussed,  izt/i  October,  1922. 

ABSTRACT.  A  specially  designed  microscope  objective  and  mounting,  calculated  to 
exhibit  coma  in  the  absence  of  spherical  aberration  and  astigmatism,  are  described. 
Photographs  of  a  "star"  image,  taken  when  the  amount  of  coma  is  equivalent  to  that 
for  which  the  light  distribution  has  been  calculated  by  the  author,  are  found  to  verify 
the  numerical  work.  The  photometric  examination  of  the  photographic  image  is  carried 
out  by  a  special  method. 

In  continuation  of  the  scheme  of  work  described  in  a  previous  paper  to  the  Society* 
it  was  desired  to  check  certain  calculationsf  of  the  distribution  of  light  in  a  "star" 
image  when  coma  of  a  definite  amount  is  present.  The  use  of  a  doublet  lens  system 
permits  the  removal  of  astigmatism  and  spherical  aberration  while  a  definite 
residue  of  coma  is  present,  so  that  the  most  suitable  lens  for  the  exhibition  of  pure 
comatic  eff"ects  is  a  long  focus  microscope  objective,  the  axis  of  which  can  be  dis- 
placed with  respect  to  the  object  and  observing  lens  or  eyepiece. 

In  the  course  of  development  of  certain  analytical  methods  of  lens  design 
Professor  Conrady  obtained  a  type  of  lens  system  which  seemed  capable  of  fulfilling 
the  above  conditions.  I  found  it  possible,  by  changing  the  scale,  adapting  several 
curves  to  existing  tools,  and  altering  the  remainder  in  accordance  with  the  indica- 
tions of  trigonometrical  calculations,  to  evolve  a  lens  in  which  the  spherical  aberra- 
tion and  astigmatism  are  negligible  while  the  residual  coma  is  of  an  interesting 
amount,  being  approximately  double  that  which  is  usually  tolerated  in  telescope 
or  microscope  lenses  intended  for  use  with  ordinary  eyepieces. 

*   Tram.  Opt.  Soc.  23  (1921-22),  63. 
f  Mnnlhly  Notices,  R.A.S.  82,  No.  5  (Mar.  IQ22). 
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The  specification  of  the  system  is  as  follows  (dimensions  in  cm.) : 


Radius 

Thickness 

-184 

_  1 

Crown 

Cemented 
-  1-385 

'r  Back  lens     Glasses: 

1                        Chance's  605  Hard  Crown 

Flint 

-  3592 

013                                                                  ni,= 
1                                        360  Dense  Flint 

1-5175  "  = 

=  605 

Air  space 

8-9705 

55                                                                        "/'  = 

1-6225  •■ 

=  360 

Crown 

-  09793 
Cemented 

-  0-9793 

■  Front  lens 

Flint 

-  20s 

o-:3) 

Diameter  of  back  lens  =  1-5.    Diameter  of  front  lens  =  11. 

Fig.  I  shows  the  system  diagrammatically.   The  focal  length  of  the  completed 
lens  is  found  to  be  4-1  cm.  The  normal  magnification  should  be  4- 44. 


|-^-- 


fluC/r  front 

Fig... 

A  trigonometrical  calculation  carried  out  for  a  marginal  ray  passing  through 
the  last  surface*  at  a  distance  of  -545  cm.  from  the  axis,  and  crossing  the  axis  at  a 
distance  of  17  cm.  from  the  vertex  of  that  surface,  indicates  that  the  difference 
between  the  marginal  and  paraxial  paths  between  object  and  image  points  is  -63  A 
at  the  marginal  focus.  (This  is  for  wave  length  =  -555 /Li.)  The  offence  against  the 
sine  condition  may  be  written 

paraxial  magnification 
marginal  magnificatitm 
The  astigmatism  was  calculated  for  a  principal  ray  making  an  angle  of  5°  with  the 
axis  in  the  image  space,  and  the  distance  between  sagittal  and  tangential  ray  crossing 
points  is  found  to  be  such  as  would  cause  a  relative  path  difference  of  about  -5  A 
between  disturbances  from  the  centre  and  margin  of  a  wave  surface  touching  the 
back  lens.  This  is  approximately  three  times  a  value  tolerable  in  the  present  case 
but  (remembering  that  for  astigmatism  the  optical  path  aberration  is  proportional 
to  the  square  of  the  angle  made  by  the  principal  ray  with  the  axis)  it  will  only  be 
necessary  to  use  a  ray  at  about  half  this  angle  to  reduce  the  aberration  to  a  negligible 
amount.   In  practice  no  astigmatism  was  observable  in  the  image. 

Tested  on  a  silver  film  showing  "stars"  the  lens  proves  to  give  fair  definition 
at  the  centre  of  the  field  but  coma  becomes  well  marked  in  the  outer  parts.  Tiic  extra- 
focal  appearances  indicated  some  residual  zonal  spherical  aberration  wliich  had 
been  expected  from  tlie  full  enuiputation.  This  was,  however,  iiunle  iiegligilile  in 
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both  theory  and  practice  when  the  back  aperture  was  reduced  to  a  diameter  of 
•86  cm.,  while  this  reduction  also  diminishes  the  astigmatism  still  further.  The 
offence  against  the  sine  condition  for  the  marginal  zone  is  now  reduced  to 


•004  f  °-«  j 


•0025. 


Tested  again  on  the  silver  slide  the  lens  gives  a  practically  perfect  central  image 
with  slight  indications  of  coma  in  the  marginal  regions  of  the  field. 

The  comatic  images  cannot  be  examined  properly  with  the  objective  in  its 
normal  position  owing  to  the  oblique  passage  of  the  light  through  the  eyepiece. 
It  is  therefore  desirable  to  tilt  the  objective,  and  a  special  mounting  was  devised 
by  means  of  which  the  axis  of  the  lens  may  be  placed  at  any  angle  up  to  10°  with 
the  a.xis  while  the  centre  of  its  back  aperture  remains  on  the  main  microscope  axis. 
Fig.  2  illustrates  the  arrangement.  The  member  A,  screwed  into  the  end  of  the 
body  tube  of  the  microscope,  carries  a  short  cylindrical  piece  of  which  the  axis  is 


at  5°  to  the  microscope  axis.  The  part  B,  which  can  rotate  inside  the  cylinder,  is 
bored  with  a  hole  to  take  the  objective,  the  lenses  of  which  are  mounted  in  a  cylin- 
drical tube.  The  axis  of  the  objective  coincides  with  that  of  the  instrument  for  one 
position  of  B  only,  which  is  indicated  by  a  fiducial  mark.  The  angle  of  tilt  in  any 
other  position  may  easily  be  calculated  from  the  angle  through  which  B  has  been 
turned.  The  parts  are  fairly  exact  fits  so  that  the  motion  is  sweet,  but  there  is  no 
tendency  towards  slipping.  The  arrangement  works  satisfactorily  in  practice. 

"Star"  images  could  now  be  examined  and  photographed  (in  a  manner  similar 
to  that  already  described)  when  subject  to  vaiying  amounts  of  aberration.  The  Umit 
to  the  amount  of  coma  introduced  is  set  by  the  "  cutting  off"  of  part  of  the  circular 
wave  front  which  begins  when  the  obliquity  reaches  a  definite  value  owing  to  the 
limited  size  of  the  front  lens. 

In  taking  the  photographs  illustrated  the  obliquity  was  2"  45'.  Quoting  a  formula 
given  elsewhere*  we  have 

*  Monthly  Notices   R.A.S.  he.  cil. 
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where  IT  is  the  optical  path  difference  of  a  marginal  and  a  central  ray  at  the  focus 
in  the  Petzval  surface  of  the  central  part  of  the  wave,  .1/,,,  and  .1/p  are  marginal  and 
paraxial  magnifications*,  and  6  is  the  angular  coordinate  of  the  point  at  the  margin 
of  the  wave  surface  from  which  the  ray  originates.  S  is  the  radius  of  the  last 
diaphragm  limiting  the  area  of  the  wave  surface,  V  is  the  size  of  the  field  (i.e.  the 
distance  of  the  image  from  the  optical  axis),  and  P  is  the  distance  from  the  centre 
of  the  diaphragm  to  the  image. 

Putting  in  the  known  values  S  =  0-43  cm.,  f  P=  tan  2'  45'=  -048,  M,„IMj, 
=  1-0025,  ^°''  ^^^  present  case  we  find 

Maximum  Upvalues  =  -  -000051  cm.,  when  cos  6  ^  i. 
This  approximates  to   i  1  A  for  the  brightest  light  in  the  spectrum,  for  which  the 
calculations  were  made.  The  distribution  of  light  in  a  star  image  should  therefore 
agree  fairly  nearly  with  the  theoretical  values  computed  previously|. 


It  was  soon  found  that  for  one  position  of  focus  the  agreement  was  fairly  good. 
The  shading  off  towards  the  head  of  the  coma  figure,  the  hyperbolic  form  of  the 
dark  ring  and  the  fairly  uniform  intensity  of  the  first  bright  "semicircular"  ring 
seemed  to  be  generally  confirmed,  when  using  W'raitcn  60  and  15  filters  (green 
light  =  -54/^  approximately). 

Photographs  (shown  enlarged  in  Fig.  3)  were  taken  with  panchromatic  plates, 
one  at  this  focus  (Xo.  3)  and  others  at  distances  of  approximately  -5  mm.  and  i  mm. 
outside  (Nos.  2  and  i),  and  inside  (Nos.  4  and  5),  this  position,  corresponding  to 
relative  path  differences  of  about  },  A  and  i  A  between  central  and  marginal  rays. 

On  leaving  the  region  of  best  focus  the  interference  rings  appear  to  nip  in  like 
pincers  towards  the  "head"  of  the  figure  while  parting  in  the  centre  towards  the 
"tail."  At  a  later  stage  a  detached  central  bright  spot  appears,  the  pattern  tending 

•  Oblaint-il  from  the  sine  ratio.  f   Monthly  Nalices,  K..-1.S.  Inc.  cil. 
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to  approximate  gradually  to  the  usual  circular  type  as  the  phase  effects  due  to  the 
coma  become  small  in  comparison  with  those  due  to  the  displacement  from  the 
focus.  In  the  series  of  photographs  it  is  evident  that  if  the  focus  were  judged  from 
the  similarity  of  extra-focal  appearances  at  equal  distances  on  each  side  it  would 
not  be  placed  quite  midway  between  Nos.  2  and  4.  In  Nos.  i  and  5  the  exposure  is 
increased  in  order  to  show  the  distribution  of  light  as  distinct  from  its  relative 
intensity,  which  cannot  be  well  exhibited  by  photographic  reproductions. 

Fig.  4  is  self-explanatory.  It  shows  the  central  or  focussed  coma  patch  as 
photographed,  the  corresponding  geometrical  coma  figure  having  been  drawn  in, 
in  approximate  position  and  size,  to  illustrate  the  wide  divergence  between  the 
distributions  of  light  as  indicated  by  the  rival  theories. 


Relative  intensity  of  light  in  central  disc  and  bright  ring 

Owing  to  the  low  power  of  the  lens  employed  in  the  present  work  it  was  possible 
to  use  a  special  method  of  obtaining  an  approximate  value  for  the  ratio  of  the 
maximum  brightness  of  central  disc  and  semicircular  ring.  The  silver  film  employed 
as  a  test  object  contains  a  number  of  "stars"  in  many  of  which  a  geometrically 
correct  image  would  be  small  compared  with  the  diffraction  disc.  Hence  the  intensity 
of  the  diffraction  patterns  may  be  taken  as  approximately  proportional  to  the  area 
of  the  corresponding  apertures  provided  that  these  are  uniformly  transparent.  If 
two  "stars"  can  be  found  in  which  the  intensity  of  the  ring  in  one  is  equal  to  the 
intensity  of  the  disc  in  the  other  the  ratio  of  ring  to  disc  brightnesses  must  be 
approximately  the  same  as  the  ratio  of  the  two  areas. 

A  suitable  "star"  group  was  selected  by  examination  with  a  much  higher 
magnification  and  uniformly  illuminated  by  a  suitable  condenser  system  and 
"Pointolite"  lamp.  The  Wratten  60  and  15  filters  were  used  together  as  before. 
Photographs  were  then  taken  of  the  group  with  the  inclined  lens  as  previously 
described. 

From  the  resulting  comatic  images  three  were  selected,  in  two  of  which  the 
darkness  of  the  central  region  appeared  nearly  to  match  the  darkness  of  the  semi- 
circular ring  in  the  third.  The  relative  densities  were  submitted  to  careful  com- 
parison by  means  of  a  specially  made  up  microphotometer  which  has  proved  simple 
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and  convenient  for  the  examination  of  the  densities  of  extremely  small  areas  of 
photographic  plates  and  which  I  hope  to  describe  more  fully  later.  It  is  sufficient 
to  say  at  present  that  the  image  of  a  small  source  of  light  is  formed  (by  the  achro- 
matic condenser  of  a  microscope)  in  the  part  of  the  plate  to  be  examined.  The  eye 
is  placed  at  the  focus  of  the  microscope  objective  and  sees  the  back  lens  illuminated 
with  a  brightness  proportional  to  the  light  transmitted  by  the  part  of  the  plate  in 
question.  It  is  easy  to  arrange  a  suitable  photometric  comparison  field  in  which  the 
light  in  the  variable  part  is  controlled  by  a  wedge. 

Wedge  readings  were  taken  on  the  two  stars  and  on  three  parts  of  the  semi- 
circular ring.  The  indicated  relative  "densities"*  were  as  follows: 
Ring 


a 

h 

c 

Disci 

Disc  2 

248 

204 

2-55 

232 

2-6s 

2-44 

2-05 

2-59 

2-34 

2-66 

2-47 

205 

2'55 

2-33 

263 

246 

202 

2-57 

263 

Mean 

2m6 

2-33 

2-64 

These  values  wen 

e  confirmed  by  oth 

ler  indeper 

ident  set: 

of  results. 

The  slight  inequalities  in  the  ring  indicated  that  the  "splitting"  action  to  which 
reference  is  made  above  had  commenced  in  the  photograph.  The  average  intensity 
of  the  areas  considered  is,  however,  approximately  equal  to  that  of  the  discs. 

In  order  to  find  the  dimensions  of  the  small  holes  they  were  photographed  under 
a  higher  magnification,  using  a  4  mm.  objective.  The  resulting  plate  was  then 
examined  with  a  microscope  having  an  ej^epiece  with  a  graticule  divided  in  small 
squares.  This  enabled  a  scale  drawing  to  be  made  and  the  relative  areas  were  at 
once  found  by  means  of  a  plariimeter,  proving  to  be  in  the  proportions : 
I,  -209,  -286. 

Taking  the  general  indications  of  the  results  we  find  an  approximate  value  of 
I  to  -24,  or  rather  less,  for  the  ratio  of  the  general  intensities  of  the  brighter  parts 
of  disc  and  ring.  In  my  theoretical  coma  figure  the  maxima  calculated  for  an 
approximately  equal  amount  of  aberration  showed  a  ratio  of  i  10-13  but  in  the 
physical  measurements  the  average  over  a  definite  area  must  be  taken,  which  tends 
to  emphasize  the  relative  intensity  of  the  ring,  as  the  ring  intensity  is  maintained 
along  a  ridge  while  the  disc  maximum  intensity  is  merely  a  peak.  Experiment 
therefore  may  be  taken  to  confirm  the  theory  qualitatively  while  the  numerical 
evidence  is  also  in  accord  with  theory.  Although  the  method  of  comparing  the 
intensities  of  disc  and  ring  is  rough,  it  represents  an  improvement  on  previous 
methods  as  it  is  necessary  to  compare  portions  of  the  plate  which  have  received  a 
small  exposure  only.  In  order  to  get  a  ring  of  reasonable  brightness  the  disc  has 
usually  to  be  over  exposed  and,  as  the  densitv  of  the  image  then  approaches  a  steady 
value,  comparisons  of  disc  and  ring  are  ver\  difficult  to  make.  These  results  would 
seem  to  indicate  that  in  this  case  as  in  others  the  distribution  of  light  in  the  image 
may  be  calculated  from  Huygens'  principle  without  fear  that  "eilge  efiVcts"  of 
diffraction  will  invalidate  the  conclusions. 

•  Den.si.v-l„«f    '"-id-fnO-f'    )  . 
\ transmitted  IikHi  ' 
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DISCUSSION 

Mr  F.  Tuyman:  In  Fig.  4  how  is  the  position  of  the  geometrical  figure  located 
with  reference  to  the  diffraction  pattern  ? 

Dr  Martin:  This  was  done  when  the  calculations  were  made  for  the  previous 
paper. 

-Mr  P.  F.  I-lveritt:  I  think  it  is  a  pity  that  the  author  has  not  given  the  focal 
length  of  the  objective,  for  without  it  one  cannot  apply  his  results  to  other  objectives. 

Mr  T.  Smith:  When  Dr  Martin  gives  the  focal  length  will  he  also  insert  the 
magnification  at  which  the  lens  was  working?  The  quen,'  connected  with  an 
investigation  like  this  which  will  interest  the  optician  is  "what  criterion  indicates  that 
the  coma  present  in  a  system  is  just  detectable.'"  Can  Dr  Martin  give  the  answer 
in  a  form  applicable,  for  pure  first  order  coma,  for  all  focal  lengths  and  angular 
apertures?  In  particular,  will  he  state  which,  if  either,  of  the  two  contradictory 
rules,  (i)  Prof.  Conrady's  magnification  rule,  (2)  a  variation  of  path  difference  rule 
analogous  to  Lord  Rayleigh's,  is  correct? 

Mr  J.  Guild:  The  patterns  with  which  the  author  deals  are  of  the  same  order 
of  magnitude  as  the  Airy  disc  and  in  these  circumstances  the  ray  construction  can 
not  be  applied.  There  is  no  ray  "theory,"  the  ray  construction  being  a  convenient 
device  for  use  when  the  dimensions  of  the  image  of  a  point,  due  to  aberration,  are 
large  compared  with  the  Airy  disc.  Such  conditions  frequently  prevail,  for  instance, 
with  photographic  lenses,  and  the  coma  patterns  exhibited  by  these  some  distance 
from  the  axis  exhibit  all  the  features  deduced  from  ray  construction.  To  apply  ray 
"theories" — which  assume  the  rectilinear  propagation  of  light — in  circumstances 
where  the  magnitude  of  the  diffraction  pattern  is  not  negligible  obviously  invites 
error,  and  most  optical  workers  whether  engaged  on  physical  or  on  geometrical 
optics  are  surely  aware  of  this. 

Dr  Martin  (communicated):  I  am  grateful  to  Mr  Everitt  and  Mr  Smith  for 
pointing  out  that  the  focal  length  and  magnification  of  the  objective  should  have 
been  given.  The  omission  has  now  been  remedied.  May  I,  however,  underline  the 
first  sentence  in  the  paper?  The  formula  on  p.  3  will  suffice  for  the  application  of 
the  results  to  any  objective,  for  the  dimensions  of  the  fundamental  star  diffraction 
disc  do  not  depend  on  focal  length  or  magnification. 

The  formula  has  been  criticised,  and  to  save  any  confusion  I  have  added  the 
proviso  that  M,„/AIj,  must  be  calculated  from  the  usual  "sine  ratio."  It  is  so  usual, 
however,  in  physical  investigations  to  calculate  magnification  from  the  sine  ratio 
that  I  had  not  thought  that  difficulty  could  arise. 

In  reply  to  Mr  Smith,  the  questions  he  raised  would  really  need  another  long 
paper  to  deal  with  them  adequately  and  I  feel  that  I  have  scarcely  sufficient  in- 
formation at  the  present  time  to  cry-stallize  out  into  any  very  definite  rule  or 
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generalization.  To  deal  first  with  the  more  particular  question,  Professor  Conrady's 
"  rule*  "  as  I  understand  it  was  purely  empirical  and  was  the  outcome  of  experience ; 
it  is  only  meant  to  be  applied  to  the  more  usual  types  of  telescope  or  microscope 
objectives  which  have  to  be  employed  to  form  images  for  visual  observation.  Such 
lenses  have  fairly  well  recognized  limits  of  aperture  ratio  and  of  angular  extent  of 
the  field,  and  this  is  what  makes  it  possible  to  formulate  a  working  rule  regarding 
the  amount  of  allowable  offence  against  the  sine  condition.  This  rule  ensures  that 
the  visual  appearances  of  the  images  shall  not  suffer  unduly  from  coma  in  the 
marginal  parts  of  the  field. 

If  a  rule  were  put  in  a  form  involving  only  a  prescribed  limit  of  path  difference 
this  would  of  course  control,  for  pure  first  order  coma  at  least,  the  relative  light 
distribution  in  the  star  image,  but  it  would  not  control  the  dimensions  of  the 
diffraction  pattern  because  these  are  fixed  for  a  given  maximum  phase  difference 
by  the  aperture  ratio.  In  seeking  to  formulate  a  rule  for  a  criterion  indicating  the 
presence  of  detectable  coma  we  must  ask  what  is  meant  by  "detectable."  If 
careful  observations  of  the  star  image  were  made  under  high  magnification  the 
beginnings  of  a  loss  in  the  symmetry  of  the  diffraction  disc  could  be  observed 
before  the  phase  difl^erences  reach  77/2.  On  the  other  hand,  the  loss  of  light  from 
the  central  condensation  takes  place  more  slowly  with  increasing  maximum  phase 
difference  than  in  the  case  of  spherical  aberration,  and  even  in  the  case  of  my 
experiment  when  W=  ±  lA,  the  central  intensity  is  well  maintained,  so  that  the 
definition  on  ordinary  objects  would  be  little  affected.  The  resolving  power  taken 
in  a  "tangential"  direction  in  the  field  would  not  be  diminished  and  it  is  probable 
that  the  radial  resolving  power  would  not  be  greatly  affected  by  coma  of  this 
amount. 

On  the  other  hand,  for  astrographic  objectives,  transit  instruments,  and  the 
like,  the  displacement  of  the  central  maximum  in  the  image  is  likely  to  be  of  greater 
importance  than  its  appearance.  I  do  not  yet  know  whether  this  displacement 
follows  the  same  law  as  the  centre  of  gravity  of  the  geometrical  figure — ven*'  likely 
not.  The  point  is  one  which  I  have  under  consideration.  If  it  were  sought  to 
formulate  a  criterion  for  detectable  coma  with  regard  to  the  displacement  effect 
the  limits  imposed  would  have  to  be  ven,-  much  more  severe.  The  comatic  residuals 
in  different  astrographic  objectives  are  said  to  produce  different  errors  in  the 
determination  of  stellar  positions. 

In  reply  to  Mr  Guild  the  procedure  hitherto  adopted  in  discussing  coma 
theoretically  has  been  to  set  out  quite  a  mass  of  theory  in  which  ray  paths  are 
determined,  and  to  conclude  with  some  such  words  as  "the  defect  leads  to  an 
unsymmetrical  flare."  The  subject  is  then  dismissed  or  (as  is  the  case  in  one 
German  investigation)  a  verj'  elaborate  investigation  of  the  intensity  of  "light"  in 
the  coma  figures  follows.  I  imagined  this  was  the  "ray  theory  "  for  there  is  never 
a  verbal  reservation  such  as  Mr  Guild  suggests  is  present  in  the  minds  of  most 
optical  workers,  although  a  reservation  is  usually  made  when  spherical  aberration 

•  Prof.  Conrady  considers  that  the  offence  against  the  sine  condition  should  not  be  allowed  to 
exceed  I  part  in  400  for  ordinary  telescopes  or  microscopes. 
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is  under  discussion.  The  prevailing  impression  was,  in  the  case  of  spherical  aber- 
ration, that  the  Airy  disc  would  only  persist  when  the  circle  of  least  confusion  was 
smaller  than  the  central  disc,  and  as  the  majority  of  theoretical  workers  can  never 
have  bothered  to  use  a  telescope  the  actual  manifestations  of  spherical  aberration 
and  coma  failed  to  get  recognition.  My  main  object  in  contrasting  the  physical 
and  geometrical  figures  was  to  give  some  idea  of  the  physical  result  to  be  expected 
when  a  definite  amount  of  coma,  calculated  in  geometrical  terms,  is  involved. 

It  is  not  legitimate  to  infer  that  the  distribution  of  light  in  the  image  can  always 
be  accurately  deduced  from  ray  tracing  when  the  aberrations  are  large.  There  is  a 
reward  waiting  for  somebody  who  can  invent  a  photographic  lens  to  give  really 
diffuse  and  artistic  results.  The  Ain,-  disc  persists  in  spite  of  considerable  aberration 
and  produces  a  certain  amount  of  good  definition  mixed  with  some  fog — to  the 
disgust  of  the  photographer. 


COMPARISON  OF  THE  STRUCTURE  OF  SAND- 
BLASTED AND  GROUND  GLASS  SURFACES 

By  F.  W.  PRESTON,  B.Sc,  A.M.I.C.E. 

(Issued  from  the  Research  Laboratory-  of  Messrs  Taylor,  Taylor  and  Hohson,  Ltd.) 

MS.  received  igth  July,  1922.  Read  and  discussed,  iztk  October,  1922. 

Dr  French,  in  a  study  of  isotropic  percussion  figures  {Nature,  12th  Nov.,  1919), 
came  to  the  conclusion  that  "mere  pounding  of  a  glass  plate  cannot  result  in  a 
smoothed  surface  of  a  technical  order."  I  have  already  shown  {Trans.  Opt.  Soc. 
23  (1921-22),  141)  that  the  premises  on  which  this  conclusion  was  based  are 
not  valid,  and  that  a  smoothed  or  "grey"  surface  is  produced  by  a  process  not 
markedly  difTerent  from  one  of  "pounding." 

A  more  striking  example  of  the  similarity  of  ground  and  pounded  surfaces  is, 
however,  illustrated  in  the  accompanying  photographs,  in  which  a  sand-blasted 
glass  surface  is  compared  step  by  step  with  ordinary  abraded  surfaces. 

Fig.  I  shows  the  commencement  of  a  sand-blasting  operation  on  a  polished 
surface  of  glass.        100. 

Fig.  2  shows  a  sand-blasting  operation  completed  (the  surface  being  now  com- 
pletely grey)  and  the  specimen  very  lightly  etched  with  hydrofluoric  acid.  Note  the 
typical  three-legged  flaw  near  the  centre  of  the  field.        100. 

Fig.  3  shows  a  similar  surface  after  more  prolonged  etching  whicii  ilcvelops 
the  chatter  grey  flaws,  which  are  characteristic  of  all  abraded  glass  surfaces.        100. 

These  three  photographs  may  be  compared  one  by  one  with  Figs.  4  to  6,  w  hich 
show  surfaces  produced  by  lapping  in  the  ordinary  manner. 

Fig.  4  shows  the  commencement  of  a  "re-grey"  with  sharp  carborundum  on 
a  polished  glass  surface.     ■;  80. 

Fig.  5  shows  a  surface  completely  re-greyed  with  15  minute  emery  and  very 
slightly  etched,    x  330. 

Fig.  h  shows  a  surface  completely  ground  with  sand  and  eteiutl  to  the  state 
corresponding  to  that  of  Fig.  3.     ■:  100. 

The  surfaces  are  so  similar  when  produced  by  the  two  methods  that  they  are 
practically  indistinguishable  either  by  the  naked  eye  or  the  microscope,  and  the 
development  of  the  structure  by  etching  shows  that  the  resemblance  is  not  merely 
superficial  but  that  the  structure  is  in  fact  virtually  identical. 

Thus,  contran,'  to  I)r  French's  conclusions,  it  appears  that  mere  pounding  of 
a  glass  plate  can,  and  does,  produce  a  surface  which  is  structurally  indistinguishable 
from  a  smoothed  surface  of  a  technical  order. 

Note.  The  ground  surfaces  illustrated  were  proiluceil  by  three  tlifl'erent 
abrasives:  the  result  would  have  been  quite  similar  had  the  same  abrasive  been 
used  throughout.  Figs.  4  and  5  are  the  same  as  Figs.  17  and  20  in  the  paper  on 
"'['he  Structure  of  .Abraded  Cllass  Surfaces"  {Trans.  Opt.  Soc.)  referred  to  above. 
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DISCUSSION 


Mr  P.  F.  Everitt:  I  do  not  see  why  any  difference  in  appearance  should  be 
expected.. 

Mr  F.  Twyman:  Without  knowing  the  context  I  imagine  that  Dr  French  meant 
by  a  smoothed  surface  of  a  technical  order  one  which  is  ready  for  polishing ;  there 
is  nothing  to  indicate  that  one  could  obtain  such  a  surface  by  sand-blasting. 

I  have  examined  the  contours  of  ground  glass  and  sand-blasted  glass  by  means 
of  a  small  machine  designed  for  examining  the  contours  of  files.  Although  the 
photographs,  of  which  I  have  only  taken  one  in  each  case,  exhibit  no  features 
which  appear  to  me  of  importance  in  connection  with  the  subject  of  this  paper, 
yet  I  thought  the  method  might  be  of  interest  in  that  connection,  and  the  apparatus 
is  exhibited  to-night  (see  p.  48). 

Mr  J.  Guild:  Is  there  any  method  of  designating  the  degree  of  coarseness  of 
ground  glass?   It  would  be  useful  to  have  some  standard  scheme. 

Mr  Twyman:  The  only  quantitative  system  I  know  of  is  the  one  suggested  by 
Dr  French  (see  Trans.  Opt.  Soc.  18  (1917),  21). 

Mr  Everitt :  The  standard  works  method  is  to  designate  the  surface  by  the  kind 
of  abrasive  used.  The  degree  of  coarseness  obtained  with  a  given  abrasive  varies, 
however,  with  the  length  of  time,  the  material,  and  the  worker. 

Dr  J.  W.  French  (communicated):  I  was  unable  to  take  part,  as  I  should  have 
liked,  in  the  discussion  of  Mr  Preston's  earlier  paper  on  "The  Structure  of  Abraded 
Glass  Surfaces  " — a  subject  in  which  I  am  particularly  interested— and  I  welcome  his 
more  recent  paper  devoted  to  a  statement  made  by  me  in  Nature  as  it  affords  an  op- 
portunity of  dealing  with  the  evidence  upon  which  he  bases  his  theory^  and  opposition. 

I  still  think  that  "mere  pounding  of  a  glass  plate  cannot  result  in  a  smoothed 
surface  of  a  technical  order."  The  word  "technical"  suggests  a  search  for  ocular 
proof  in  the  smoothing  shop.  What  do  we  see  there?  When  commencing  the 
process  the  operator  carefully  lowers  the  metal  smoothing  tool  upon  the  glass 
surface  and  the  heavier  the  tool  or  the  more  drastic  the  abrasion,  the  gentler  is  his 
action.  With  equal  care  he  gently  lowers  the  driving  arm  pin  into  the  tool  socket. 
His  anxiety  is  to  avoid  a  pounding  action  that  would  occasion  severe  local  vertical 
pressures  at  points  over  the  surface.  Having  successfully  avoided  the  danger  of 
pounding  action  and  having  reached  the  translation  stage  in  which  I  consider  the 
essence  of  successful  abrasion  lies,  his  attitude  of  almost  anxious  carefulness  relaxes. 
There  being  no  longer  danger  of  mere  vertical  pounding  action,  he  cheerfully 
starts  up  the  machine,  causes  the  tool  to  move  rapidly  over  the  work,  and,  if 
necessary,  increases  the  pressure  to  the  desired  extent.  I  have  great  confidence  in 
the  experienced  craftsman  and  I  do  not  think  those  in  charge  would  be  justified 
in  issuing  instructions  to  the  smoothing  operators  that  care  in  applying  the  tool  is 
unnecessary  and  that  the  driving  pin  may  be  banged  into  the  socket  because 
pounding  does  not  matter. 
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iMr  Preston  evidently  regards  a  sand-blasted  surface  as  a  pounded  one  and 
definitely  states  that  such  a  surface  is  indistinguishable  from  a  ground  one.  Speci- 
mens of  both  types  are  illustrated  in  support  of  these  views.  But  frankly  I  am 
astonished  that  such  specimens  should  be  illustrated  as  technically  smoothed  ones 
of  the  type  referred  to  in  my  statement.  Even  making  no  allowance  for  the  partial 
etching,  I  regard  them  as  being  at  least  five  times  as  coarse  as  a  decently  smoothed 
surface.  It  is  generally  recognized  that  the  greatest  care  in  smoothing  receives 
ample  justification  in  the  subsequent  polishing  operation.  It  is  true  Mr  Preston 
uses  the  words  "re-grey"  and  "ground,"  but  if  h'e  does  not  regard  the  surfaces 
illustrated  as  technically  smoothed,  it  is  difficult  to  understand  why  rough-ground 
surfaces  should  be  used  to  refute  a  statement  concerning  smoothed  surfaces. 

If  I  understand  Air  Preston's  position,  his  arguments  are: 
(i)  that  pounding  is  the  essence  of  sand-blasting  action; 
(2)  that  a  sand-blasted  surface  is  indistinguishable  from  a  smoothed  one. 


With  argument  Xo.  (2)  I  have  already  dealt.  What  about  No.  (i).?  That  the  action 
is  a  complex  one  hardly  needs  emphasis.  It  involves  more  than  the  simple  pounding 
that  Mr  Preston  suggests.  Let  us  consider  a  surface.  Fig.  A,  that  has  been  broken 
up  by  whatever  means  preparatory  to  smoothing,  and  let  us  assume  that  the  sand 
grains  are  projected  normal  to  the  surface,  a  condition  not  altogether  easy  of 
attainment.  In  the  illustration  the  fractures  i,  2,  3  and  4,  2  have  intersected  at 
2  and  the  portion  i,  2,  4  has  been  removed.  The  face  4,  2  is  shown  overhanging 
because,  although  the  section  is  presented  as  an  assumption,  it  is  really  typical  of 
one  that  may  often  be  observed  if  two  worked  surfaces  are  pressed  tightly  into 
optical  contact  and  if,  after  the  face  normal  to  the  section  has  been  ground,  the 
parts  are  separated  for  examination  of  the  contour.  Suppose  the  grain  of  sand  5 
impinges  on  the  base  of  the  depression:  there  is  certainly  danger  there  of  a  cone 
fracture,  the  result  of  mere  pounding;  but  it  is  probable  that  the  fracture  2,  3  will 
be  extended  in  the  direction  indicated  by  a  dotted  line.  If  the  sand  grain  5  rebounds 
and  strikes  the  face  4,  2  it  is  still  more  probable  that  2,  3  will  be  extended  towards 
the  free  surface,  not  downwards,  and  a  splinter  4,  6,  7  may  also  be  produced.  Thus, 
with  such  pounding  as  may  occur,  there  is  probably  associated  a  more  important 
abrasive  action  as  I  understand  it.  Generally,  however,  a  grain  will  strike  obliquely, 
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as  indicated  at  8.  The  force  of  impact  will  be  exerted,  not  vertically  in  the  direction 
of  the  sand-blast,  but  normally  to  the  surface  and  the  conditions  are  then  exactly 
those  of  the  experiment  which  I  described  in  Nature. 

Particular  importance  appears  to  be  attached  to  Fig.  26  of  the  earlier  contribu- 
tion, illustrative  of  a  surface  crack.  It  may  be  a  crack,  but  more  probably  it  is  not. 
The  appearance  is  a  verj'  familiar  one,  most  frequently  attributable  to  deviation  of 
transmitted  light  by  an  overhanging  face,  such  as  4,  2  of  my  Fig.  A  illustrated 
above,  and  the  consequent  absence  of  the  corresponding  light  from  the  held  of 
view  of  the  microscope.  True  fissures  rarely  open  sufticiently  to  permit  of  their 
being  detected  in  this  way:  other  methods  are  necessary.  Thus,  for  example,  the 
surface  illustrated  by  the  photomicrograph.  Fig.  B  (magnification  40  diameters) 
appeared  perfect  before  treatment.  According  to  Mr  Preston,  it  might  comprise 
a  million  minute  fissures  per  square  inch.    Fortunately  it  is  quite  easy  to  test  such 


an  assertion.  The  hard  crown  specimen  in  question  was  boiled  in  water  for  twenty 
minutes  and  its  defects  brought  into  view  as  the  result  of  thermal  expansion,  and 
the  solution  first  of  alkali  and  later  of  silica.  In  neither  of  the  main  flaws  has  the 
splinter  actually  been  detached,  although  the  water  has  penetrated  extensively 
under  one  of  them.  Two  lines  that  indicate  the  outcrop  of  otherwise  invisible 
fissures  are  also  evident.  But  these  defects  are  accidentals.  No  other  kindred  flaws 
can  be  distinguished  under  the  most  critical  microscopic  examination.  Had  "a 
million  fissures  per  square  inch"  existed  many  of  them  would  have  been  exposed 
by  the  method  described.  The  defects  illustrated  are  attributable,  in  an  earlier 
stage,  to  pounding.  In  other  respects  the  specimen  is  a  remarkable  one,  but  to 
raise  new  issues  in  a  discussion  is  not  peniiissibie  ami  I  nuist  retrain  Irnin  dealing 
with  them. 

In  his  earlier  paper  Mr  Preston  claims  to  have  proved  definitely  his  flaw-complex 
theor\'  and  his  chief  argument  seems  to  be  based  upon  the  remarkable  appearance 
of  strain  at  a  ground  surface,  to  which  attention  was  first  directed  by  Mr  Twyman. 
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To  justify  the  theory  for  wliich  there  is  presented  no  other  definite  evidence,  Mr 
Preston  suggests  that  in  the  process  of  abrasion  there  is  formed  a  muhitude  of 
fissures  into  which  are  jammed  small  fragments  that  compress  the  substance,  thus 
giving  rise  to  the  appearance  of  strain  when  viewed  by  polarised  light. 

My  experiment  described  in  Nature  clearly  indicated  that  a  true  percussion 
fracture  does  not  originate  at  the  point  of  impact  but  around  it,  quite  out  of  contact 
with  the  grain.  A  considerable  stretch  of  the  imagination  is  thus  required  to 
imagine  that  these  percussion  fractures  stretch  sufficiently  to  become  jammed  open, 
without  assistance,  by  fragments  that  may  casually  fall  into  them. 

The  Nature  experiment  also  described  the  formation  of  fractures  immediately 
under  the  point  of  the  grain  when  the  impact  was  sufficiently  severe  and  it  is  quite 
conceivable  that  fragments  could  in  such  a  case  be  jammed  into  the  fissures.  But 
when  glass  collapses  under  such  circumstances  the  area  affected  is  quite  visible 
under  the  microscope  and  the  presence  of  such  defects  could  be  no  question  of 
mere  hypothesis. 

I  cannot  understand  Mr  Preston's  difficulty  in  viewing  the  contours  of  smoothed 
glass  surfaces.  Personally  I  have  spent  many  pleasant  hours  exploring  them  and  I 
have  never  detected  defects  of  the  type  referred  to  that  were  not  of  a  casual  and 
accidental  kind. 

Mr  Preston's  explanation  of  the  Twyman  effect  is,  I  think,  quite  untenable. 
To  provide  an  alternative  one  that  can  be  substantiated  by  definite  proofs  is  not 
easy.  Most  of  the  experiments  I  have  made  can  be  interpreted  in  different  ways. 
My  explanation  of  the  phenomenon  is  as  follows :  The  structureless  surface  of  glass 
is  subjected  to  tension  forces  much  more  intense  than  is  generally  realised.  This 
statement  is  applicable  to  the  structureless  surface  layer  of  the  irregularities  of  a 
ground  surface.  At  a  ridge  the  adjacent  surfaces  are  more  or  less  inclined  to  the 
general  horizontal  of  the  ground  surface  and  the  tension  forces  of  the  inclined 
surfaces  exercise  forces  normal  to  the  general  horizontal.  Whereas  the  tension 
force  of  a  flat  worked  surface  is  tangential,  a  ground  surface  is  subjected  to  a 
multitude  of  vertical  forces.  Now  if  a  flat  worked  surface  is  subjected  to  numerous 
distributed  forces  not  sufficiently  intense  to  cause  percussion  flaws,  the  Twyman 
effect  can  be  produced.  The  coarser  the  grinding,  the  higher  are  the  ridges  likely 
to  be,  and  the  greater  the  normal  forces  and  the  appearance  of  strain.  Very  slight 
etching  or  polishing  removes  the  peaks  of  the  ridges  where  the  faces  are  most 
normal  and,  in  consequence,  the  appearance  of  strain  is  greatly  reduced.  This  is 
all  in  accordance  with  experimental  results. 

I  have  dealt  at  considerable  length  with  Mr  Preston's  arguments,  not  from  any 
particular  desire  to  substantiate  a  personal  statement  that  has  been  challenged,  but 
frankly  because  I  regard  Mr  Preston's  theory  as  having  but  little  foundation  in 
fact  and  as  being  particularly  dangerous  in  its  workshop  application. 

Mr  Preston  (communicated) :  I  wish  to  thank  the  members  of  the  Society  for 
their  contributions  to  the  discussion  and  am  glad  to  find  that  the  properties  of 
abraded  surfaces  are  a  subject  of  general  interest. 

While  I  agree  with  Mr  Everitt  that  on  calm  reflection  there  is  no  logical  reason 
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why  we  should  expect  any  fundamental  difference  in  a  sand-blasted  and  a  ground 
surface,  nevertheless  the  two  processes  appear  superficially  so  different  that  I 
would  myself  have  hesitated  to  express  that  opinion  without  experimental  con- 
firmation. That  the  matter  is  not  altogether  self-evident  is  clear  from  the  difficulty 
Dr  French  has  in  accepting  it.  By  a  ground  surface  I  mean  one  produced  by  a 
tangential  movement  of  the  abrasive.  By  a  smoothed*  surface  is  ordinarily  meant 
a  finely  ground  one:  there  is  no  objection,  for  the  present  purpose,  in  accepting 
Dr  French's  definition,  that  a  smoothed  surface  is  one  ground  as  finely  as  possible. 

In  accordance  with  Dr  French's  article  in  Xature,  we  define  a  pounding  action 
as  the  exertion  of  a  sensibly  normal  pressure  or  impact  between  abrasive  and  glass : 
and  with  him  we  agree  that  a  pounded  surface  is  to  be  recognised  by  the  presence 
of  penetrating  flaws  as  a  characteristic  feature.  In  the  article  in  Nature  Dr  French 
argues  that  the  tangential  movement  of  grinding  must  produce,  by  reason  of  the 
obliquitv  of  the  thrust,  a  very  different  structure  from  a  pounding  action,  when  the 
thrust  is  sensibly  normal.  He  is  led  to  this  argument  by  the  assumption  that  pene- 
trating flaws  are  absent  from  a  smoothed  surface.  The  purpose  of  my  earlier  paper 
was  to  show  that  such  flaws  are  by  no  means  absent :  that  they  play  a  ven,-  important 
part  in  the  structure  of  ground  (and  smoothed)  surfaces. 

The  purpose  of  the  present  paper  is  to  record  that,  as  might  be  expected, 
similar  flaws  are  present  in  sand-blasted  surfaces;  and  further,  that  the  structure 
of  ground  surfaces  is  essentially  a  pounded  structure,  scarcely  distinguishable 
from  a  sand-blasted  one.  I  say  that  sand-blasting  is  a  pounding  action,  because  it 
produces  penetrating  flaws,  which  is  Dr  French's  own  criterion.  Dr  French  now 
argues  at  some  length  that  it  is  not  simple  pounding,  that  there  is  a  good  chance 
of  many  of  the  new  fractures  breaking  out  at  the  free  surface:  but  he  finishes  by 
saying  that  "generally  the  conditions  are  exactly  those  of  the  experiment  I  described 
in  Xature" — i.e.  generally  we  shall  get  penetrating  flaws  and  a  pounding  action. 
It  being  agreed,  then,  that  a  sand-blasted  surface  is  for  our  purpose  a  pounded 
surface  and  full  of  penetrating  flaws,  the  point  at  issue  is  simply  whether  a  ground 
surface  is  similar  or  not.  Mr  Eiveritt's  deductions  from  first  principles  are  here 
unimpeachable.  A  ground  surface  is  a  pounded  surface  because  the  obliquity  of  the 
thrust  is  small:  in  fact  the  thrust  is  sensibly  normal,  the  coefficient  of  friction 
between  tool  and  glass  being  quite  lowf.  If  the  conditions  of  Dr  French's  drawings 
in  Nature  held  good,  the  coefficient  of  friction  would  be  very  high,  and  it  would 
require  far  more  effort  to  slide  the  glass  over  the  tool  than  to  lift  it  bodily  away. 
Anyone  who  has  worked  glass  by  hand  knows  this  is  not  so. 

•  Many  shops,  especially  in  America,  do  not  use  this  term:  a  surface  is  spoken  of  as  "fined" 
or  "  fine-ground." 

t  I  hope  to  deal  with  this  and  allied  phenomena  in  detail  in  a  future  communication.  It  must 
be  noted  here,  however,  that  the  friction  appears  to  rise  in  the  later  stai;es  as  the  emery  is  worked 
down  very  fine.  'Phis  is  a  capillary  phenomenon,  the  surface  tension  of  the  water  adding  greatly  to 
the  normal  thrust,  and  therefore  increasing  the  tangential  drag,  but  the  coefficient  of  friction  remains 
small.  We  might  possibly  reconcile  a  low  coefficient  of  friction  with  Dr  French's  views  if  we  supposed 
that  a  majority  of  the  grains  carried  a  heavy  normal  load  without  fracturing  the  glass,  while  a 
minority  carried  a  heavy  tangential  thrust  and  were  the  active  abrading  particles.  This  explanation 
is  seen  to  be  inadequate  in  view  of  what  follows. 
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But  let  us  not  rely  too  much  on  theories,  for  that  seems  to  be  the  chief  source 
of  Dr  French's  troubles.  The  proof  that  a  smoothed  surface  contains  flaws  is  best 
obtained  by  examination  of  the  surface  itself.  Dr  French  complains  that  boiling 
water  does  not  etch  out  the  flaws:  he  would  save  time  by  using  hydrofluoric  acid. 
His  specimen  was  boiled  for  twenty  minutes,  and  he  speaks  of  the  "solution  first 
of  alkali  and  later  of  silica."  He  does  not  state  how  much  alkali  and  silica  were 
actually  dissolved,  but  I  venture  to  think  that  no  ordinary  balance  would  have 
detected  it. 

By  the  courtesy  of  Messrs  H.  R.  Aloulton  and  C.  H.  Ohlweiler,  of  the  American 
Optical  Company,  I  am  able  to  record  the  following  experiment.  A  thin  piece  of 
hard  spectacle  crown  glass  was  carefully  smoothed  on  both  sides  by  hand.  It  was 
then  cut  into  two  pieces,  each  of  approximately  20  sq.  cm.  of  smoothed  surface. 
One  piece  was  etched  in  hydrofluoric  acid  till  the  flaws  showed  as  well  defined 
sausage-shaped  marks.  The  loss  of  weight  was  -0200  gramme.  This  corresponds  to 
a  condition  of  etching  a  trifle  short  of  the  stage  illustrated  in  Fig.  6  (but  beginning 
of  course  with  di  fine  grey).  The  other  piece  was  now  boiled  in  distilled  water  for 
approximately  48  hours.  The  loss  of  weight  was  -0038  gramme,  about  one-fifth  of 
that  due  to  a  few  seconds  etching  with  dilute  hydrofluoric  acid.  The  flaw  structure 
was  however  distinct,  corresponding  roughly  to  the  stage  illustrated  in  Fig.  5. 
Thus  all  that  Dr  French  need  do,  if  he  wishes  to  develop  the  flaws  with  plain 
water,  is  to  boil  long  enough*. 

Dr  French  has  objected  that  none  of  my  surfaces  are  particularly  finely  ground : 
the  objection  would  be  valid  if  he  believed  that  a  very  finely-ground  surface  were 
radically  different  from  a  moderately  fine  ground  one.  But  his  argument  hitherto 
has  been  that  it  is  the  tangential  motion,  not  the  size  of  the  abrasive,  that  makes 
a  smoothed  surface  different  from  a  pounded  one.  I  can  however  state  that  the 
size  of  abrasive  has  nothing  to  do  with  it:  a  well  smoothed  surface  worked  with 
60  minute  emen,'  is  as  full  of  flaws  as  a  20  minute  emery  smooth :  the  flaws  are  not 
so  big,  but  there  are  more  of  them.  Not  many  people  would  suppose  that  a  well 
worked  15  or  20  minute  emery  smooth  differed  in  nature  from  a  very  finely-ground 
surface,  except  in  the  matter  of  size,  but  those  who  think  it  possible  may  easily 
reassure  themselves  with  the  aid  of  a  microscope  and  a  little  hydrofluoric  acid.  It 
will  be  found  in  every  case  that  a  ground  surface — coarse  or  smooth — is  a  flaw 
complex,  a  pounded  structure. 

I  think  that  one  of  Dr  French's  main  difficulties  arises  from  his  drawings :  he 
has  deduced  what  ought  to  happen  from  false  premises.  Both  in  his  present 
Fig.  A  and  in  his  article  in  Nature  he  draws  his  abrasive  very  small  in  comparison 
with  the  existing  irregularities  and  shows  them  producing  new  fractures  much 
smaller  than  the  existing  ones.  The  surface  would,  under  these  conditions,  pass 
almost  instantly  from  a  very  coarse  structure  to  a  very  fine  one.  Now  in  sand- 
blasting the  structure  does  not  get  any  finer  with  continued  blasting,  and  in 
smoothing  it  only  gets  finer  by  verj'  slow  stages.  The  new  fractures  must  be  drawn 

•  A  trace  of  acid  (such  as  sulphuric)  will  greatly  reduce  the  rate  of  etching.  \  little  alkali  will 
no  doubt  increase  it. 
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as  large  as  the  old  ones.  Further,  from  such  observation  as  I  have  made,  I  believe 
that  the  abrasive  should  be  at  least  two  or  three  times  as  large  as  the  largest  irregu- 
larities of  the  surface  it  produces*:  generally  it  should  be  larger  still.  Consequently 
Fig.  A  should  be  replaced  by  a  design  something  like  Fig.  7,  the  dotted  lines 
showing  possible  new  fractures.  When  an  angular  abrasive  is  used  in  place  of  the 
smooth  spheres,  a  greater  variety  of  fractures  is  possible.  Some  of  these  will 
probably  re-intersect  the  free  surface,  but  many  will  be  penetrating  flaws  extending 
below  it. 

Dr  French  emphasises  the  care  which  workmen  exercise  in  placing  tool  and 
glass  together,  and  suggests  that  no  care  is  exercised  in  starting  up  the  translatory 
motion.  The  practice  of  different  shops  possibly  varies  a  little  in  this  respect,  but 
where  a  really  fine  smooth  is  needed,  even  greater  care  is  exercised  in  starting  the 
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rotation  than  is  used  in  placing  tool  and  glass  together.  Thus  in  working  a  piece 
of  glass  by  hand,  we  feel  our  way  gently  all  over  the  tool,  not  starting  the  rotation 
till  the  glass  has  passed  once  over  every  part  of  it.  Similarly  in  working  a  machine, 
before  we  lower  the  pin,  we  give  the  block  a  few  slow  passes  over  the  tool  by  hand : 
then  we  may  start  the  machine  up  without  hesitation.  If  we  do  not  we  are  liable 
to  get  "cuts"  (grinding  scratches),  due  to  some  coarse  particle  trapped  between 
glass  and  tool.  After  a  few  revolutions  of  the  smoothing  operation,  when  any  large 
grains  have  been  pushed  away  or  broken  down,  the  pin  may  be  lifted  and  allowed 
to  fall  with  relative  violence:  we  may  even  strike  the  tool  with  a  hammer  or  a 
lump  of  iron,  and  we  shall  not  damage  the  surface  of  the  glass.  This  in  fact  is 
sometimes  done  if  tool  and  glass  stick  ven  tightly  in  the  later  stages  by  capillary 
attraction.    It  is  not  recommended  however  that  violence  of  any  sort  be  used  in 

•  My  mcnsurcmcnts  relate  to  coarec  and  fine  smoothing  emeries,  the  emery  being  examined 
after  use.    1-Vactures  produced  by  impact  of  smooth  steel  balls  arc,  in  general,  much  smaller  still. 


Comparison  of  Structure  of  Sand-blasted  and  Ground  Glass  Surfaces    1 9 

an  optical  glass  workshop,  tor  though  it  is  not  likely  to  harm  the  surface  of  the 
glass  it  will  possibly  fracture  the  pitch  or  plaster  that  supports  it.  Thus  what  we 
are  afraid  of  is  not  a  vertical  load,  but  a  localised  load,  especially  a  load  on  a 
coarse  piece  of  grit.  We  are  very  much  afraid  of  such  coarse  particles,  and  we  are 
even  more  afraid  of  their  powers  for  evil  under  a  translatory  motion  than  we  are 
under  a  vertical  (normal)  impact. 

The  second  part  of  Dr  French's  comments  is  concerned  more  particularly 
with  my  earlier  paper.  The  flaw  shown  in  Fig.  26  of  that  paper  is  sworn  to  as 
genuine  by  Sir  Herbert  Jackson,  who  kindly  provided  the  photograph.  I  probably 
never  saw  this  particular  object  myself,  but  I  did  see  at  his  laboratories  many 
similar  objects,  and  there  were  many  hundred  thousands  of  them  to  the  square 
inch.  All  who  saw  them  were  satisfied  that  they  were  flaws:  that  they  were  shadows 
of  a  surface  feature  seems  scarcely  likely,  as  the  surface  was  oiled  down  in  homo- 
geneous immersion.  Dr  French  managed  to  develop  two  somewhat  similar  objects 
in  his  specimen  of  Fig.  B:  these  he  has  no  difficulty  in  accepting  as  "otherwise 
invisible  fissures":  why  then  object  to  Sir  Herbert  Jackson's  photograph? 

We  now  come  to  the  Twyman  effect.  I  agree  that  in  percussion  flaws  made  by 
smooth  round  balls  on  a  polished  surface  of  glass,  the  fracture  "cone"  originates 
quite  outside  the  area  of  contact:  this  indeed  was  pointed  out  many  years  ago  by 
Auerbach  and  others.  In  such  fractures  there  is  sometimes  little  permanent  strain 
produced,  but  there  is  nearly  always  some.  With  more  irregular  abrasives  the  flaw 
becomes  more  irregular  and  the  permanent  strain  greater.  With  a  given  abrasive 
the  permanent  strain  is  greater,  the  more  violent  the  impact:  it  all  depends  on  how 
much  matter  can  enter  the  fissure.  \Mth  a  keeled  or  angular  abrasive  the  pene- 
trating flaws  often  originate  in  the  area  of  contact  and  matter  is  easily  forced  into 
the  fissures.  In  my  earlier  paper  I  showed  that  a  glazier's  diamond  leaves  a  three- 
fold flaw,  and  that  the  lateral  ones  (at  least)  open  sufliciently  to  show  a  number  of 
interference  bands.  I  also  illustrated  the  commencement  of  a  re-grey,  where  the 
cone-fissures  (resembling,  in  this  distorted  form,  a  butterfly's  wing)  show  inter- 
ference bands  in  the  same  way  (Fig.  17  of  earlier  paper).  Professor  Raman,  in  his 
note  in  Nature,  which  was  the  primary  cause  of  Dr  French's  contribution  to  the 
same  journal,  illustrates  a  typical  fracture  from  a  round  ball  and  calls  attention  to 
the  fact  that  the  flaw  has  opened,  showing  a  number  of  interference  bands.  It  is 
futile  to  argue  from  preconceived  notions  that  the  flaw  will  not  open  sufficiently 
to  let  in  foreign  matter,  when  the  specimens  themselves  show,  not  only  that  the 
fractures  open  at  the  moment  of  their  formation,  but  tliat  they  stay  open  after- 
wards. 

Observation  of  the  process  of  flaw  making  with  steel  balls  shows,  moreover, 
that  the  flaw  opens  much  further  while  the  load  is  on  the  ball,  and  that  the  flaw 
partially  closes  on  the  removal  of  the  load.  Anything  that  may  get  into  the  fissure 
will  therefore  be  apt  to  be  trapped  in  it.  Since  I  have  been  in  America  I  have 
been  fortunate  enough  to  find  examples  of  percussion  flaws  into  which  rouge  had 
penetrated  quite  a  distance,  though  presumably  after  the  time  of  formation.  The 
specimens  were  from  the  routine  production  of  a  large  plate  glass  plant.  We  have 
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here  ocular  proof  of  foreign  matter  getting  into  percussion  flaws,  but  I  think  that 
usually  the  only  foreign  matter  is  ven,-  fine  glass  debris  from  the  lips  of  the  fracture 
itself,  and  that  it  enters  at  the  moment  of  formation. 

Dr  French  ventures,  very  tentatively,  an  alternative  explanation  of  the  Twyman 
effect,  which  is  however  quite  inadmissible.  The  "appearance  of  strain"  is  no 
mirage:  Mr  Dalladay  (Trans.  Opt.  Soc.  23  (1921-2),  170)  has  shown  that  this 
strain  has  a  ver}^  definite  distribution,  a  distribution  that  can  only  be  accounted 
for  by  the  presence  of  a  tangential  thrust  in  the  grey  surface — a  surface  compression. 
The  invocation  of  the  normal  component  of  a  supposed  "tension  force"  in  the 
surface  does  not  explain  anything  and  violates  the  laws  of  mechanics.  For,  to 
prevent  the  specimen  moving  off  bodily  into  space,  the  downward  pull  from  a 
ridge  must  be  balanced  by  the  upward  pull  from  a  valley :  and  this  is  true  even  if 
the  ridge  be  sharp  and  the  valley  a  smooth  trough.  The  normal  component  of  any 
surface  force  must  be  equilibrated  within  a  depth  scarcely  greater  than  the  thickness 
of  the  grey  layer:  it  will  produce  no  "appearance  of  strain"  at  all  beyond  this 
point — still  less  will  it  produce  a  Twyman  effect,  where  the  distribution  of  stress 
is  such  as  has  been  described  by  Mr  Dalladay.  This  objection  alone  is  fatal,  but 
many  others  equally  so  could  be  given :  but  the  tentative  manner  in  which  Dr 
French  puts  the  matter  forward  suggests  that  he  is  aware  of  its  imperfections.  It 
is  therefore  not  necessary  to  enlarge  on  the  subject. 

I  am  interested  to  hear  Mr  Twyman  state  that  there  is  a  difference  in  the 
contours  of  smoothed  and  sand-blasted  surfaces:  but  I  cannot  agree  that  the 
ground  surface  is  finer  than  the  other,  if  the  same  abrasive  is  used  in  both  cases. 
I  imagine  Mr  Twyman  means  that  in  smoothing  we  use  a  finer  abrasive  than  in 
sand-blasting  and  obtain  a  much  finer  surface.  But  when  the  same  abrasive  is 
used,  we  see  from  Figs.  3  and  6  that  the  structure  is  alike,  not  only  in  outline, 
but  in  scale. 

Mr  Guild  raises  the  question  of  some  satisfactory  means  for  designating  the 
quality  of  a  smoothed  surface.  This  is  a  recognised  need  of  the  workshops  in  every 
glass  working  industry  at  the  present  time.  The  trouble  is  that  the  quality  of  the 
ultimate  polished  surface  depends  chiefly  on  the  presence  or  absence  of  a  few  odd 
"holes"  or  flaw-centres  coarser  than  the  general  texture  of  the  smooth.  It  is  better 
to  have  a  moderately  fine  surface  of  an  even  texture  than  a  very  fine  surface  with 
a  few  very  coarse  fractures.  All  the  scientific  methods  proposed  to  date  give  only 
an  opinion  of  the  average  texture.  Visual  inspection  is  the  only  useful  guiiie  we 
have  at  present,  and  even  that  is  apt  to  be  deceptive. 

In  conclusion  I  would  attempt  to  visualise  the  process  of  smoothing,  or  grinding, 
as  best  we  can  at  the  present  time.  It  appears  that  the  irregular  grains  of  abrasive 
are  dragged  or  rolled  about  by  the  tool  and  every  now  and  then  a  grain  is  crushed 
against  the  glass.  Then  the  glass  or  abrasive  (or  both)  is  fractured.  If  the  abrasive 
is  fractured  it  breaks  down  into  smaller  grains.  If  the  glass  fractures,  there  are 
usually  found  irregular  flaws  penetrating  beneath  the  surface.  The  intermittent 
crushing  together  of  grain  and  glass  is  a  true  pounding  action  and  the  resulting 
glass  surface  is  a  typical  "pounded"  surface.  The  flaws  are  mostly  "percussion" 
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flaws — crushing  flaws,  of  a  rather  irregular  type  (as  befits  the  irregularity  of  the 
abrasive):  they  are  not,  as  a  rule,  chatter  flaws.  In  my  earlier  paper  I  tentatively 
described  these  flaws,  when  etched  out  on  a  partially  poHshed  surface,  as  "chatter 
grey,"  without  implying  however  that  this  was  produced  by  a  true  chattering 
action.  In  future  I  propose  to  use  the  term  "percussion  grey"  and  to  reserve  the 
term  "chatter  Jlazvs"  for  the  true  chatter  sleeks.  True  chatter  sleeks  are  occasionally 
found  in  grinding,  but  they  are  much  more  characteristic  of  the  polishing  operation. 
The  flaws  of  a  ground  (smoothed)  surface  are  not  commonly  associated  into  sleeks 
or  scratches:  they  often  centre  around  percussion  spots,  and  arise  not  from  a 
chattering,  but  from  an  intermittent  pounding  action. 
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ABSTRACT.  A  lens  suitable  for  spectroscopic  work  with  aplanatic  corrections  for  all 
zones  may  have  as  large  an  aperture  as/  i  or  still  greater,  all  the  surfaces  being  strictly 
spherical.  An  actual  lens  made  by  Messrs  Ross,  Ltd,  of  3  inches  focal  length  and  3  inches 
aperture,  possesses  corrections  comparable  with  those  given  by  the  theoretical  investiga- 
tion. With  a  slightly  reduced  aperture,  correction  for  colour  may  be  obtained  without 
prejudice  to  the  quality  of  the  spherical  corrections.  The  investigation  shows  that  the 
production  of  suitable  glass  discs  is  the  outstanding  difficulty  in  the  way  of  great  increases 
in  the  relative  apertures  of  telescope  objectives. 


Although  a  single  lens  with  spherical  surfaces  cannot  form  a  real  image  of  a  real 
object  free  from  spherical  aberration,  it  is  well  known  that  if  several  such  lenses 
of  the  same  glass  are  placed  in  contact  to  form  a  system  resembling  that  shown  in 
Fig.  I  the  removal  of  this  aberration  is  pos- 
sible*. Lenses  of  this  type  appear  to  have  been 
regarded  as  a  mere  academic  illustration  of 
the  principle  of  division  to  which  the  lens 
designer  is  occasionally  compelled  to  resort, 
and  so  far  as  is  known  have  not  been  employed 
for  any  purpose.  The  object  of  this  note  is  to 
call  attention  to  the  remarkably  fine  correction 
of  the  central  errors  which  may  be  achieved  by 
their  aid,  and  to  the  value  lenses  of  this  type 
possess  for  laboratory  purposes  where  a  very 
large  relative  aperture  is  of  predominant  im-  '  ''^'  ' 

portance,  and  the  absence  of  correction  for  colour  is  of  little,  if  any,  consequence. 

As  in  the  lenses  to  be  considered  the  diameter  of  the  aperture  may  be  as  large 
as  or  even  greater  than  the  focal  length,  it  is  quite  essential  that  they  should  be 
corrected  for  coma  as  well  as  for  spherical  aberration  if  image  points  of!"  the  axis 
are  to  be  utilised.  To  determine  the  correct  form  for  such  lenses  the  two  first  order 
conditions  corresponding  to  the  elimination  of  spherical  aberration  and  of  coma 
for  a  thin  system  composed  of  a  number  of  thin  lenses  of  the  same  kind  of  glass 
must  therefore  be  considered  f.    Suppose  there  are  n  components,  each  of  refractive 

•  Sec  for  instance  von  Rohr,  The  formation  of  images  in  optical  instruments,  p.  237. 
t  For  a  proof  of  the  expressions  used  in  the  following  theoretical  discussion  reference  may  be 
made  to  the  article  on  "Optical  Calculations"  in  the  Diitionary  of  Applied  Physics,  4. 
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index  /m,  and  tliat  the  /)th  lens  is  of  power  k„  and  that  the  sum  of  the  curvatures 
of  its  surfaces  is  zp,,.  Then  using  the  double  suffix  to  denote  the  limits  of  sum- 
mation, but  omitting  a  suffix  where  the  summation  extends  over  the  whole  system, 
the  difference  between  the  curvatures  of  the  unit  surfaces  is  ra/c  where 

1 

I'- 
the  sum  of  the  curvatures  of  the  unit  surfaces  is  ^k  where 

and  the  spherical  aberration  for  magnification  -  i  is  proportional  to  y//c  where 
y/c«  =  S{(i  ^  m)-'K,^  +  4(1  +  2w)p,'  -  8(1    I-  rn)p„{xu,.  -  x.un) 

■  i3-'  2u,)i'<u  >•-><>.,«)'}  x,.- 
For  magnification  ;//  the  condition  for  the  absence  of  spherical  aberration  is 

y  -  4^M  +  (3  +  zm)  M-  =  o 
and  the  condition  for  freedom  from  coma  is 

)8  -  (2  +  ro)  M  =  o, 

where 

If  c^;,  =  (l  +  2ro)/jp-(l  +  ra)(K,.p-«rp,„  +  M/c) 

these  conditions  may  be  rewritten 

<2  +  m\ 


my 


I 

-  m' 

n 

—  «:„,„- 

+  I2S(t/ 

-.-(I 

+  3^^^) 

m)  ^a^K„ 

-  wM/c 

-  =  o 

....(I) 

and  2(1  +  m)  l^a^Kj,  -  wMk-  =  0  ....  (2). 

When  all  the  components  are  positive  the  first  two  terms  in  the  spherical  aberration 
condition  are  necessarily  positive,  and  for  real  images  {M-  1^  i)  tend  to  exceed  the 
only  negative  term  when  11  is  small.  The  positive  terms  have  their  least  value  when 
the  power  of  each  component  lens  is  equal  and  each  a  is  zero.  The  second  equation 
however  shows  that  it  is  not  permissible  to  make  the  a's  vanish,  as  too  much  coma 
is  thereby  introduced.  The  most  favourable  conditions  are  evidently  secured  by 
making  all  the  as  equal  and  satisfying  (2).  The  rather  more  general  value 

'^^-2-(iT-,)^'^  +  "^'^--'^"-^ 

satisfies  (2)  identically  and  gives  for  (i) 

c :-:)% 4.= (»-.)+»•  {3 .,^y-3M=-.  1^0  ....(3). 

All  lenses  to  which  this  theory  applies  thus  consist  of  a  number  of  components  of 
equal  power  in  axial  contact  and  separated  by  air  spaces  bounded  by  equal  curvature 
difi^erences,  such  as  the  lens  shown  in  section  in  Fig.  i. 

If  a  system  has  been  obtained  with  the  desired  correction  for  coma  but  over- 
corrected  for  spherical  aberration,  this  fault  can  be  remedied  by  giving  a  a  suitable 
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finite  value.  In  the  determination  of  illustrative  systems  the  value  zero  will  be 
assigned  to  «  in  the  first  place.  It  will  be  further  assumed  that  the  object  is  at 
infinit}',  so  that  M  =  i.  If  the  coma  w-ere  neglected,  the  first  term  in  the  last 
bracket  in  (3)  would  be  absent,  and  the  spherical  aberration  could  then  be  removed  if 

2  (W  —   l)  ,      2H  ^    I 

TO   >  -^-  '     or     ;u   ^        , 

2«  -i-   I  '^  2(H        I) 

giving  as  particular  cases 

«  =  2,     ra  :^>  ?,     /J  <t  2-5 
w-3,     to:^4,    ^H;i-75 
"-^4.    ^>h    IJ-'^^'S 
agreeing  with  the  values  stated  by  von  Rohr.   When  coma  also  is  to  be  corrected 
the  minimum  refractive  indices  will  be  raised  and  for  n  =  4,  which  the  above 
figures  suggest  for  the  range  of  media  available,  it  is  found  that  the  minimum 
value  of  TO  is  very  approximately  -648,  corresponding  to  a  minimum  index  of 
1-54321.    Using  this  value  of  to,  the  cur\'atures  given  by  the  foregoing  equations 
are,  for  unit  focal  length, 

•49518 
•03496 
•85407 
•39385 

I-2I295 

■75273 

1-57184 

111162 
If  each  lens  is  given  an  axial  thickness  equal  to  -0625,  the  aperture  attainable  will 
be  approximately  equal  to  the  focal  length.  The  results  then  obtained  on  tracing 
through  rays  at  incident  heights  o,  -3,  -4,  -5  are  as  follow: 

Incident  height 


Intersection 
distance 

Focal  length 

■82796 
■82992 
■83014 
■82887 

•97194 
•9797S 
•98486 
■99047 

•s 

The  spherical  aberration  plotted  as  curve  a.  Fig.  2,  is  somewhat  overcorrected, 
but  the  variation  in  the  focal  length,  shown  as  curve  a  in  Fig.  3,  amounts  to  about 
2  per  cent.,  and  this  must  be  corrected  by  increasing  the  curvature  of  every  surface 
by  a  constant  amount.  The  first  order  formula  indicates  an  addition  of  between 
•08  and  -09.  Taking  the  former,  and  again  tracing  rays  through  leads  to  the  results: 


:nt  height 

Intersection 
distance 

Focal  length 

0 
•4 

■5 

•81654 
•81591 
•81544 

•96616 
•968.2 
•96912 

The  variation  in  the  focal  length,  shown  in  curve  b  of  Fig.  3,  is  now  only  about 
if  per  cent.,  but  the  change  of  curvature  has  transformed  the  spherical  aberration, 
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curve  b  of  Fig.  2,  from  the  overcorrected  to  the  undercorrected  condition.  'I'here 
is  no  remedy  for  the  latter  but  an  increase  of  refractive  index.  Comparison  of  the 
results  obtained  with  the  two  indices  1-5  and  1-54321  suggests  i-6  as  a  suitable 


Fig.  2.   Spherical  Abenatii 


Fig.  3.   Coma 


total  index,  so  that  m  =  -625.  Now  solve  with  this  index  for  no  coma  and  minimum 
spherical  aberration.  The  curvatures  obtained  are 

■47436 
•05769 

•83547 
•41880 
1-19658 
•77991 

1-55769 
1-14103 

Introducing  the  same  thicknesses  as  before  and  tracing  rays  through  gives: 


height 


Intersection 
distance 
•8 1 847 


Focal  length 
•96312 
•98481 


The  spherical  aberration  and  coma  curves  for  this  lens  are  shown  at  c  in  Figs.  2 
and  3  respectively.   For  the  removal  of  the  coma  the  first  order  equation  suggests 
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n  tracing  the  rays 


showing  that  the  necessary  index  and  curvature  additions  have  been  correctly 
estimated.  The  two  aberration  curves  are  marked  d  in  Figs.  2  and  3. 

It  will  be  observed  that  these  figures  indicate  a  surprisingly  small  amount  of 
spherical  aberration— about  7/2500 — in  a  lens  corrected  for  an  aperture  of  fj-^s, . 


a  cunature  a 

ddition  of  -115. 

Making  this 

correction  and  agai 

gives : 

Intersectio 

Incident  height 

distance 

Focal  length 

0 

•80032 

•9S33I 

•3 

•79994 

•95221 

•4 

•79991 

•9521S 

■5 

■80029 

•95320 

Refractive  1-60  Index 

Fig.  4.   Zonal  variation  of  Spherical  Aberration 


Refractive  160  Index  159 

Fig.  5.   Zonal  variation  of  Coma 

As  a  matter  of  interest  other  rays  were  traced  and  the  resulting  points  are  dis- 
tinguished by  small  circles  on  the  central  curves  in  Figs.  4  and  5.  The  ordinates 
in  both  cases  are  the  squares  of  the  incident  heights.  The  curves  drawn  through 
the  points  are  circular  arcs,  and  it  is  seen  that  the  points  lie  satisfactorily  on  these 
curves.  The  position  of  focus  determined  experimentally  should  correspond  closely 
with  that  of  the  vertical  straight  line  drawn  through  the  curve  of  l'"ig.  4  so  as  to 
intercept  equal  areas  on  either  side  between  the  straight  line  and  the  curve  limited 
at  the  two  ends  by  the  axial  and  marginal  heights.  By  making  a  slight  change  in 
the  ordinates,  and  plotting  on  a  uniform  scale  proportional  to  i  cos  \ji  instead  of 
sin-  i/i,  the  corresponding  vertical  straight  line  denotes  the  position  of  focus  for 
which  the  axial  and  marginal  rays  agree  in  phase.    It  is  easy  from  this  figure  to 
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show  that  the  path  differences  at  the  experimental  focus  will  be  approximately  as 
stated  in  the  following  table : 


Incident  height 

Intersection 

distance  from 

mean  focus  x  lo' 

Focal  length 
minus  mean  x  lo"^ 

Optical  path 
minus  mean  x  lo' 

0 

27 

75 

0 

4 

0 

-34 

•25 

-   6 

-  H 

-36 

•3 

-  1 1 

-35 

-27 

•35 

-    9 

-39 

-    5 

•4 

-14 

-41 

•45 

-    3 

-   6 

36 

S 

24 

64 

0 

If  light  is  used  for  which  the  refractive  index  differs  from  i-6  the  position  of 
the  focus  will  change  rapidly  as  the  lens  is  quite  uncorrected  for  colour,  and  the 
character  of  the  aberrations  will  alter.  It  is  to  be  expected  that  the  aberrations 
will  change  at  a  relatively  slow  rate,  so  that  when  the  image  for  a  different  wave 
length  is  correctly  focussed  a  good  image  will  be  obtained  if  the  change  in  wave 
length  is  not  too  great.  To  form  an  estimate  of  the  changes  of  aberration  it  is 
convenient  to  disregard  the  probable  change  of  wave  length  and  take  arbitrary 
differences  of  refractive  index.  Rays  have  therefore  been  traced  through  the 
system  drawn  to  scale  in  Fig.  i,  as  it  stands  for  the  index  i-6o,  viz. 


Curvatures 

■58936  I 

•17269  ) 

•95047  I 

•53380  ) 

1-31158  ) 

•89491  j 

I  67269  I 

I  •25603  J 


Axial  thickn 
■0625 
•0625 
•0625 
•0625 


when  the  index  is  given  in  turn  the  values  1-59  and  i-6i.  The  results  are 


Refractive 
index 

Incident 
height 

Intersection 
distance 

Focal 
length 

I  59 

•3 
•4 

•5 

•81585 
■81511 
■81480 
■81479 

•96992 

■96724 
•96596 
■96544 

i-6i 

•3 
•4 
•5 

■78532 
•7852s 
•78544 
•78607 

■93725 
■93765 
■93877 
■94148 

showing  that  reasonably  good  correction  can  be  secured  over,  say,  the  whole 
extent  of  the  visible  spectrum.  Figs.  4  and  5  show  in  their  correct  relative  positions 
the  aberration  curves  for  these  three  refractive  indices ;  the  positions  of  the  three 
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corresponding  paraxial  focussing  planes  are  marked  in  Fig.  i.  The  variations  of 
path  will  be  roughly  four  times  that  for  i-6  when  the  index  is  1-59.  and  three  times 
when  the  index  is  i-6i.  On  taking  the  variations  of  wave  length  into  accouijt,  and 
measuring  the  variations  at  each  focus  in  terms  of  the  wave  length  of  the  light  for 
which  the  image  is  formed  there,  the  corrected  figures  will  be  approximately  three 
times  at  1-59  and  four  times  the  number  of  wave  lengths  at  i-6i.  It  should  be 
evident  from  the  diagram  illustrating  this  lens  that  the  limit  to  which  the  aperture 
can  be  pushed  has  by  no  means  been  reached  when  it  is  approximately  equal  to  the 
focal  length.  The  theoretical  limit,  which  of  course  is  quite  unattainable,  is  reached 
when  the  diameter  of  the  aperture  is  twice  the  focal  length,  for  in  that  case  if 
spherical  aberration  and  coma  are  corrected  the  emergent  marginal  ray  will  be 
perpendicular  to  the  a.\is.  The  area  of  the  aperture  in  the  case  just  considered  is 
thus  one-quarter  of  the  maximum  indicated  by  theory.  By  doubling  the  thickness 
of  each  lens  and  the  curvature  addition  to  the  approximate  solution  the  available 
area  of  aperture  will  be  approximately  doubled  while  the  coma  will  remain  roughly 
corrected.  It  is  to  be  expected  that  the  aberrations  remaining  in  the  system  will 
be  at  least  four  times  as  great  as  those  found  with  the  smaller  aperture,  and  that 
a  further  increase  in  index  or  in  the  number  of  the  components  will  be  necessary 
to  secure  correction  for  spherical  aberration.  Systems  of  this  greater  aperture  have 
been  investigated  at  this  Laboratory  by  Miss  Everett. 

A  lens  to  this  design  of  three  inches  aperture  and  three  inches  focal  length  has 
been  constructed  for  a  special  research  by  Messrs  Ross,  Ltd,  who  courteously 
permitted  the  author  to  see  the  instrument  when  it  was  completed.  Examination 
in  ordinary  light  is  not  possible  on  account  of  chromatic  aberration,  for  with  so 
large  an  angular  aperture  the  image  for  any  particular  wave  length  is  lost  in  the 
flood  of  light  from  other  spectral  regions.  The  method  adopted  was  to  use,  at  the 
focus  of  a  large  collimator,  an  artificial  star  consisting  of  a  small  steel  ball  illuminated 
by  a  mercur)'  vapour  lamp.  The  actual  lens  showed  errors  of  the  order  of  magnitude 
expected  from  the  calculations.  The  out  of  focus  images  when  both  yellow  and 
blue  radiations  were  admitted  were  particularly  interesting.  The  useful  field  of 
view  is  naturally  small,  but  the  angular  field  for  which  the  correction  can  be  con- 
sidered acceptable  is  comparable  with  that  given  by  an  ordinary  telescope  objective 
of  similar  linear  aperture.  As  the  lens  is  corrected  for  both  spherical  aberration  and 
coma  the  first  aberration  to  make  its  appearance  on  leaving  the  axis  is  of  the  sym- 
metrical type.  Its  outline  resembles  a  flat  loop,  the  central  parts  of  which  have 
been  crossed. 

It  will  be  noted  from  Figs.  2  and  3  that  for  the  lower  index  the  aberration 
curves  are  concave  to  the  lens,  and  those  for  the  higher  index  are  convex.  This 
implies  that  cur\es  indistinguishable  from  a  straight  line  are  theoretically  possible, 
that  is  a  lens  of  this  aperture  may  be  perfectly  corrected.  The  attainment  of  this 
state  of  correction  would  probably  follow  from  a  more  detailed  investigation  of 
lenses  of  this  type  in  which  the  ratios  of  the  higher  order  aberrations  arising  at 
each  surface  to  those  of  lower  orders  were  suitably  controlled  by  modifications  in 
the  lens  curvatures.    In  this  connection  it  may  not  be  uninteresting  to  give  the 
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amounts  of  the  aberrations  arising  at  each  surface  in  the  final  lens,  taking  as  the 
measure  of  the  aberration  the  excess  of  the  length  of  the  perpendicular  from  the 
vertex  to  the  refracted  marginal  ray  over  that  to  the  incident  marginal  ray.  The 
values  are  given  in  the  following  table : 


Surface 

First  order 
aberration  x  lo' 

Total  aberration  of 
all  orders  x  lo' 

S09 

-   65 

269 

532 

-   65 

287 

-    11 

-104 
46 

-"i 

7 
8 

-524 

-579 

12 

The  great  difference  between  a  lens  of  large  aperture  and  one  of  ordinary 
properties  is  hardly  appreciated  when  expressed  in  the  ordinary  relative  aperture 
notation.  -  Compared  with  an  ordinary  telescope  objective  of  the  same  aperture 
and  with  spherical  errors  of  the  same  order  of  magnitude  the  present  lens  will 
yield  an  image  about  200  times  brighter.  If  the  aberration  curves  of  an  ordinary 
objective  were  plotted  on  the  same  scale  as  the  cur\'es  of  Figs.  2  to  5  their  total 
heights  would  be  about  one-quarter  the  diameter  of  one  of  the  circles  indicating 
the  positions  of  the  calculated  points  on  the  two  latter  diagrams.  As  the  relative 
apertures  of  objectives  of  the  usual  design  are  Hmited  by  the  appearance  of  aberra- 
tions which  can  only  be  controlled  by  the  use  of  non-spherical  surfaces,  it  will  be 
seen  that  objectives  of  the  new  type  offer  corrections  of  a  quite  distinct  order  of 
accuracy  from  any  attainable  with  lenses  of  normal  design. 

The  objective  as  described  differs  from  the  ordinary  lens  in  being  uncorrected 
for  colour.  This  feature  is  evidently  not  inherent  in  lenses  of  the  new  type.  With 
a  refractive  index  of  about  i-6  there  are  available  glasses  of  small  dispersion,  such 
as  the  dense  barium  crowns,  and  also  dense  flints  in  which  the  dispersion  is  large. 
By  replacing  each  single  component  of  the  lens  that  has  been  described  by  an 
achromatic  combination  of  such  glasses  having  the  same  index  for  light  of  a 
selected  wave  length  it  is  evident  that  chromatic  correction  can  be  attained  at  the 
cost  of  approximately  halving  the  rapidity.  Thus  if  the  glass  discs  were  available 
large  telescope  objectives  could  be  constructed  with  a  rapidity  for  extended  sources 
of  the  order  of  100  times  that  of  existing  instruments.  It  is  by  no  means  necessarily 
the  case  that  a  construction  of  this  type  is  the  best  that  can  be  obtained  in  an 
achromatic  objective  with  eight  glass  discs,  but  it  is  of  interest  as  evidence  that  if 
the  problems  connected  with  the  production  of  the  glass  can  be  surmounted  the 
theoretical  difficulties  of  designing  a  telescope  of  this  new  order  are  not  likely  to 
prove  a  serious  obstacle  in  the  way  of  its  realisation. 

In  conclusion  the  author  desires  to  express  his  thanks  to  Miss  Everett  and 
Mr  F.  J.  C.  Brookes  for  their  assistance  in  this  investigation. 
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DISCUSSION 

Dr  L.  C.  Martin:  Could  the  correction  not  have  been  carried  out  in  a  somewhat 
similar  way  to  that  used  in  the  design  of  microscope  objectives  ? 

Mr  Smith:  In  the  case  of  a  microscope  objective  one  is  dealing  with  a  system 
which  is  small  in  actual  dimensions.  As  the  path  differences  are  proportional  to 
the  dimensions,  it  is  not  likely  that  one  could  increase  the  scale  of  such  a  system 
unless  its  path  differences  were  very  nearly  zero.  In  the  present  lens  the  total 
variation  in  path  is  less  than  one  wave  length  over  the  whole  aperture. 
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THE  OPTICAL  COSINE  LAW 
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ABSTRACT.  The  law  of  refraction,  the  sine  law  relating  to  coma,  and  other  exact  laws 
of  optical  instruments  are  particular  cases  of  a  very  general  law  which  assumes  the  form 
of  a  cosine  relation.  As  an  example  of  the  application  of  the  law  the  principles  which 
should  govern  the  construction  of  a  variable  power  telescope  yielding  aplanatic  correction 
at  all  magnifications  are  investigated. 


The  law  is  as  follows : 

Let  any  tico  directions  be  taken,  one  in  the  object  space,  to  luhich  the  inclinations 

of  incident  rays  icill  be  referred,  and  one  in  the  image  space,  to  which  the  inclinations 

of  emergent  rays  will  be  referred.    Let  the  angles  made  with  these  directions  by  the 

incident  and  refracted  portions  of  a  ray  he  6  and  6'  respectively,  and  consider  all  the 

ravs  which  satisfy  the  relation  a      j.        a'  . 

■'  ■'-'  cos  f^  — /)  cos  f^  T-9 

tchere  p  and  q  are  cotutants.  The  object  rays  in  general  will  determine  a  caustic  surface 

S,  and  the  image  rays  another  caustic  surface  S'.   Let  the  former  surface  be  displaced 

without  change  of  shape  through  a  small  distance  a  in  the  first  reference  direction. 

Then  the  rays  which  touch  this  displaced  surface,  Sj ,  say,  will  after  refraction  touch  a 

surface  S,',  which  is  an  exact  copy  of  2'  and  is  found  by  displacing  the  latter  in  the 

second  chosen  direction  through  the  distance  a'  where 

ft'a'  =  jxap 

)n  and  fi'  being  the  refractive  indices  fur  the  object  space  and  image  space  respectively. 

This  theorem  may  be  proved  by  considering  the  system  surface  by  surface,  but 
this  process  is  unnecessarily  tedious.  The  simplest  general  analytical  proof  requires 
the  use  of  a  potential  function,  which  ensures  the  observance  of  Fermat's  law  but 
involves  no  other  condition. 

It  should  be  noted  that  the  displacement  of  a  caustic,  as  S  to  Si ,  can  only  be 
measured  by  means  of  strictly  parallel  rays.  Let  a  be  a  ray  which  touches  S,  and 
b  a  parallel  ray  touching  Sj.  The  emergent  rays  a  and  b  will  not  in  general  be 
parallel  to  one  another.  To  measure  the  displacement  of  S'  to  Sj',  the  emergent 
ray  b  must  be  compared  in  the  image  space  with  a  third  ray  c  belonging  to  the 
same  group  as  a,  i.e.  touching  S  and  S',  and  chosen  so  that  the  emergent  rays 
b  and  c  are  parallel.  Let  any  two  sets  of  three  dimensional  rectangular  axes  of 
coordinates  be  taken,  one  in  the  object  space  and  one  in  the  image  space.  Let  the 
direction  cosines  of  the  three  rays  a,  b,  c  be  as  follow : 

Ray  Incident  Direction  Cosines  Emergent  Direction  Cosines 

a  L,  M,  N  L'  +  8L',M'  +  8M',N'  +  8N' 

h  L,  M,  N  L',  M',  N' 

c  L  +  BL,M  +  8M,N  +  bN  L',  M',  V 
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Since  a  and  c  satisfy  the  condition 

cosd  =  pcosO' +  q  •  •••(!) 

their  direction  cosines  satisfy  the  relations 
LI  -r  Mm  +  Nn=p  {{U  +  8L')  /'  +  (M'  +  SM')  m'  +  (A^'  +  SA^')  n'}  +  q 

{L  +  BL)l+{M+  8M)  m  +  {N+SN)n  =  p  {L'l'  +  M'm'  +  N'n'}  +  q 
where  /,  m,  n;  /',  »/',  «'  are  the  direction  cosines  of  the  two  fixed  directions.  By 
subtraction 

18L  -t-  mSM  +  nSN  +  p  {I'W  +  m'8M'  +  n'bN'}  =  o         .... (2). 
The  three  rays  are  determined  in  position  as  well  as  in  direction  when  the  coordinates 
of  a  single  point  on  each  are  known.   Suppose  that  the  following  points  lie  on  the 
rays 


h         o,  y  ^  8y,  s  —  8s ;         o,  j'  -r  8j',  z'  ~  hz' : 
c  ;         o,y',  z' 

If  8L,  8M,  SA'^,  8Z/',  hM',  8N'  are  small,  the  rays  will  lie  close  to  one  another,  and 
8y,  8z,  8y',  Sz'  will  be  small.  The  main  proposition  follows  readily  from  the  relation 

fiSySM  -r  ix8zSN  +  ix'Sy'SM'  +  n'Sz'SN'  =  0  (3) 

where  it  is  assumed  that  terms  involving  8M,  8A',  8M',  8A^'  to  the  third  and  higher 
orders  may  be  neglected.  To  prove  this,  denote  by  fC  the  length  of  the  optical  path 
between  the  perpendiculars  to  the  incident  and  emergent  portions  of  a  ray  from 
the  two  origins  of  coordinates,  f^:  may  be  expressed  as  a  function  of  two  incident 
and  two  emergent  direction  cosines*,  and  will  be  referred  to  as  the  "Eikonalf." 
Let  M,  A^  71/',  A''  be  the  selected  direction  cosines.  It  is  then  easy  to  show  that 
the  coordinates  of  the  points  in  which  the  ray  meets  the  planes  .v  o,  ,v'  o  are 
given  by 

dS  dS       ,  ,  dS       ,  ,         dS 

Write  <fo  for  S  when  M' ,  N'  are  replaced  by  M'  +  8M',  N'  +  SN',  and  S^  for  i 
when  M,  N  are  replaced  by  M  -I-  8M,  N  +  8N.  Then  with  the  system  of  co- 
ordinates just  explained  for  the  three  rays  a,  b  and  c 

m8j-/x(v,  8j)-^j=g^-^^ 

/„  can  be  expanded  by  Taylor's  tlieorein  in  terms  of  /  and  its  tliffercntiai  co- 
efficients, so  that 

■  terms  involving  higher  powers  of  SM'  and  8A''.     •  •  .(4) 

•  A  finite  focal  lennth  is  assumed. 

t  Bruns  wave  this  name  to  a  ((roup  of  functions  of  which  this  is  a  particular  case.  This  function 
was  known  to  Flamilton,  whose  characteristic  function  is  another  member  of  the  Kroup.  The  use  o( 
the  distinctive  name  Eikonal  for  this  function  is  convenient. 
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Similarly        fihz  =  -  ^j^p^,  ^M'  -  g^g^,  SA"  +  higiier  order  terms      ....  (5). 
Again 

=  dMdM'  ^^  +  aTvalf'  ^^  +  ^'s'^"''  °''^*'''  '"■"''  •  •  •  •  ('^) 
'"''^  ^'^^'  =  aMW'^^ + dNdN'^^  +  ^'^^^''  °''''''''  ^^''"''      •  ■  •  •  ^7^- 

Multiply  (4),  (5),  (6)  and  (7)  by  SM,  hN,  8M'  and  8A^'  throughout  and  add  the 
products.  The  required  result  (3)  at  once  follows. 

Equation  (3)  really  involves  the  general  result,  because  the  directions  selected 
for  the  axes  are  quite  arbitrary,  and  the  reference  directions  might  have  been  chosen 
to  be  parallel  to,  say,  the  axes  of  v  and  z'  respectively.  8z  and  8y'  would  then  be 
zero,  and  in  equation  (2)  /,  «,  /',  m'  would  be  zero  and  m  and  n'  unity.  The  com- 
parison of  the  two  values  of  the  ratio  82' :  Sy  given  by  (2)  and  (3)  would  then 
establish  the  desired  result.  Th?  proof  may  however  be  formally  completed  as 
follows. 

A  general  point  on  the  incident  portion  of  ray  a  is 
pL,  y~  pM,  z  +  pN. 
If  the  ray  were  displaced  bodily  through  the  distance  o  in  the  direction  /,  W2,  //  the 
general  point  would  become 

pL  -r  al,  y  +  pM  +  am,  z  +  pN+  (tN. 
The  point  in  which  the  displaced  ray  meets  the  plane  .v  =  o  is  determined  by 
substituting  -  aljL  for  p,  giving  the  coordinates 

o,  y  +  {Lm  -  Ml)  a/L,  z  +  {Ln  -  Nl)  ajL. 
If  the  displaced  ray  is  ray  b,  these  coordinates  are  the  same  as 

o,  J  +  Sj,  z  +  hz 
and  hence  hy  =  {Lm  -  Ml)  a/L,  bz  =  {Ln  -  Nl)  alL. 

Similarly  hy'  =  {L'm'  -  M'l)  a  \L ,  hz  =  {L'n  -  NT)  a'jL', 

where  a'  is  the  displacement  in  the  direction  /',  m' ,  n  necessary  to  make  ray  c 
coincide  with  ray  h  in  the  image  space.  Since  the  angles  between  the  incident 
rays  a  and  h  and  between  the  emergent  rays  b  and  c  are  small, 

U>L  +  MS  A/  +  NIN  =  L'lL  +  M'hM'  +  A^'SN'  =  o. 
Under  these  conditions  the  substitution  of  the  above  values  of  Sj,  8s,  Sjy',  82:'  in 
(3)  g'^es 

iiG  {IhL  +  mhM  +  nhN)  -f  p!a'  {VIL  +  m'hM'  +  «'8^V')  =  0    ....  (8). 

The  comparison  of  (2)  and  (8)  at  once  yields 

p'a' =  flap  (9). 
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Since  the  ratio  of  the  displacements  does  not  depend  upon  the  coordinates  of  any 
particular  ray,  but  only  upon  obedience  to  the  condition 

cosd  =  p  cos  6'  +  q 

by  the  original  rays,  it  follows  that  the  displacements  a  and  a'  may  be  applied  to 
the  tvvo  caustic  surfaces  2  and  S'  as  complete  units.  This  establishes  the  theorem. 
Since  the  equation 

cos  0  -  pcos  B'  4  q 

may  be  made  to  apply  to  any  assigned  ray  when  p  is  given  by  selecting  a  suitable 
value  for  q,  it  follows  that  all  rays  niay  be  divided  into  a  single  infinity  of  groups, 
each  group  determining  an  object  and  an  image  caustic  having  the  property  that 
if  all  the  object  caustics  are  given  a  common  small  displacement  in  the  first  reference 
direction,  the  image  caustics  will  undergo  a  definite  common  displacement  in  the 
second  reference  direction,  such  displacements  being  without  effect  on  the  corre- 
spondence between  the  object  and  image  caustics. 

This  result  indicates  that  aberrations  necessarily  change  their  character  from 
point  to  point  gradually,  and  not  suddenly. 

A  purely  geometrical  discussion" of  this  law  is  not  entirely  satisfactory  unless 
special  simple  cases  are  considered  or  alternatively  some  results  are  assumed  which 
are  more  readily  established  by  other  means.  For  example  if  Fermat's  theorem  is 
to  be  used  it  may  not  in  general  be  assumed  that  neighbouring  rays  in  the  object 
space  will  intersect  in  the  image  space.  As  a  rule  this  is  not  true  unless  two  con- 
ditions are  satisfied.  It  may  however  be  of  interest  to  give  a  geometrical  demonstra- 
tion of  the  converse  theorem,  that  if  11  and  H'  are  conjugate  caustics  and  a  dis- 
placement of  ^  without  rotation  or  distortion  in  a  certain  direction  through  a 
small  distance  a  results  in  a  similar  displacement  of  S'  in  another  direction  through 
the  distance  a' ,  then  the  rays  touching  S  and  S'  satisfy  a  relation  of  the  form 

/t(T  cos  i/(       fji'a'  cos  tji'  r  i       o 

where  ijj  and  i/i'  are  the  angles  between  the  ray  and  the  directions  of  displacement 
in  the  appropriate  spaces  and  e  has  the  same  value  for  all  the  rays. 

Consider  three  rays  as  before,  a,  h,  c,  of  which  a  and  c  touch  the  original 
caustics  and  b  the  displaced  caustics,  a  and  b  being  corresponding  rays  in  the 
object  space  and  b  and  c  corresponding  rays  in  the  image  space.  The  figure  shows 
the  system  in  projection.  The  angles  made  by  a  and  c  with  the  direction  of  dis- 
placement in  the  object  space  are  u  and  y  respectively,  and  accented  quantities 
are  used  for  the  image  space.  The  ray  b  thus  makes  angles  a  and  y'  with  the  two 
directions.  If  X  and  ^Yj  are  the  points  of  contact  of  a  and  /;  with  their  object 
caustics,  A'A'i  is  parallel  to  the  direction  of  displacement  in  the  object  space  and 
its  magnitude  is  a.  Similarly  i'V,  connecting  the  points  of  contact  of  c  and  /;  is 
equal  to  a'  and  is  parallel  to  the  direction  of  displacement  of  the  image  caustic.  In 
general  the  rays  a  and  c  will  not  intersect  in  either  the  object  space  or  the  image 
space.  When  they  do  not  intersect  consider  the  line  joining  their  points  of  nearest 
approach.  This  line  is  perpendicular  to  both  a  and  c,  and  through  it  may  be  drawn 
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a  plane  normal  to  a  in  the  object  space  or  normal  to  c  in  the  image  space.  In  either 
case  the  plane  is  normal  to  b.   Call  these  planes  H  and  IT  respectively. 

Two  results  are  required  upon  which  to  base  the  proof.  The  first  is  that  as  ray 
paths  depend  upon  optical  differences  of  path,  the  existence  of  equal  and  similarly 
situated  caustics  determined  by  the  rays  implies  equal  path  differences  between 
corresponding  parts  of  the  caustics.  Thus  in  this  case  the  path  between  .Yi  and  Fj 
will  differ  from  that  between  A'  and  Y  by  a  constant  length  e,  which  fact  may 
be  written 

(A-y,)-(A-r)  =  . 

the  brackets  denoting  that  the  optical  path  is  meant.  The  second  result  is  the 
correct  form  for  Fermat's  law  for  near  rays  which  do  not  intersect.  This  is  that  the 
optical  paths  along  different  rays  are  equal  when  measured  between  their  nearest 
points  in  both  the  object  and  the  image  space.  Thus  the  path  from  U  to  IT  has 


-9^^^ 


the  same  value  whether  measured  along  ray  a  or  ray  c.  Moreover  as  a  and  b  are 
parallel  and  FI  is  normal  to  them  the  paths  from  1 1  to  the  points  of  nearest  approach 
of  a  and  b  in  the  image  space  will  be  equal  for  both  rays,  and  thus  if  second  order 
small  quantities  are  neglected  the  paths  from  11  to  11'  are  equal  by  any  of  the  three 
rays. 

Combining  now  these  two  results,  and  noting  that  since  a  and  c  make  a  small 
angle  with  one  another  the  path  XY  may  be  taken  to  be  partly  along  ray  a  and 
partly  along  ray  r  provided  the  transference  is  made  at  one  of  the  planes  11,  IT, 
it  is  evident  that 

(A- II)      (ITi-)  -(All)-(lTF)  =  e 

or  on  considering  the  projection  on  ray  b  of  the  quadrilaterals  A'A'iIl  and  FFiIl' 
and  expressing  the  optical  path  in  terms  of  ordinary  lengths  by  inserting  the 
refractive  indices, 

jia  cos  u  —  n'a'  cos  y'  +  e  =  O. 

3—2 
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This  relation  then  holds  between  the  incident  and  emergent  directions  of  every 
ray  such  as  h  which  touches  the  displaced  caustics.  It  is  only  necessar}-  to  regard 
S,  and  i;,'  as  the  original  caustics  and  S  and  H'  as  the  displaced  caustics — the 
relationship  is  obviously  a  reciprocal  one — to  establish  the  converse  of  the  original 
theorem. 

A  geometrical  proof  of  the  initial  theorem  may  be  obtained  by  comparing  the 
original  condition  with  the  relation  thus  shown  to  hold  when  both  object  and 
image  caustics  receive  the  displacements  u  and  a'. 

A  number  of  well  known  results  may  be  derived  as  simple  corollaries  from  the 
cosine  law. 

Cor.  I.  The  law  of  refraction.  Let  the  optical  system  consist  of  a  single  surface, 
and  suppose  the  object  caustic  degenerates  into  a  point  on  the  refracting  surface. 
The  image  caustic  will  be  the  same  point,  and  the  two  caustics  will  undergo  the 
same  displacements  if  the  object  caustic  remains  in  the  refracting  surface.  If  then 
^  and  4>'  are  the  angles  made  by  an  incident  and  refracted  ray  with  the  normal, 
the  law  of  refraction  will  be 

ji  sin  <f>  —  iJ.'  sin  ^'      constant 

since  d  +  cf>  ==  d'  ~  (f>'  =  ^-^  and  a  =  a' .    If  the  incident  ray  which  coincides  with 

the  normal  emerges  without  deviation,  the  constant  vanishes. 

Cor.  II.  The -sine  law.  In  a  system  symmetrical  about  an  axis  let  there  be  no 
aberration  in  the  image  of  a  given  point  on  the  a.xis.  The  condition  for  the  absence 
of  aberrations  in  the  image  of  a  small  object  normal  to  the  axis  through  this  point 
is  obtained  by  considering  displacements  normal  to  the  axis.  If  <f>  ^^d  i/r'  are  the 
angles  made  by  an  incident  and  the  corresponding  emergent  ray  with  the  axis,  the 
condition  is 

sinip  =  p  sin  ijj'  +  constant 
where  fj-plfj-'  is  the  transverse  linear  magnification.   Since  the  axis  itself  is  both  an 
incident  and  emergent  ray  of  the  group  forming  the  axial  image,  the  constant 
is  zero. 

Cor.  III.  The  sine  lazv  for  a.xial  displacements.  In  the  previous  system  let 
displacements  along  the  axis  be  considered.  Then  the  condition  that  there  should 
be  no  aberration  in  the  image  of  a  short  element  of  length  along  the  axis  is 

cosi/i      Pcosifi'  ;  constant. 
Since  ^  ^  i/*'      o  is  a  member  of  the  group  of  rays,  the  constant  is  equal  to  i       P, 
and  the  condition  may  be  written  in  the  form 

sin  .1  tp      P'  sin  },  </i' 
which  is  inconsistent  with  the  sine  law  found  above  unless  ijj  =    •   i/''.    Hoth  con- 
ditions are  satisfied  by  paraxial  rays,  and  therefore  P      /)'-. 

Cor.  I\'.  The  extended  sine  law.  If  there  is  perfect  imagery  for  the  transverse 
plane  for  which  the  magnification  is  ;;»,  the  displacement  of  the  object  and  image 
point  caustics  must  satisfy  the  cosine  law  for  displacements  in  the  directions  of 
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the  y  and  z  axes.  Thus  in  the  symmetrical  system  in  which  the  axes  of  .v  and  x' 
coincide  with  the  axis  of  symmetry,  and  the  axes  of  y  and  y'  and  of  z  and  z'  are 
respectively  parallel  to  one  another,  the  conditions  for  perfect  imagery  over  the 
whole  plane  when  there  is  no  aberration  on  the  axis  are 

fxM  -  fi'M'm  =  q 

^lN  -  fi'N'm  -  q' 
where  q  and  q  are  functions  of  j,  s  the  coordinates  of  the  object  point  from  which 
the  rays  arise.    Symmetry  shows  that  q  =  yQ,  q'  =  zQ  where  ^  is  a  function  of 
y-  +  Z-.  These  conditions  may  be  compared  with  those  which  would  hold  if 
collinear  imager)-  were  possible,  viz. 

M        ,  M' 

N        ,N' 
^i  .  —  IX  -p  m=-  ZKtn  =  z  K 

where  k  is  the  power  of  the  system  for  paraxial  rays. 

As  an  example  of  the  use  of  the  law  consider  the  principles  on  which  a  variable 
power  instrument  having  axial  symmetry,  whether  of  finite  or  infinite  focal  length, 
should  be  constructed  so  as  to  secure  freedom  from  spherical  aberration  and  coma 
at  all  magnifications.  At  the  outset  it  may  be  noted  that  this  proposal  appears  to 
conflict  with  the  well  known  result  that  freedom  from  coma  is  inconsistent  with 
the  removal  of  spherical  aberration  for  two  consecutive  axial  points.  The  contra- 
diction disappears  if  it  is  remembered  that  in  a  variable  power  instrument  the 
separations  of  the  components  are  varied,  while  it  is  assumed  in  the  other  case 
that  no  such  changes  take  place. 

To  fix  ideas  assume  that  the  instrument  is  to  be  telescopic,  so  that  both  object 
and  image  may  be  assumed  to  be  at  infinity.  If  the  instrument  is  properly  corrected 
the  extreme  lenses  are  always  dealing  with  strictly  parallel  beams  of  light,  and  if 
the  entire  end  systems  are  excluded  the  central  portions  must  evidently  transform 
without  change  of  shape,  but  with  varying  axial  separations,  an  object  caustic  into 
an  image  caustic.  If  tp^  and  i/tj  are  the  angles  made  with  the  axis  by  the  incident 
and  emergent  portions  of  a  ray  for  this  central  system,  since  the  axis  itself  is  a 
particular  ray  belonging  to  the  set  considered,  the  condition  which  must  be 
satisfied  is 

cos  i/ti  -  M  cos  i/tj  =  I  -  M, 
where  M  is  the  ratio  of  the  two  axial  displacements ;  or  if  M  =  w'^ 

sin  1  i/(i  ^  m  sin  \  ifi., , 
m  being  the  transverse  magnification. 

This  condition  must  be  reconciled  with  the  sine  condition  for  the  complete 
instrument 

sini/((,  -  wsini/^a, 
where  i/i^  and  tp^  are  the  initial  and  final  inclinations  and  n  is  the  whole  magnification. 
Moreover  the  connections  beuveen  i/iq  and  i/*! ,  and  between  ip-z  and  i/fj  are  invariable. 
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The  problem  thus  admits  of  the  unique  solution  for  three  separate  components 
sin  i/r„  =  2C  sin  J  i/tj 
sin  o  i/(j  =  m  sin  i  i/io 
sin  2  i/f,  =  Jr'  sin  i/fj 
H  =  rr'w 

where  c  and  f'  are  the  magnifications  at  which  the  extreme  lenses  are  working. 

All  that  this  theory  shows  is  that  by  a  system  constructed  on  this  principle  an 
infinitesimal  change  can  be  made  in  n  without  causing  the  introduction  of  either 
spherical  aberration  or  coma  in  the  final  image.  In  a  fixed  lens  even  this  is  only 
possible  when  «-  =  i ;  but  for  the  production  of  a  useful  instrument  it  is  necessary 
to  show  that  the  relation 

sin  I  i/(j  =  m  sin  \  ifi.^ 

can  be  satisfied  for  a  continuous  range  of  values  of  m.  To  prove  this  it  need  only 
be  shown  that  if  the  eikonal  &  is  given  a  certain  form  the  conditions  are  satisfied. 
Consider  the  function  rf  where 

,f/c  =  -  L/m  -  L'm  -  2  (2)  (i  ^-  L)  "  -  (i  +  L')  "  - 

--^(i)  ;-x(3)  +  {(>)(3)    -(2)-^W'{(i),(2),(3)}. 

where  L,  M,  N  are  the  incident  and  L' ,  M' ,  N'  the  emergent  direction  cosines  of 
a  ray,  and 

(i)         =M2  +  A^2 

(2)  =  MM'  +  A^A" 

(3)  =  .1/'^  i  N'^. 

The  notation  implies  that  </>  is  an  arbitrary  function  of  (i)  only,  ^  ^n  arbitrary 
function  of  (3)  only,  and  the  remaining  term  is  an  arbitrary  function  of  (i),  (2) 
and  (3)  which  vanishes  to  the  second  order  for  rays  lying  in  an  axial  plane.  Since 
the  coefficient  of  the  term  in  (2)  in  0  is  -  i//c,  k  is  the  power  of  the  system,  and 
from  the  form  of  the  first  two  terms  m  is  the  magnification  for  which  0'  is  constructed. 
Any  desired  value  may  be  given  to  m,  but  no  other  terms  may  be  altered  in  any 
way  without  implying  an  alteration  in  the  construction  of  the  system. 

DifTerentiate  now  to  obtain  the  coordinates  of  the  points  in  which  the  ray  con- 
sidered meets  the  object  and  image  planes  or  whatever  other  planes  fixed  with 
respect  to  the  object  and  image  have  been  chosen  for  reference.  Then 

,.,,       M       ,1   ;  I.\^M' 


M 


+  M' 


^'>  -2(2)0    ■    {(.)(3)        (2)'^|0.J 


L(i  +  L)'(i  +  L')* 
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and 


mM'      (i+L'^M 


+  m\-  ^^^  ,  I  2(2)0-{(i)(3)      (and 

+  M'  \ ^^ r,  -  2  (1)0    -     2  {(I)  (3)  -  (2)-^!  ^,  I 

LL'(i +L)*(i  +  L')-'  J 

with  similar  expressions  for  z  and  z'.   Now  for  rays  in  an  axial  plane,  such  as  all 
which  arise  from  any  point  on  the  axis  of  the  instrument, 

M (2)  -  M'  (I)  =  M (3)  -  M'  (2)  ^  (I)  (3)  ~  (2)^  =  o 
and  therefore 

(j'k  -  zM'x)  L'  (i  +  L')  ~  -  =  -  mM'  (i  +  L')  ~  ^ 

+  M{i  nL)~''  =  m  {yK  -  2M<t>')  L{i  +  L)~-. 
This  relation  shows  that  if  the  incident  rays  touch  the  caustic  of  revolution 

yK  =  2M<j>',  ZK  =  2N(j)' 
the  emergent  rays  will  touch  the  caustic 

y'K  =  —  2M'x',  z'k  ="  —  2N'x 
whatever  the  value  of  m  may  be.  These  relations  indicate  the  conditions  to  be 
satisfied  by  the  end  portions  of  the  optical  system.  It  follows  that  the  corrections 
will  be  maintained  for  all  values  of  n  between  the  limits  set  by  the  physical  contact 
of  the  central  system  of  lenses  with  the  leading  system  on  the  one  hand  and  the 
final  system  on  the  other. 

The  expressions  given  may  be  utilised  to  determine  the  general  character  of 
possible  concrete  systems  based  upon  the  theorj'  they  embody.  For  instance  they 
show  by  inspection  that  the  end  systems  may  each  be  based  upon  a  "thin"  lens, 
but  that  the  central  system  must  consist  of  well  separated  parts.  They  may  also 
be  analysed  further  to  show  to  what  extent  other  aberrations  will  remain  corrected 
as  the  magnification  changes.  Such  an  investigation  is  of  particular  interest  in 
connection  with  the  development  of  well  corrected  photographic  lenses  of  con- 
tinuously variable  focal  length. 
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DISCUSSION 

Commander  T.  Y.  Baker:  The  paper  represents  the  generaUsation  of  what 
appears  to  include  all  the  laws  of  geometrical  optics.  I  have  tried  to  find  cases 
where  the  theor>'  does  not  hold,  but  have  so  far  failed.  What  form  will  the  caustic 
take  in  the  three  dimensional  case.'  I  find  it  rather  difficult  to  see  the  beauty  of  the 
structure  erected  by  Mr  Smith  for  the  scaffolding  of  eikonal  and  direction  cosines 
which  hides  it.  Would  it  not  be  possible  to  simplify  the  proof  witli  the  aid  of 
geometrj-  ? 

Mr  Smith:  As  the  theorem  relates  to  a  quite  general  case,  the  shape  of  the 
caustic  cannot  be  specified.  The  theorem  merely  indicates  that  it  is  a  surface  or 
system  of  surfaces.  I  may  assure  Commander  Baker  that  the  first  proof  obtained 
by  considering  a  system  surface  by  surface  required  a  scaffolding  about  loo  times 
as  obtrusive  as  the  present  one.  An  analytical  proof  rather  than  a  geometrical  is 
of  advantage  in  that  it  shows  the  order  to  which  the  result  is  necessarily  true. 
{Added  later)  I  have  now  incorporated  a  proof  of  the  converse  theorem  in  which 
I  have  followed  geometrical  methods  as  far  as  possible. 
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The  amount  and  the  nature  of  the  distortion  to  which  a  photograf)hic  fihn  is 
subject  is  of  great  importance  in  astronomy  where  photography  enters  so  largely 
into  modern  methods  of  precise  observation.  There  are  two  general  cases  of  dis- 
tortion to  consider,  (a)  when  the  images  are  small  in  themselves  and  small  in 
relation  to  the  distances  separating  them,  and  (6)  when  the  images  are  large  and 
no  lower  limit  is  placed  on  the  separation.  The  second  case  has  been  very  exhaustively 
dealt  with  by  Dr  Ross  in  the  Research  Laboratory  of  the  Kodak  Company.  The 
first  case  is  that  of  an  ordinary  astronomical  photograph  and  is  the  subject  of 
this  note. 

A  stellar  photograph  consists  of  a  large  number  of  tiny  discs  scattered  over  an 
otherwise  transparent  plate  and  the  purpose  of  the  photograph  is  to  determine  the 
exact  relative  positions  of  these  points.  How  far  may  the  gelatine  film  be  trusted 
not  to  have  moved  laterally  on  its  support.' 

Some  16  years  ago  Prof.  Schlesinger,  when  contemplating  the  application 
of  photographic  methods  to  the  determination  of  stellar  parallaxes,  made  a  short 
study  of  the  problem.  Any  displacement  of  the  film  is  most  likely  to  take  place 
during  the  critical  operations  of  developing,  fixing,  washing  and  drying.  Schlesinger 
therefore  took  a  photograph  of  a  star  field  and  after  development,  etc.,  measured 
it.  The  plate  was  then  treated  as  if  it  had  never  been  developed,  that  is,  it  was 
immersed  for  5  mins.  in  a  developer,  10  mins.  in  a  fixing  bath  and  60  mins.  in 
running  water.  After  drying  in  a  vertical  position  it  was  again  measured  and  from 
a  discussion  of  the  results  he  deduced  a  probable  error  of  film  distortion  of 
:!;  -0006  mm.  On  a  similar  plate  which  was  plunged  for  10  mins.  into  hot  water 
at  a  temperature  of  86°  the  probable  error  of  distortion  came  out  at  ±  -0003  mm. 
Contrary  to  expectation  the  hot  water  had  not  increased  the  distortion.  After 
various  other  methods  of  ill  treatment  had  been  tried  with  much  the  same  result 
he  came  to  the  general  conclusion  that  with  ordinary  treatment  film  displacement 
was  not  likely  to  exceed  -ooi  mm. 

The  trigonometrical  determination  of  the  distance  of  a  star  is  accomplished  by 
taking  photographs  of  the  region  near  the  star  at  two  epochs,  the  second  epoch 
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about  6  months  after  the  first,  when  the  earth  will  have  moved  through  half  its 
orbit  and  is  consequently  300,000,000  kilometres  distant  from  the  point  at  which 
the  first  photographs  were  taken.  If  the  star  is  at  a  measurable  distance  it  will 
appear  to  have  moved  slightly  relatively  to  the  stellar  background,  the  parallactic 
movement  being  inversely  proportional  to  its  distance.  On  each  plate  the  position 
of  the  image  of  the  star  whose  parallax  is  to  be  determined  together  with  those  of 
some  half  dozen  faint  stars  of  the  background  are  measured  against  a  scale.  The 
measured  positions  on  the  several  plates  are  fitted  together  algebraically  and  the 
small  outstanding  difference  of  the  parallax  star  between  the  two  epochs  is  inter- 
preted as  its  parallactic  motion.  When,  from  a  series  of  photographs,  the  parallax 
has  been  determined  and  subtracted  from  the  individual  results  each  plate  will 
show  a  residual  error.  This  residual  is  made  up  of  several  errors  of  which  the 
observing  and  measuring  errors  are  probably  the  most  important,  and  also  photo- 
graphic image  error  and  film  displacement.  The  mean  of  a  large  number  of  these 
residuals  shows  that  the  average  probable  error  of  the  measured  position  on  a 
single  plate  does  not  exceed  -0008  mm.  It  follows  then  that  the  probable  error  of 
film  displacement,  which  is  only  a  part  of  the  total  error,  will  not  exceed  this  figure, 
thus  confirming  Schlesinger's  conclusion. 

When  the  observation  of  stellar  parallaxes  was  commenced  at  Greenwich,  the 
telescope  being  of  comparatively  short  focus,  even  an  error  of  -ooi  mm.  could  not 
be  safely  neglected  and  the  method  of  observation  was  that  proposed  by  the  late 
Prof.  Kapteyn.  Photographs  at  the  two  epochs  were  taken  on  a  single  plate  which 
was  stored  away  during  the  interval  and  developed  after  the  second  exposure.  It 
was  so  arranged  that  the  developed  plate  showed  the  two  sets  of  images  closely 
juxtaposed.  It  was  only  necessan,-  to  measure  the  distance  between  them  and  as 
this  distance  was  verj-  small  both  images  might  be  expected  to  be  equally  affected 
by  any  film  displacement,  which  would  be  eliminated  in  their  differences. 

The  method  was  sound  but  after  a  prolonged  trial  has  now  been  given  up  on 
account  of  climatic  difficulties,  and  each  photograph  is  now  taken  on  a  single 
plate.  The  Kapteyn  pairs  can  however  be  compared  as  single  photographs  and  so 
provide  material  from  which  the  film  error  may  be  deduced.  F"or  if  the  total  error 
of  a  plate  is  made  up  of 

e, ,  621  etc.,  €f,  where  e,  is  the  film  displacement 

then  the  residual  of  one  member  of  a  Kapteyn  pair  is 


and  the  other  e^  :  (, 

€,  being  the  same  for  liotl 


The  sum  gives  ±  Vze*  +  46,* 

the  difference  i  y/'lt^, 

where  e  is  the  probable  error  due  to  all  causes  except  iho  tilm  tlisplacement,  and 

(,  that  due  to  film  displacement  alone. 
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Reference  to  the  following  table,  which  is  only  a  small  portion  of  the  material  used, 
will  indicate  the  magnitude  of  error  which  may  be  expected. 

Residuals  on  "  Kapteyn  "  plates 


1st  exposure. 

2nd  exposure. 

Sum. 

Difference. 

±fi+f/ 

±fi 

i+f/ 

±v'2.=  +4'r 

±  \'2€'- 

10-*  mm. 

10' 

mm. 

10-*  mm. 

io-^<  mm. 

-    7 

+ 

4 

3 

II 

-  14 

1- 

10 

24 

4 

"  16 

7 

23 

9 

-  J5 

16 

31 

I 

-    5 

11 

6 

16 

-  13 

- 

7 

20 

h 

+   7 

- 

6 

S 

+    I 

+ 

6 

7 

5 

+   6 

+ 

6 

7 

5 

-  +   7 

- 

6 

J3 

-    I 

- 

5 

6 

4 

-r     3 

+ 

6 

9 

3 

-  12 

- 

I 

13 

II 

+  14 

0 

14 

14 

-  II 

- 

3 

14 

S 

+   8 

- 

I 

17 

-   3 

+ 

27 

~i 

30 

From  a  discussion  of  the  residuals  of  some  300  Kapteyn  plates  measured  in 
this  wav  it  is  foimd  that 


\    2€-  -r  46/-  =   :::  -00122   mm. 

Vze^  =  ±  -00106     „ 

whence  e^  =  ±  -00030     ,, 

Although  the  method  is  somewhat  insensitive  it  is  considered  that  this  result  is  not 
greatly  in  error. 

Occasionally  a  measured  position  is  found  to  have  a  residual  error  several  times 
in  excess  of  the  probable  error,  ±  -0008  mm.,  given  above.  Sometimes  the  cause 
can  be  definitely  located  and  in  several  cases  it  has  been  traced  to  local  film  dis- 
tortion through  uneven  drying  of  the  photograph.  Another  cause  is  the  proximity 
of  a  bright  star  image  giving  rise  to  the  well-known  "Ross"  efl^ect. 

Some  years  ago  Mr  Bellamy  at  Oxford  Observatory  had  noted  cases  of  distortion 
caused  by  bright  star  images  on  astrographic  photographs  and  also  pubhshed  a 
note  giving  a  collection  of  measures  of  double  stars  from  photographs  which  showed 
that  the  photographic  distances  were  generally  smaller  than  those  observed  directly 
at  the  telescope. 

Dr  Ross,  in  1918,  published  the  results  of  his  researches  on  the  subject  and 
showed  that  under  certain  conditions  with  tanning  developers  like  pyro  and  caustic 
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hvdroquinone,  stellar  discs  contract  in  drj'ing,  giving  rise  to  a  distortion  in  the 
immediate  neighbourhood,  and  from  a  study  of  photomicrographs  of  wet  and  dry 
films  was  able  to  give  the  following  explanation. 

That  particular  physical  propertj'  of  gelatine  which  is  most  strongly  affected  by 
chemical  action  is  hydration  or  ability'  to  absorb  water.  \Mien  a  photographic  emulsion 
dries  on  a  plate  the  natural  tendency  on  dehydrating  is  to  shrink  equally  in  all  directions 
but  on  account  of  its  strong  physical  atfinit}'  for  glass  it  is  unable  to  do  so  in  the  plane 
parallel  to  the  plate,  .^s  a  result  there  is  a  residual  stress  in  this  direction.  When  an 
emulsion  is  stripped  from  its  support  it  will  swell  in  its  own  plane  only  25  per  cent,  on 
complete  hydration.  It  is  clear  that  though  its  horizontal  elasticity  or  ability  to  swell 
has  not  been  entirely  lost  vet  the  physical  structure  of  the  gelatine  has  been  profoundly 
modified  by  the  stresses  to  which  it  has  been  subjected  while  drying  on  its  glass  support. 

The  phenomenon  of  contraction  of  photographic  images  and  distortion  in  general  can 
now  be  explained.  On  account  of  the  smaller  water  content  of  the  tanned  developed 
image  as  compared  with  that  of  the  gelatine  surrounding  it,  the  image  dries  more  quickly. 
Stresses  parallel  to  the  plate  at  the  edge  of  the  image  become  unbalanced  since  the 
normally  active  counterbalancing  stresses  acting  outward  from  the  edge  of  the  image 
have  not  yet  developed  owing  to  the  still  wet  condition  of  the  gelatine  surrounding  the 
image.  There  is  therefore  a  movement  inward  of  the  outer  ring  of  the  image  greatest  at 
its  extreme  edge  and  diminishing  gradually  towards  the  centre.  With  the  edge  moving 
inward  the  gelatine  in  its  immediate  neighbourhood  is  dragged  along  by  an  amount  which 
appears  to  be  an  exponential  function  of  the  distance  from  the  edge.  This  accounts  for 
the  translatory  motion  of  star  images,  large  in  the  immediate  vicinity  of  the  edge  and 
decreasing  rapidly  with  increase  of  distance. 

In  the  case  of  double  stars  the  separate  images  are  so  close  together  that  the  intervening 
gelatine  must  be  in  nearly  the  same  condition  as  to  moisture  content  as  the  images  them- 
selves. The  two  images  therefore  act  as  a  unit,  contraction  taking  place  towards  the  centre 
of  gravity  with  a  consequent  diminution  of  the  distance  separating  them. 

A  photographic  plate  dried  unevenly  is  subject  to  unbalanced  stresses  of  a  similar 
nature  and  single  star  discs  may  be  displaced  in  position  in  consequence.  In  the  cases  of 
large  residual  error  referred  to  above  there  was  distinct  evidence  that,  in  draining,  isolated 
drops  of  water  had  remained  on  the  film  very  close  to  the  star  images  so  that  this  part 
of  the  film  was  still  wet  after  the  remainder  of  the  film  was  dry,  thus  producing  an  un- 
balanced stress  and  consequent  distortion. 

DISCUSSION 

Sir  F.  Dyson:  Owing  to  the  great  care  taken  in  connection  with  tlic  work  to 
which  Mr  Davidson  has  referred  we  are  able  to  get  as  good  results  with  our  20  ft. 
telescope  as  are  obtained  elsewhere  with  larger  telescopes.  The  amount  of  liis- 
tortion  in  celluloid  films  is  probably  greater  than  in  the  case  of  plates. 

Commander  T.  Y.  Baker:  At  the  Admiralty  Research  Laboratory  we  have 
recently  had  occasion  to  take  this  question  into  consideration  in  connection  with  a 
problem  in  which  we  were  obliged  to  use  films  and  not  plates.  We  have  found 
that  there  is  nothing  like  the  same  freedom  from  distortion  in  films  as  Mr  Davidson 
has  found  in  the  case  of  plates.  Films  exhibit  a  general  contraction  of  the  order 
of  1  per  cent,  and  in  addition  local  distortion  of  an  amount  greater  tiian  we  could 
allow  for. 
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Mr  R.  \V.  Cheshire:  The  method  we  employed  in  connection  with  this  work 
was  to  obtain  a  contact  print  of  a  10  cm.  glass  scale.  This  was  developed,  fixed, 
washed,  and  dried  and  then  placed  in  contact  with  the  scale,  being  slightly  displaced 
to  one  side.  By  means  of  a  travelling  microscope  we  could  then  measure  the 
average  contraction  of  each  2  cm.  interval,  and  also  get  an  idea  of  the  amount  of 
local  distortion.  If  measured  in  a  wet  condition  the  film  exhibits  an  increase  in 
length  of  about  h  per  cent.  On  drjing,  it  shows  an  immediate  decrease  of  about 
I  per  cent,  and  eventually  a  decrease  of  about  i  per  cent.;  furthermore,  diurnal 
variations  in  the  overall  length  of  a  film  amounting  to  |  per  cent,  have  been 
observed.  The  local  distortions  amount  to  5  or  6  /a  as  a  maximum,  but  these  can 
be  eliminated  by  subsequent  washing.  If  two  pieces  of  film  are  taken  from  the 
same  spool,  the  images  formed  on  them  may  differ  by  as  much  as  ,',-,  per  cent,  in 
overall  length.  The  kind  of  accuracy  realisable  with  films  does  not  approach  that 
obtained  with  plates. 

Has  Mr  Davidson  ever  noticed  the  Ross  contraction  in  images  of  the  sun  or 
moon? 

Mr  Davidson:  I  have  not  measured  anything  like  this  in  the  case  of  sun  or 
moon  images.  Although  the  photographic  diameters  of  the  sun  and  moon  are 
theoreticallv  affected  by  the  Ross  distortion  it  is  probable  that  the  common  optical 
aberrations  of  the  telescope,  atmospheric  conditions,  and  irradiation  would  together 
effectually  mask  it.  The  same  applies  to  star  discs  taken  for  photometric  measure- 
ments. 

Is  the  contraction  of  the  celluloid  film  uniform  in  all  directions? 

Mr  Cheshire:  The  measurements  were  made  only  in  one  direction. 

Mr  T.  Smith :  Can  you  give  the  thickness  of  the  celluloid?  Was  the  film  coated 
with  gelatine  on  one  or  both  sides? 

Mr  Cheshire:  I  do  not  know  what  the  thickness  was.  The  film  was  the  so-called 
non-curling  variety  and  was  coated  on  both  sides. 

Mr  P.  F.  Everitt:  On  account  of  its  physical  properties  celluloid  seems  to  be 
quite  an  unreliable  material  for  any  work  connected  with  accurate  measurements. 

Mr  B.  V.  Storr:  The  celluloid  used  for  the  films  mentioned  by  Mr  Cheshire 
is  generally  5  mils,  thick,  and  is  coated  on  one  side  with  the  emulsion,  and  on  the 
other  side  with  plain  gelatine  solution.  In  some  recent  measurements  of  the  effect 
of  various  photographic  solutions  on  celluloid  film  I  found  an  expansion  of  the 
film  when  wet  which  varied  in  amount  with  the  direction  of  measurement,  while 
the  recovery  on  drying  was  also  irregular.  The  irregularity  is  probably  due  to 
unequal  strains  being  set  up  in  the  celluloid  film  in  its  manufacture. 

There  is  I  think  one  other  possible  source  of  error  in  the  measurement  of 
astronomical  photographs  in  addition  to  those  considered  by  Mr  Davidson  this 
evening,  and  one  which,  if  I  remember  rightly,  was  not  dealt  with  by  Ross.  The 
relationship  between  density  and  exposure  in  a  photographic  plate  is  such  that, 
within  certain  limits,  the  sum  of  the  effect  of  two  very  small  exposures  acting 
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separately  is  less  than  the  combined  effect  if  acting  simultaneously  on  the  same 
part  of  the  plate ;  if  the  images  of  two  prints  or  lines  approach  one  another  within 
a  certain  minimum  this  effect  will  come  into  play  on  the  fringe  of  each  image  and 
the  mass  centres  of  the  two  images  will  approach  one  another  slightly.  I  do  not 
think  the  actual  amount  of  this  effect  has  ever  been  calculated  or  observed. 

Regular  dn,ing  is  of  the  utmost  importance.  \'ariations  in  the  rate  of  dr\ing 
make  themselves  evident  as  marks  on  the  plate.  No  plate  should  be  used  for 
measurements  to  within  less  than  J  inch  of  the  edge. 

Mr  Davidson:  Do  you  recommend  alcohol  dr)ing? 

Mr  O.  F.  Block:  It  is  invariably  best  to  use  alcohol  drying;  80  per  cent,  spirit 
is  the  most  suitable  strength  to  employ. 

Mr  F.  Twyman:  I  am  rather  dismayed  at  the  large  amount  of  distortion 
possible  and  would  like  to  know  whether  the  Ross  effect  is  taken  into  account  in 
measurements  of  spectrum  plates.  I  have  not  obser\-ed  the  effect  in  spectrographic 
work,  but  obviously,  even  if  present  only  in  a  slight  degree,  it  would  be  of  great 
importance  in  the  measurement  for  standards  of  spectra  which  contain  numerous 
lines  close  together.  Is  the  effect  present  when  hydroquinone  is  used  as  a  developer? 

Sir  F.  Dyson:  I  do  not  know  whether  the  effect  is  generally  allowed  for,  but 
in  conversation  with  Prof.  Fowler  I  have  gathered  that  he  is  aware  of  the  effect. 

Mr  Davidson:  In  the  Astrophysical  Journal,  vol.  52,  p.  98,  Ross  states  that  the 
contraction  results  from  the  use  of  tanning  developers  such  as  pyro,  pyro-metol, 
and  caustic  hydroquinone,  but  that  hydroquinone,  metol-hydroquinone,  and 
chlorhydroquinone  seem  to  give  images  free  from  this  contraction  effect. 

Dr  J.  S.  .\nderson:  Was  the  Ross  effect  taken  into  account  in  the  famous 
measurements  which  substantiated  Einstein's  prediction? 

Mr  Davidson:  The  point  has  been  carefully  considered.  On  account  of  the 
diffuseness  and  small  density,-  of  the  corona  and  the  relatively  large  distances  of 
the  stars  it  seems  unlikely  that  their  positions  can  be  affected.  In  any  event  the 
Ross  effect  is  in  the  opposite  direction  to  the  Einstein  displacement. 

Mr  J.  Guild:  The  last  slide  which  Mr  Davidson  showed  reminds  me  of  some 
experiments  which  I  carried  out  some  years  ago  in  connection  with  the  probable 
effect  on  spectrum  lines.  I  had  photographs  taken  of  a  suitably  prepared  diagram 
and  after  being  dried  they  all  exhibited  marked  troughs  on  the  dark  portions.  'I'his 
seems  to  be  in  contradiction  to  the  results  shown  in  the  slide,  for  there,  in  the 
case  of  the  dried  negative,  the  dark  portions  were  if  anything  slightly  raised. 

Mr  Storr:  The  dark  portions  will  naturally  be  raised  for  they  contain  liroiuitle 
in  addition  to  the  gelatine  which  is  common  to  the  rest  of  the  film. 

Mr  Guild  (conmiunicated  later):  I  have  re-examined  the  photographs  to  which 
I  referred  at  the  meeting  and  confirmed  my  recollection  that  the  dark  portions  of 
the  negatives  are  depressed  below  the  level  of  the  surrounding  gelatine. 
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DISCUSSION  ON  MR  GUILD'S  PAPER 

"ANGLE  COMPARATORS  OF  HIGH  PRECISION 
FOR  THE  GONIOMETRY  OF  PRISMS" 

Lt.-Col.  GifFord  (communicated):  Mr  Guild  makes  reference  to  my  orij^inal 
method  of  avoiding  measurements  of  angle  in  determining  refractive  indices  by 
using  prisms  polished  on  all  three  sides.  This  method,  which  I  devised  in  1899, 
was  fully  described  in  a  Royal  Society  paper  (vol.  70,  p.  329)  read  early  in  1902. 
I  first  employed  it  for  the  determination  of  the  refractive  indices  of  crystalline 
substances.  Mr  Guild  rather  infers  that  it  is  unsuited  for  such  employment.  I 
know 'of  no  substance  of  any  real  value  in  optics  to  which  the  method  cannot  be 
applied.   Can  Mr  Guild  enlighten  me.' 

I\Ir  Guild  (communicated):  As  stated  in  the  paper,  the  elimination  of  angle 
measurement  in  refractometry  by  using  all  three  refracting  angles  of  an  equilateral 
prism  and  assuming  the  mean  deviation  to  correspond  to  a  prism  angle  of  exactly 
60°  is  not  in  general  possible  with  crystalline  substances.  The  method  can  only  be 
employed  with  uniaxial  crystals  cut  with  the  prism  edges  parallel  to  the  crystallo- 
graphic  axis.  In  all  other  cases  the  refractive  index  for  at  least  one  of  the  refracted 
rays  differs  for  different  directions  within  the  prism.  In  Col.  Gifford's  well  known 
work  it  was  possible  for  him  to  use  prisms  so  cut  as  to  render  the  measurement 
of  prism  angles  unnecessary,  but  even  in  the  case  of  the  substances  investigated 
by  him  there  are  obviously  two  possible  sets  of  circumstances  in  which  this  simpli- 
fication is  unavailable.  The  first  of  these  exists  when  measurements  have  to  be  made 
on  previously  existing  prisms  which  are  not  cut  in  the  desired  way.  As  a  matter 
of  fact  I  have  myself  had  to  make  measurements  on  quartz,  and  the  only  prisms 
available  were  cut  with  their  optic  axes  in  the  plane  of  refraction  and  parallel  to 
one  face.  In  such  a  case  the  three-angle  method  cannot  be  employed  even  for  the 
ordinary  ray  owing  to  the  splitting  up  of  the  circularly  polarised  beams  along  the 
axis.  The  other  case  referred  to  is  that  in  which  the  nature  of  the  problem  involves 
the  investigation  of  the  refraction  in  directions  other  than  along  the  principal  axes 
of  the  crystallographic  ellipsoid.  Even  with  prisms  of  optical  glass  I  have  had 
occasion,  in  cases  where  strain  or  slight  non-homogeneity  existed,  to  settle  dis- 
crepancies by  making  measurements  with  one  angle  only.  In  fact,  as  the  accuracy 
of  refractometric  measurements  increases,  it  becomes  increasingly  difficult  to  rest 
content  with  assumptions  of  uniformity  of  index  even  with  amorphous  substances, 
and  refractometric  technique  must  be  equal  to  making  determinations  for  light 
travelling  in  one  direction  through  a  substance.  Thus,  while  I  do  not  wish  to 
disparage  the  utility  of  the  three-angle  method,  which  I  use  myself  whenever 
possible,  the  cases  in  which  it  can  safely  be  used  for  work  in  which  the  greatest 
precision  is  aimed  at  must  be  regarded  as  special  rather  than  general. 
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EXHIBITS 
I.   By  Messrs  ADAM  HILGER,  Ltd. 

1 2th  October,  1922. 

(i)  A  new  constant  deviatioti  wave  length  spectrometer  of  simil/  size.  Exactly 
similar  to  the  well-known  Hilger  wave  length  spectrometer,  but  of  much  smaller 
size  and  designed  for  students'  use. 

(2)  A  wave  length  spectrometer  in  whicli  the  chief  features  are  portability  and 
convenience  of  reading  from  a  standing  position.  This  instrument  does  not  give 
quite  so  much  light  as  the  ordinary-  form  of  wave  length  spectrometer,  but  is  very 
suitable  for  the  arc  and  spark  spectra  used  in  metallurgical  analysis. 

(3)  A  wave  length  spectrometer  of  the  photoscale  type,  specially  designed  for 
flame  and  other  faint  spectra.  This  was  exhibited  in  two  forms,  in  one  of  which 
the  obser\'ing  telescope  is  in  the  usual  horizontal  position,  while  in  the  other  the 
observer  looks  downward  in  a  direction  convenient  for  obser\'ation  from  a  standing 
position.  Special  attention  in  this  instrument  has  been  directed  to  the  avoidance 
of  the  necessity  of  adjustment. 

(4)  Profile  or  contour  observing  attachment  for  microscopes.  The  microscope 
being  in  a  vertical  position,  the  object  to  be  examined  is  mounted  on  the  microscope 
with  its  face  vertical,  the  face  having  preferably  been  first  cleaned,  dried  and  lightly 
smoked  in  a  magnesium  flame.  It  is  so  orientated  that  the  profile  at  any  desired 
section  will  have  nothing  between  it  and  the  centre  of  the  objective.  This  can  be 
done  in  all  cases  which  are  suitable  for  this  method  by  tilting  the  face  of  the  object 
backwards  by  5    or  more,  as  may  be  necessary  for  the  purpose. 

The  special  illuminator  consists  of  a  horizontal  slit  of  suitable  workmanship, 
with  fine  screw  adjustment,  which  is  placed  in  the  focus  of  a  special  lens  combination. 
The  function  of  this  lens  combination  is  to  form  on  the  face  of  the  object  a  very 
intense  line  image  of  the  slit.  This  line  image  makes  the  contour  or  profile  of  the 
desired  section  visible. 

.Adjustments  are  provided  vertically  and  horizontally  for  getting  the  sectioning 
line  higher  or  lower  on  to  the  desired  position  on  the  object,  and  getting  it  into 
sharp  focus  on  the  object.  Where  the  contour  is  a  deep  one,  a  second  slit  can  be 
provided  giving  depth  of  focus.  This  is  not  provided  on  the  standard  apparatus. 

For  photography  of  the  contour,  with  small  magnifications  (for  instance  30 
times),  an  exposure  of  30  seconds  suffices. 

(5)  Interference  accessory  for  testing  microscope  stands  ami  fine  adjustments.  This 
apparatus  consists  of  two  plane  glass  plates,  both  half  silvered  and  suitably  mounted, 
the  one  to  rest  on  the  stage  of  the  microscope,  the  other  to  screw  in  place  of  the 
objective.  Means  are  provided  for  adjusting  them  accurately  parallel,  when  with 
monochromatic  light  concentric  interference  rings  can  be  seen  in  the  eyepiece  of 
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the  microscope.  The  trembling  of  these  rings  enables  the  injurious  vibration  of 
the  microscope  body  to  be  quantitatively  measured.  Furthermore  the  movement 
of  the  rings  under  the  actuation  of  the  tine  adjustment  of  the  microscope  enables 
the  perfection  of  the  movement  to  be  tested. 

II.   By  JOHN  S.  ANDERSON,  D.Sc,  F.Inst.P. 

(Optics  Department,  National  Physical  Laboratory) 

14//;  Decembery  1922. 

(i)    A  Simple  Differential  Metfiod  of  Refiactometry  for  Liquids. 

The  method  has  been  evolved  for  the  purpose  of  detecting  and  measuring 
small  differences  in  the  refractive  indices  of  similar  liquids,  such  as  samples  of 
sea-water,  glycerine,  etc.  The  general  arrangement  of  apparatus  required  is  shown 
diagrammatically  in  elevation  in  the  accompanying  figure.  The  light  from  a  suitable 
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source  5  is  focussed,  by  means  of  a  lens  L,  on  a  transparent  scale  Sc  placed  at  the 
focus  of  a  telescope  objective  Oj .  The  image  of  this  scale  which  is  formed  at  the 
focus  of  a  second  objective  O2  can  then  be  examined  by  means  of  a  microscope  M. 
The  cells  C, ,  Cj  which  contain  the  liquids  under  examination  are  mounted  in  the 
parallel  beam  of  light  between  Oj  and  O., .  The  larger  cell  Q  may  conveniently  be 
made  by  cutting  off  the  top  of  an  ordinar\^  large-sized  bottle,  grinding  two  opposite 
sides  parallel,  boring  holes  in  these  sides  and  cementing  over  them  two  plane 
parallel  glass  windows  w, ,  w.,.  The  other  cell  C^  may  be  made  by  cutting  the 
bottom  of  a  smaller  bottle  along  two  symmetrically  situated  planes  at  right  angles 
to  one  another  and  cementing  two  plane  parallel  windows  Wg,  w^  to  the  cut  edges. 
When  one  is  comparing  a  series  of  liquids  with  a  standard  liquid,  the  latter  should 
be  placed  in  the  smaller  cell  C,  and  kept  corked  in  order  to  prevent  evaporation. 

When  the  two  liquids  under  examination  have  been  placed  in  their  respective 
cells,  the  latter  are  mounted  between  O^  and  C,  in  such  a  way  that  the  optical 
axis  of  the  system  is  normal  to  the  windows  Wj  and  Wj  and  makes  angles  of  45 
with  W3,  W4  as  shown  in  the  figure.  The  prismatic  portion  of  the  cell  Cj  should 
intercept  half  of  the  beam  between  O,  and  O.^.  If  the  refractive  indices  of  the 
two  liquids  differ  by  a  small  amount  two  images  of  the  scale  Sc  will  be  seen  in  the 
field  of  view  of  the  microscope.  One  of  these  is  formed  by  light  which  passes 
through  the  cell  Q  and  the  liquid  it  contains,  the  other  by  light  which  passes 
through  both  cells  and  the  contained  liquids.  As  the  relative  displacement  of  the 
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images  is  in  a  vertical  direction  the  scale  must  be  mounted  so  that  its  lines  are 
horizontal.  A  convenient  scale  to  use  is  an  ordinary'  eyepiece  scale  of  i  cm.  divided 
into  mm.  and  yV  mm.  with  consecutive  numbers  engraved  on  the  min.  lines;  the 
numbering  is  necessary  in  order  to  determine  through  how  many  complete  small 
divisions  one  of  the  images  has  been  displaced.  It  is  essential  that  the  plane 
separating  the  two  partial  beams  which  form  the  two  images  should  be  parallel  to 
the  direction  of  relative  displacement,  that  is,  in  this  case  it  must  be  vertical, 
otherwise  any  displacement  of  the  images  due  to  imperfect  focussing  will  be  in 
the  same  plane  as  the  displacement  which  it  is  desired  to  measure. 

In  case  the  windows  used  in  the  cells  are  not  all  strictly  plane  parallel  it  is 
advisable  in  the  first  place  to  determine  the  zero  position.  This  can  easily  be  done 
by  placing  the  same  liquid  in  both  cells  and  determining  what,  if  any,  is  the  relative 
displacement  of  the  two  images. 

It  is  desirable  to  enclose  the  two  cells  as  completely  as  possible  in  order  to 
protect  them  from  currents  of  air  which  might  cause  local  variations  of  temperature. 
It  is  not  necessarj-  to  keep  the  temperature  constant;  so  long  as  it  is  uniform 
throughout  the  two  liquids  while  a  measurement  is  being  made  the  results  will  be 
accurate,  for  the  temperature  coefficients  of  two  similar  liquids,  whose  refractive 
indices  differ  by  a  small  amount,  will  be  practically  identical.  In  order  to  obtain 
uniformity'  of  temperature  there  may  be  some  advantage  in  using  metal  cells 
pro\-ided  with  glass  windows. 

The  simple  theory  connected  with  this  method  has  already  been  discussed*. 
The  result  required  for  calculating  the  difference  in  refractive  index  is 

—M-;t-(tr-a '■■■•;  •■•■<■'• 

where  8'  is  the  angle  of  deviation  of  the  rays  passing  through  both  liquids  ;iiul  /< 
and  fj.  -r  dfj.  are  the  refractive  indices  of  the  liquids  in  (7,  and  (7,  respectively.  If 
the  difference  djx  is  very  small,  the  formula  reduces  to  the  very  simple  form 

8'  =  2</^  ....(2). 

This  formula  will  give  results  which  are  sufficiently  accurate  for  most  purposes 
for  small  values  of  dfi.  up  to  a  few  units  in  the  third  decimal  place.  If  the  objective 
O,  has  a  focal  length  of  50  cm.,  and  the  smallest  division  of  the  scale  is  f'r,  mm., 
two  liquids  whose  refractive  indices  differ  by  -0001  will  give  images  displaced 
relatively  by  one  division.  Thus  by  using  a  microscope  of  suitable  magnification 
it  is  possible  with  this  method  to  estimate  differences  of  index  to  one  in  the  fifth 
decimal  place,  that  is,  corresponding  to  a  displacement  of  ,',-[  of  a  small  division. 

Instead  of  a  scale  one  may  employ  a  single  very  fine  horizontal  line,  in  which 
case  the  angular  displacement  can  be  deduced  from  a  knowledge  of  the  linear 
displacement  of  the  image,  the  focal  lengths  of  O,  and  O.,,  and  the  magnification 
of  the  microscope. 

If  a  strong  source  of  light  is  used,  the  microscope  may  be  replacetl  by  a  suitable 
lens  which  will  project  the  two  images  on  to  a  screen. 

•    Tnim.  Ofyt.  .SV«  .  22  (M)20   21).  15*). 
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DISCUSSION 

Dr  L.  C.  Martin:  In  the  general  case,  discussed  by  Dr  Anderson  in  the  paper 
referred  to,  the  formula  S'  =  zrf/ii  tan  6  can  be  obtained  by  a  simple  consideration 
of  wave  fronts  and  equivalent  optical  paths.  This  reduces  to  formula  (2)  when  zd, 
the  prism  angle  of  the  inner  cell,  is  90  .  The  more  general  formula  is  8'  =  d/h.dfi, 
where  d  is  the  base  length,  and  /;  the  perpendicular  height  from  apex  to  base,  of 
the  elementar}'  inner  prism  in  Fig.  4  of  the  paper.  It  will  be  seen  that  this  formula 
will  be  valid  even  when  the  inner  prism  is  not  symmetrical. 

Dr  Anderson:  I  am  grateful  to  Dr  Martin  for  suggesting  this  very  simple  way 
of  deducing  formula  (2).  The  only  possible  advantage  I  can  see  in  the  method  which 
I  used  is  that  the  more  correct  formula  (i)  may  be  of  use  in  cases  where  the 
difference  dfj.  is  not  sufficiently  small  to  warrant  one  neglecting  all  the  terms  in 
powers  of  dfij^j.. 

(2)  An  Immersion  Method  of  Measuring  the  Internal  Diameters  of  Transparent  Tubes. 

A  preliminaPi'  note,  suggesting  certain  modifications  of  existing  optical  methods 
of  measuring  the  internal  diameters  of  transparent  tubes,  has  already  been 
published*.  It  is  hoped  that  a  full  description  of  the  present  immersion  method 
will  be  given  shortly,  but  it  was  thought  that  an  exhibit  of  the  method  would  be 
of  interest  to  members  of  the  Society. 

The  tube  to  be  tested  is  immersed  in  a  suitable  liquid  and  is  illuminated  by 
light  from  some  form  of  spectroscope.  In  the  arrangement  exhibited  a  Hilger 
constant  deviation  spectrometer  was  used.  The  wave  length  of  the  illuminating 
beam  is  varied  until  the  refractive  indices  of  the  liquid  and  the  tube  are  the  same. 
The  equality  of  index  is  most  conveniently  detected  by  focussing  a  little  in  front 
or  behind  one  edge  of  the  tube  and  obsening  for  what  colour  of  light  there  is  no 
dark  space  or  system  of  fringes  visible  at  the  edge  of  the  tube.  When  the  balance 
point  has  been  reached  the  internal  diameter  of  the  tube  can  be  measured  directly. 
The  tube  may  either  be  empty  or  filled  with  any  liquid,  transparent  or  opaque, 
provided  that  the  indices  of  refraction  of  the  tube  and  this  liquid  are  not  very 
nearly  alike.  The  method  can,  of  course,  be  used  in  the  case  of  sealed  tubes. 

DISCUSSION 

Mr  F.  F.  S.  Bryson:  I  do  not  see  how  the  method  can  verj'  well  be  applied  on 
a  works  scale  where  3  ft.  lengths  have  to  be  examined.  If  such  lengths  of  tube 
were  pulled  through  an  immersion  cell  there  might  be  an  appreciable  loss  of  liquid. 

The  method  also  appears  to  fail  in  the  case  of  clinical  thermometers  having 
opal  backs  or  internal  bores  of  elliptical  section. 

Dr  Anderson :  In  the  fuller  account  of  this  method  details  will  be  given  of  a 
cell  which  will  get  over  the  trouble  mentioned. 

•  Joum.  Scient.  Imtr.  Preliminar>'  No.  (May,  1922),  p.  24. 
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Such  clinical  thermometers  as  Mr  Brjson  has  mentioned  do  present  difficulties. 
It  should  be  possible,  however,  by  modifying  the  illuminating  system  so  as  to 
flood  the  tube  with  light  from  the  side  of  the  obser\-ing  microscope,  to  obtain 
measurements  in  different  azimuths  over  a  range  of  nearly  180". 


III.   By  S.  WESTON  (Messrs  E.  R.  Watts  &  Son,  Ltd.) 
(Communicated  by  F.  C.  Watts) 

14///  December,  1922. 

"Compensated"  and  "Constant"  Spirit  Levels 

In  approaching  the  subject  of  a  constant  spirit  level  we  might  consider  briefly  the 
utility  of  such  an  invention  as  applied  to  surveying  instruments.  A  difficulty 
which  must  always  be  contended  with  in  an  accurate  spirit  level,  of  the  type  usually 
mounted  on  surveying  instruments,  is  the  alteration  in  the  length  of  the  air  bubble 
due  to  variation  of  temperature.  For  example,  in  a  country  such  as  Canada,  where 
the  temperature  ranges  from  40°  below  zero  to  f  115°  F.  (shade  reading),  the 
usefulness  of  the  ordinan,-  level  is  considerably  limited. 

A  spirit  level,  known  as  a  "chambered "  bubble,  has  for  a  long  time  been  used 
to  overcome  this  difficulty.  This  level  has  a  partition  forming  a  chamber  at  one  end, 
in  the  lower  part  of  which  is  a  small  channel,  through  which  spirit  can  be  passed 
either  to  or  from  the  main  receptacle  by  tilting  the  level ;  by  this  means  the  length 
of  the  air  bubble  can  be  regulated. 

However,  even  though  the  chambered  bubble  is  a  long  step  in  the  right 
direction,  we  are  still  confronted  with  difficulties.  The  level  is  awkward  to  manipu- 
late, especially  when  mounted  on  a  heavy  instrument.  Moreover,  a  bubble  of  this 
type,  adjusted  early  in  the  morning  in  a  tropical  country,  might  have  to  be  regulated 
several  times  during  the  day,  owing  to  a  gradual  rise  in  temperature  or  an  alteration 
in  the  length  of  the  air  bubble,  due  to  the  instrument  being  tilted  when  being 
carried  from  place  to  place,  and  the  probability  is  that  every  time  the  instrument 
is  taken  out  of  its  case  the  adjustment  must  be  repeated.  In  the  case  of  a  theodolite 
where  more  than  one  chambered  spirit  level  may  be  used  to  advantage,  the  work 
of  adjustment  becomes  even  more  difficult. 

I'here  is  one  other  point  that  may  be  mentioned  in  connection  with  the 
chambered  bubble ;  we  have  had  several  of  these  levels  by  different  makers  examined 
and  found  that  there  was  evidence  of  considerable  strain  which,  in  some  cases, 
extended  over  a  part  of  the  ground  surface  of  the  spirit  level  and  might  easily  give 
rise  to  irregularities.  In  the  case  of  one  level  there  was  no  strain,  but  the  partition 
was  found  to  be  insecure. 

l'"or  a  considerable  time  we  Jiave  contiucted  expcrinicnts  in  our  Spirit  Level 
Department  vsith  a  view  to  evolving  an  improved  type  of  level.  The  result  is  that 
to-night  we  are  able  to  bring  to  your  notice  two  types  of  bubbles,  designed  to 
withstand  changes  of  temperature,  both  of  which  are  covered  by  a  Patent. 
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The  first  is  known  as  a  "Compensated"  spirit  level;  it  is  cylindrical  in  shape 
and  has  a  sealed  glass  tube  inserted  in  such  a  manner  that  only  a  shallow  waist  of 
spirit  lies  between  the  air  bubble  and  the  inside  tube.  This  level  may  be  tested 
throughout  a  range  of  temperature  reaching  from  zero  to  145°  F.,  and  the  maximum 
expansion  or  contraction  of  the  air  bubble  will  not  exceed  -2  in.  150'  F.  is  a  critical 
point  in  the  life  of  an  ordinary  spirit  level,  and  few  levels  can  be  heated  beyond  this 
temperature  without  bursting — a  calamity  not  unknown  in  India. 

The  second  type  of  spirit  level  is  known  as  a  "Constant"  bubble.  It  is  not 
fitted  with  an  inside  tube,  but  the  cross  section  of  the  tube  from  which  it  is  made 
is  specially  shaped.  This  level  can  be  heated  to  the  boiling  point  of  water  (212"  F.) 
without  any  alteration  in  the  length  of  the  air  bubble  taking  place.  To  the  majority 
of  those  who  use  instruments  fitted  with  spirit  levels  this  desirable  result  has  seemed 
hitherto  so  impossible  to  attain  that,  in  order  to  give  confidence  in  them,  we  have 
arranged  that  ever}-  "  Constant "  spirit  level  shall  bear  a  serial  number  and  shall  be 
certified  by  the  N.P.L.  before  being  mounted  on  an  instrument.  A  number  of 
these  levels  have  already  been  tested  by  the  N.P.L.  and  the  certificates  show  the 
variation  of  the  air  bubble  to  average  -02  in.,  which  figure  represents  an  overall 
error,  for  temperatures  ranging  from  4"  below  zero  to  160°  F.;  this  error  was  de- 
scribed by  the  N.P.L.  as  negligible. 

With  a  spirit  level  in  which  the  air  bubble  remains  a  definite  length  an  instru- 
ment can  be  designed  so  that  only  one  end  of  the  air  bubble  is  read.  This  allows 
the  observer  to  concentrate  his  attention  on  one  point  and,  by  means  of  a  prism, 
the  air  bubble  may  be  seen  while  observations  are  actually  being  made  through  the 
eyepiece.  In  order  to  demonstrate  this  method  of  reading  the  bubble,  an  instrument 
of  this  description  is  exhibited  here  this  evening. 

Where  the  air  bubble  is  viewed  through  prisms,  as  in  the  case  of  the  Zeiss 
bubble-reading  device,  there  is  always  the  possibility  of  the  image  of  the  air  bubble 
contracting  or  expanding  beyond  the  field  of  view  of  the  prisms,  and  so  rendering 
the  instrument  completely  useless.  This  difficulty  could  be  overcome  by  using 
either  a  "Compensated"  or  a  "Constant"  spirit  level. 

The  first  consideration  in  the  manufacture  of  a  constant  spirit  level  is  to  obtain 
the  exact  proportion  of  air  and  spirit.  This  proportion  governs  to  a  large  extent 
the  degree  in  which  the  changes  of  temperature  affect  the  air  bubble.  It  is,  however, 
obvious  that  no  matter  what  proportion  of  air  and  spirit  may  be  used,  the  air  must 
always  contract  as  the  spirit  expands.  But,  if  the  expansion  is  not  too  great,  it 
can  be  controlled  so  that  instead  of  the  air  bubble  becoming  shorter,  the  cross 
sectional  area  only  becomes  smaller.  This  result  may  be  automatically  obtained  if 
the  pressure  on  the  air  bubble  in  a  rising  temperature  is  modified  by  having  a 
certain  proportion  of  air  and  spirit,  so  that,  as  the  heat  is  increased  and  the  surface 
tension  gradually  decreased,  only  the  cross  sectional  area  of  the  air  bubble  is 
affected. 

The  phenomena  and  the  conditions  which  determine  whether  or  not  the  bubble 
shall  remain  at  constant  length  have  been,  and  are  being  investigated  by  Mr  S.  G. 
StarHng,  and  a  complete  discussion  of  the  problem  will  shortly  be  published  by  him. 

4—3 


54 


Exhibits 


A  demonstration  was  given  in  which  an  image  of  two  spirit  levels,  one  "  Constant" 
and  the  other  of  the  ordinarj^  t}pe  in  general  use,  was  projected  on  the  screen  by 
a  prismatic  lantern.  The  two  levels  were  placed  in  a  receptacle,  which  was  partly 
filled  with  water,  and  between  them  was  fixed  a  thennometer.  The  water  was  then 
heated,  and  as  the  temperature  rose  it  could  be  seen  that  the  length  of  the  "  Constant " 
bubble  was  unaffected  while  that  of  the  ordinary-  bubble  was  considerably  decreased. 
The  results  of  such  an  experiment  are  shown  in  Figs,  i  and  2.  A  is  the  ordinar\' 
bubble,  C  the  "Constant"  bubble,  and  B  the  thermometer.  In  Fig.  i  the  tem- 
perature registered  is  60    F.,  while  in  Fig.  2  it  has  risen  to  163"  F. 


DISCUSSION 

Sir  P.  Dyson :  Messrs  Watts,  are  to  be  congratulated  on  their  new  levels.  I 
know  from  personal  experience  how  difficult  it  is  to  read  an  ordinary  level  by 
artificial  light,  as  the  bubble  commences  to  move  as  soon  as  one  comes  near  it. 

-Mr  J.  Guild :  The  real  difficulty  with  levels  in  this  country  is  the  one  mentioned 
by  the  President,  namely,  the  movements  of  the  bubble  due  to  local  temperature 
variations.  I  attribute  these  movements  to  changes  in  the  surface  tension  of  the 
liquid  rather  than  to  temperature  variations  in  the  glass.  When  I  first  saw  one  of 
the  new  levels  I  suggested  that  instead  of  an  inner  glass  tube  a  metal  one  might 
be  used ;  the  high  conductivity  of  the  metal  would  tend  to  reduce  any  differences 
of  temperature  beUveen  the  two  ends  of  the  iiubblc.  I  ilo  not  know  whether  the 
idea  was  passed  on  to  Messrs  Watts  or  not. 

.Major  K.  ().  Hcnrici:  The  first  of  the  new  bubbles  that  I  saw  were  a  little  more 
sluggish  in  movement  than  the  old  ones,  but  were  equally  definite.  The  example 
now  shown  appears  as  lively  as  is  desirable,  and  for  many  purposes  seems  to  be  a 
considerable  advance  on  ordinar)'  practice.  The  objection  to  an  inner  metal  tube 
is  that  the  best  method  of  illumination  is  straight  through  the  tube. 
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Prof.  A  Pollard:  Have  you  tried  placing  a  level  inside  a  small  vacuum  flask? 

!Mr  Weston:  The  difficulty  would  be  in  adapting  such  a  method  to  instruments. 

Mr  F.  C.  Watts:  The  best  method  is  to  cover  the  level  as  much  as  possible. 
I  do  not  like  the  idea  of  an  inner  metal  tube,  for  the  reason  given  by  Major  Henrici. 

Mr  Weston:  With  regard  to  the  movement  of  the  air  bubble  mentioned  by 
Major  Henrici,  I  should  like  to  point  out  that,  although  the  first  "Constant" 
bubbles  we  made  were  less  mobile  than  ordinary  bubbles,  we  have  since  overcome 
this  difficulty  and  the  results  now  obtained  show  that  the  degree  of  damping  can 
be  regulated  as  desired.  In  any  case,  at  any  temperature,  the  sensitiveness  of  the 
bubble  is  not  affected.  What  we  claimed  for  this  spirit  level  is  that  the  air  bubble 
does  not  alter  in  length  under  varying  temperatures ;  this  is  of  very  great  importance 
to  surveyors  who  use  instruments  fitted  with  spirit  levels  in  countries  where  large 
temperature  changes  occur. 
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Eyes  and  Spectacles.  By  Dr  M.  von  Rohr.  Translated  by  A.  Harold  Levy, 
B.A.,  M.D.,  CM.,  F.R.C.S.  (Eng.).  Pp.  vi  +  130;  84  Figs,  and  i  plate.  (London: 
The  Hatton  Press,  Ltd.,  123-5  ^^^^^  St,  E.G.)  Price,  6s.  net. 

This  is  a  beautiful  little  book  written  in  a  clear,  concise  and  simple  style  by  an  acknow- 
ledged master  of  the  subject.  It  contains  much  that  is  new  and  not  at  present  to  he  found 
in  any  other  elementary  handbook,  .\lthough  the  spectacle  lens  is  the  simplest  and  most 
widely  used  of  all  optical  instruments  and  has  been  in  use  for  so  long,  it  is  only  in  recent 
years  that  serious  attention  has  been  directed  to  its  design  and  much  remains  to  he  done. 

The  subject  matter  is  treated  under  three  main  headings:  (i)  the  eye  and  its  employ- 
ment in  vision,  (2)  spectacle  lenses,  (3)  spectacle  frames.  The  first  part  is  distinguished 
by  the  application  to  vision  of  the  principles  of  perspective  and  it  is  shown  that  in  "  direct " 
vision  with  a  moving  eye  the  centre  of  perspective  is  the  centre  of  rotation  of  the  eye. 
The  centre  of  rotation  is  fi.xed  in  space  as  the  eye  roves  over  the  field  of  view.  In  "  indirect " 
vision,  in  which  the  eye  remains  at  rest,  the  centre  of  perspective  is  the  centre  of  the 
pupil.  The  centre  of  the  pupil  of  course  moves  with  the  eye  as  it  rotates  on  its  centre  ot 
rotation.  These  two  perspectives  overlap  but  do  not  interfere  with  the  clearness  of 
perception. 

The  spectacle  lens  heading  is  divided  into  two  divisions:  (i)  symmetrical  spectacle 
lenses  for  correcting  the  axial  ametropias  of  symmetrical  eyes  and  (2)  astigmatic  spectacles 
for  correcting  the  astigmatism  of  the  eye. 

Symmetrical  lenses  are  dealt  with  under  the  classes  (a)  correcting  lenses,  (h)  presbyopic 
glasses,  (f)  telescopic  lenses  in  which  a  large  field  of  view  is  sacrificed  in  favour  of  an 
enlarged  retinal  image,  and  (d)  loupe  lenses  in  which  the  object  is  at  the  focus  and  the 
image  is  projected  to  infinity.  In  treating  of  spectacle  lenses  the  author  points  out  that 
two  problems  arise:  (a)  clearness  of  perception  and  (/>)  the  direction  in  which  an  object 
is  perceived,  that  is  to  say,  the  difference  between  what  is  perceived  through  glasses  and 
what  is  seen  by  an  emmetrope.  On  p.  52  he  says:  "To  begin  with,  it  must  be  stated  that 
one  of  these  problems  must  be  preferred  to  the  other,  for  both  cannot  be  perfectly  solved 
by  a  comparatively  simple  system,  such  as  one  built  up  of  two  spherical  surfaces.  Under 
these  circumstances  the  chief  weight  should  be  given  to  the  clearness  of  perception,  for 
the  first  requirement  must  be  to  see  clearly  and  only  secondarily  is  it  necessary  to 
investigate  how  perception,  under  these  conditions,  differs  from  the  perception  of  the 
emmetropic  observer  in  the  same  place."  .As  regards  clearness  of  perception  it  is  pointed 
out  that  when  using  the  edge  of  the  spectacle  glass  clearness  of  perception  depends  on 
the  correction  of  the  astigmatism  of  the  lens  for  small  oblique  pencils,  the  principal  rays 
of  which  after  refraction  by  the  lens  pass  through  the  centre  of  rotation  of  the  eye.  A 
clear  account  is  given  of  the  two  forms  of  lens  of  the  "  Ostwalt "  and  "  Wollaston  "  types, 
which  are  so  bent  as  to  be  corrected  for  astigmatism  when  used  both  by  an  ametrope  and 
by  a  presbyope.  It  seems  to  me  that  this  part  of  the  book,  although  extremely  clear  and 
concise,  would  be  improved  by  the  inclusion  of  a  few  small  tables  giving  examples  of 
the  total  power  and  the  powers  of  the  two  surfaces  of  the  lenses  of  this  kind.  The  author 
calls  these  lenses  "exactly  reproducing  lenses."  A  plate  at  the  beginning  of  the  book 
shows  photographs  which  illustrate  the  marked  improvement  in  the  clearness  of  perception 
when  lenses  of  this  kind  are  used. 

As  regards  the  problem  of  the  change  of  direction  of  the  rays  (which  includes  distortion 
and  curvature  of  field)  there  seems  to  be  a  disinclination  to  treat  the  subject  from  the 
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point  of  view  of  binocular  vision.  The  usual  figures  of  pin-cushion  and  barrel  distortion 
are  given  on  p.  71 ;  these,  of  course,  apply  to  the  case  of  an  image  projected  by  a  single 
positive  lens  on  the  retina  but  it  is  by  no  means  certain  that  we  should  see  this  kind 
of  figure  when  using  tw'o  eyes.  Again  the  actual  curvature  of  the  image  field  of  a  single 
lens  (see  p.  61)  has  no  relation  to  the  curs'ature  of  the  field  we  perceive  when  looking 
through  a  pair  of  spectacle  lenses;  on  the  other  hand  the  curvature  of  this  actual  field 
will  determine  whether  it  will  be  necessary  to  accommodate  the  eye,  as  it  roves  over  the 
field,  in  order  to  obtain  clear  perception;  if  no  accommodation  is  necessary  the  field  must 
be  a  sphere  centered  at  the  centre  of  rotation  of  the  eye. 

The  symmetrical  lens  section  includes  an  account  of  Gullstrand's  cataract  lenses  with 
aspherical  surfaces  for  both  reading  and  distance,  of  telescopic  lenses  for  low  ametropia, 
of  telescopic  loupe  lenses,  of  bifocal  lenses  and  of  prismatic  spectacles. 

The  astigmatic  lens  section  treats  of  the  astigmatism  of  the  eye  and  of  cylindrical, 
crossed  cylindrical,  sphero-cylindrical  and  loric  lenses  for  correcting  it.  A  clear  description 
of  a  toric  surface  is  given  and  as  usual  in  German  books  the  two  forms  of  toric  surfaces 
are  described  as  sausage-shaped  and  barrel-shaped.  I  think  anchor-ring  and  fusiform  are 
better  terms.  Our  sausages  are  not  like  the  German  ring  sausages.  It  is  stated  that 
sphero-toric  lenses  can  be  suitably  "bent"  to  form  "exactly  reproducing  lenses."  When 
these  lenses  are  used  if  the  centre  ot  the  pupil  moves  in  either  of  two  planes  at  right 
angles  the  oblique  astigmatism  is  the  same  as  that  on  the  axis.  Experiment  shows  that 
even  if  the  eyes  move  off  these  two  favoured  directions  "exact  reproduction"  still  occurs. 

There  is  a  rather  skimpy  section  on  spectacles  as  an  aid  to  both  eyes  in  which  it  is 
hinted  that  anisometropia  may  be  corrected  and  that  lenses  may  be  designed  which  will 
give  binocular  vision  even  to  individuals  having  monocular  aphakia. 

The  third  part  of  the  book  gives  a  short  account  of  the  various  parts  of  spectacle 
frames  and  their  nomenclature,  it  treats  of  frames,  eye-glasses  or  pince-nez,  single  glasses 
or  monocles,  lorgnons  and  lorgnettes. 

There  are  many  useful  tips  for  spectacle  lens  designers  scattered  about  the  book ;  for 
example,  on  p.  81  it  is  stated  that  in  correcting  lenses  for  chromatism  Gullstrand  "insists 
on  the  necessity  of  removing  the  differences  of  chromatic  inclinations  of  the  principal 
rays." 

Dr  Levy  has  made  a  very  clear  and  good  translation  and  there  are  only  a  few  passages 
in  which  it  is  obvious  that  the  book  is  a  translation  from  the  German.  This  book  can  be 
strongly  recommended  to  all  oculists  and  sight-testing  opticians. 

A.  W. 

The  Origin  of  Spectra.  By  Paul  D.  Foote  and  F.  L.  Mohler.  Pp.  250;  46 
Figs.  (New-  York:  The  Chemical  Catalog  Co.,  Inc.,  19  East  24th  Street,  1922.) 
Price,  S4.50  net. 

The  recent  developments  in  the  application  of  the  quantum  theorj'  to  the  inter- 
pretation of  optical  and  X-ray  spectra,  and  in  connection  with  the  related  problem  of 
atomic  structure,  have  been  truly  remarkable,  but  the  published  accounts  have  been  so 
scattered,  and  written  in  so  many  languages,  that  it  has  been  a  matter  of  considerable 
difficulty  to  obtain  a  connected  idea  of  the  progress  which  has  been  made.  This  difficulty 
is  completely  removed  by  the  present  work,  which  gives  a  concise  review  of  the  whole 
subject  from  its  inception  by  Bohr  in  191 3  to  about  the  middle  of  last  year.  It  is  indeed 
a  matter  for  congratulation  that  authors  who  have  themselves  made  so  many  important 
contributions  to  the  subject  have  not  grudged  the  time  and  labour  involved  in  the  prepara- 
tion of  such  a  book. 

The  declared  purpose  of  the  authors  has  been  to  present  the  quantum  theory  of 
spectra  from  the  experimental  side,  but  they  have  not  omitted  to  include  most  of  the 
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essential  steps  of  the  corresponding  theoretical  work  of  Bohr,  Sommerfeld,  and  others. 
The  book  begins  with  a  brief  account  of  the  simple  theor}-  of  the  spectra  of  hydrogen 
and  ionised  helium  as  first  given  by  Bohr,  and  of  Sommerfeld's  extension  to  the  theory 
of  "fine  structure"  on  the  basis  of  elliptical  orbits  and  relativity  variation  of  the  mass  of 
the  electron  with  its  velocity.  In  the  second  chapter  the  conception  of  "energy  levels," 
and  its  use  in  the  elucidation  of  spectral  phenomena,  is  explained  at  some  length,  and  is 
illustrated  by  a  number  of  excellent  diagrams  showing  its  application  to  typical  series 
spectra. 

lonisation  and  resonance  potentials  in  relation  to  spectral  lines  and  series  are  next 
dealt  with,  and  it  is  shown  to  what  a  great  extent  the  theoretical  deductions  have  been 
confirmed  by  actual  measures  of  the  energy  requisite  for  the  generation  of  certain  spectral 
lines,  many  of  these  determinations  having  been  made  by  the  authors  themselves  at  the 
Bureau  of  Standards.  Absorption  spectra,  temperature  ionisation  and  photo-electric 
action  are  also  carefully  and  adequately  explained,  and  Bohr's  latest  views  on  electron 
configurations  find  a  place  in  an  appendix. 

While  the  authors  are  enthusiastic  advocates  of  the  quantum  theor\-  of  spectra,  of  the 
general  truth  of  which  there  can  now  be  little  doubt,  thev  have  been  careful  to  indicate 
its  occasional  apparent  failures.  It,  is,  in  fact,  a  special  merit  of  the  book  that  attention 
is  directed  throughout  to  the  numerous  questions  which  call  for  further  investigation. 

The  book  will  be  of  the  greatest  possible  service  to  all  who  are  interested  in  any  way 
in  atomic  problems,  and  will  be  of  special  value  in  enabling  workers  in  a  given  field  to 
correlate  their  own  .work  with  that  of  others  who  are  occupied  with  the  problem  of  atomic 
structure  from  different  points  of  view.  It  cannot  fail  to  stimulate  and  guide  research  in 
many  directions,  and  its  remarkable  liiciiiitv  will  commend  it  to  physicists  and  chemists 
in  general. 

A.F. 

Penrose's  Annual:  The  Process  Year  Book.  Vol.  25.  Edited  by  William 
G.'VMBLE,  P'.R.P.S.,  F.O.S.  Pp.  xvi  ^  no.  (London:  Percy  Lund,  Humphries  & 
Co.,  Ltd.,  1923.)  Price  8s.  net. 

Mr  Gamble  is  to  be  congratulated  on  attaining  his  semi-jubilee  as  Hditor  of  this  very 
interesting  annual.  The  present  volume  contains  the  following  articles:  "Review  of 
Process  Work,"  "Printing  in  France,"  "Innovations  and  Improvements  in  Ordinary  and 
Colour  Photography,"  "The  I'se  of  Ultra-violet  Light  in  testing  Inks  and  Pigments," 
"The  Work  of  the  Private  Presses:  Part  II,  The  Doves  Press,  1900  1916,"  "Diffraction 
Kffects  of  the  Half-tone  Screen,"  "Collodion  Dry  Plates,"  "Collotype  with  a  Screen 
Grain,"  "  The  Physiognomy  of  our  Books,"  "  Photoline :  A  Process  of  Composing  without 
Type,"  "The  Influence  of  the  Stop  upon  Gradation  in  Half-tone  Operating,"  "Grain 
Size  and  Gratlation  in  the  Process  Plate,"  "The  Process  Kngiaver  and  Lithography," 
"Printing  in  China,"  "Half-tone  direct  from  Nature,"  "The  Production  of  Accurate 
Scales  by  means  of  Photography,"  "Multiple  Screen  Patterns,"  "A  Distinctive  Style  of 
Name,"  "A  System  of  Colour  Analysis  by  Spectral  Lighting,"  "A  New  Automatic 
Chromo  Photo-lithography,"  "Testing  of  Modern  Colour  Sensitive  Plates,"  "The  New 
Patent  Laws  in  Practice,"  "Colour  Sensitizing,"  "Air  Conilitioning  in  Process  Work- 
shops," "Can  Half-tone  Printing  be  improved?"  "Collotype  for  Small  Runs,"  "A 
Criticism,"  "A  Plea  for  Standardization  in  Plate  Making,"  "Multicolour  Intaglio,"  "The 
Next  Steps,"  and  "A  Note  on  the  Garamond  Type."  The  first  named  article,  by  the 
lulitor,  gives  a  very  exhaustive  summary  of  the  many  new  methods  of  process  work 
which  have  recently  been  developed  or  are  still  being  developed  and  suggests  the  main 
lines  along  which  future  progress  lies.  Most  of  the  articles  are  brief,  but  to  the  point. 
The  liditor,  as  usual,  has  secured  the  services  of  experts  in  the  many  branches  of  work 
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treated.  The  volume  contains  over  forty  beautiful  illustrations  representing  pioccss  work 
iluring  the  year  1922,  in  addition  to  numerous  plates  illustrating  the  articles.  It  can  be 
highly  recommended  to  all. 

J.S..\. 

British  Scientific  Instrument  Research  Assuciution:  Fourth  Annual  Report,  for  the 
year  192 1-2. 

This  report  contains  a  list  of  researches  carried  out  in  the  Association's  Laboratories 
or  supported  by  them  as  e.xternal  investigations.  Apart  from  those  undertaken  to  over- 
come immediate  difficulties  encountered  by  individual  members  in  their  workshops,  the 
investigations  are  divided  into  fundamental  researches  and  urgent  industrial  researches. 
Those  dealing  with  abrasives  and  polishing  powders  appear  under  both  headings  and 
appear  to  have  been  concluded,  the  resulting  materials  being  now  obtainable  through 
commercial  channels.  Other  completed  fundamental  investigations  relate  to  neutral 
glasses  and  coloured  glasses,  and  among  those  of  an  optical  character  still  to  be  continued 
are  researches  on  glass  durability  and  on  novel  optical  glasses.  No  technical  information 
is  given  in  the  report. 


ABSTRACTS  OF  PATENT  SPECIFICATIONS 

182110*.     Biichner,  O.  Projection  Screens. 

To  reduce  the  amount  of  reflected  light,  translucent  screens  for  daylight  projection 
may  consist  of  two  portions,  the  front  one  being  transparent,  and  provided  with  corru- 
gations in  one  or  both  directions,  while  the  back  sheet  is  of  lenticular  formation.  The 
rear  sheet  may  be  hygroscopic,  or  may  consist  of  a  celluloid-like  material,  while  the  front 
sheet  is  of  glass.   Other  modifications  are  described. 

1821U*.     Zeiss,  C.  Vehicle  Lamps. 

The  front  glass  is  provided  with  two  transverse  grooves,  and  with  a  central  group  of 
vertical  grooves,  upon  the  side  facing  the  light;  while  lateral  groups  of  vertical  grooves 
are  formed  upon  the  front  face. 

182130*.     Damien,  R.  Lenses. 

Condenser  lenses  have  their  marginal  portion  either  conical,  or  curved  to  a  radius 
differing  from  that  of  the  central  portion.  The  lenses  are  first  moulded  roughly  to  shape, 
and  then  ground  and  poHshed,  working  outwards  from  the  centre. 

182452*.    Adler,  H.  H.  Colour  Charts. 

Consists  in  a  means  for  selecting  harmonious  colour  combinations.  A  chart  is  drawn 
up  to  show,  in  the  top  row,  the  successive  notes  of  a  chromatic  musical  scale,  and  in  the 
second  row,  the  chromatic  spectrum,  divided  into  twelve  intervals.  The  next  row  has 
areas  which  lie  below  the  notes  of  the  diatonic  scale  of  "C"  coloured  in  accordance  with 
the  corresponding  areas  in  the  second  row,  the  others  being  left  blank.  Successive  rows 
are  similarly  coloured  to  correspond  with  the  diatonic  scales  upon  other  key-notes.  The 
required  harmonious  combinations  are  obtained  by  applying  to  the  chart  a  mask  having 
apertures  corresponding  to  the  major  common  chord,  which,  upon  inversion,  gives  a 
minor  chord. 

*  Specification  published  before  acceptance. 
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182536.     Simmons,  K.  M.  Vehicle  Lamps. 

Relates  to  lamps  having  a  linear  source  of  light  with  a  cylindro-parabolic  reflector 
placed  behind  it,  and  a  prism  in  front  to  cast  down  the  rising  rays.  Additional  optical 
elements,  such  as  prisms  or  cylindrical  lenses,  are  arranged  vertically,  at  the  sides  of  the 
front  of  the  lamp,  to  restrict  the  lateral  spreading  of  the  beam  of  light. 

182538.     Standard  Optical  Co.  and  another.  Bevelling  Lenses. 

The  work  is  held  between  two  rotary  discs,  in  such  a  way  that  it  is  presented  obliquely 
to  the  grinding-wheel,  which  preferably  consists  of  two  bevelled  discs,  separated  by  a 
felt  layer  kept  moist  by  water.  The  lens  carrier  is  movable  axially  and  transversely,  under 
the  control  of  a  pattern,  so  that  various  shapes  can  be  treated.  A  ratchet  device  feeds  the 
work  as  the  grinding  proceeds,  and  when  the  process  is  completed,  a  cam  throws  up  the 
lens-holder  to  permit  a  new  lens  to  be  substituted,  and  also  re-sets  the  other  parts  of  the 
machine. 

182854.     Fischer,  E.  G.  A'rtikici.^l  Horizons. 

The  device  described  is  adapteil  to  be  secured  to  a  sextant.  A  pendulum  vane  hangs 
from  a  bar  formed  with  knife-edge  bearings,  and  having  a  projecting  arm  terminating  in 
a  horizontal  wire.  .\  second  arm  carried  by  a  fixed  bracket  also  terminates  in  a  horizontal 
wire,  which  comes  into  alignment  with  the  moving  wire  when  the  axis  of  the  observing 
telescope  is  horizontal.  Lateral  tilt  is  indicated  by  a  second  swinging  vane,  pivoted  upon 
an  inclined  axis,  and  bearing  a  pointer  which  has  to  be  brought  into  a  position  mid-way 
between  the  two  horizontal  wires. 

182912.     Xistri,  U.  Surveying. 

.\  known  method  of  surveying  depends  upon  the  taking  of  two  photographs  from 
points  a  known  distance  apart,  by  means  of  a  camera  having  a  lens  of  known  focal  length, 
and  pointed  in  a  known  direction.  The  photographs  are  then  projected  upon  a  movable 
screen,  which  can  be  placed  in  different  positions,  to  correspond  with  parallel  planes  in 
space.  According  to  this  invention,  in  order  to  obtain  the  correct  adjustment  of  the 
projection-apparatus,  use  is  made  of  a  movable  screen  constituted  by  a  series  of  parallel 
sections,  which  are  movable  independently  in  a  direction  corresponding  to  the  vertical  in 
space,  and  are  so  adjusted  that  reference  points  upon  them  are  set  in  positions  corre- 
sponding to  their  proper  elevation.  The  projection-apparatus  having  been  adjusted  to 
obtain  coincidence  of  the  images  of  these  reference  points  derived  from  the  two  photo- 
graphs, the  field  is  then  explored  by  a  movable  screen,  which  can  be  placed  at  various 
distances.  Contour  lines  can  then  be  plotted  by  observing  the  coincidence  of  image 
points  at  the  required  elevation. 

183 124*.     Zeiss,  C.  STERKosroi'ic  Apparatus. 

In  apparatus  employing  two  stereo-photographs  in  conjunction  with  a  mark  system  in 
order  to  trace  out  the  figure  of  a  spatial  form  upon  a  sheet,  an  adjustment  is  provided 
in  the  optical  system  between  the  photographs  and  the  mark  system,  so  that  the  two 
may  be  sharply  focussed  upon  each  other.  The  apparatus  described  is  intended  to  trace 
out  in  plan  any  desired  lines  upon  the  spatial  form  by  the  control  of  slides  movable  along 
three  axes  respectively,  adjustments  being  provided  by  which  coincidence  of  corre- 
sponding image  points  with  two  fixed  points  of  reference  is  obtained.  The  apparatus  is 
adaptable  for  use  with  photographs  originally  taken  with  objectives  having  non-parallel 
axes. 

R.J.T. 

•  .Spccificalii)n  published  hctoic  acceplaiuc. 
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PRESIDENTIAL  ADDRESS 

LARGE   TELESCOPES 
By  sir  frank  DYSON,  M.A.,  LL.D.,  F.R.S. 

8th  P'ebruary,  1923 

The  subject  of  my  address  is  the  use  to  which  astronomers  put  the  beautiful 
instruments  opticians  have  given  them.  Astronomy  is,  of  course,  a  verj'  old  science 
and  had  made  ver}-  great  strides  before  the  invention  of  the  telescope ;  a  good  many 
of  them  are  summed  up  in  the  Copernican  system.  The  complicated  movements 
of  the  planets,  the  seasons,  were  all  explained  as  due  to  the  Earth's  revolution  round 
the  Sun.  But  the  arguments  appealed  to  the  learned  and  beHef  in  the  heliocentric 
system  might  still  have  been  confined  to  mathematicians  if  Galileo's  telescope  had 
not  been  pointed  to  the  skies.  After  that  was  done  all  doubt  quickly  vanished.  The 
spots  seen  on  the  Sun  proved  its  rotation.  So  why  should  not  the  Earth  rotate? 
Venus  was  seen  to  have  phases  and  Jupiter  a  disc — so  these  shining  points  were 
bodies  like  the  Moon  and  Earth.  Jupiter  was  seen  to  have  moons  which  revolved 
round  him  and  were  not  left  behind  as  Jupiter  travelled  round  the  Sun.  So  it  was 
no  longer  difficult  to  believe  that  if  the  Earth  went  round  the  Sun  the  Moon 
would  accompany  her  and  not  be  left  behind.  So  the  Copernican  system  soon 
triumphed.  Seeing  is  said  to  be  believing  and  the  telescope  is  an  instrument  which 
largely  increases  our  faculty  of  vision. 

The  insertion  by  Gascoyne  of  wires  in  the  focal  plane  of  the  objective,  developing 
naturally  into  the  micrometer,  was  perhaps  the  next  great  step,  in  view  ot  its 
importance  in  the  determination  of  exact  position,  but  I  must  not  dwell  on  this 
nor  on  the  discoveries  and  improvements  in  the  refracting  telescope  which  are 
called  to  mind  by  the  names  of  Huygens,  DoUcjnd,  and  Ramsden.  Perhaps,  too, 
Newton's  mistake  about  the  proportionality  of  dispersion  to  refraction  was  a  blessing 
in  disguise,  for  although  it  delayed  the  development  of  the  refractor,  the  reflecting 
telescope  might  not  have  been  gradually  improved  by  Gregory,  Cassegrain,  and 
Short  till  we  come  to  William  Herschel.  In  him  were  combined  a  spirit  of  enquiry, 
an  enthusiasm,  industry  and  inventive  engineering  skill  which  led  to  the  desire  for 
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the  construction  of,  and  continuous  obsen-ation  with,  a  large  telescope.  He  began 
by  discovering  Uranus,  the  first  addition  to  the  planetarv  system  since  the  time  of 
the  Greeks.  He  went  on  to  make  a  survey  of  the  stars  and  to  derive  from  it  the 
form  of  the  sidereal  system.  Nebulae  and  double  stars  were  also  surveyed  and 
the  orbital  movement  of  double  stars  discovered. 

The  development  of  the  refractor  was  delayed  by  the  difficulty  of  making  large 
discs,  especially  flints.  This  was  overcome  by  Guinand  who  by  the  end  of  the 
eighteenth  century-  was  making  discs  of  6  ins.  diameter.  As  has  often  been  pointed 
out,  the  results  of  Guinand's  experience  was  carried  by  members  of  his  family  or 
his  firm  to  England,  France,  and  Germany.  Guinand  himself  moved  to  Munich 
early  in  1805  and  joined  with  Fraunhofer.  The  genius  of  Fraunhofer  marks  an 
epoch  in  optical  discover)^ ;  but  the  only  point  1  wish  to  refer  to  is  the  telescope  he 
made  for  Wilhelm  Struve  at  Dorpat.  This  had  an  aperture  of  9-6  ins.  and  a  focal 
length  of  170  ins.,  giving  a  ratio  of  177.  In  addition  this  instrument  had  the  first 
clock-driven  equatorial.  In  three  years  1824  November  to  1827  February  Struve 
sur\eyed  the  whole  sky  from  the  North  Pole  to  declination  15  (altitude  of  16°), 
and  examined  no  less  than  120,000  stars.  He  observed  at  the  extraordinary  rate 
of  seven  stars  a  minute.  In  the  course  of  this  work  he  detected  over  3000  double 
stars  of  which  only  700  were  previously  known.  These  included: 

91  with  separation  less  than  i"o 

314    „  „  between   i"-oand2"-o 

535     ..  ..  "        2"-o    „    4"-o 

582    „  ,,  ,,       4"-o    ,,    8"-o. 

As  the  theoretical  resolving  power  of  an  object  glass  of  this  diameter  is  o"-5, 
the  excellence  of  the  telescope  as  well  as  the  skill  of  the  observer  nuist  have  been  of 
the  highest  order.  I  shall  speak  of  these  obsenations  later.  Struve  was  given  the 
task  of  building  and  directing  the  Imperial  Russian  Observatorj'  at  Pulkovo.  He 
obtained  an  equatorial  telescope  with  an  object  glass  of  15  ins.  This  was  the  largest 
refractor  in  the  world  in  the  middle  of  the  nineteenth  century.  A  further  survey 
of  the  sky  for  detection  of  double  stars  was  undertaken  by  Otto  Struve,  the  son  of 
Wilhelm.  He  discovered  more  than  500  new  double  stars,  of  which  154  had  a 
separation  of  less  than  i  "-o. 

Returning  again  to  reflectors,  the  great  telescope  of  Lord  Rosse  a  s]ucuhim  of 
h  ft.  aperture  and  of  53  ft.  focus — and  IMr  Lassell's — a  speculum  of  4  ft.  aiierture 
and  39  ft.  focus — were  the  successors  of  Herschel's  great  telescopes.  With  Lord 
Rosse's  telescope  nebulae  and  clusters  were  examined  in  detail  and  it  may  be 
interesting  to  note  that  an  optical  power  of  (1000  was  used.  .Mr  Lassell  discovered 
another  satellite  of  Saturn  and  two  of  Uranus. 

With  a  smaller  telescope  of  Lord  Rosse's  a  3  ft.  speculum  his  .son,  the  fourth 
Larl  of  Rosse,  made  a  series  of  valuable  observations  of  the  heat  received  from  the 
Moon.  I'Vom  the  full  moon  the  amount  was  found  to  be  1/80,000  of  that  received 
from  the  Sun.  The  heat  is  all  reflected  from  the  Sun  and  it  was  found  that  none 
comes  from  the  dark  part  of  the  Moon. 
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A  new  development  ut  the  reflecting  telescope  followed  Liebig's  discovery  of  the 
method  of  silvering  glass.  'I'he  pioneers  in  this  work  were  Steinheil  and  I'oucault, 
hut  the  manufacture  of  reflecting  telescopes  was  soon  taken  up  in  England  and 
developed  by  Browning,  Calver,  and  others. 

An  amateur  astronomer,  A.  A.  Common  of  Ealing,  started  to  grind  a  mirror 
but  afterwards  obtained  in  1878  a  mirror  from  Calver  of  36  ins.  and  after  a  good 
many  efforts  obtained  in  1882  a  very  fine  photograph  of  the  Nebula  in  Orion.  This 
was  the  beginning  of  photography  of  nebulae,  at  any  rate  in  this  country,  and  this 
is  one  of  the  uses  to  which  large  reflectors  have  been  put.  Another  English  amateur 
astronomer,  Isaac  Roberts,  with  a  20  in.  mirror  pursued  the  subject  extensively 
in  the  late  'eighties  and  early  'nineties.  He  brought  out  two  volumes  of  photographs 
of  the  more  important  nebulae  visible  in  these  latitudes.  Dr  Common  followed  up 
his  original  design  of  grinding  mirrors  himself  and  made  a  large  5  ft.  mirror  and 
a  number  of  smaller  ones.  Among  these  was  a  30  in.  mirror  which  he  presented  to 
the  Royal  Observatory,  Greenwich.  A  few  photographs  of  nebulae  were  taken 
with  it,  but  the  telescope  was  mainly  employed  to  determine  the  positions  of 
minor  planets,  comets,  satellites  of  Jupiter,  and  incidentally  the  discovery  of 
Satellite  viii.    Recently  it  has  been  used  for  photographic  magnitudes  and  colour. 

The  reflecting  telescope  with  the  mirror  of  3  ft.,  figured  by  Calver,  was  sold 
in  1885  by  Dr  Common  to  Edward  Crossley  of  Halifa.x,  who  presented  it  to  the 
Lick  Observatory  in  1905.  Prof.  Keeler,  who  was  appointed  Director  in  1898, 
altered  the  mounting  of  the  equatorial,  making  the  instrument  move  more  easily 
and  the  control  of  the  driving  more  efficient.  The  mirror  itself,  made  by  Calver, 
was  of  excellent  figure  and  resolved  double  stars  of  separation  o"-5.  With  the 
Crossley  reflector  it  was  found  that  many  thousands  of  nebulae  exist  in  the  sky  and 
that  most  of  them  have  a  spiral  structure.  With  this  telescope  the  vith  and  viith 
satellites  of  Jupiter  were  discovered. 

Towards  the  end  of  the  last  century^  the  construction  of  reflecting  telescopes  was 
taken  up  by  Ritchey  at  the  Yerkes  Observatory.  He  figured  them  to  a  very  high 
degree  of  precision,  and  also  improved  the  method  of  supporting  them  so  that  the 
mirror  was  as  nearly  as  possible  "  floated."  The  equatorial  mounting  and  the  driving, 
and  provision  for  control  and  guiding,  were  also  made  suitable  for  long  exposures. 
The  photographs  of  the  Andromeda  Nebula  and  the  Nebula  in  Cygnus  taken  in 
1901  with  a  mirror  of  24  ins.  show  the  perfection  of  the  telescope.  In  the  same  year 
with  an  exposure  of  40  minutes  he  photographed  the  nebulosity  around  Nova 
Persei. 

Beautiful  photographs  of  nebulae  have  been  taken  with  the  60  in.  and  100  in. 
reflectors  of  the  Mount  Wilson  Observatory  and  with  the  72  in.  reflector  of  the 
Dominion  Observatory.  But  these  telescopes  have  in  the  main  been  applied  to 
other  uses,  not  so  picturesque  but  quite  as  useful  and  necessary  for  the  progress 
of  astronomy.   I  shall  deal  with  these  later. 

Coming  back  again  to  refracting  telescopes,  Merz  after  making  the  15  in.  glass 
for  Pulkovo  made  a  number  of  others  of  somewhat  similar  size  or  rather  larger. 
The  next  great  advance  in  size  was  the  25  in.  visual  telescope  made  for  ]\Ir  H.  S. 
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Xewall  in  1868  and  presented  21  years  later  to  the  Cambridge  University  Obser- 
vatory'. This  was  followed  in  1871  by  a  26  in.  telescope  for  Washington  and  in  1874 
by  a  similar  telescope  for  the  Leander  McCormick  Obser\-ator}-,  \'irginia.  In  1878 
Sir  Howard  Grubb  made  a  27  in.  telescope  for  Vienna.  In  the  'eighties  the  Henry 
Brothers  made  a  30-3  in.  telescope  for  Nice  and  a  32-5  in.  one  for  Meudon.  Alvan 
Clerk  made  a  30  in.  telescope  for  Vienna,  and  a  36  in.  telescope  for  the  Lick 
Obser\•ator^•.  In  the  'nineties  Sir  Howard  Grubb  made  a  28  in.  visual  and  a  26  in. 
photographic  refractor  for  Greenwich  and  a  24  in.  photographic  refractor  for  the 
Cape.  In  1897  the  largest  refractor  of  all,  with  an  aperture  of  40  ins.  and  a  focal 
length  of  62  ft.,  was  made  for  the  Yerkes  Observator}-. 

What  are  these  large  refractors  used  for?  First  let  us  consider  the  visual  obser- 
vations. I  think  the  main  work  has  been  the  discovery  of  small  planets  and  satellites 
and  measurements  of  their  movements  and  measures  of  double  stars.  With  the 
Washington  refractor  Asaph  Hall  discovered  two  very  small  satellites  of  Mars.  They 
are  ven,-  near  the  planet  and  go  round  very  rapidly.  In  Gulliver's  travels  we  are 
told  that  "the  Astronomers  of  Laputa  have  discovered  two  lesser  stars  or  satellites 
which  revolve  about  Mars:  whereof  the  innermost  is  distant  from  the  centre  of  the 
primary  exactly  three  of  his  diameters  and  the  outermost  five ;  the  former  revolves 
in  the  space  of  ten  hours  and  the  latter  in  seventy-one  and  a  half;  so  that  the  squares 
of  their  periodical  times  are  ver\-  nearly  in  the  same  proportion  as  the  cubes  of  their 
distances  from  the  centre  of  Mars;  which  evidently  shows  them  to  be  governed  by 
the  same  law  of  gravitation  that  influences  the  other  heavenly  bodies."  So  they 
anticipated  Asaph  Hall. 

In  1892  Barnard  with  the  36  in.  refractor  of  the  Lick  Observatory  discovered 
a  ver\-  faint  satellite  of  Jupiter  very  close  to  the  planet.  These  discoveries  are  great 
tributes  to  the  skill  of  the  observer  and  the  excellence  of  the  object  glasses  as  the 
satellites  are  ver}-  near  the  ven,  bright  discs  of  the  planets.  Their  utility  from  the 
astronomer's  point  of  view  is  that  the  satellites  of  Mars  enable  him  to  calculate  the 
mass  of  the  planet  and  its  oblateness — while  in  the  case  of  Jupiter,  whose  mass  is 
already  known,  the  fifth  satellite  gives  an  excellent  means  of  determining  the 
oblateness.  The  Washington  refractor  had  a  great  success  before  it  was  mounted. 
Alvan  Clerk,  Junr.,  was  testing  the  glass  on  Sirius  before  it  was  delivered  and  dis- 
covered a  companion  to  the  star,  of  about  the  loth  magnitude.  The  irregular  move- 
ment of  Sirius  had  convinced  astronomers  that  it  had  an  invisible  companion, 
but  the  triumphant  verification  was  made  not  by  an  astronomer  but  by  an  optician. 

These  large  telescopes  have  not  been  used  ver)'  much  in  the  examination  of 
pianetan,-  detail,  such  as  the  markings  on  Mars,  but  it  is  from  the  large  visual 
refractors— and  in  this  Barnard  with  the  Yerkes  40  in.  holds  the  first  place  that 
we  have  derived  accurate  values  of  the  dimensions  of  the  planets  and  their  satellites, 
and  of  Saturn  and  his  ring  system.  These  include  several  minor  planets  like  Vesta 
whose  angular  diameter  is  little  more  than  o  "v  The  measures  of  the  diameters  of 
Jupiter's  satellites — of  the  order  of  i  "o  were  confirmed  by  the  interferometer 
measures  of  Hamy  and  Michelson. 

In   the  domain  of  double  star  astroiionix    large   visual   refractors   have   been 
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employed  with  great  success.  Wonderful  results  were  achieved  with  comparatively 
small  instruments  by  Struve  and  Dawes,  Dembowski,  Burnham,  and  others,  and 
there  is  no  doubt  that  some  observers,  gifted  with  specially  good  eyesight  among 
other  qualities,  can  accomplish  as  much  with  a  6  in.  glass  as  ordinary  people  with 
a  12  in.  But  in  the  main  it  is  only  with  the  large  telescopes  that  double  stars  whose 
distances  apart  are  less  than  1  "-o  have  been  continuously  measured.  The  minimum 
distance  at  which  a  double  star  is  distinctly  seen  as  two  separate  stars  is  reached 
when  the  central  disc  of  the  companion  falls  on  the  first  dark  ring  of  the  primary. 
Taking  the  wave  length  of  the  light  as  5500  A.u.,  this  gives  for  a  36  in.  telescope 
an  angular  distance  o"- 14,  for  a  28  in.  o"-i8,  for  a  12  in.  o"-42.  But  elongated  images 
are  seen  with  smaller  separations.  Aitken  states  that  with  the  12  in.  telescope  many 
stars  were  discovered  to  be  double  stars,  whose  distances  were  aftenvards  found 
with  the  36  in.  to  be  between  o"-20  and  o"-25.  But  he  gives  it  as  his  deliberate  opinion 
that  under  average  good  obser\ing  conditions  the  separation  of  pairs  measured 
should  be  about  double  the  theoretical  limit.  For  the  stars  nearer  than  this,  the 
best  observing  conditions  are  required.  I  have  taken  from  Aitken 's  book  the 
following  table : 


No.  of  stars 

No.  of  stars 

No.  of  stars 

Total 

<I^O 

i-o-2'o 

Herschel 

812 

12 

24 

W.  Struve 

2640 

91 

314 

0.  Struve 

547 

154 

63 

Burnham 

1260 

385 

305 

Hussev 

1327 

674 

.Aitken 

2900 

1502 

6S7 

The  greatest  importance  of  double  star  observations  lies  in  the  fact  that  double 
stars  are  our  source  of  information  of  the  masses  of  stars.  The  following  table  gives 
the  masses  of  a  number;  the  remarkable  feature  is  the  small  range.  This  is  verified 


Star 

Luminosity 

®  =1 

Mass 

®  =1 

Star 

Luminosity 

Mass 
®=i 

Sirius 

4-8 

33 

i  Herculis 

9-1 

1-7 

0=  Eridani 

06 

,  Cor.  Bor. 

2-5 

1-9 

S  Equilei 

2-8 

2-0 

i  Urs.  Maj. 

•85 

0-8 

Procvon 

4-0 

I'S 

a  Centauri 

2-0 

e  Hydrae 

83 

3  3 

70  Ophiuchi 
Kriiger  60 

1-3 

2-6 

V  Cassiopeiae 

o-g 

■0044 

0-5 

Capella 

190 

8-2 

a"  Herculis 

85  Pegasi 

1-7 

2-6 

by  statistical  examination  of  a  large  number  of  stars  and  is  of  great  importance  in 
theoretical  discussions  of  the  development  and  evolutionary  history  of  stars.  As 
is  natural,  the  class  of  stars  whose  angular  separation  is  small  contains  the  largest 
proportion  of  those  which  are  fairly  near  to  one  another  and  which  are  therefore 
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moving  quickly.  Thus  it  is  to  the  large  \dsual  telescopes  that  we  are  indebted  for 
most  of  our  knowledge  of  the  masses  of  stars. 

The  next  use  of  large  telescopes  to  which  I  wish  to  draw  your  attention  is  the 
determination  of  the  velocity  in  the  line  of  sight  by  measurement  of  the  displacement 
of  the  lines  in  its  spectrum.  Iluggins  attempted  this  with  a  comparatively  small 
telescope  and  by  visual  methods.  The  attempts  were  continued  at  Greenwich.  The 
results,  we  know  now,  are  not  reliable.  The  observations  were  too  difficult  for  visual 
methods  and  small  telescopes.  The  lines  were  very  faint  and  the  displacements  to 
be  measured  ven,-  small.  Vogel  introduced  photographic  methods  and  obtained 
results  with  a  probable  error  of  about  5  kilometres  a  second.  Keeier  and  Campbell, 
using  the  large  36  in.  refractor  of  the  Lick  Obser\ator}-  and  a  spectroscope  designed 
for  large  dispersion  and  great  stability,  obtained  results  with  a  probable  error  of 
I  km.  a  second.  The  combination  of  a  large  object  glass  to  collect  the  light,  a  large 
spectroscope  to  resolve  it,  a  sensitive  plate  to  record  it,  with  necessary  technical 
skill  in  manipulation  was  required.  .More  than  this,  Campbell  went  in  for  mass 
production,  and  this  great  telescope  was  used  night  after  night  either  for  measures 
of  double  stars  or  for  the  determination  of  velocities  in  the  line  of  sight. 

So  successful  was  the  Mills  spectrograph  on  the  36  in.  refractor  at  the  Lick 
Observator)'  that  Campbell  was  anxious,  if  possible,  to  obtain  similar  obser\-ations 
of  the  stars  of  the  Southern  Hemisphere.  Thanks  to  the  generosity  of  Mr  I^.  O. 
Mills  he  was  able  to  send  an  expedition  to  Santiago  in  1903  and  the  obsen-ers 
determined  the  velocities  of  500  stars  South  of  declination  30  ,  and  thus  com- 
pleted the  list  of  the  brighter  stars  in  the  whole  sky. 

Naturally  this  wealth  of  observational  material  yielded  several  important  results. 
1  will  only  summarize  them  ver\'  briefly.  First  they  were  used  to  determine  the 
direction  and  velocity  of  the  Sun's  motion  in  space.  The  direction  was  already 
known  from  investigations  of  angular  motions.  The  discussions  of  these  linear 
velocities  gives  the  Solar  Motion  as  about  20  km.  per  second  or  four  times  the 
radius  of  the  Karth's  orbit  per  annum.  This  is  interesting  in  itself,  but  more  im- 
portant because  it  furnishes  a  base  line  to  determine  mean  distances  of  groups  of 
stars  from  the  amount  of  angular  motion  caused  by  the  Sun's  movement  in  space. 

Again  it  showed  how  the  velocities  of  stars  varied  according  to  their  spectral 
type,  i.e.  how  the  average  velocities  of  stars  differed  according  as  the  stars  were 
blue,  yellow,  or  red. 

It  also  showed  how  large  a  percentage  of  stars  were  spectroscopic  binaries,  i.e. 
double  stars  so  close  to  one  another  that  they  cannot  be  seen  as  separate  stars.  The 
study  of  these  stars,  and  particularly  those  which  are  variable  stars  as  well,  has  given 
us  our  knowledge  of  the  densities  of  stars  which  may  be  less  than  atmospheric  air 
or  may  be  greater  than  that  of  water,  ami  has  revealed  some  stars  known  as  Cepheid 
Variables  which  appear  to  be  pulsating  spheres  of  gas. 

A  number  of  other  Observatories  have  engaged  in  this  important  work,  Imt  the 
only  one  to  which  I  need  refer  is  the  Dominion  Observatory  at  Victoria,  liritisii 
Columbia.  A  magnificent  72  in.  reflector,  the  optical  work  by  Hrasluar  and  the 
mechanical  part  by  Warner  and  Swasey,  was  crecteil  in  u)iH.    Ii  li.ul  a  secondary 
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mirror  of  19  ins.  and  was  used  as  a  Cassegrain  for  spectroscopic  observations.  By 
1 92 1  the  radial  velocities  of  594  stars  had  been  determined  from  the  mean  of  five  or 
six  plates  for  each  star.  These  stars  range  about  6-o  mag.,  and  even  with  the  light- 
grasping  power  of  the  great  mirror,  probably  an  average  exposure  of  somewhere 
near  half  an  hour  was  required.  In  addition  many  spectroscopic  binaries  were  found 
and  these  were  observed  further.  A  catalogue  of  100  binaries  has  also  been  pub- 
lished. This  is  a  splendid  piece  of  work  and  we  shall  agree  that  the  Director, 
Dr  Plaskett,  and  his  staff  deserve  to  have  such  a  fine  telescope. 

Within  the  last  15  or  20  years  many  large  telescopes  have  been  used  in  the 
determination  of  stellar  parallax.  Here  it  is  not  light-grasping  power  but  large 
scale,  sharp  measurable  images,  and  a  constancy  of  adjustment  in  the  glass  which 
is  required,  as  photographs  taken  months  apart  have  to  be  compared.  At  the 
beginning  of  the  centur)',  I  suppose  the  parallaxes  of  80  stars  were  known.  Now  the 
number  must  be  at  least  2000.  A  number  of  observatories,  about  six  in  America 
and  Greenwich  in  England,  are  co-operating  in  this  work,  the  Directors  of  the 
Observatories  forming  a  Committee  with  Prof.  Schlesinger  as  Chairman. 

As  a  result  we  are  now  in  possession  of  facts  about  the  absolute  luminosity  of 
stars  which  have  largely  affected  our  ideas  of  stellar  evolution.  This  brings  me  to 
another  large  telescope,  the  60  in.  reflector  of  the  Mt  Wilson  Observatory.  Like 
the  British  Columbia  telescope,  it  was  used  among  other  things  to  determine 
velocities  in  the  line  of  sight.  But  another  use  was  afterwards  made  of  the  spectra. 
Here  I  must  state  that  stellar  spectra  are  arranged  in  one  continuous  series  and  the 
main  differences  are  differences  of  temperature,  not  of  chemical  constitution.  But 
some  minor  differences  were  discovered  by  Adams  and  Kohlschiitter.  By  com- 
paring the  spectra  of  two  stars — alike  in  other  respects — it  appeared  that  there  were 
differences  bet\veen  the  spectra  of  a  very'  luminous  but  distant  star  and  a  near  but 
less  luminous  star  of  the  same  apparent  magnitude.  This  is  an  empirical  relation- 
ship found  by  comparing  the  spectra  of  stars  whose  distances  are  known.  It  can 
be  applied  to  stars  whose  distances  are  not  known  and  thus  from  the  intensity  of 
certain  lines  in  the  spectrum  the  intrinsic  luminosity  of  a  star  can  be  inferred.  The 
intrinsic  luminosity  means  the  brightness  the  star  would  have  at  a  certain  specified 
distance,  say  a  million  times  that  of  the  Sun.  Comparing  this  with  the  apparent 
luminosity  of  the  star  we  have  a  measure  of  its  distance.  This  has  been  applied  to 
3000  stars  and  the  results  agree  very  well  with  the  distances  found  by  trigonometrical 
methods. 

This  is  only  one  of  the  researches  carried  out  by  the  60  in.  reflector  and  by  the 
still  larger  100  in.  one.  They  have  been  applied  to  fathom  the  extent  of  the  stellar 
universe  as  far  as  we  can.  Stars  have  been  photographed  fainter  than  the  20th 
magnitude.  Mr  Scares  has  with  much  skill  and  labour  obtained  accurate  deter- 
minations of  magnitude  of  a  sequence  of  stars  round  the  North  Pole  ffom  Polaris 
downwards  to  below  magnitude  20.  He  has  also  found  what  are  called  photo-visual ' 
standards  nearly  as  far.  His  colleague,  Mr  Shapley,  has  photographed  many 
distant  clusters,  and  from  variations  in  the  light  of  some  of  the  stars  as  indicated 
by  the  differences  of  photographic  and  photo-visual  magnitudes,  and  in  other  ways. 
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has  been  able  to  extract  such  information  as  to  enable  him  to  form  an  idea  of  the 
intrinsic  luminosit}'  or  absolute  magnitude  of  certain  stars  in  the  clusters.  Com- 
paring with  the  apparent  magnitude  on  Mr  Scares'  scale  he  is  able  to  estimate  the 
distances  of  many  of  these  bodies.  Mr  van  Maanen  has  photographed  a  number  of 
spiral  nebulae.  These  bodies  are  found  to  have  verj'  great  velocities  in  the  line  of 
sight,  and  also  different  parts  have  different  velocities.  This  led  Mr  van  Maanen 
to  investigate  the  possibility  of  detecting  angular  motions.  By  comparing  photo- 
graphs taken  with  the  loo  in.  reflector  a  few  years  apart  he  found  indications  of 
motion  along  the  arms  of  the  spirals.  The  great  focal  length  of  the  telescope  made 
the  detection  of  these  very  small  movements  possible. 

The  latest  use  to  which  the  lOO  in.  reflector  has  been  put  is  the  measurement 
of  the  angular  diameter  of  stars.  Prof.  Michelson,  assisted  bv  Mr  Anderson  and 
Mr  Pease,  succeeded  by  an  interference  method  in  measuring  the  diameter  of 
Betelgeux,  and  since  then  those  of  Aldebaran  and  one  or  two  other  stars. 

A  steel  girder  20  ft.  long  was  mounted  on  the  telescope  tube.  This  carried  two 
plane  mirrors  whose  distance  was  adjustable ;  they  reflected  the  two  parallel  beams 
which  reached  them  from  the  star  to  two  other  plane  mirrors  which  reflected  the 
light  on  to  the  large  100  in.  mirror.  The  beams  were  brought  together  in  the 
Cassegrain  telescope  and  from  the  interference  fringes  the  angular  diameter  of  the 
star  was  derived.  For  this  \er\'  delicate  and  difiicult  observation  the  optical  power 
of  the  100  in.  telescope  was  not  required,  but  advantage  was  taken  of  its  stable  frame 
and  excellent  equatorial  mounting.  For  the  present  this  is  the  last  achievement  of 
large  telescopes,  and  is  a  land-mark  in  astronomical  history.  We  may  say  that  in 
the  last  25  years,  thanks  to  the  optical  and  mechanical  perfection  of  their  large 
telescopes,  astronomers  have  penetrated  into  the  structure  of  the  stellar  universe 
with  a  success  which  may  be  compared  with  that  attained  by  physicists  in  penetrating 
the  structure  of  the  atom. 

The  illustrations  are  specimens  of  the  work  of  Common,  Roberts,  Ritchey, 
the  Lick  Observatory,  the  Mt  Wilson  Observatory,  and  the  Victoria  Observatory. 

DESCRIPTION  OI'   FIOIRI'S  IN   I'L.VPE 

Fig.  I.  Orion  .Nebula  (Common). 

Fig.  2.  Great  Nebula  in  Andromeda  (Roberts). 

Fig.  3.  Nebula  in  Andromeda  (central  portion)  (Ritchey). 

Fig.  4.  Spiral  Nebula  M  33  Trianguli  (Lick  Observatory) 

Fig.  5.  .Nebula  S.  of  f  Orionis  (Mt  Wilson  Observatory). 

Fig.  6.  Cluster  M  13  Herculis  (Victoria  Observatory). 
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THE  BIRTH  OF  KINEMATOGRAPHY, 
AND  ITS  ANTECEDENTS 

By  W.  day 

A  LECTURE  on  the  above  subject  was  delivered  on  25th  Januan-,  11)23.  ^""if  <'*  the 
principal  writings  and  inventions  referred  to  are  given  in  the  following  chrono- 
logical tables* : 

Science  of  Optics  and  Early  Portrayals  of  IJfe  Motion. 

Chinese  shadow  shows,  using  buffalo  hide  figures  on  parchment  screen  .     5000  B.C. 

Glass  formed  at  Sidon  by  the  Phoenicians  ....  ca.    400 

First  lens  formed  by  glass  globe  filled  with  water — Hero  of  Alexandria 
Persistence  of  vision  mentioned  in  writings  of  Lucretius         ....         65 
Persistence  of  vision  mentioned  in  writings  of  Claudius  Ptolemy    .         .         .       130  a. D. 

Alhazen's  writings  on  optics iioo 

Bacon's  writings  mention  many  items  of  applied  optics  ....     1260 

Many  remarkable  optical  applications  mentioned  by  Leonardo  da  Vinci,  born  in  1452 
Maurolycus'  writings  in  the  early  part  of  the  i6th  century 

Girolamo  gives  many  interesting  facts  in  his  book  written  about     .         .         .     1550 
Giovanni  Battista  Porta  wrote  his  book  Ma«ica  natii<a!i\-        ....     1558 

Dr  Dee's  work  on  optics         ..........     1570 

Thomas  Digges'  work  on  optics     .         .         .         .         .         .         .         .         .1571 

Francis  Bacon's  work  on  optics      .........     1626 

Descartes'  work  on  lens  grinding 1638 

Galileo,  Huygens,  Manzini,  James  Hodgson,  Smith,  and  Sir  David  Brewster 
all  propounded  important  theories  in  their  books  on  optics. 

V  The  Optical  Lantern. 

The  ancient  Priests  and  Magi  used  optical  lanterns  and  lenses  in  Temples  at 

Tyre  and  throughout  Egypt,  Greece,  and  the  Roman  Empire 
-A-thanasius  Kircher  and  Walgenstenius  invented  the  optical  lantern  in  its 

present  form  at  the  Jesuit  College,  Rome        ......     1640 

Zahn's   Artifirialits   lelcdiopticus — the   first   published  work    after   Kircher's 

book  Ars  nia<;iia   liicis  et   umbrae  to   give  an  exhaustive  account   and 

illustrations  of  the  optical  lantern  .......     1685 

Professor  Child  invented  the  Bi-unial  Lantern  and  Phantasmagoria        .         .     1801 

The  Polytechnic  gave  early  lantern  displays 1838 

The  Coliseum,  Regent's  Park,  gave  early  lantern  displays       ....     1850 

The  Camera  Obscura,  the  Camera,  and  Photography. 
Camera  obscura  first  suggested  by  Friar  Bacon      ......     1260 

Leonardo  da  Vinci  first  gave  illustrations  explaining  theory  and  application 

of  camera  obscura  towards  the  close  of  the  isth  century 
Camera  obscura  written  of  and  fully  described  by  Giovanni  Battista  Porta  in 

his  book 1558 

Camera  obscura  fitted  with  lens  first  mentioned  by  Daniel  Barbaro         .         .     1568 
*   Copyright  by  W.  Day. 
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Alchemists  in  Middle  Ages  noted  change  of  white  chloride  of  silver  to  black 

chloride 
Germany  wrongly  claims  invention  of  photography  for  Dr  John  Hermann 

Schultze 1-27 

First  actual  photography  on  paper  invented  by  Thomas  Wedgewood      .         .     1 792 
Sir  Humphrj'  Davy  assisted  Wedgewood  and  introduced  him  to  the  Royal 

Society 
Dr  WoUaston  and  Mr  Ritter,  early  experimenters  in  science  of  photography 
Niccphore  de  Niepce,  the  originator  of  the  Daguerrotvpe       .         .         .         1814-27 

Daguerre  perfected  and  produced  Niepce's  invention 1829 

William  Henry  Fox-'l'albot  invented  the  Talbot-type  process  .         .         .     1833 

Professor  Faraday  and  Sir  John  Herschel  both  carried  out  researches  in  the 

science  of  photography  and  read  papers  before  the  Royal  Society    .         .     1 839 
Rev.  J.  B.  Reade  invented  the  ferro-prussiate  process 
Other  clever  inventors  in  the  science  of  photography  include  Mons.  Hippolyte 

Bavard,  Scott  Archer,  Sir  William   Crookes,  John   Spiller,  Sayce  and 

Bolton,  Dr  R.  L.  Maddox,  and  Clerk-Maxwell 

Light  and  its  Application  to  Projection. 

Sunlight  reflected  by  the  aid  of  mirrors  and  used  to  project  forms  of  images 

in  the  ancient  '1  emplcs  of  Egypt  and  Greece 
Candle  and  oil  lamps  were  both  used  by  the  ancients. 
Huygens'  undulatory  theory  of  light 
Sir  Isaac  Newton's  corpuscular  theory  of  light       ......     1672 

Professor  Gravesend  first  produced  four  wick  oil  lamps  for  use  in  lanterns 

Argand  invented  his  atmospheric  oil  lamp      .......     1789 

Argand  invented  his  atmospheric  gas  lamp     .......     1808 

Bude  light  invented 1810 

Lieut.  Drummond  invented  the  oxy-calcium  light 1826 

Electricity. 

First  records  of  electricity  by  Thales  of  Miletus     ...  .         .       600  n.c. 

Sir  Isaac  Xewton  mentions  knowledge  of  electricity        ......      1675.^.1). 

Sir  Charles  Newton 

Count  .Alessandro  Volta 1745   1827 

.Andre  Marie  .Ampere 1775-1836 

Professor  Faraday 

Sir  Humphry  Davy 1801 

Soleil  Dubosq  clockwork  arc  lamp 

The  dynamo  first  suggested  by  Arago 1824 

John  Browning's  arc  lamp 1S5S 

Other  clever  inventors  of  electrical  generating  apparatus  include  Pixie  ami 
Ritchie,  Clarke,  Nollett,  Siemens,  Wills,  Ladd,  and  Gramme 

Films  as  applied  to  Pliotograpliv. 

Celluloid—a  mixture  of  nitro-cclliilo.se  and  camphf)r -invented  by  Mr  .Alex- 
ander Parker  of  Birmingham  1675 

Celluloid   first   used  as  a  flexible  support   for  a  phr)tographic  ncgati\e  by 

Mr  Hyatt  of  Newark,  New  Jersey 1867 
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Celluloid  first  manufactured  commercially  for  photographic  purposes  by  John 

Carbutt  of  Philadelphia 1884 

Celluloid  film  in  ribbon  form  for  use  in  kinematography  first  patented  by 

Rev.  Hannibal  (Joodwin,  an  American  clergyman             ....  1887 

Later  patented  by  Mr  Reichenback  for  the  Eastman  Co. 

Kinematography  and  Inventions  leadina  tliereto. 

Theory  of  persistence  of  vision  applied  by  Dr  Roget  to  moving  objects  1824 

Thaumatrope  invented  by  Sir  John  Herschel          ......  1826 

Phenakistoscope  or  Fantoscope  invented  by  Dr  Plateau  of  Ghent            .         .  1827 

Stroboscope  invented  by  Dr  Stampfner  of  Vienna          .....  1827 

Professor  Faraday  produced  Faraday's  Wheel 1831 

Dr  Morner  of  Bristol  invented  the  Daedaleum        ......  18^4 

l'"ox-Talbot  claimed  photographs  in  rapid  sequence        ...                   .  1840 

I'erret  and  Lacroix  applied  front  shutter  to  Fantoscope  .         .  .18^0 

Franz  Uchatius,  an  Austrian  Lieutenant,  first  projected'Fantoscope       .         .  iS^i 
Oinnius  and  Martin  photographed  the  movements  of  the  beats  of  an  animal's 

heart 1865 

J.  .■\.  Rudge  of  Bath  showed  moving  photographs  in  the  lantern     .         .         .  1866 

Beale  of  CJreenwich  invented  the  Choreutoscope 1866 

Linnett  invented  the  Kineograph,  the  first  book  of  moving  pictures       .         .  1868 

riiomas  Ross,  Junr.,  invented  his  Wheel  of  Life    ......  1869 

Mr  Trevor  patented  a  process  for  taking  a  series  of  radial  photographs  on  a 

glass  disc 1869 

Mr  Ileyl  of  Philadelphia  invented  the  Phasmatrope        .....  1870 

Professor  Marey  of  Paris  commenced  experimenting  with  motion  photography  1871 

Eduard  Muybridge  invented  the  Zoopraxiscope  and  commenced  experiments  1872 

Wordsworth  Donnisthorpe  patented  a  lantern  plate  process    ....  1876 

Reynaud  of  Paris  produced  his  Praxinoscope 1877 

I-"riese-Greene  first  experimented  with  moving  pictures  on  glass     .         .         .  1885 

Friese-Greene  invented  commercial  kinematography      .....  1889 

Thomas  Alva  Edison  invented  the  Kinetoscope      ......  1891 

Cecil  Hepworth  commenced  experiments  with  kinematography      .         .         .  1894 

R.  W.  Paul  first  manufactured  the  Kinetoscope  in  England    ....  1894 

Birt  Acres  took  first  motion  pictures  for  R.  W.  Paul       .....  1894 

Mons.  Lumiere  first  perfected  and  produced  his  Cinematographe,  July,  1895 
I'irst  public  display  of  animated  pictures  given  by  Mons.  Trewey  for  Mons. 

Lumiere  at  the  Royal  Polytechnic  Institute,  Regent  Street,  October,  1895, 

and  later  at  the  Empire  Music  Hall  on  20th  February,  1896 
R.  W.  Paul  first  showed  moving  pictures  at  Earl's  Court,  1895,  and  later  at 

the  Alhambra  Music  Hall  in  Slarch,  1896 
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SPECTACLES  AND  SPECTACLE  CONSTRUCTION 

At  a  meeting  of  the  Society  held  on  30th  November,  1922,  the  following  papers, 
dealing  with  some  of  the  problems  connected  with  spectacles  and  spectacle  con- 
struction, were  read. 

An  Exhibition  of  Instruments  and  Appliances  connected  with  the  Spectacle- 
making  IndustPk-  was  held  on  the  same  day.  For  a  list  of  the  firms  represented  and 
their  exhibits,  see  The  Optician,  8th  and  15th  December,  1922,  pp.  260,  270. 


SOME  RECENT  DEVELOPMENTS  IN  SPECTACLE  LENSES 
By  W.  a.  DIXEY 

After  a  period  of  comparative  detachment  from  the  optical  trade,  1  lind  the 
following  among  recent  developments  to  be  open  to  comment : 

(a)   'The  use  of  a  filtering  glass  which  absorbs  rays  of  higher  frequency,  and 

{b)  Some  new  developments  in  the  provision  of  so-called  periscopic  lenses. 
To  take  the  latter  first,  the  calculation  for  the  best  form  of  lens  has  furnished  a 
subject  for  controversy  dating  from  the  days  of  Wollaston  and  Wharton  Jones, 
down  through  Ostwald,  Percival  and  others  to  the  present  day.  Different  mathe- 
maticians have  given  us  difterent  results,  and  this  is  not  surprising  when  we  re- 
member that  any  formula  on  which  calculations  are  based  must  contain  constants 
which  may  be  variously  estimated.  I  can  enumerate  six  limiting  conditions  which 
preclude  an  exact  result. 

(i)  The  distance  of  the  centre  of  rotation  from  the  front  focal  plane  of  the  eye 
is  a  controlling  factor;  it  varies  with  the  size  of  the  eye,  and  the  imnian  eye  varies 
in  individuals  just  as  human  stature  does.  You  have  to  take  an  estimatetl  average, 
which  you  may  or  may  not  adjust  to  the  degree  of  ametropia. 

(2)  'I'he  range  of  direction  of  the  visual  lines  is  variable.  You  may  take  40', 
50',  or  60',  and  your  results  will  varj'  accordingly. 

(3)  In  an  asymmetrical  lens,  e.g.  sph.  4  i-oo,  cyl.  4-00,  you  have  to  choose 
between  a  curve  of  i  D  and  a  curve  of  5  D.  Whichever  you  select,  the  lens  will  be 
4  dioptres  out  in  the  opposite  direction,  and  if  you  take  the  mean  you  are  1  dioptres 
out  at  both  axes. 

(4)  The  accuracy  of  your  calculated  correction  is  depentient  on  tiie  position  of 
the  spectacle  lens  relative  to  the  front  focal  plane.  This  is  not  the  same  as  (1).  The 
conformation  of  the  patient's  face  may  render  the  assumed  position  of  the  spectacle 
lens  impossible.  A  further  (so-called  vertex)  correction  is  then  necessary  which  will 
modify  the  curves  of  the  lens. 

(5)  Variety  of  index  and 
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(())  The  limits  of  graduation  are  two  minor  considerations  which  affect  the 
problem  ver\'  slightly  but  still  interfere  with  that  mathematical  precision  which 
a  "perfect"  lens  should  connote. 

From  these  considerations  I  want  you  t(j  infer  that  perfection  is  impossible. 
But  that  is  not  to  say  that  we  are  not  to  aim  at  a  reasonable  approximation ;  and  what 
I  propose  to  do  in  this  paper  is  to  examine  what  aberrations  it  is  desirable  and 
possible  to  correct,  to  give  some  idea  of  how  by  modifying  the  curves  of  our  lenses 
we  may  effect  an  approximate  correction,  and  to  show  how  far  this  correction  may 
be  attained  with  the  means  at  our  disposal. 

There  are  three  classes  of  aberration  which  have  been  considered  as  applicable 
to  spectacle  lenses. 

(i)  Spherical  aberration.  This  was  effectively  dealt  with  twenty  years  ago, 
I  think,  by  Dr  Drjsdale,  and  the  record  of  his  demonstration  will  be  found  in  the 
early  Transactions  of  this  Society.  For  the  benefit  of  junior  members  I  may  recall 
the  demonstration.  You  take  a  •  20  D  lens,  place  it  in  the  worst  position,  allow  a 
generous  pupil  aperture  and  calculate  the  diameter  of  the  confusion  circle ;  you  will 
find  it  less  than  the  diameter  of  the  sectional  area  of  the  retinal  cones.  Thus 
spherical  aberration  is  ruled  out. 

(2)  Aplanatism  and  distortion.  These  I  similarly  rule  out— I  think  you  will  all 
agree;  I  will  not  therefore  elaborate  my  reasons,  but  will  be  pleased  to  explain  if 
I  am  questioned  afterwards. 

(3)  Radial  astigmatism.  This  is  the  one  thing  that  matters,  and  that  for  two 
reasons :  («)  for  definition,  which  is  not  so  important  because  it  is  only  very  slightly 
affected,  but  especially  {b)  for  prophylactic  reasons,  because  we  are  told,  and  it  is 
general  practice  to  accept,  that  even  a  slight  degree  of  uncorrected  astigmatism  leads  to 
binocular  strain,  ner\-ous  disorganisation,  and  various  possible  pathological  sequelae. 

Let  us  now  consider  how  radial  astigmatism  may  be  corrected  by  modifying  the 
form  of  the  lens.  As  the  eye  rotates  round  its  centre,  the  line  of  sight  cuts  at  different 
angles  a  flat  glass  placed  as  a  spectacle  glass  in  the  front  focal  plane  of  the  eye 
system.  The  condition  for  the  line  of  sight  to  cut  the  glass  normally  in  every  position 
is  that  the  two  surfaces  of  the  glass  should  be  sections  of  spheres  concentric  with 
the  centre  of  rotation.  If  we  take  26  mm.  as  the  distance  of  the  front  focal  plane  from 
.  the  centre  of  rotation,  this  gives  us  a  40  dioptre  curve,  or  the  curve  which  is  associated 
in  our  minds  with  a  20  Z)  lens — an  obviously  inconvenient  degree  of  curvature  to 
deal  with.  The  problem  therefore  arises,  how^  far  we  may  reduce  this  curve  without 
creating  an  effective  amount  of  radial  astigmatism.  We  must  define  our  range  of 
rotation,  and  if  we  take  50°,  that  gives  us  an  obliquity  of  25°  for  the  extreme  marginal 
visual  line.  In  a  flat  (equi-bi-spherical)  glass  we  find  the  cylindrical  effect  at  an 
angle  of  25    to  be  (approx.): 

o-ob  f(jr  0-25  D 

012    ,,   0-50  „ 

0-25    ,,    i-oo  ,, 

075    ,,    300  ,, 

1-50    ,,    6-00  ,,  and  so  on. 
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Clearly  with  ordinary  bi-spherical  lenses  a  considerable  degree  of  astigmatism  is 
engendered.  This  is  with  a  mean  curvature  in  relation  to  the  centre  of  rotation  which 
we  may  represent  as  zero.  It  is  clear  that  as  you  leave  the  zero  cur\e  and  approach 
20  D  you  modify  the  angle  at  which  tlie  visual  line  cuts  the  lens,  and  so  reduce  the 
amount  of  radial  astigmatism. 

A  simple  calculation  enables  us  to  find  the  angle  at  which  our  25    marginal  line 
will  cut  the  tangents  to  the  several  curves  intermediate  between  zero  and  20  D. 


In  the  accompanying  figure  let  Z.  ACB  =  25°,  BC  =  26  mm.,  and  BD  -^  x 
of  curvature  of  lens  intermediate  between  o  and  20  D.  Then 


tan  Q  -  "" 


AB  _  26  tan  25° 


=  ■145 


if  we  put  a;  =  83-5,  the  radius  of  curvature  for  a  6-00  D  surface.  Ilcncc  B  9 
and  j)  =^  16°.  The  line  will  therefore  cut  the  curve  at  an  angle  of  74  .  Similarly 
the  angles  for  3-00  D  and  9-00  D  curves  are  70^  and  78"  respectively. 

To  show  the  cylindrical  effect  of  visual  lines  25'  from  the  normal,  t 
curves  of  3,  6,  and  9  dioptres,  upon  powers  of  difl'erent  strength  we  hav 
lowing  apprcjximate  \alues: 


iversmg 
the  fol- 


Power 

of 
Lens 

Base  3  00  D 

Base  600  D 

Base  900  D 

Angle  70" 

Angle  74 ' 

Angle  78° 

100 

0  13 

007 

004 

200 

0-26 

014 

ooy 

300 

040 

0-21 

013 

400 

028 

017 

500 

— 



022 

600 

~ 

~ 

0-27 

I  have  chosen  to  tabulate  these  three  powers,  because  most  of  our  loric  tools  in 
lingland  are  made  to  a  6  D  base;  3  D  and  9  D  base  tools  are  also  available,  though 
they  are  not  in  such  general  use;  and  1  am  interested  to  examine  how  far  we  can 
utilise  our  present  plant,  without  ha\  ing  either  to  enlarge  it  or  to  resort  to  foreign 
productions. 

Hy  reference  to  the  table  you  may  infer  that  with  tools  that  give  you  a  choice  of 
3,  6,  or  9  D  convex  or  concave  toric  curves  you  can  obtain  a  periscopic  form  of  lens 
within  the  limits  of  ;   Soo  and      Soo  D  in  which  the  radial  astigmatism  is  negligible. 
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This  range  covers  perhaps  90  per  cent,  in  ordinary  practice,  and  of  the  remaining;; 
10  per  cent,  a  large  proportion  would  be  sphericals,  for  adjusting  which  our  tools 
afford  a  wide  scope. 

I  have  here  an  exhibit  of  four  specimens  of  glass,  whose  professed  quality  is  to 
absorb  ultra-violet  rays.  The  glasses  are  described  as  Crookes  A,  Crookes  A.,, 
I'iltray,  and  ^'itrex.  As  regards  their  filtering  quality  all  are  effective,  the  Crookes  A 
and  the  Crookes  A.,  rather  more  so  than  the  others.  Filtray  glass  (of  French  origin) 
has  an  index  of  1-529,  rather  high  for  our  English  tools;  the  Vitrex  glass  is  usable 
as  regards  index  (1-523)  but  one  of  its  merits,  its  pure  whiteness,  might  prove  a 
drawback  to  its  use  as  a  spectacle  lens.  On  the  whole  there  is  no  reason  to  look  for 
a  better  material  for  the  purpose  than  that  which  is  afforded  by  the  Crookes  glass, 
the  product  of  a  world-celebrated  English  foundry,  working  to  the  formula  ot  an 
equally  celebrated  English  physicist. 

DISCUSSION 

Mr  11.  S.  Rvland:  There  is  apparently  no  evidence  to  show  that  any  given  part 
of  the  spectrum  is,  in  the  quantities  usually  met  with,  injurious  to  the  human  eye. 
It  is  probable  that  as  people  spend  more  time  in  artificial  or  poor  light  some  in- 
tolerance to  light  will  exist.  Under  these  circumstances  the  cutting  off  of  parts  of 
the  spectrum  by  Crookes'  glass  may  be  of  benefit.  In  many  cases  the  chlorophyll 
tints  are  more  appreciated  than  Crookes'  glasses. 


STANDARDS  OF  ACCUR.\CY  FOR  OPHTHALMIC 
PRESCRIPTIONS 

By  O.  p.  RAPHAEL 

As  a  manufacturing  optician  I  wish  to  discuss  the  present  trend  of  affairs  as  they 
refer  to  accuracy  in  ophthalmic  prescriptions.  I  want  to  formulate  certain  problems, 
which,  by  the  way,  I  shall  make  no  attempt  to  solve,  and  I  hope  to  indicate  certain 
lines  upon  which  authorities  might  proceed  to  ensure  that  opticians  work  to  a 
standard  of  accuracy  which  shall  be  the  point  where  a  greater  accuracy  ceases  to  be 
of  value  to  the  lens-wearing  public.  In  some  cases  it  may  be  found  that  the  accuracy 
demanded  should  be  increased,  but  I  am  sure  in  others  accuracy  is  not  being  con- 
sidered side  by  side  with  the  practical  optical  effect  involved. 

Any  discussions  of  standards  in  ophthalmic  work  should  be  prefaced  by  a 
reference  to  the  committee  recently  formed  by  the  Wholesale  Manufacturing 
Opticians  and  the  Institute  of  Ophthalmic  Opticians  under  the  chairmanship  of 
Mr  Lionel  Laurence,  which,  working  in  harmony  with  a  similar  committee  in 
America,  is  to  tackle  this  very  problem  of  standards.  But  the  committee's  intention 
is  very  wide — in  fact  it  means  to  embrace  everj'  phase  of  ophthalmic  work,  not  the 
least  important  being  nomenclature.  But  just  as  the  League  of  Nations  can  only 
be  truly  realised  by  the  interest  shown  in  it  by  the  Nations  themselves,  so  this 
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committee  can  only  succeed  in  its  task  if  the  industiy  keeps  familiar  with  the  problems 
to  be  faced  and  so  can  understand  in  the  future  the  results  that  will  be  arrived  at. 

>hmufacturing  opticians  see  thousands  of  pounds  frittered  away  through 
capricious  standards  of  accuracy  of  individual  retail  opticians,  which  have  no 
scientific  justification.  If,  on  the  other  hand,  higher  standards  are  really  of  practical 
benefit,  the  manufacturer  will  set  himself  the  task  of  attaining  them  with  pleasure 
and  satisfaction  once  the  whole  matter  is  placed  on  a  proper  footing. 

Let  us  take  the  case  of  spherical  lenses.  If  the  effective  power  differs  from  the 
neutralising  power  by  more  than  the  limit  of  error  for  rejection,  then  a  state  of 
absurdity  exists.  But  to  determine  the  matter  with  nicety  and  establish  a  satis- 
factor}-  standard  of  accuracy  a  multitude  of  factors  have  to  be  taken  into  account, 
for  instance,  whether  one  is  dealing  with  positive  or  negative  lenses — whether 
neutralisation  is  effected  with  light  incident  on  or  emergent  from  the  ocular  surface 
of  the  lens — the  lens  thickness — the  refractive  index — the  distance  the  lens  is  worn 
before  the  eye — the  lens  form,  and  so  on.  Then,  of  course,  important  physiological 
considerations  arise  from  the  sight  testing  side  in  determining  when  the  theoretical 
accuracy  ceases  to  be  of  practical  value.  Assuming  that  the  line  of  valuable  accuracy 
could  be  established,  should  the  limit  of  admissible  error  be  expressed  in  dioptres, 
in  percentage  of  total  power,  or  quite  different  terms?  Should  neutralisation  be  the 
means  of  testing  or  some  other  method,  say,  the  measurement  of  the  back  focal 
length?  These  are  all  little  problems  attendant  on  the  greater  one  of  standardisation, 
and  worthy  of  careful  consideration.  In  cases  of  astigmatism — apart  from  the  er^or 
in  power  such  as  may  be  admissible — what  accuracy  should  there  be  in  placing  the 
cylinder  ?  Not  surely  the  arbitrarj-  "so  many  degrees  "  which  satisfies  many  opticians, 
because,  of  course,  the  astigmatic  efl^ect  increases  with  the  power  of  the  cylinder  for 
the  same  degree  of  inaccuracy.  And  how  is  this  finding  afl^ected  —if  at  all — by  the 
combination  of  a  sphere  with  the  cylinder  both  con-  and  contra-generic.  In  the 
matter  of  cylinders,  is  it  not  reasonable  to  ask  how  far  the  type  of  mounting  affects 
the  practical  value  of  fine  accuracy  ? 

The  inter-pupillary  distance  in  prescriptions  gives  rise  to  fresh  intiiiirics.  How 
far  is  accuracy  required  for  geometrical  exactitude,  and  how  far  for  the  purely 
optical  efl^ect?  A  wholesale  optician  toki  me  the  other  day  that  a  pair  of  Kryptok 
bifocals  were  rejected  by  one  of  his  influential  clients  because  the  pupillary  distance 
was  60  mm.  instead  of  61  mm.  Xow'  a  geometrical  error  of  },  mm.  in  each  eye  is 
simply  inappreciable  and  I  have  grave  doubts  that  a  prismatic  effect  of  1,  loA  (the 
prescription  being  about  2  D  sph.)  in  each  eye  could  be  considered  to  exist. 
The  optician  could  never  have  considered  what  the  prismatic  power  in  the  segment 
might  be,  if  indeed  the  cause  of  rejection  was  the  inter-pupillary  measurement  in 
the  distance  portion.  And  so  with  weak  positive  and  negative  sphero-cylinders, 
which  are  notoriously  difficult  to  manufacture  with  perfect  centration,  rejections 
are  made  for  an  optical  decentration  which  in  terms  of  prismatic  power  appear 
ridiculous.  The  same  point  arises  with  prismatic  lenses  themselves.  Although  one 
knows  that  the  bridge  measurements  in  Devonshire  will  consistently  differ  from 
those  in  Yorkshire,  I  for  one  am  a  little  doubtful  that  the  people  of  a  certain  seaside 
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town  should  all  need  the  smallest  prisms  combined  with  practically  every  lens  they 
wear,  whereas  such  combinations  are  not  required  elsewhere.  Is  it  that  prescribing 
opticians  and  oculists  in  other  towns  are  not  alive  to  their  patients'  needs,  or  is  it 
that  these  prisms  are — let  it  be  whispered — of  more  than  doubtful  value?  And  in 
either  case,  to  what  extent  may  the  prisms  be  weak  or  strong?  If,  after  research  it 
is  established  that  prisms  below  a  certain  power — either  having  or  not  having 
relation  to  the  type  and  power  of  lens  with  which  they  may  be  combined — fail  to 
have  any  ophthalmic  significance,  then  surely  lenses,  of  which  the  prismatic  errors 
or  incorrect  decentration  are  equivalent  to  that  same  insignificant  prismatic  power, 
may  be  considered  to  be  of  the  highest  necessary  accuracy  as  far  as  the  prisms  or 
centration  are  concerned.  And  with  bifocal  lenses,  to  mention  but  one  point,  what 
allowances,  if  any,  should  be  made  for  the  fact  that  the  reading  portions,  always 
being  used  at  an  angle  as  it  were,  produce  a  sphero-cylindrical  effect? 

Now,  in  any  discussion  upon  accuracy,  as  determined  by  some  particular  test, 
one  must  examine  the  means  and  method  of  the  test  itself.  Thus  we  are  bound  to 
give  some  thought  to  the  common  means  of  prescription  testing — neutralisation. 
This  method  is  only  really  satisfactor}'  when  dealing  with  thin  lenses  and  in  flat 
form.  As  far  as  thickness  is  concerned  this  has  been  satisfactorily  overcome  by  our 
agreeing  to  deceive  ourselves  by  calling  the  powers  of  positive  lenses  those  of  the 
negative  lenses  which  neutralise  them. 

Flat-form  lenses  enable  light  emergent  from  the  ocular  surface  (as  when  the 
lens  is  worn  before  the  eye)  to  be  used  for  neutralisation,  but  in  dealing  with  curved 
lenses,  owing  to  the  fact  that  emergent  light  at  the  ocular  surface  cannot  be  used  for 
the  test  without  having  a  lens  of  air  between  the  ocular  surface  and  the  testing  lens, 
incident  light  has  to  be  used. 

Dr  C.  Sheard*  gives  a  simple  formula  for  calculating  the  approximate  neutralising 
power  of  a  lens,  namely, 

t  X  D„~ 
Di  +  D.,+  ^  +  ... 

1^ 
where  A),  is  the  power  of  the  front  surface  in  dioptres,  J).,  the  power  of  the  ocular 
surface  in  dioptres  and  t  the  thickness  of  the  lens  in  metres.  Since  D^  f  D.,  merely 
expresses  the  nominal  power  of  the  lens  the  whole  importance  must  be  in  the  third 
term.  Now  in  the  third  term  is  quoted  only  the  ocular  of  the  two  surfaces,  and  thus 
it  will  be  realised  that  there  is  going  to  be  an  appreciable  difference  in  the  results 
if  neutralisation  is  from  one  side  or  the  other.  Therefore  the  findings  from  neutral- 
ising curved  form  lenses  must  necessarily  be  inexact. 

But,  possibly,  the  most  important  of  all  matters  relating  to  accuracy  in  manu- 
facturing prescriptions  remains  to  be  stated.  It  is  that  the  form  of  lens  has  an  in- 
fluence upon  the  effective  power  of  all  combinations  when  in  front  of  the  eye. 
(Juoting  again  from  Dr  Sheard  we  have  this  formula  for  calculating  the  approximate 
effective  powers  of  lenses : 

t  y  DJ 
D,  +  D^+'^^^  +  ... 

•  Amer.jfomn.  Ophth.  Opt.  3  (Oct.  1922)  345. 
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where  the  symbols  have  the  same  significance.  Here  it  will  be  realised  that  the 
importance  lies  with  the  thickness  and  the  outside  curve  of  the  lens.  The  reduced 
thickness  possible  with  negative  lenses  and  the  lesser  cur\e  on  the  outside  naturally 
mean  that  the  effective  power  in  a  meniscus  form  negative  lens  will  not  differ  from 
the  nominal  power  to  the  same  extent  as  will  be  the  case  with  a  positive  lens.  This 
effective  power  will  vary,  as  the  formula  makes  clear,  according  to  the  base  curve 
used  in  manufacture. 

Now  in  a  meniscus  form  lens  the  neutralising  power,  although  not  necessarily 
the  same  as  the  nominal  power,  will  not  be  as  different  from  that  nominal  power  as 
will  be  the  effective  power.  What  then  is  the  use  of  checking  to  a  fine  degree  of 
accuracy  by  neutralisation  a  lens  made  in  meniscus  form  when  prescribed  in  nominal 
powers.' 

The  solution  of  the  difficulties  I  have  raised  I  will  not  attempt  to  give,  but  it 
must  make  us  all  reflect  upon  the  necessity  of  the  oculist  or  optician  prescribing  not 
only  the  powers  of  lenses,  but  the  form  to  which  these  powers  are  to  be  understood 
to  apply.   Surely  it  will  be  agreed  that  some  standardisation  here  is  desired. 

One  might  reasonably  ask  whether  the  optician's  future  lies  in  calculating 
formulae  in  the  back  parlour.  Probably  not,  because  methods  other  than  neutralisa- 
tion may  be  adopted  as  the  recognised  test  for  ophthalmic  prescriptions.  The  back 
focal  length,  that  is  to  say  the  focus  measured  from  the  ocular  surface  of  the  lens, 
gives  the  efiectivity  of  that  lens,  and  seems  to  be  the  ideal  method  of  measurement 
for  modern  use.  The  instrument  I  have  here  measures  the  back  focal  length  of 
spheres,  cylinders,  sphero-cylinders,  and  registers  decentrations.  A'ly  firm  has 
had  a  number  of  them  in  use  for  prescription  manufacturing  so  as  to  give  the 
effective  powers  to  which  I  have  referred,  and  it  is  heartbreaking  to  find  a  lens 
perfect  in  effectivity  which  has,  at  considerable  expense,  to  be  remade  incorrectly, 
in  order  to  give  the  retail  optician  the  neutralisation  which  he  seeks. 

DISCUSSION 

.Mr  H.  S.  Ryland:  It  is  always  good  to  stri\e  for  accuracy.  On  tiic  otlier  hand 
it  is  useless  for  lens  manufacturers  or  prescription  houses  to  work  to  a  degree  of 
accuracy  far  beyond  that  obtainable  by  the  refractionist  (or  optician).  The  intervals 
between  the  spherical  and  cylindrical  lenses,  and  their  position  in  the  trial  frame, 
have  an  equivalent  power  which  differs  from  that  of  the  single  spectacle  lens  by 
an  amount  greater  than  the  differences  between  lenses  of  the  various  usual  forms. 

Mr  Raphael:  Mr  Ryland's  point  is  a  valuable  one,  and,  if  1  may  say  so,  an 
extension  of  my  own  argument.  In  establishing  standanls  of  accuracy  in  the  manu- 
facture of  ophthalmic  prescriptions  one's  results  should  be  made  to  run  parallel 
with  the  practicable  accuracy  of  the  sight-testing  itself  and  the  latter  is  dependent 
upon  the  means  of  sight-testing  available.  I  have  already  expressed  my  douln  that 
this  consideration  is  given  its  full  weight. 
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PARAXIAL  ACTIONS  OF  OPHTHALMIC  LENSES 

By  W.  SWAINE,  B.Sc. 

ABSTRACT.   The  object  of  this  paper  is  to  ilraw  attention  to  the  cumulative  effect  of 
the  various  approximations  used  in  refraction  work. 

Modern  ophthahiiic  practice  has  evolved  by  experience  in  the  direction  of 
greatest  practical  convenience  with  regard  to  standardised  units  and  the  methods 
of  measuring  both  refractive  errors  and  spectacle  lenses.  With  the  increased  know- 
ledge of  physiological  optics,  however,  there  are  certain  practices  untenable. 
Briefly  present-day  practice  is  the  following : 

(i)  Lenses  are  designated  with  powers  in  dioptres,  i.e.  with  the  reciprocal  values 
of  their  focal  lengths  expressed  in  metres,  a  positive  sign  indicating  converging 
power*. 

(2)  The  Optical  Society's  Connuittcc  for  the  standardisation  of  trial  case 
lensesf  decided 

(a)   To  use  symmetrical  lenses  of  standard  or  minimum  central  thickness. 
(h)    To  mark  negative  lenses  with  their  '  true '  powers,  i.e.  with  the  reciprocals 

of  their  focal  lengths  measured  from  the  principal  points, 
(f)    To  number  positive  lenses  with  'nominal'  powers,  i.e.  with  a  number 

equal  and  opposite  to  the  true  power  of  the  neutralising  negative. 

(3)  'I'he  measurement  of  an  ametropic  error  consists  in  choosing  that  trial  lens 
(placed  so  as  just  to  clear  the  eyelashes)  whose  focal  point  coincides  with  the  far 
point  of  the  defective  eye.  The  degree  of  the  error  is  called  the  spectacle  refraction 
of  the  eye  and  is  expressed  as  the  nominal  power  of  the  correcting  lens. 

(4)  The  subsequent  spectacle  lens  for  use  in  distance  vision  is  placed  in  a  like 
position  in  front  of  the  eye,  the  intention  of  the  process  to  be  one  of  direct  sub- 
stitution. The  correction  of  central  astigmatism  may  be  regarded  almost  as  a 
particular  case  of  the  correction  of  ametropia,  but  the  cylindrical  lenses  of  the  trial 
case  must  of  necessity  be  separated  by  the  cell  separation  of  the  trial  frame,  whilst 
the  ensuing  spectacle  lens  is  a  unit. 

(5)  It  is  generally  assumed  that  the  thickness  of  ophthalmic  lenses,  cell  separa- 
tions, etc.,  may  be  ignored  so  that  transpositions  of  lenses  or  of  prescriptions  arc 
only  regarded  as  examples  of  simple  addition  of  power. 

(6)  An  erroneous  idea  is  common — that  all  lenses  which  neutralise  the  same 
lens  are  equivalent  in  their  optical  action  at  the  eye.  This  error  has  already  been 
detected  and  corrective  tables  drawn  up|.  The  existence  of  these  tables  is  not 
generally  known,  their  application  can  only  be  regarded  as  a  temporary  expedient, 
and  their  necessity  constitutes  an  apparent  weakness  of  the  neutralising  principle. 

(7)  Considerable  care  is  exercised  in  obtaining  an  accurate  estimation  of  the 
static  refraction  of  the  eye,  whilst  a  rigorous  near  vision  test  awaits  discovery.  There 

•  F.  Monoyer,  Ann.  d'Ocul.  68  (1872)  loi.  t    Trans.  Opt.  Soc.  9  (1908)  138. 

X  Max  Poser,  Optician,  Sept.  4,  1914. 

6-3 


8o 


W.  Sn'oine 


are  several  optical  considerations  when  lenses  are  used  in  near  work  which  are  of 
interest  in  this  connection. 

(8)  The  refractionist  sends  a  prescription  to  the  dispensing  optician  who  sends 
it  to  the  manufacturing  optician.  The  latter  may  have  procured  the  required  lens 
from  an  importer,  when  the  glass  w-as  manufactured  originally  in  this  country. 

Ejfectivity. 

A  process  of  frequent  occurrence  in  ophthalmic  optics  is  the  referring  of  a  power 
to  some  neighbouring  origin  distant  a  few  millimetres  or  centimetres  away.  This 
change  of  relative  power  with  change  of  origin  is  generally  described  as  efTectivity 
modification.  A  power  of  5-0  dioptres  signifies  that  the  focal  point  is  20  cm.  from 
the  prescribed  origin  of  measurement.  If  a  new  origin  5  cm.  further  away  from  the 
focal  point  be  chosen,  the  effective  focal  length  is  25  cm.  or  the  effective  power  is 
i00;'25  =  4-0  D.  The  writer  finds  that  the  use  of  a  specially  constructed  reciprocal 
slide-rule  saves  time.  Good  quality  squared  paper  with  fine  millimetre  squares 
(20  cm.  :  30  cm.)  was  first  numbered  the  long  way  from  the  top  left  hand  corner 
at  each  centimetre  mark  650  to  620.  The  centimetre  line  below  was  then  marked 
620  to  590  and  so  to  the  right  hand  bottom  corner  with  20.  Using  Barlow's  tables  of 
reciprocals  graded  marks  were  made  thus:  1-55  at  645-2,  1-56  at  641-0  and  so  on. 
The  graded  reciprocal  marks  thus  constitute  a  dioptre  scale  when  the  equidistant 
points  represent  corresponding  millimetres  of  focal  length. 

A  strip  of  paper  (millimetre  squares)  30  cm.  long  and  any  width  desired,  to  be 
used  as  a  cursor,  was  marked  o  to  30,  30  to  60,  and  so  on  if  required.  On  the  same 
strip  a  backward  reading  scale  was  also  marked.  By  placing  the  zero  of  the  cursor 
opposite  any  power  the  effectivity  modification  for  any  reasonable  distance  positive 
or  negative  is  obtained  by  direct  inspection.  By  mentally  displacing  the  decimal 
points,  the  scale  of  the  slide-rule  may  be  conveniently  altered  ten  times  or  one-tenth, 
thus  increasing  the  range  of  usefulness  and  degree  of  accuracy. 

As  an  example  of  its  use  -convert  the  true  powers  of  trial  negati\e  lenses  to 
vertex  power.  These  lenses  have  a  constant  central  thickness  of  i  mm.  and  a 
constant  distance  of  principal  point  from  the  vertex  -33  mm.  Using  the  backward 
reading  cursor  for  negative  powers  (the  new  origin  is  more  removed  from  the  focal 
point)  we  may  obtain  the  following  table: 


Table  I.     Vertex  Powers  of  Trial  Ncgci tires. 


True  Power 

0 

-S-oo 

-  lo-oo 

-1500 

-  2000 

-2500 

-  3000 

Vertex  Power 

0 

-4-99 

-    9-97 

-  1492 

-  ig-8S 

-  2479 

297  i 

Oifferencc 

0 

■0, 

•03 

■08 

•12 

•21 

•2y 

To  obtain  the  figures  for  -  25-00  and  -  30-00  the  2-5  or  3-0  dioptre  marks  may 
be  used  whilst  the  cursor's  scale  is  multiplied  by  10. 
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Vertex  Power  in  Relation  to  Neutralisation* . 
'The  condition  of  neutralisation  is  coincidence  of  adjacent  focal  points  when 
the  vertices  of  the  neutralising  lenses  are  in  contact.  This  is  equivalent  to  the  state- 
ment that  the  vertex  powers  of  these  lenses  are  equal  and  opposite  (i.e.  their  powers 
referred  to  the  contact  vertices).  Table  I  then  gives  the  numerical  value  of  the  vertex 
powers  of  the  trial  positives  and  they  will  in  consequence  be  equal  to  the  nominal 
powers — the  differences  are  almost  negligible  in  practice  and  within  the  limits  of 
error  suggested  by  the  Standards  Committee.  Incidentally  it  may  be  observed  that 
the  same  committee  tabulates  the  principal  or  true  powers  of  the  standard  positives. 
This  numbering  differs  from  the  nominal  numbering  by  quantities  greater  than  the 
permissible  error. 

J'ertex  Power  in  Rclaliou  to  Spectacle  Refraction\. 

The  separation  of  the  tips  of  the  eyelashes  of  an  ametropic  eye  from  the  far  point 
of  the  same  is  a  constant  quantity  for  that  eye  and  under  the  conditions  of  sight- 
testing  is  numerically  equal  to  the  reciprocal  of  the  back  (inner)  vertex  power  of  the 
distance  correcting  lens.  Any  directly  substituted  spectacle  lens  should  have  the 
same  back  vertex  power.  For  symmetrical  lenses  the  back  and  front  vertex  powers 
are  equal  and  this  is  prcjbably  the  chief  reason  that  the  standard  trial  lenses  were 
made  in  equi-form  (this  together  with  the  convenience  of  rapid  manipulation  during 
a  test). 

Unsymmetrical  spectacle  lenses  are  usually  neutralised  by  placing  the  neutraliser 
in  contact  with  the  more  convex  surface  of  the  lens  to  be  measured.  In  relation  to 
this  lens's  position  in  front  of  the  eye  the  neutraliser  so  used  will  measure  the  front 
vertex  power  of  the  lens.  Whilst  the  back  vertex  power  measures  the  power  of 
importance  to  ensure  conjugate  equivalence  at  the  eye,  the  front  vertex  measures 
the  neutralising  lens  as  at  present  used|.  Since  in  the  case  of  unsymmetrical  lenses 
these  two  powers  are  not  equal,  it  is  of  importance  to  realise  the  amount  of  difference 
existing. 

In  the  accompanying  chart  ordinates  are  back  vertex  powers  whilst  abscissae 
refer  to  the  powers  of  the  back  surfaces.  Each  cur%'e  connects  those  forms  of  lenses 
with  equal  ratio  of  back  to  front  vertex  power.  Equal  back  vertex  power  lenses  were 
assumed  to  have  the  same  central  thickness — an  average  thickness  corresponding 
with  an  average  size  of  eye§.  The  greater  thickness  of  larger  diameter  lenses  will 
tend  to  increase  the  difference  between  the  vertex  powers.  The  curves  progress 
by  jumps  of  i  per  cent.  For  positive  lenses  the  abscissae  (in  the  negative  direction) 
represent  the  base  curves.  The  dotted  semi-ellipses  refer  to  the  "best-form" 
lenses  for  distance  or  near  use,  as  given  by  Mr  Whitwell. 

•  W.  Swaine,  Optidan,  Oct.  8,  1920. 

t  O.  Henker,  Z.f.  Ophth.  1914. 

X  W.  Swaine,  Inst.  Ophth.  Opt.  Xo\'.  iS,  1920;  Optirimi,  July  22,  1921,  Jan.  27,  1922;  A.  Estelle 
Glancy,  Amer.Jmirn.  Ophth.  Opt.  Jan.  1921  ;  .A.  Whitwell,  Optician,  Jan.  21,  1921 ;  C.  Sheard,  Anier. 
jfuurn.  Ophth.  Opt.  1922. 

§   W.  Swaine,  Optician,  Jan.  27,  1922. 
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IG    14   12  10    8 
Power  of  Surface  i 

.    Back  Vertex  I'ower 
Front  Vertex  Power 

For  negative  lenses  there  is  no  serious  difference  between  front  and  back  vertex 
powers.  For  positive  lenses  there  are  limiting  back  vertex  powers  for  which  the 
difference  amounts  t( 
this  chart. 


Off  tlian  a  permissible  pcrceiita,m-.    'I'ablr  11  is  lakon 


ililf  1 1 .    Liniilini^  Back  Vertex  Powers  of  Positive  Lenses  for  icliitli  front  vertex 
power  exceeds  the  back  by  certain  percentages. 


Percentage 

Base 

Diflference 

-3 

-6 

-8 

-9 

I 

2 

+  30 

+  5-5 
+  8-0 

+  3-7 
+  5-9 

+  1-0 

+  2-8 
+  5-0 

+  09 
+  2-6 

+  4-0 

It  follows  that  if  an  unsymmetrical  positive  lens  neutralises  a  prescrihiii  trial 
lens  there  will  result  an  overcorrection.  Suppose  a  !  14-0  lens  is  found  as  a  rcsuh 
of  refraction  and  that  a  lens  on  a  (/o  base  is  prescribed.  If  a  lens  lie  matlc  which 
neutralises  a        140  lens  placed  on  its  convex  face,  the  lens  will  overcorrect  by 


Paraxial  Actions  of  Ophthalmic  Lenses  83 

II  per  cent,  or  |  1-5  D.  There  is  thus  a  liability  of  misinterpretation  of  a  pre- 
scription between  oculist,  optician  and  manufacturer.  A  standard  agreement  should 
be  fixed.  On  the  continent  Messrs  Zeiss  overcome  the  difficulty  with  an  instrument 
for  measuring  vertex  power.  Corrective  tables  or  charts  are  troublesome  and  past 
experience  has  proved  their  poor  value,  since  lens  substance  should  also  be  specified. 
Probably  the  most  satisfactory  solution  is  that  adopted  by  Messrs  Stigmat,  Ltd.  - 
a  small  neutralising  set  which  can  be  placed  at  the  hack  vertex  of  meniscus  lenses, 
thus  measuring  back  vertex  power. 

f  'ertex  Relations. 
Transforming  the  paraxial  equation  for  refraction  at  a  single  surface 

n'  _n      n'  ~  n  ,  , 

a'      a^       r  ^  ' 

to  the  convenient  Ciuilstrand  convergency  notation 

A'-A^D  (2), 

where  .]  is  the  dioptral  expression  for  the  reduced  position  of  an  object,  A  that 
for  the  image,  and  li  the  reduced  power  of  a  surface  (i.e.  power  of  a  lens  surface  as 
understooil  in  ophthalmic  optics),  we  have 

A^  ^  Ai+  D^,  Ao  ^  A.,  +  D^ 

where  A.,  is  the  effective  value  of  A/  at  the  second  surface 

[A,^A,'/{i--8,A,')]. 
The  effectivity  modification  must  be  across .  the  reduced   thickness  of  the  lens 
(8,  -  till.,).   It  immediately  follows  that 

A'^         "^'^^^         +D  (7) 

'  i-S^iA,  +  Dj      '  ^^'''■ 

When  Aj  -^  o,  i.e.  for  an  infinitely  distant  object,  A2'  ^  F12  =  back  vertex  power. 
I  lence 

^^--1-%,  +  ^^  (^) 

i-SiDi  ^i-S,Z)i  ^'^'' 

where  D^^  is  the  principal  or  true  power  of  the  lens.  Reversing  the  direction  of  the 
light,  the  front  vertex  power  becomes 

^■"  =  I  -  sId,  ^^'^ 

-  ^  ^^       +D 
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Transpositions. 
To  find  the  vertex  power  of  lenses,  given  the  surface  powers  and  thickness, 
equation  (4)  is  most  convenient  and  states  the  method:  with  the  reciprocal  rule 
modify  Z),  effectively  through  Sj  and  add  D.,-  To  find  the  combining  surface,  given 
the  back  vertex  power,  base,  and  thickness,  rewrite  equation  (4) 

With  the  reciprocal  rule  effectively  modify  the  vertex  power  algebraically  less  the 
base  power  through  the  reduced  thickness  backwards. 

The  usual  text-book  treatment  is  to  ignore  thickness.  The  errors  wiiich  accrue 
in  certain  leading  cases  will  be  evident  from  Table  111  which  has  been  calculated 
by  means  of  the  reciprocal  rule. 


A  = 


Table  III.    Combining  Surfaces. 


Back  Vertex  Power  (K,s) 

+    S-o 

+  100 

+  .5-0 

+  20-0 

Thickness  («,)  in  mm. 

2-7 

4-3 

60 

7-8 

Reduced 
thickness  («,  =tiM  in  mm- 

1-78 

282 

3  94 

5-12 

Base   -30 
-90 

+   789(8) 
+  10-78(11) 
+  >3-66(i4) 

+  1252(13) 
+  15-31  (16) 
+  18-01(19) 

+  i6-8i  (18) 
+  19-40(21) 
+  21-94(24) 

+  2060(23) 
+  2292(26) 
+  25-28(29) 

The  unit,  except  in  the  2nd  and  ird  rows,  is  the  dioptre.  The  figures  in  brackets  arc  the  infinitely 
thin  lens  transpositions. 

To  reproduce  the  trial  vertex  power  these  curves  should  be  retiucod  by  the 
negligible  quantities  indicated  in  Table  I. 

Table  IV  shows  the  maximum  thickness  of  lenses  of  stamlard  forms,  for  which 
the  simple  transposition  method  may  be  used. 


Table  IV. 


Back  Vertex  Powers          | 

Maximum 

thickness 

(Base) 

for  ac 

11  racy 

-9-0 

-60 

y° 

0  or.  0 

oizD 



_ 

.^S 

12-8 

— 

— 

2 

yy. 

7-.S 

— 

0 

^ 

5-6 

— 

1 

4 

1  s 

,1-6 

— 

2 

^ 

1  "S 

.VI 

0 

(1 

1  I 

2-1 

I 

4 

7 

v 

iH 

2 

.■; 

,S 

■s 

IS 

3 

6 

'^ 

■'' 

'4 
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J'crtcx  Astii^'iiuitism  and  I'orir  'I'ldiisf^ositioii.t. 

There  is  no  uniform  practice  w  hen  nieasuriii^  tlie  astigmatism  of  the  eye.  Some 
practitioners  leave  a  shght  togging  lens  and  measure  the  astigmatism  using  negative 
cylindrical  lenses  placed  in  a  neighbouring  cell  of  the  trial  frame.  Others  neutralise 
meridians,  using  the  retinoscope  with  spherical  lenses.  Jackson's  or  Lockwood's 
crossed-cylinder  methods  may  be  used.  It  is  universally  admitted  that  small 
astigmatic  errors,  whether  arising  naturally  or  residual  from  a  test,  in  a  large  majority 
of  cases  cause  asthenopia. 

There  is  a  relatively  greater  effectivity  change  when  a  focal  point  is  approacltetl 
than  when  m()\ing  away.  A  positive  cylinder  placed  before  a  lens  in  a  trial  frame 
will  have  a  slightly  greater  increased  effectivity  than  the  reduced  effectivity  of  a 
negative  cylinder  similarly  pilaced.  The  difference  will  be  further  accentuated  on 
passing  through  a  thicker  spectacle  lens,  e.g.  a  positive  lens,  owing  to  the  change 
through  its  substance.  In  other  words  testing  for  astigmatism  with  negative  lenses 
gives  a  closer  approximation  to  the  back  vertex  astigmatism  required  in  the  subse- 
quent spectacle  than  when  using  positive  cylinders. 

Suppose,  as  an  example,  a  prescription  were  written  as  tested 

+  25-0  sph.         ,, 

,        cell  separatuiu  s  mm. 

+    2-0  cyl.  '^  -^ 

The  actual  vertex  astigmatism  would  be  |  2-38.  If  the  resulting  spectacle  lens  be 
prescribed  to  have  a  -  6-o  sph.  inner  curve,  by  the  usual  rules  of  toric  transposition 
this  lens  woukl  be  described 

I   31-0  cyl.  O  +  33-0  cyl. 

—  6-0  sph. 
whereas  it  should  be  written 

+  25-9  cyl.  O  f  27-5  cvl.         , 

.  1  substance  q-6  mm 

—  0-0  gph.  ^ 

i.e.  with  a  surface  astigmatism  of  i-6  D. 
Or,  again,  the  prescription 

+  lo-osph. 

,       cell  separation  c  mm. 
+    4-0  cyl.  '  -" 

is  usually  transposed 

+  i8-o  cyl.  O  +  22-0  cyl. 

—  8-0  sph. 
and  should  read 

-  17-12  cvl.  O  20-S8  cvl. 

-8-0  sph.         "        «>'bstance  4-3  mm. 

The  actual  vertex  astigmatism  is  4-23  /),  whilst  the  front  surface  astigmatism  is 
376  D. 


86 

If  a  prescription  reads 
it  should  be  transposed 


W.  Swaine 

+  lo-o  sph. 
—    4-0  cyl. 


cell  separation  5  mm. 


substance  4-3  mm. 


+  17-12  cyl.  O  13-44  cyl 
—  8-0  sph. 

in  which  the  actual  vertex  astigmatism  is       4-0  D,  and  front  surface  astigmatism 
3-68  £». 

Alteration  in  Position  of  Spectacle  Lens*. 

If  for  any  reason  it  be  required  to  move  a  spectacle  further  from  the  eye,  the 
new  vertex  power  and  vertex  astigmatism  may  be  obtained  directly  by  means  of  the 
rule.  Conversely  the  tolerance  in  position  may  be  found  to  reproduce  the  trial 
correction  to  any  prescribed  accuracv. 

Effectivity  at  the  Eye.   Principal  Refractions. 

Accommodation  takes  place  at  the  eye  and,  as  Bonders  has  shown,  the  measure 
of  accommodation  should  be  the  difference  between  the  static  and  dynamic  principal 
refractions  of  the  eyef.  Owing  to  the  separation  between  the  back  vertex  of  a 
correcting  lens  and  the  first  principal  point  of  the  eye  there  will  be  considerable 
differences  between  the  spectacle  refraction  and  the  principal  or  ocular  refraction. 
The  reciprocal  rule  readily  gives  the  necessary  conversion  and  iiiore  conveniently 
than  tables  or  charts,  since  fractional  powers  and  separations  very  frequently  arise. 

In  consequence  of  the  forward  position  of  the  lens,  then,  the  virtual  amplitude 
of  accommodation  will  differ  from  the  actual  amplitude.  This  action  is  well  known 
although  the  writer  has  not  seen  a  solution  of  the  problem  from  the  point  of  view  of 
vertex  or  nominal  power  markings.  Most  solutions  have  only  theoretical  interest. 
A  direct  calculation  using  the  reciprocal  slide-rule  occupies  but  little  time  ami  can 
be  made  to  include  all  the  factors  involved,  lens  substance,  and  separation  from  tlie 
eye. 

Table  \'.    Table  of  Actual  Acconnnodal ions  ihruiii^h  Distance  Correction. 


Virtual  accommodation  of  the  eye,  measured  from  eye 

n  dioptres 

Distance  correction 

nominal  power 

' 

2 

3 

4 

5 

6 

7 

8 

9 

10 

+  10 

J-43 

a 

4-24 

^■64 

7-04 

8-44 

984 

11-22 

I2-S7 

.3-89 

+    5 

I-2I 

356 

4-32 

591 

708 

8-25 

942 

.1-76 

+   0 

I  00 

200 

300 

400 

SOI 

601 

702 

802 

90.1 

1004 

-  S 

087 

1-74 

261 

348 

435 

5-23 

610 

7-00 

789 

8-77 

-  10 

076 

1-52 

2-27 

296 

3-8' 

459 

5-36 

612 

6-91 

770 

-'S 

067 

■•33 

202 

2-67 

336 

4-03 

472 

5-42 

610 

684 

-20 

061 

1-16 

'77 

2-39 

297 

ybi 

4-24 

484 

546 

6-11 

•  O.  Henker,  2./.  Ofililli. 
t  VV.  Swaine,  Optician,  Jii 


;  W.  Swiiini-,  Iml.  Otolith.  Ofl.  Nov.  iS.  1920. 


Paraxial  Actions  of  Ophthalmic  Lenses  87 

Table  V  is  calculated  on  this  basis  for  average  substances  of  standard  symmetrical 
trial  lenses  and  shows  the  magnitude  of  the  modification  when  the  back  vertex 
occupies  an  average  position  of  15  mm.  from  the  principal  plane  of  the  eye.  It 
shows  the  actual  amplitude  of  accommodation  through  a  given  distance  correction 
for  an  ascertained  virtual  accommodation  measured  from  the  eye. 

The  table  only  shows  the  case  when  the  correcting  lens  is  at  a  mean  position, 
whilst  the  position  of  the  lens  is  the  main  factor  operative.  The  near  test  is  generally 
made  under  conditions  involving  the  above  principle  and  constitutes  an  important 
part  of  routine  refraction.  A  special  examination  for  astigmatism  is  rarely  made. 
All  factors  considered,  a  rigorous  near  vision  test  is  rarely  made.  The  interpretation 
of  dynamic  skiametric  measurements  is  too  uncertain.  Even  when  a  rigorous  test 
is  forthcoming  the  subsequent  spectacle  lens,  in  order  to  function  with  conjugate 
equivalence,  should  be  of  the  same  form  as  the  testing  trial  lens.  The  problem  will 
not  be  as  simple  as  the  distance  correction — namely  a  direct  substitution  of  equally 
vertex  numbered  lenses.  A  permissible  compromise  must  be  effected.  The  use  of 
"best-form"  lenses  is  increasing  and  in.  the  writer's  opinion  must  continue  to  do 
so,  as  greater  care  is  exercised  in  observing  the  points  in  tliis  paper  and  others 
developed  by  Mr  Whitwell. 

It  has  been  suggested  that  lenses  should  be  re-standardised  by  using  a  principal 
point  numbering,  on  the  fallacious  grounds  that  simple  addition  of  powers  w-ould 
obtain  and  that  near  equivalence  would  be  ensured.  The  policy  is  not  practicable. 
Hack  vertex  designations  are  too  valuable  to  drop,  and  by  neutralising  at  the  back 
surface,  instead  of  the  front  as  at  present  a  serious  trouble  is  overcome.  The  oculist 
can  verify  the  spectacle  without  the  necessity  of  corrective  tables  and  it  becomes  the 
duty  of  the  manufacturer's  designer  to  produce  that  lens.  There  still  remains  the 
problem  of  near  equivalence*. 

The  author  has  calculated  a  series  of  tables  giving  the  necessary  back  vertex  lens 
for  various  forms  of  average  thickness  which  demand  specified  accommodations 
for  specified  positions  of  a  near  objectf.  The  underlying  idea  of  these  charts  was 
to  fill  the  vacancy  of  the  rigorous  near  vision  test,  to  obtain  the  necessary  modifica- 
tion of  spectacle  astigmatism  for  near  work  lenses,  to  find  that  lens  which  will  help 
to  equalise  accommodative  effort  in  anisometropia,  etc.  Their  use  is  discussed 
elsewhere  but  a  point  of  interest  arises  in  the  question  of  a  policy  for  approximating 
to  near  work  equivalence.  This  problem  per  se  is  mainly  a  function  of  the  central 
thickness  of  the  positive  lenses  and  form.  Reducing  the  central  thickness  of  the 
trial  lenses  and  so  approaching  an  equality  between  cardinal  and  vertex  numbering 
will  be  in  the  wrong  direction.  If  the  central  thickness  of  the  trial  positives  be 
retained  but  their  form  altered  to  plano-convex  such  a  step  would  approximate 
thereto.  In  the  case  of  a  hypermetrope  of  +  lo-o  D  spectacle  refraction  corrected 
16  mm.  from  the  eye,  for  that  eye  to  accommodate  three  dioptres  for  an  object 
33  cm.  in  front  of  it  a    :    i  i-oo  symmetrical  lens  is  required,  or  alternatively  a  ;    11-15 

*   E.  Mayer,  Optician.  Dec.  lo,  U)20. 

t  \V.  Swaine,  Oflitinii,  Jan.  20,  27,  Feb.  3,  Sept.  15,  1922;  Letters  to  0[\lician,  Dec.  24,  31,  iy20, 
Dec.  q,  1021. 
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plano-convex  or  a  -!-  ii-20  deep  meniscus  {— 6-o  D  base),  all  vertex  marked. 
Plano-convex  trial  lenses  thus  constitute  a  useful  compromise  in  the  direction  of 
securing  near  equivalence,  the  plane  surface  to  be  considered  the  back  surface  from 
which  the  back  vertex  power  will  be  measured*.  Other  advantages  arise:  (i)  the 
back  surface  being  plane  there  is  no  alteration  of  position  of  back  vertex  with 
respect  to  the  lens  rims  and  trial  frame,  so  that  this  position  is  more  definitely 
located;  (2)  the  bending  approaches  best  form  witli  the  attendant  advantages; 
(3)  the  front  vertex  power  is  a  principal  point  power. 

The  writer  understands  that  a  piano-trial  case  was  introduced  some  time  ago 
by  Messrs  CiowUand,  but  does  not  know  why  it  was  withdrawn. 

DISCUSSION 

Mr  IT.  S.  Ryland:  Under  present  conditions  the  tables  given  (also  the  machine 
described  by  Mr  Raphael)  will  not  help  the  optician  greatly.  Before  an  exact 
reproduction  of  the  optician's  trial  frame  result  can  be  obtained  as  a  single  lens  one 
of  two  things  is  needed.  Either  trial  frames  must  be  so  designed  that  the  intervals 
between  the  lenses  are  determined  with  sufficient  accuracy,  or  the  optician  must 
be  provided  with  means  of  measuring  the  equivalent  power  of  the  lenses  in  his 
trial  frame  as  used  for  his  test.  This  equivalent  power,  if  referred  to  the  plane  of 
the  cornea,  could  then  be  reproduced  by  means  of  a  single  lens  of  determined  form. 

.Mr  H.  H.  Emsley:  It  is  clear  from  what  we  have  heard  to-night  and  from  wliat 
we  have  seen  for  some  time  in  the  press  that  there  is  much  mental  activity  in  the 
sphere  of  Ophthalmic  Optics  with  regard  to  best  form  lenses,  etc.  The  work  centres 
around  the  problem  of  translating  the  findings  of  the  refractionist,  who  uses  flat 
trial  lenses  marked  on  the  ordinan,-  neutralisation  basis,  into  lenses  of  different 
forms-toric,  meniscus,  best  form,  etc. — that  will  have  the  same  effect  as  the  trial 
lenses,  which  are  flat.  Since  thickness,  form,  and  distance  from  the  eye  have  to  be 
considered,  this  translation  involves  the  use  of  tables  and  charts  that  appear  to 
become  complicated  from  the  point  of  view  of  the  factory.  One  begins  to  wonder 
about  the  overhead  expenses.  Cannot  something  be  done  from  the  refractionist's 
end  of  the  work?  Is  it  necessarj-  to  leave  him  to  use  the  same  methods  that  he  has 
used  for  some  considerable  time?  This  is  all  part,  however,  of  the  need  for  general 
standardisation  of  this  work.  I  would  hasten  to  add  that  the  ingenious  work  done 
by  .Mr  Swaine  and  Mr  W'hitwcll  is  necessary  it  is  ail  part  of  the  general  progress; 
I  certainly  do  not  agree  with  a  former  speaker  tiiat  we  slioiiiii  merely  use  what 
we  have. 

Mr  Swaine:  I  have  mentioned  in  the  paper  tliat  tables  are  of  no  use  and  do  not 
suggest  the  employment  of  any.  'i'he  tables  given  are  simply  to  demonstrate  the 
magnitudes  of  the  errors  introduced  by  present  day  approximations.  Whilst  vertex 
focometers  have  been  adopted  generally  in  Cjermany  and  introduced  in  America, 
as  1  point  out  in  the  paper,  the  small  neutralising  set  of  .Messrs  Stigmat,  Ltd.,  should 
be  very  accejitable. 

•  A.  Whitwtll,  (Jpliiiiiii,  Jmi.  .:i,  U)Zi. 
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1  ilo  not  see  tlic  necessity  of  determining  equivalent  powers.  Any  eiianges  ot 
origin  can  readily  be  obtained  with  the  aid  of  the  reciprocal  rule.  'i"he  main  value 
of  the  latter  however  is  that  more  accurate  transpositions  are  obtainable  (than  the 
present  thin  lens  figures)  and  only  occupy  two  or  three  seconds  longer,  whilst  vertex 
relations  are  especially  suitable  in  practice. 

Owing  to  the  convenience  of  using  a  slide-rule  of  general  application  and 
rapidity  of  manipulation  overhead  charges  will  not  be  affected  seriously.  In  my 
opinion  standardisation  is  required  at  both  ends— refractionists'  and  manufac- 
turers'. At  least  the  manufacturer  should  be  able  to  produce  a  lens  to  the  require- 
ments of  the  refractionist  and  this  can  be  done  with  negligible  additional  labour. 

A  speaker  has  remarked  that  the  effects  are  negligible.  A  reference  to  the  paper 
will  show  that  this  is  not  so  and  both  Mr  Raphael  and  Air  Ryland  acknowledge  this 
implicitly.  The  cumulative  errors  arising  are  shown  during  the  course  of  a  review 
of  Dr  von  Rohr's  "Die  Brille  als  optisches  Instrument"  in  a  recent  issue  of  the 
Optician  (Jan  5,  1923,  p.  31 1). 


THE  "OCENTRIC''  EYE-GLASS 
By  henry  C.  RAXWORTHY 

I  would  take  the  opportunity  of  congratulating  the  Optical  Society  on  what 
1  might  term  "harking  back"  to  ophthalmic  optics,  because  I  know  it  has  pained 
the  ophthalmic  branch  to  see  what  they  consider  a  preponderance  given  in  your 
deliberations  to  that  side  of  the  science  dealing  with  optical  instruments. 

Great  emphasis  has  this  evening  been  brought  to  bear  upon  the  absolute  necessity 
of  eliminating  the  multiplicity  of  common  errors  in  ophthalmic  lenses,  but  it  goes 
without  saying  that  if  the  most  perfect  lens  is  mounted  unscientifically  its  fine 
qualities  are  of  little  avail. 


The  word  "Ocentric"  is  derived  from  "ortho"  meaning  correct,  and  "centric" 
meaning  centered,  but  the  combined  word  " orthocentric  "  could  not  be  registered 
as  it  described  the  article,  and  so  the  abbreviated  form  was  adopted.  The  reason 
why  it  is  called  a  correctly  centered  eye-glass  is  that  its  measurements  can  be  taken 
with  equal  facility  whether  the  eye-glass  is  off  or  on  the  face,  which  is  not  the  case 
either  with  the  "astig,"  which  has  closer  centres  when  off  the  nose  than  on,  or  the 
bowspring  type,  in  which  both  the  a.xes  and  the  pupillary  distance  differ  when  off 
and  on  the  nose.  This  particular  feature  of  the  "  Ocentric  "  is  brought  about  by  the 
fact  that  the  lenses  when  opened  out  to  place  on  the  nose  move  about  a  vertical 
axis  (see  Fig.  i),  which  is  the  only  way  to  open  the  plaquets  properly,  for  if  the 
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lenses  are  pulled  apart  as  in  the  other  types  I  have  mentioned  the  straps  are  strained 
and  the  plaquets  only  open  slightly  at  the  bottom. 

The  "  Ocentric  "  is  made  in  eight  or  nine  different  styles  and  the  above  conditions 
operate  in  each  pattern.  I  propose  dealing  with  each  variety  seriatim. 

The  "Ideal"  or  low-drilled  variety,  series  loo  (Fig.  2):  In  the  rimless  form  of 
this  style  the  lenses  are  drilled  about  20  below  the  horizontal  line,  as  the  clamps  are 
attached  at  the  bottom  of  the  plaquets,  and  in  order  to  permit  of  the  lenses  sitting 


higher  or  lower  on  the  face  the  plaquets  are  shortened  or  lengtiieneil  as  tiie  ease  may 
be.  The  standard  length  of  plaquets  is  15  mm.  long;  the  standard  short  plaquet  is 
13  mm.,  and  the  standard  long  plaquet  is  iS  nun.  It  will  be  seen  that  in  using  a 
13  mm.  plaquet  the  pupillary-  distances  are  shortened  as  the  angles  remain  the  same. 
Correspondingly  the  pupillary  distances  of  the  long  plaquet  mountings  are  increased. 
Should  a  narrow  plaquet  width  be  desired  with  a  larger  pupillaiy  distance  for  a 
given  size  of  lens  the  plaquet  metal  is  extended  laterally  to  set  the  lenses  wider  apart. 
To  set  lenses  farther  from  or  closer  to  the  eyes  the  lens  straps  may  be  soldered  to 
the  mount  in  various  positions  as  desired .  By  means  of  these  two  devices  (extensions 
and  positions  of  straps)  the  same  unlimited  range  of  fittings  can  be  given  to  the 
"Ocentric"  as  that  given  by  a  spectacle  bridge,  and  this  without  any  extra  cost  for 
posts  or  brackets,  as  with  many  other  types  of  eye-glass. 

The  "Double-Strap"  pattern,  series  800  (Fig.  3):  This  is  the  same  pattern  as 
the  "Ideal"  but,  instead  of  a  single  strap,  it  has  a  double  one  connected  by  a  tiiin 
strip  of  metal,  which  has  the  great  advantage  that,  however  badly  treated  the  e\  e- 
glass  is,  the  lenses  never  work  loose  in  the  strap. 


yr  S^ 


'I'he  "Central-Drilled"  pattern,  series  300  (l-ig.  4):  In  this  style  the  metal  of 
the  plaquets  is  bent  back  at  the  bottom  and  continued  half-way  up  towards  the 
spring  and  receives  the  strap  in  such  a  position  that  lenses  drilled  on  the  horizontal 
axis  may  be  used.  Owing  to  the  fact  that  space  has  to  be  found  for  this  "  return  end," 
the  pupillary  distances  are  2  mm.  wider  than  with  the  "Ideal"  pattern. 
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The  "Central-Drilled"  pattern,  series  400  and  700:  In  the  series  400  (Fij;.  5) 
a  short  bracket  connects  the  strap  with  the  centre  of  the  plaquet,  and  in  the  series 
700  this  bracket  takes  the  form  of  a  swan-neck  or  telescoped  S  (Fig.  6).  This  latter 
variety  is  an  extremely  useful  device  because  the  pupillary  distances  can  be  altered 
independently  of  the  distance  between  the  plaquets  and  vice  versa.  The  lenses  can 
be  placed  nearer  or  farther  from  the  eyes,  and  may  also  be  angled  to  any  desired 
position  by  elementary  plier  work.  Longer  or  shorter  plaquets  may  be  used,  but 
owing  to  the  fact  that  the  straps  are  on  the  horizontal  axis  and  are  attached  to  the 
centre  of  the  plaquet  the  drop  is  only  half  the  increased  length  of  the  plaquet. 
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The  "Top-Drilled"  style,  series  500  (Fig.  7):  This  is  the  very  latest  model  and 
has  been  specially  designed  to  give  as  large  a  lens  as  possible  for  a  given  plaquet 
width  and  pupillary  distance.  It  gives  an  increase  of  4  mm.  in  the  length  of  the 
horizontal  axis  as  compared  with  that  of  series  200  (the  "Ideal"  pattern  with 
18  mm.  long  plaquets).  The  500  style  is  intended  to  take  the  place  of  the  200, 
because  it  will  be  seen  upon  reference  to  the  chart  given  below  that  the  latter  gives 
an  increased  pupillary  distance  (and  therefore  a  smaller  size  lens  for  the  same 
pupillary  distance)  for  the  corresponding  guard-width.  For  instance,  take  a  patient 
reciuiring  two  pairs  of  glasses,  one  for  reading  and  one  for  distance;  he  might  have 
a  150  mount  for  distance,  pupillary  distance  60  mm.,  and  would  therefore  require 
for  reading  a  250  mount  with  a  pupillary  distance  of  58  mm.  A  250  mounting  with 
the  same  size  lens  as  a  150  will  give  62  nun.,  and  it  will  be  seen  that  the  550  will 
give  exactly  what  is  required. 

The  numbering  system.  Each  fitting  has  a  three-figure  number,  the  first  figure  of 
which  denotes  the  pattern,  the  second  the  guard-width,  and  the  third  offset  or 
fiush.   The  patterns  are  numbered  as  follows: 

Ideal  13  mm.  plaquets,  series  o  (Fig.  2). 

Ideal  15  mm.  plaquets,  series  100  (Fig.  2). 

Ideal  18  mm.  plaquets,  series  200  (Fig.  2). 

Central-Drilled  (bent  up  plaquets)  15  nun.  plaquets,  series  300  (Fig.  4). 

Central-Drilled  (straight  bracket)  15  mm.  plaquets,  series  400  (P'ig.  5). 

Central-Drilled  (swan-neck)  15  mm.  plaquets,  series  700  (Figs.  5  and  6). 

Top-Drilled  15  mm.  plaquets,  series  500  (Fig.  7). 

Ideal  (double-strap)  15  mm.  plaquets,  series  800  (Fig.  3). 

Ideal  (double-strap)  18  mm.  plaquets,  series  900  (Fig.  3). 
The  guard-widths  are  numbered  i  to  8,  which  number  equals  half  the  number  of 
millimetres  between  plaquets  at  top.    Thus  a  guard-width  No.  5  has   10  mm. 
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between  plaquets  at  top.  Of  the  units  figures  in  the  fitting  number  5  stands  for 
flush,  viz.  lenses  in  normal  position  before  the  eyes,  and  o  stands  for  offset,  viz., 
3  mm.  farther  from  the  eves  than  flush.  Should  the  distances  from  the  centre  of 
the  bridge  of  the  nose  to  the  pupils  be  asymmetrical,  a  short  extension  piece  to 
one  side  of  the  mount  compensates  any  difference. 

It  will  be  of  interest  to  note  that  the  "Ocentric"  eye-glass  is  made  at  tiie  works 
of  the  British  Ocentric  Optical  Co.,  Ltd.,  9-13,  Eagle  Street,  London,  W.C.  i. 

''Ocentric"  Chart  showing  Minimum  Pupillary  Distances  for  various  eyes 
in  combination  zvith  any  fitting. 
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These  pupillary  distances  are  minimum,  but  any  size  larger  can  be  obtained  either  by  longer 
lenses  or  by  extensions  to  the  mount. 


ON  THE  AVAILABLE  MEANS  EOR  CORKl'CTING  CASES 
OF  CONSIDERABLE  ANISOMETROPIA 


By  Pkoii 


ON  ROilR 


More  than  ten  years  ago  a  case  with  considerable  anisometropia  presented  itself 
at  the  Kye  Infirmary  of  Jena  University;  whereas  one  of  the  patient's  eyes  was 
emmetropic,  the  other  was  corrected  by  putting  7  /)  into  the  tri^l  frame.  One 
may  imagine  that  the  eyes  did  not  work  well  together,  ;is  tin-  iiiitieni,  a  student,  was 
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not  in  the  habit  of  wearing  glasses.  It  was  not  to  be  wondered  at  that,  after  correction 
of  the  myopia,  stereoscopic  vision  was  found  wanting,  for,  according  to  Fig.  i, 
the  angles  of  rotation,  w' ,  of  the  corrected 
eye  were  much  smaller  than  those,  w,  of 
the  normal.  In  contemplating  an  object  of 
a  certain  height  a  ditl'erence  in  the  apparent 
magnitude  was  to  be  expected .  The  following 
lines  will  show  the  amount  for  an  ordinary 
spectacle  glass  of  T  I)  corrected  for  astig- 
matism of  oblique  pencils : 


20  7 
24°-6 


.    On  the  alteration  zo  -  zv'  of  the  an^lc 

Lition  zu  at  the  centre  Z'  by  means  of  a 

correctin;?  glass  of  negative   focus:   a   distant 

object  appearing  to  an  emmetropic  eye  at  an 

As    you    are    aware,    distortion    always   ''"^le  .0  is  seen  by  the  user  of  this  correcting 

,    ,  ,  ...         glass  at  an  angle  ju  . 

creeps  m  and  the  angles  w  are  certamly  but 

inevitably  too  small.  Although  some  oculists  are  of  opinion  that  differences  in 
elevation  of  3^  or  3V'  might  be  overcome  by  each  eye,  such  a  faculty  could  not  be 
detected  in  our  student;  in  any  case  it  was  wanting  during  the  first  experiments. 
He  was  therefore  unable  to  derive  from  the  mere  correction  of  his  myopia  any 
benefit  for  his  binocular  vision. 

My  opinion  being  requested,  I  undertook  to  prepare  for  him  a  special  eye-glass 
calculated  in  such  a  way  that  some  conditions  for  binocular  and  stereoscopic  vision 
might  be  more  nearly  fulfilled,  my  intention  being  especially  to  diminish  the 
difference  w  —  lu  between  the  angles  w  and  w' ,  i.e.  between  the  elevation  in  the 
naked  and  in  the  spectacled  eye.  Since  after  correction  the  image  in  the  myopic 
eye  appeared  to  our  student  somewhat  (10  per  cent.)  smaller  than  the  other,  I 
tackled  the  problem  of  finding  a  correcting  glass  which  would  magnify  the  retinal 
image  about  i-i  times.  Apart  from  this  the  glass  should  give  punctiform  images 
within  a  field  of  rotation  of  2  25^  and  be  exempt  from  distortion  or  perceptible 
chromatic  aberrations. 


Fig.  2.   Section  through  the  axis  of  a  spectacle  system  (giving 
punctiform  images  for  anisometropia.  A,a  =  "7  dioptres. 


The  glass  had  the  form  depicted  by  the  axial  section  of  Fig.  2,  showed  the 
magnification  of  i-i2  and  gave  the  following  conjugate  angles: 


w  --=  o 
zo  =  o 


n  -39 
[8°-66 


25 
26°-69 
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From  these  figures  you  will  see  that  in  proposing  this  construction  I  had  reduced 
the  former  values  of  zv  —  w  to  less  than  half  their  amount  but  had  not  eliminated 
them  completely. 

Our  patient,  however,  was  not  very  interested  in  our  plan;  he  could  not  be  per- 
suaded to  make  the  necessar)-  stereoscopic  experiments,  and  finally  he  remained 
away,  fearing,  perhaps,  that  the  somewhat  conspicuous  form  of  this  special  con- 
struction might  injure  his  outward  appearance.  You  will  easily  imagine  that  we 
were  not  satisfied  to  leave  the  whole  matter  in  such  an  undecided  state,  and  as  we 
were  experimenting  at  that  time  with  Pick's  contact  glasses  it  occurred  to  me  that 
I  might  correct  one  of  my  own  eyes  (each  having  nearly  —  q  U)  by  means  of  a 
suitable  contact  glass  and  use  for  the  other  at  first  an  ordinary  punctiform  spectacle 
glass  of  D\=       1  dioptres  and  secondly  the  system  described  above. 

I  was  then  not  able  to  wear  the  contact  glass  longer  than  about  half  an  hour  at 
a  time,  so  that  a  suitable  patient  with  one  naturally  emmetropic  eye  might  possibly 
have  learned  to  overcome  still  greater  angular  differences.  With  the  ordinary  thin 
lens  I  had,  under  the  circumstances  described,  quite  a  peculiar  sensation;  although 
I  had  not  absolutely  lost  my  sense  of  depth,  it  was  much  impaired,  and  the  per- 
ception of  space  was  unwonted  as  well  as  rather  troublesome;  nothing  like  my 


Fig.  3.   Section  through  the  axis  of  a  spectacle  system  (giving 
punctiform  images)  for  an  aphakic  eye,  Woo  =  '3  dioptres. 

ordinary  good  stereoscopic  vision  was  possible  under  these  circumstances.  The 
second  trial  was  far  more  satisfactor}- ;  within  the  smaller  field  of  direct  vision  I 
could  immediately  fuse  both  images,  and  the  stereoscopic  vision  was  of  nearly  the 
same  certainty  as  with  my  ordinary  spectacles. 

On  the  whole  I  was  not  dissatisfied  with  this  result,  but  I  did  not  continue  the 
experiments  with  this  difference  of  7  D,  because  a  case  far  more  interesting 
and  important  presented  itself,  where  one  eye  had  been  operated  on  for  traumatic 
cataract,  the  other  remaining  emmetropic.  I  took  a  value  of  13  /)  as  the  difl^erence 
between  the  refractions  of  both  eyes  and  insisted  at  that  time  on  the  condition  of 
equal  size  for  both  retinal  images.  For  the  new  system  1  wanted  correction  tor 
astigmatism  of  oblique  pencils  as  well  as  for  distortion  within  to  -  25  and,  as 
in  the  former  case,  the  absence  of  perceptible  chromatic  aberrations. 

Such  a  system  belonged  to  the  type  shown  in  Fig.  3.  The  positive  member  had 
to  be  formed  of  two  single  lenses  in  order  to  get  a  good  correction  of  astigmatic 
aberrations  with  spherical  surfaces  only. 

As  I  wish  to  show  the  prismatic  effects  as  clearly  as  possible,  I  shall  give  first 
the  values  for  a  Gullstrand  cataract  lens  computed  and  manufactured  by  us : 
«>'     0°         i7"-39         25° 
w  =^  0°        11' -5  15'  -8 
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whereas  in  the  new  lens  for  an  anisometropia  of  13  D  the  corresponding  angles  on 
the  object  side  have  the  values 

w  =  0°  14°"  19  20°-7 

1 1  would  easily  have  been  possible  to  make  the  values  of  w  approach  much  closer 
to  those  of  w',  but  we  should  then  have  had  to  disregard  the  condition  of  equally- 
sized  retinal  images.  At  that  time,  however,  we  considered  such  a  deviation  as 
unjustifiable  and  had  to  experiment  with  the  system  shown  in  Fig.  3. 

Dr  H.  Erggelet,  who  has  emmetropic  eyes  of  a  high  acuity  and  enjoys  perfect 
stereoscopic  vision,  made  one  of  his  eyes  temporarily  hypermetropic,  requiring  a 
correcting  glass  of  Z)j  =  13  dioptres.  He  used  a  contact-glass  for  this  purpose  and 
was  able  to  wear  it  for  some  time,  from  25  to  30  minutes.  In  1913  we  could  make 
these  contact-glasses  in  a  primitive  form  only,  so  that  the  movement  of  the  eye-lid 
sometimes  dislodged  the  contact-glass.  However,  to  form  a  general  impression, 
these  old  contact-glasses  answered  well  enough.  If  Dr  Erggelet  corrected  his 
artificial  anisometropia  by  means  of  a  bi-convex  or  a  Gullstrand  cataract-glass  of 
13  Z),  he  was  much  troubled  by  double  images  and  binocular  vision  was  hardly* 
possible.  But  as  soon  as  he  chose  the  new  system  for  anisometropia,  binocular 
vision  was  restored  and  the  anisometrope  found  himself  much  relieved. 

Carl  Zeiss  has  made  some  such  lenses,  mostly  for  young  people  operated  on  for 
traumatic  cataract;  they  have  given  satisfaction,  as  communications  from  Drs  Heg- 
ner,  Loewenstein,  and  Wolff  have  shown.  I  shall,  however,  here  point  out  an 
interesting  paper  by  Dr  R.  G.  Rijkensf,  a  Dutch  physician,  then  at  Zutphen. 
Dr  Rijkens  had  just  been  operated  on  for  cataract  and  had  naturally  lost  stereoscopic 
vision  when  he  used  his  single  correcting  lens  oi  +  g  D.  With  a  system  for  aniso- 
metropia as  described,  however,  he  was  well  able  to  solve  some  stereoscopic  tests, 
provided  the  angular  value  of  the  stereoscopic  difference  was  not  smaller  than 
4  minutes.  As  his  visual  acuity  on  the  couched  eye  was  1/3  only  (there  were  large 
maculae  corneae  on  it),  the  effect  of  the  system  may  be  considered  satisfactory. 
We  may  attach  rather  greater  value  to  these  results,  as  Dr  Rijkens  is  eminently 
qualified  to  give  a  decisive  judgment,  and  as  all  the  minor  objections  against  the 
somewhat  uncertain  position  of  the  contact-glass  do  not  apply  in  this  case. 

But  an  anisometropia  of  13  D  is  not  the  highest  difference  that  may  be  success- 
fully overcome  in  order  to  restore  stereoscopic  vision.  Four  years  ago  Dr  H.  Wolff 
of  Berlin  requested  our  help  for  a  patient  of  his  who  had  —  20  D  in  the  left  eye 
and  zero  power — in  consequence  of  an  operation  for  cataract — in  the  right.  As  the 
visual  acuity  was  low,  he  wished  that  his  patient  might  obtain  some  magnification 
of  the  retinal  images.  In  other  words,  telescopic  spectacles  were  to  be  constructed 
for  an  anisometropia  of  20  D. 

At  my  suggestion  Dr  Boegehold  directed  the  trigonometrical  calculations  in 

*  He  observed,  however,  that  small  objects  in  the  distance,  a  water  tap  for  instance,  could  be  seen 
stereoscopically  notwithstanding  the  great  difference  in  the  size  of  the  pictures.  He  has  now  taken  up 
this  problem  and  anyone  who  is  interested  in  it  may  find  some  useful  directions  in  his  paper,  "  Ver- 
suche  zur  beidaugigenTiefenwahrnehmungbei  hoherUngleichsichtigkeit,"K'/(K.  Mtsbl.  66  (192 1)  685. 

t  "Mcine  Erfahrungen  mit  der  .Ajiisometropbrille,"  Z.f.  opiith.  Opt.  4  (1916)  146. 
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such  a  way  that  the  principal  stress  was  laid  on  balancing  the  ic  and  ic'  angles, 
whereas  a  deviation  in  the  size  of  the  retinal  images  was  of  secondar}'  consideration. 
The  effect  was  ven,-  satisfactory'.  Dr  Wolff*  could  show  that  his  patient  with  so 
great  an  anisometropia  had  good  stereoscopic  vision.  He  says  of  him :  "  The  patient 
is  continually  wearing  his  spectacles  for  anisometropia  in  going  about  as  well  as  in 
driving  his  motor  car.  Whereas  he  formerly  was  of  pale,  depressed,  clumsy,  and 
neglected  appearance,  he  is  now  a  happy,  well-dressed  and  adroit  person,  with  whose 
joyful  and  ruddy  countenance  the  pair  of  rather  thick  spectacles  agree  quite  well." 
I  think  we  are  entitled  to  conclude  that  with  the  new  means  at  our  command 
certain  patients  might  recover  their  otherwise  lost  stereoscopic  vision. 

DISCUSSION 

Mr  \\'.  Swaine :  Equality  of  retinal  image  is  alone  considered.  The  problem  with 
regard  to  high  cases  of  anisometropia  appears  to  me  to  be :  What  should  receive 
first  consideration.'  Authorities  appear  to  differ  as  to  whether  the  inequality  of 
accommodation  when  corrective  lenses  are  used  in  near  vision,  convergence  troubles, 
or  unequal  magnifications  require  first  consideration.   Fiu-ther  research  is  desirable. 

For  the  prescribing  of  lenses  as  here  described  the  actual  retinal  images  must 
be  examined  presumably  by  Messrs  Zeiss's  recent  instrument.  British  practice  is 
only  at  the  stage  of  ensuring  conjugacy  of  retina  and  distance. 


Professor  v.  Rohr  (communicated) :  I  am  not  sure  whether  I  have  exp 
my  meaning  quite  clearly.  I  started  from  the  equality  of  both  retinal  images,  but 
during  the  experiments  it  seemed  as  if  an  approximate  equality  of  the  angles  of 
rotation  for  both  eyes  was  of  greater  importance.  If,  for  the  sake  of  brevity,  I 
suppose  one  of  the  eyes  emmetropic,  I  should  like  to  put  the  condition  as  zc 
approximately  equal  to  k'  for  a  comparatively  large  field,  w  liercas  the  size  of  the 
retinal  images  seemed  of  secondary  importance  only. 


ON   THE   BEST   FORM  OF  SPECTACLE  LENSES  FOR  THE 
CORRECTION  OF  SM.\LL  AMOUNTS  OF  ANISOMETROPIA 

Ih   A.  WIirrWKLL,  M..^. 

When  an  observer  having  emmetropic  eyes  views  a  near  object  the  two  eyes 
move  round  their  centres  of  rotation  and  their  axes  converge  and  intersect  in  a  point 
on  the  object.  Wherever  this  point  may  be,  two  rays  drawn  from  it  through  the 
two  centres  oi  rotation  of  the  eyes  are  the  chief  rays  or  axes  of  small  pencils  of  rays 
which  form  images  of  the  object  point  on  the  maculae  of  the  two  eyes.  If  a  line 
drawn  through  the  two  centres  of  rotation  is  supposed  to  be  an  axis  round  which 
a  plane  rotates,  this  plane  will  sweep  over  every  point  in  space  and  will  always  con- 
tain the  axes  of  pencils  of  light  which  form  images  on  the  maculae  of  the  two  eyes. 

•  "  .'\usKlcich  hochstKradiKL'r  L'riKlcichsichtiKkcit  von  zo  i)  durch  die  Rohrschc  Anisometropic- 
Kcrnrohrbrillc  (C.  Zeiss,  Jena)  neuer  Art  (1917),"  Z.f.  nplilli.  OpI.  7  (lyiy)  10. 
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When  the  eyes  are  ametropic  and  are  assisted  by  spectacle  lenses  the  rays  from 
an  object  point  are  in  general  deviated.  If  the  rays  from  a  point  on  the  object, 
after  refraction  by  the  lenses,  pass  through  the  centres  of  rotation  of  the  two  eyes 
and  if  the  eyes  be  rotated,  so  that  their  axes  coincide  with  the  emergent  rays,  images 
will  be  formed  on  the  maculae,  but  in  general  the  two  emergent  rays  will  not  be 
in  one  plane.  If  the  object  point  lie  in  the  median  plane,  that  is,  a  vertical  plane 
bisecting  at  right  angles  the  line  joining  the  centres  of  rotation,  and  the  two  lenses 
be  of  the  same  power,  we  shall  have  symmetrical  refraction  and  the  two  emergent 
rays  icill  be  in  the  same  plane.  If  the  object  point  lie  outside  the  median  plane  and 
two  incident  rays  be  drawn  from  it  in  such  a  way  that,  after  refraction,  they  pass 
through  the  centres  of  rotation  then  the  two  emergent  rays,  in  general,  will  not  be 
in  one  and  the  same  plane. 

This  will  be  evident  if  we  consider  the  fact  that  the  perpendicular  distances 
of  the  points  of  emergence  of  the  chief  rays  of  the  imaging  pencils  (from  the  axes 
of  the  lenses)  are  different  for  the  two  lenses,  so  that  if  a  plane  rotates  round  the  line 
joining  the  two  centres  of  rotation  till  it  contains  one  point  of  emergence,  then  it 
will  not  contain  the  other  and  consequently  will  not  contain  both  emergent  rays. 
Unless,  therefore,  the  object  point  be  (i)  at  infinity  or  (2)  in  the  median  plane 
or  (3)  in  the  horizontal  plane  containing  the  axes  of  the  eyes  and  the  spectacle 
lenses,  the  two  emergent  rays  passing  through  the  two  centres  of  rotation  will  not 
be  in  the  same  plane. 

When  the  two  emergent  rays  passing  through  the  centres  of  rotation  are  not 
in  the  same  plane,  in  order  to  fuse  the  two  images  the  eyes  must  be  moved  in  an 
unusual  manner,  or  in  a  manner  in  which  they  are  not  accustomed  or  practised  to 
move,  and  if  the  angular  distance  of  one  of  the  rays  from  the  plane  containing  the 
two  centres  of  rotation  and  the  other  ray  is  too  great  the  eyes  are  not  able  to  fuse  the 
images  and  double  vision  is  the  result.  This  effect  must  be  present  in  all  spectacle 
lenses,  even  when  they  are  of  the  same  power  for  both  eyes,  but  I  suppose  that  in 
most  cases  it  is  too  small  to  be  noticed.  It  is  due  to  the  different  prismatic  effect 
of  the  t\vo  lenses.  When  the  eyes  have  different  refractive  powers  and  consequently 
require  spectacle  lenses  of  different  powers  for  their  correction  the  effect  is  generally 
appreciable  and  requires  correction. 

In  a  case  of  anisometropia,  whether  the  object  point  be  at  infinity  or  near  and 
whether  it  be  in  or  outside  the  median  plane,  the  two  emergent  rays  which  pass 
through  the  centres  of  rotation  are  not  in  general  in  the  same  plane  and  do  not 
intersect.  I  say  in  general,  because  if  the  object  point  be  in  the  horizontal  plane 
containing  the  axes  of  the  two  lenses  and  of  the  two  eyes  and  consequently  con- 
taining the  two  centres  of  rotation,  then  the  emergent  rays  are  of  course  in  the  same 
horizontal  plane  with  the  incident  rays;  in  this  case  the  emergent  rays  are  deviated, 
they  intersect,  and  the  image  appears  to  be  displaced,  but  the  eyes  do  not  need  to 
move  in  any  unusual  manner  in  order  to  fuse  the  images. 

In  discussing  the  correction  of  anisometropia  I  shall  confine  myself,  as  Dr  von 
Rohr  does,  to  an  object  point  in  the  median  plane.  Let  us  suppose  that  from  a  point 
in  the  median  plane  two  rays  are  incident  on  the  two  lenses  at  such  points  that 
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after  refraction  by  the  lenses  the  two  emergent  rays  pass  through  the  centres  of 
rotation.  As  we  are  assuming  the  lenses  to  be  of  different  powers,  it  is  obvious  that 
the  points  on  the  axes  of  the  lenses  to  which  the  incident  rays  are  directed  must  be 
at  different  distances  from  the  back  vertices  of  the  lenses  and  it  is  equally  obvious 
that  (i)  the  points  of  emergence  will  in  general  be  at  different  heights,  (2)  the  angles 
which  the  two  emergent  rays  make  witli  the  axes  of  the  lenses  will  be  different, 
and  (3)  the  emergent  rays  will  not  intersect  or  be  in  the  same  plane. 

As  is  customar}'  in  dealing  with  problems  of  this  nature,  I  assume  the  image 
point  to  be  in  the  median  plane  and  I  join  this  point  to  the  two  centres  of  rotation. 
I  then  suppose  these  t\vo  lines  to  represent  emergent  rays  corresponding  to  two 
incident  rays.  By  tracing  backwards  the  given  emergent  rays  I  find  the  angles 
which  the  corresponding  incident  rays  make  with  the  axes  of  the  lenses. 

Having  assumed  the  angles  which  the  emergent  rays  make  with  the  axes  and 
calculated  by  computation  the  corresponding  angles  which  the  incident  rays  make 
with  the  axes,  I  am  enabled  to  find  the  deviation  of  each  ray.  As  all  the  trouble  in 
anisometropia  is  the  effect  of  the  difference  of  tlie  deviations  in  the  two  lenses,  it  is 
necessary-  to  design  the  lenses  so  that  this  difference  is  zero  or  as  sniall  as  possible. 

In  designing  the  lenses  we  can  (i)  bend  the  lenses,  keeping  the  power  constant, 
(2)  vary  the  index  of  refraction,  (3)  vary  the  distances  from  the  centre  of  rotation 
to  the  back  vertex,  (4)  var>'  the  axial  thicknesses  of  the  lenses,  (5)  vary  the  distance 
between  the  centres  of  the  lenses  (that  is  to  say,  decentre  one  or  both  lenses).  I 
first  tried  what  would  be  the  effect  on  the  deviation  of  bending  the  lenses,  keeping 
the  axial  thickness  and  the  power  (as  measured  by  neutralisation)  constant.  I  took 
four  cases  of  lenses  of  powers  +  2  D,  +  4  D,  -  2  /),  and  -  4  /),  and  calculated  the 
deviation  for  emergent  rays  which  make  an  angle  a.^  =  20°  with  the  axes.  I  assumed 
the  index  of  refraction  to  be  1-52,  the  centres  of  rotation  to  be  25  mm.  from  the  back 
vertex,  the  diameter  of  the  lenses  36  mm.,  the  edge  thickness  of  the  positive  lenses 
and  the  axial  thickness  of  the  negative  lenses  -5  mm.  The  power  of  the  first  surface 
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Ky  +  K^  to  be  constant.   The  following  four  tables  give  the  particulars 
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The  results  given  in  these  tables  are  plotted  in  the  figure  in  which  the  abscissae 
are  the  powers  of  the  second  surfaces  of  the  lenses  in  dioptres  and  the  ordinates  are 
the  deviations  in  degrees.  It  will  be  observed  that  when  the  lenses  are  positive  the 
deviation  is  least  when  the  second  surfaces  are  approximately  plane.  The  deviation 
increases  as  the  lenses  become  of  the  meniscus  form  with  either  the  convex  or  the 
concave  surface  towards  the  eye.  The  negative  lenses  have  the  least  deviation  when 
the  second  surfaces  are  strongly  concave  towards  the  eye  and  the  greatest  deviation 
when  the  second  surfaces  are  convex  towards  the  eye. 

A  study  of  the  four  curves  enables  one  to  make  the  following  deductions  con- 
cerning the  best  form  of  lens  for  correcting  small  amounts  of  anisometropia : 


Eyes 

One  eye  emmetropic 
Other  eye  hypermetropic 

Lenses 
Second  surface  approximately  plane 

Other  eye  myopic 

.Second  surface  strongly  negative 

Both  eyes  hypermetropic 

Stronger  lens  with  second  surface  approxi- 
mately plane 

Weaker  lens  with  second  surface  strongly 
negative 

Both  eyes  myopic 

Stronger  lens  with  second  surface  negative 
Weaker  lens  with  second  surface  positive 

One  eye  myopic 

Other  eye  hypermetropic 

Negative  lens  having  a  strongly  negative 

or  concave  second  surface 
Positive  lens  having  a  second  surface  plane 

Effrcl  of  raryiiii;  /lie  distance  of  the  hark  viil<\  fioiii  the  ccnlic  of  mttition  or, 
what  is  the  same  thin^,  from  the  conua. 

In  order  to  find  what  eflfect  moving  the  lens  further  forward  wciuld  have  (tn  the 
deviation  I  took  the  case  of  a  !  4  /)  plano-convex  lens  with  tlie  plane  surlace  next 
the  eye  and  calculated  the  deviation  for  <c./  20  when  </,  the  distance  of  the  back 
vertex  from  the  centre  of  rotation,  was  \arieii.   The  result  was  as  follows: 
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The  deviation  increases  almost  uniformly  with  the  increase  of  d.  We  can  use 
this  property  for  balancing  the  deviation  of  two  positive  spectacle  lenses  by  setting 
the  weaker  lens  further  away  from  the  eye  than  the  stronger  one.  Similarly  I  found 
that  increase  of  the  index  of  rcfniction  and  of  the  axial  thickness  of  the  lenses 
increased  the  deviation. 

Although  I  have  not  had  time  fully  to  work  it  out,  I  have  little  doubt  that 
ilecentering  one  of  the  lenses  in  a  horizontal  direction  is  a  means  for  balancing  the 
two  deviations. 

In  conclusion  it  appears  possible,  by  the  use  of  the  five  methods  enumerated 
above,  viz.  (i)  bending,  (2)  varying  index  of  refraction,  (3)  varying  distance  of  lens 
from  cornea,  (4)  varying  axial  thickness  of  lens,  (5)  decentering,  so  to  design  simple 
lenses  as  to  correct  or  minimise  the  effect  of  small  amounts  of  anisometropia. 
In  general  it  will  not  be  possible  to  correct  at  the  same  time  the  astigmatism  of 
oblique  pencils,  but  in  all  cases  where  the  second  surface  of  a  lens  must  be  strongly 
concave  to  the  eye  in  order  to  correct  the  anisometropia,  one  can  select  the  strongly 
curved  or  W'oliaston  type  of  meniscus  and  in  this  way  also  correct  the  astigmatism. 


NOTES  ON  THE  NON-OPERATIVE  TREATMENT 

OF  SQUINT 

By  MARGARET  DOBSON,  M.D.,  Lond. 

In  ordering  glasses  for  squint  the  object  in  view  is,  firstly,  to  correct  the  deformity 
by  making  the  eyes  parallel,  and  secondly,  to  prevent  the  squinting  eye  from  be- 
coming amblyopic  from  disuse.  The  treatment  must  begin  as  soon  as  the  child  can 
wear  glasses.  One  should  aim  at  curing  squint  before  the  child  is  six  years  old,  as 
by  this  time  the  fusion  sense  has  become  established  and  it  is  most  difficult  to  obtain 
binocular  vision  after  this  age.  If  the  glasses  do  not  straighten  a  squinting  eye  there 
is  a  danger  of  permanent  loss  of  vision  in  this  eye. 

The  method  of  procedure  in  ordering  glasses  is  as  follows.  For  one  week  a 
2  per  cent,  solution  of  sulphate  of  atropine  is  instilled  into  the  eyes,  three  times  a  day. 
A  complete  paralysis  of  accommodation  is  thus  obtained.  A  careful  retinoscopy  is 
now  made,  and  a  full  correction  is  ordered.  The  large  majority  of  squinting  eyes 
are  found  to  be  hypermetropic  or  hypermetropic  with  astigmatism.  Accommodation 
and  hypermetropia  are  intimately  associated;  the  glasses  ordered  relieve  the 
hypermetropia,  i.e.  the  contraction  of  the  ciliar}'  muscle  which  is  not  even  at  rest 
when  viewing  objects  at  infinity,  or  at  any  distance  greater  than  6  metres.  The 
glasses  should  be  worn  for  two  years  before  surgical  treatment  is  adopted. 

I.  Glasses  should  be  worn  constantly — large  circular  lenses,  over  which  the 
child  cannot  look,  are  recommended. 
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2.  A  second  pair,  the  practice  glasses,  in  which  the  lens  of  the  sound  eye  is 
covered  by  a  plane  disc  of  vulcanite,  should  be  worn  for  several  hours  each  day, 
in  order  to  stimulate  vision  in  the  defective  eye. 

3.  A  pair  of  "Triplex"  (unbreakable)  glasses,  made  up  to  the  prescription, 
should  be  worn  during  play-time,  in  order  to  lessen  the  risk  of  injur}-  to  the  eye 
from  broken  glass. 

4.  Glasses,  the  arms  of  which  end  in  loops  above  the  ears,  and  which  can  be 
tied  round  the  head,  should  be  worn  by  very  young  children. 

5.  If  astigmatism  is  present,  glasses  with  banana-shaped  brackets  resting  on 
the  nose  are  recommended,  as  displacement  of  the  axes  is  thereby  reduced  to  a 
minimum. 

A  special  frame,  suitable  for  very  young  children,  or  for  motorists,  has  been 
devised  by  the  author.  It  has  a  very  short  arm  ending  in  two  branches  at  an  angle 
of  45".   To  the  end  loops  of  these  elastic  is  attached  which  passes  round  the  ears. 


SIR  WILLIAM  CROOKES'  ANTI-GLARE  GLASSES 
By  J.  H.  GARDINER,  F.Inst.P. 

I  suppose  that  I  have  the  privilege  of  knowing  as  much  as  anyone  about  this 
subject,  having  been  intimately  associated  with  the  late  Sir  William  Crookes  for 
more  years  than  I  care  to  count,  working  under  him  in  all  the  researches  connected 
with  the  glasses  that  bear  his  name.  Sir  William  was  deeply  interested  in  the  subject, 
and  was  engaged  upon  the  work  at  the  time  of  his  death. 

A  few  words  briefly  giving  the  historj-  of  the  research  may  not  be  out  of  place. 
The  work  on  the  radiation  transmission  of  transparent  substances  began  witli  an 
enquiry  into  the  cause  of  glass-maker's  cataract,  and  several  years  of  hiud  work 
were  devoted  to  it;  in  1914  a  paper  was  read  before  the  Royal  Society  in  which 
formulae  were  given  for  many  glasses  having  special  optical  properties,  and  manu- 
facturers were  encouraged  to  produce  them  for  general  use.  As  a  result,  Sir  William 
was  inundated  with  enquiries  from  private  people  needing  assistance  for  eyesight 
trouble,  and  from  glass  manufacturers  who  wished  to  use  his  name  for  glasses  that 
they  had  succeeded  in  making  from  his  published  formulae. 

It  -soon  became  evident  that  further  work  was  necessary  to  [Moducc  a  glass  tliat 
would  absorb  as  much  ultra-violet  radiation  as  possible,  and  at  the  same  time 
transmit  the  bulk  of  the  visible  rays;  the  glass  also  had  to  be  pleasing  in  appearance. 
It  was  evident  that  it  would  be  necessary  to  make  a  variety  of  tints  to  suit  different 
climatic  conditions. 

The  work  was  carried  out  with  tlu-  assistance  of  Mr  I larry  Powell  of  Wiiitcfriars 
Cilass  Works,  whose  death  uiiliapiiiiy  occurred  a  few  days  ago.  .Xgreonients  were 
made  between  Sir  William  and  Mr  Nelson  Wingate,  of  Wigmore  St,  W.,  for  the 
glasses  to  be  placed  upon  the  market  as  soon  as  conditions  made  their  production 
possible.  Some  of  these  glasses  are  on  exhibition  here  to-night.  Many  causes, 
that  1  need  not  enter  upon  now,  have  prevented  very  large  production,  but  it  is 
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hoped  tliat  the  output  will  be  increased  shortly ;  the  glass  is  of  a  very  special  character 
ami  presents  unexpected  technical  difficulties. 

On  the  death  of  Sir  William  the  whole  of  the  data  for  the  preparation  of  the 
"glasses,  and  the  apparatus  that  had  been  devised  for  obtaining  measurements  of  the 
radiation  transmitted  and  absorbed  by  them,  were  given  into  my  charge;  the 
apparatus  will  shortly  be  erected  at  the  Laboratories  of  the  new  Whitefriars  Glass 
Works  at  Wealdstone,  where  we  hope  to  be  able  to  produce  the  material  in  larger 
c|uantities  than  has  been  possible  at  the  old  works  in  London. 

DISCUSSION 

Dr  L.  C.  Martin  :  I  would  like  to  draw  attention  to  the  work  of  Verhoeffand  Bell 
on  the  "Pathological  Effects  of  Radiant  Energy  on  the  Eye"  {Proc.  Amer.  Acad. 
Arts  and  Sciences,  51  (July,  1916),  No.  13).  A  systematic  review  of  the  literature 
is  given  by  Dr  C.  B.  Walker  in  the  same  issue.  The  authors  show  that  the  radiations 
possessing  "abiotic"  power  (or  power  of  destructive  action  on  living  tissue)  are 
confined  to  wave  lengths  shorter  than  -305  /x.  It  is  under  exceptional  conditions 
that  such  harmful  action  can  be  caused  by  sunHght  which  possesses  very  little 
energy  at  -305  /x  and  contains  no  wave  lengths  shorter  than  -295  ^i  at  the  earth's 
surface  owing  to  atmospheric  absorption.  Similarly  the  possibility  of  abiotic  action 
with  the  light  from  ordinary  enclosed  sources  of  artificial  light  is  very  remote, 
although  witli  naked  arcs,  etc.,  special  protection  must  be  given. 

In  ordinan^-  life  the  causes  of  eye  strain  and  inflammatory  conditions  must 
be  sought  in  conditions  other  than  the  abiotic  action  of  light  and  attention  would 
he  better  directed  to  the  regulation  of  the  intensity  of  the  visually  apparent  radia- 
tions, to  general  health,  and  to  the  provision  of  proper  refractive  correction.  The 
conclusions  set  out  in  my  paper  on  "Light  Filters  for  Eye  Protection"  {Trans. 
Opt.  Soc.  18  (April,  1917))  agree  with  those  of  Verhoeff'  and  Bell  and  I  would  like 
again  to  draw  attention  to  that  paper  in  the  present  connection. 

Mr  H.  H.  Emsley :  I  associate  myself  with  Dr  Martin  to  the  extent  of  expressing 
some  confusion  of  mind  as  to  what  exactly  Crookes'  glass  is  intended  to  do.  My 
recollection  of  Crookes'  work  on  the  subject  is  that  it  was  found  that  cataract  in 
glass-workers'  eyes  was  caused  by  the  infra-red  radiation  and  not  by  the  ultra-violet. 
Nowadays  one  hears  no  word  about  the  infra-red  absorbing  properties  of  the  glass. 
It  is  true  that  Crookes  extended  his  investigation  as  he  proceeded  and  encountered 
many  difficulties,  but  I  am  not  clear  as  to  why  the  ultra-violet  is  continually  referred 
to  and  practically  nothing  is  stated  about  the  infra-red. 


THE  MANUFACTURE  OF  GOLD-FILLED 

SPECTACLE  FRAMES 

Bv  HERBERT  S.  RYLAND. 

Gold-filled  spectacle  and  eyeglass  fittings  are  probably  more  used  than  those 

made  of  either  steel  or  gold.   They  were  designed  to  meet  the  need  for  a  material 

which  could  be  sold  at  a  price  within  the  reach  of  all  and  yet  have  the  wearing  and 
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non-corrosive  properties  of  solid  gold.  Any  part  of  a  gold-filled  spectacle  frame 
consists  of  two  portions,  one  completely  surrounding  the  other.  The  inner  portion 
is  a  base  metal  alloy  in  which  copper  plays  a  large  part,  and  the  outer  is  usually  a 
gold  and  silver  alloy.  The  quality,  apart  from  manufacturing  details,  is  determined 
by  the  proportion  between  the  weight  of  the  two  alloys  and  the  value  in  carats  of 
the  gold  alloy.  It  is  usually  expressed  in  the  form  i/io  10  carat.  The  quality,  as 
determined  by  the  actual  manufacture,  depends  upon  the  completeness,  or  non- 
perforation,  of  the  gold  casing,  the  tit  of  the  various  working  parts,  and  the  ability 
of  the  frame  or  mount  as  a  whole  to  retain  its  shape.  ITnlike  steel,  gold-filled  material 
cannot  be  hardened  or  tempered  by  heat,  but,  like  solid  gold,  it  can  be  hardened 
by  hammering  or  rolling. 

Gold-filled  material  is,  like  gold  or  steel,  prepared  in  the  form  of  wire,  tube, 
and  sheet.  It  is  interesting  to  note  that  the  weight  and  carat  value  of  the  material 
are  maintained  in  well-made  goods  from  the  stock  to  the  finish  of  each  individual 
part.  This  being  so,  it  is  evident  that  the  usual  methods  of  cutting,  turning,  filing, 
etc.,  used  for  solid  metal,  cannot  be  employed  here.  For  this  reason  special  methods 
and  machines  for  shaping  the  various  parts  have  been  developed.  The  different 
processes  may  be  summarised  as  follows : 

(i)  Szvagiug.  Swaging  is  a  process  of  hammering,  by  means  of  a  special  machine 
and  suitable  dies,  wire  or  tube  either  to  a  smaller  size  or  to  a  taper  or  other  pre- 
determined form.  Figs,  i  and  2  show  end  and  longitudinal  sections  of  a  swaging 
machine,  some  of  the  parts  of  which  can  be  seen  in  Figs.  3  and  4.  A  spindle  A 
(Figs  1-3)  is  provided  with  a  slot  which  carries  the  dies  B  and  steel  blocks  C  (Fig.  3), 
called  backers,  with  rounded  ends.  These  are  held  in  position  by  cover  plates  D,  E. 
The  dies  are  in  the  centre  of  the  slot  so  that  the  axes  of  the  forming  groove  and 
the  spindle  are  coincident.  Surrounding  the  part  of  the  spindle  which  carries  the 
dies  is  an  annular  rack  G  (Fig.  4)  carrying  a  number  of  hardened  steel  rollers  R. 
The  rack  is  enclosed  in  a  hea\T  stationary  cylinder  (Figs,  i  and  2).  When  the 
spindle  is  revolved  the  backers  pass  between  successive  pairs  of  rollers  and  are 
forced  on  to  the  dies.  The  work  is  prevented  from  revolving  while  the  spindle 
revolves  rapidly ;  at  the  same  time  the  rack  is  free  to  revolve,  but  is  only  moved  by 
the  passage  of  the  dies  and  the  backers.  Hence  it  moves  slowly  in  comparison  with 
the  spindle;  as  a  result  the  dies  close  upon  the  work  each  time  in  a  different  cir- 
cumferential position,  and  the  work  retains  its  cylindrical  form.  The  spindle  itself 
is  hollow  so  that  long  pieces  of  wire  may  be  passed  through  when  necessary.  In 
order  to  prevent  the  perforation  of  the  gold  outer  casing  of  the  work  it  is  essential 
that  the  dies  be  well  polished  and  that  the  machine  be  kept  free  from  grit  and  dirt. 

(2)  Hammering.  The  hammer  machine  is  used  for  making  the  elliptical  joints 
of  "astig"  frames  or  for  flattening  parts  of  pieces  of  wire  intended  for  use  as 
springs.  In  principle  it  is  similar  to  the  swaging  machine.  A  diagrammatic  view 
is  shown  in  Fig.  5.  A  is  a  revolving  spindle  with  grooves  cut  in  it  to  carry  the  rollers 
B,  which  are  therefore  carried  round  by  the  spindle.  The  spindle  and  rollers  are 
enclosed  in  a  heavj-  casing  C,  which  is  fitted  with  a  slot  to  carry  a  die  holder  D. 
The  upper  end  of  the  die  holder  is  fitted  with  a  rounded  hard  steel  block  D'  and  is 
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kept  against  the  rollers  by  a  spring  E.  The  whole  is  mounted  on  a  strong  table  // 
carrj'ing  a  lower  die  holder  /,  which  is  lifted  towards  the  upper  holder  by  means  of 
a  pedal-operated  lever.  If  the  lower  die  holder  is  lifted  against  the  upper  as  the 
spindle  revolves  the  passage  of  each  roller  delivers  a  blow  to  the  dies  F  and  G, 
and  to  the  work  held  between  them.  In  this  manner  as  many  as  five  thousand  blows 
per  minute  may  be  delivered  to  the  work.  In  the  case  of  cylindrical  pieces  it  is 
necessar}'  for  the  work  itself  to  revolve.  The  machine  is  provided  with  what  is  in 
effect  a  lathe  head  J  having  a  hollow  mandrel  K,  fitted  with  draw-in  chucks  L  to 
grip  the  work.  This  makes  it  possible  to  revolve  the  work  during  the  hammering 
operation. 

.As  an  example  of  the  work  performed  on  this  machine  we  may  consider  the 
elliptical  joints  used  for  "astig"  frames.  The  dies  used  are  shown  in  Fig.  6.  The 
stock  is  a  gold-filled  tube,  that  is,  a  tube  of  base  metal  having  a  tube  of  gold  on  the 
outside.  .\  piece  of  steel  piano  wire  is  drawn  through  to  act  as  a  mandrel.  The  whole 
is  gripped  in  the  lathe  head  and  revolved  between  the  dies.  The  lower  die  is  then 
forced  towards  the  upper  by  means  of  a  foot  pedal  until  the  dies  are  closed.  This 
process  is  repeated  over  the  whole  length  of  wire.  The  piano  wire  is  then  withdrawn, 
and  the  ellipses,  if  the  dies  are  correct,  can  be  broken  apart  with  the  fingers.  Just 
as  noted  for  the  swaging  machines,  freedom  from  grit  and  well  polished  dies  are 
necessar}'  conditions  for  good  work. 

(3)  Pressing.  We  now  come  to  press  work.  Press  tools  are  used  for  cutting 
sheet  metal  to  shape,  an  operation  known  as  blanking ;  bending  sheet  metal  or  wire 
to  a  given  form ;  embossing  or  impressing  a  given  surface  form  on  a  piece  of  metal ; 
or  drawing,  that  is,  making  tubes  or  cups  from  sheet  metal.  For  gold-filled  work  in 
such  parts  as  joints  a  tearing,  rather  than  a  cutting,  action  is  needed  so  that  the 
gold  casing  may  be  brought  up  over  the  edge.  To  accomplish  this  the  dies  are  made 
with  rounded  edges  as  shown  in  Fig.  yrt,  A  being  the  punch,  which  is  operated  by 
the  ram  of  a  press,  and  B  the  die.  It  will  be  noticed  that  the  gold  casing  of  the  work 
C  is  on  both  sides  of  the  plate.  Some  makers  use  metal  with  gold  on  one  side  only. 
The  work  after  pressing  is  shown  in  section  in  Fig.  76.  It  will  be  noticed  that  the 
gold  is  drawn  up  over  the  edge  from  the  bottom  while  the  upper  gold  is  torn  up 
before  the  joint  is  finally  separated  from  the  stock.  To  close  the  gold  down  and  at 
the  same  time  square  up  the  joint  an  embossing  die  (Fig.  8fl)  is  used.  The  punch  A 
has  a  slightly  concave  lower  surface  and  fits  the  depression  in  the  die  B.  As  a  result 
the  metal  of  the  joint  is  forced  out  to  fill  the  depression  in  B  while  the  slightly 
concave  lower  surface  of  the  die  closes  the  gold  down  as  in  Fig.  86,  thus  making  the 
joint  acid  proof  except  for  the  screw  holes.  Both  the  die  and  the  lower  surface  of 
the  punch  must  be  polished;  edges  and  corners  must  be  slightly  rounded. 

An  example  of  bending  is  shown  in  Fig.  9 ;  in  this  case  the  wire  C  for  a  spectacle 
bridge  is  simply  bent  to  form  between  the  punch  A  and  the  die  B,  the  wire  having 
been  previously  flattened  for  the  crest  and  spread,  for  soldering  to  the  eye  wire, 
in  an  embossing  die.  In  bending  such  a  piece  as  this  allowance  must  be  made  in 
the  shape  of  the  dies  for  the  tendency  of  the  wire  to  spring  back  to  a  certain  extent 
towards  its  original  form.   An  example  of  an  embossing  die  is  shown  in  Fig.  10. 
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This  die,  as  its  form  will  indicate,  is  for  producing  bars  for  "astig"  frames.  The 
round  wire  is  laid  in  the  groove  cd,  and  the  punch,  which  has  a  flat  lower  surface 
(with  the  exception  of  a  groove  to  clear  the  round  portion  of  the  bar  ce)  is  forced 
down.  That  part  of  the  wire  from  e  to  d'ls  thus  spread  to  fill  the  half  round  groove 
end.  A  point  of  interest  to  note  here  is  that  the  wire  after  flattening  is  always 
slightly  larger  than  the  groove  in  the  die,  owing  to  the  elasticity  of  the  metal. 
Careful  allowance  for  this  must  be  made  when  the  die  is  designed. 

For  producing  a  cup,  such  as  that  for  the  end  of  a  "temple"  or  cable  side,  the 
punch  is  smaller  in  diameter  than  the  hole  in  the  die  by  an  amount  slightly  less  than 
twice  the  thickness  of  the  stock,  and  the  edges  both  of  punch  and  die  are  slightly 
rounded.  The  work  is  kept  flat  until  it  is  drawn  down  by  the  punch,  thus  preventing 
the  formation  of  wrinkles  in  the  sides  of  the  cun. 


(4)  Winding.  Cable  sides  consist  of  a  central  wire  round  wliich  wires,  usually 
four  in  number,  are  wound  by  means  of  a  special  winding  machine.  This  consists 
of  a  re\-olving  plate  to  which  are  attached  four  spools  of  wire  which  are  free  to 
rotate  as  the  wire  is  wound  off.  'I'he  mandrel  or  core  upon  which  the  spiral  is 
formed  consists  of  a  length  of  steel  piano  wire  which  is  moved  along  the  hollow  axis 
of  the  plate.  Means  are  provided  for  adjusting  the  tension  of  the  wires  and  the 
speed  of  the  core. 

(5)  Soldering.  \\:\\\\  soldering  plays  a  large  part  in  the  assembling  of  spectacle 
goods.  It  is  called  hard  soldering  because  the  melting  point  of  the  solder  used  is 
but  little  less  than  that  of  the  material  soldered.  The  older  method  of  obtaining  the 
heat  for  soldering  was  to  use  a  gas  blow-pipe,  i-'or  factory  purposes,  air,  compressed 
by  a  power-driven  compressor,  was  supplied  in  tin-  lilow-pipes  iiy  means  of  a  pipe 
line  led  to  the  work  benches. 
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'I'hc  lieat  of  soldering  has  the  effect  of  softening  the  spectacle  frame  in  the  region 
of  the  joint.  Where  the  gas  blow-pipe  is  used  this  softening  may  extend  for  some 
ilistancc  on  either  side.  In  some  cases  the  softening  can  be  partly  remedied  by  a 
final  hammering,  but  this  is  not  always  possible. 

Tor  this  reason  electric  soldering  machines  are  nt)\v  being  used.  The  machine 
consists  essentially  of  a  pair  of  heavy  clamps  by  which  the  work  is  held  as  close  to 
the  joints  as  possible.  These  clamps  are  connected  through  an  adjustable  resistance, 
;immeter,  and  switch  to  a  supply  of  current.  The  minimum  current  required  to 
melt  the  solder  is  found  by  experiment  for  each  part  to  be  soldered.  This  is  noted, 
and  the  resistance  adjusted  accordingly  for  each  batch  of  work.  There  are  three 
advantages  attached  to  this  method  of  soklcring: 

(i)  the  process  is  speedy, 

(2)  temperature  conditions  are  under  perfect  control, 

(3)  the  extent  of  the  heating,  and  consequently  the  extent  of  the  softening,  is 
reduced  to  a  minimum. 

The  cleaning  of  the  work  after  machining  is  conveniently  done  by  suspending 
the  parts  from  an  iron  wire  in  a  caustic  solution  and  passing  a  small  current  through 
them.  .Another  method  is  to  pack  the  parts  in  perforated  containers  which  are 
kept  in  constant  movement  in  a  hot  lye  solution. 

The  final  process  may  be  either  gilding  or  polishing,  but  if  the  machining  has 
been  properly  done,  gilding  should  be  unnecessary. 

Were  it  not  for  its  corrosive  properties,  steel  for  spectacle  work  would  probably 
be  used  to  a  greater  extent  than  it  is.  There  are  available  to-day  what  are  known  as 
black  nickelling  and  stainless  steel.  The  use  of  one,  or  both,  of  these  would  provide 
a  spectacle  frame  which  has  the  stiffness  which  is  so  desirable,  together  with  a  dull 
black  finish.   No  doubt  some  of  our  manufacturers  will  take  this  question  up. 

This  paper  is  not  intended  as  a  detailed  technical  description  of  the  manufacture 
of  gold-filled  spectacle  goods ;  it  is  hoped  however  that  this  general  description  of 
special  mechanical  methods,  not  generally  known,  will  be  of  interest,  as  the  author 
can  see  nothing  to  prevent  the  establishment  of  a  very  considerable  industry  in 
this  countr)-. 
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EXHIBIT  OF  A  PRISMATIC  ASTROLABE 
By  Instructor-Commander  T.  Y.  BAKER,  R.N.,  B.A. 

Exhibited  8tli  February,  1923 

'I'liis  instrument,  which  is  used  for  accurate  geodetic  survey  work,  was  designed  and 
made  at  the  Admirahy  Research  Laboratory,  Teddington;  it  is  a  modification  of 
that  designed  by  MM.  Claude  and  Driencourt  and  extensively  used  in  the  survey 
of  Egypt. 

The  general  principle  of  the  instrument  is  embodied  in  the  use  of  a  prism  of 
60"  angles  placed  with  its  edges  horizontal  in  front  of  a  horizontal  telescope,  the 
face  nearest  the  telescope  being  vertical.  Below,  and  slightly  in  front  of  the  prism, 
is  a  mercury  trough.  When  the  instrument  is  turned  into  the  azimuthal  plane  of 
a  star  whose  altitude  is  about  60°  above  the  horizontal  two  images  of  the  star  are 
visible  through  the  telescope,  the  one  seen  by  light  transmitted  through  the  upper 
slant  face  of  the  prism  and  subsequent  reflection  at  the  lower  slant  face ;  the  other 
by  light  reflected  first  in  the  mercury  surface  then  transmitted  through  the  lower 
slant  face  and  subsequently  reflected  at  the  upper  slant  face.  The  two  star  images 
move  one  upwards  and  the  other  downwards  in  the  field  of  view  as  the  star  rises 
or  sets  and  the  instant  when  they  come  into  contact  is  the  instant  when  the  star  is 
at  an  altitude  of  60°  if  the  front  edge  of  the  prism  is  exactly  60°. 

The  modifications  made  at  the  Admiralty  Research  Laboratory  are  two-fold, 
(i)  'I'he  prism  is  made  rotatable  about  an  axis  parallel  to  its  edges  and  the  angles  of 
the  prism  are  allowed  to  depart  slightly  from  60°,  being  actually  in  the  model  shown 
60°  4'  21 ",  59"  59'  43",  and  59"  55'  56".  Hy  using  each  edge  of  the  prism  in  turn  as 
the  front  edge  three  observations  of  the  star  can  be  made  instead  of  only  one,  the 
mean  of  the  measured  altitudes  being  exactly  60°.  (2)  A  refracting  prism  of  small 
angle  is  mounted  to  cover  one  quadrant  of  the  object  glass  and  a  duplicate  image  of 
one  star  is  thus  produced  in  the  field  of  view.  The  duplicated  images  are  on  the 
same  horizontal  level.  The  observation  for  contact  is  made  by  noting  the  instant 
when  the  descending  image  is  on  a  level  with  and  between  the  duplicated  images, 
instead  of  noting  the  instant  when  two  star  images  come  into  e.xact  contact,  as  was 
done  in  the  old  instrument.  Laborat(jry  trials  of  the  two  methods  show  that  whereas 
the  mean  error  of  observation  with  the  old  scheme  was  o"-2,  with  the  new  arrange- 
ment the  mean  error  is  o"-i2. 
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Die  Brille  ah  Optisches  Instrument.  By  Professor  A  I.  von  Rohr.  Pp.  xiv  I  254; 
112  figs.  (Berlin:  Julius  Springer,  1921.) 

The  first  edition  of  this  book  (1911)  has  been  revised  and  enlarged  in  this  edition — the 
third.  Dr  von  Rohr  has  rendered  a  valuable  service  both  to  those  who  specialise  in  the 
application  of  ophthalmic  lenses  and  to  the  physical  historian.  Almost  every  alternate 
paragraph  is  associated  with  historical  notes  which  are  so  well  indexed  as  to  yield  a  valu- 
able bibliography.  It  is  peculiar,  however,  that  no  mention  is  made  of  the  acknowledged 
doubtful  inventor  of  spectacles,  whether  Friar  Bacon  or  otherwise. 

The  introductory  remarks  occupying  some  seventeen  pages  are  mainly  concerned  with 
protective  goggles,  tinted  and  eye-preserving  glasses,  and  spectacle  novelties  such  as 
contact  lenses.  One  would  have  thought  that  the  theory  of  annoying  reflections  occurring 
at  the  spectacle  surfaces  was  worth  more  consideration  than  is  given  to  it. 

The  second  part  on  spectacle  lenses  constitutes  the  major  portion  of  the  work  and 
after  describing  various  "shapes"  of  lenses,  lenticular  forms,  etc.,  in  detail  is  subdivided 
into  Anastigmatic  and  Best  Form  Lenses,  cylindrical  and  torics,  chromatism,  and  bi- 
nocular vision  through  spectacles.  References  in  this  portion  are  particularly  copious.  The 
matter  presented  possesses  considerable  theoretical  interest  but  may  fail  to  satisfy  the 
more  precise  requirements  of  the  practical  worker.  Commencing  with  a  definition  of 
vertex  refraction,  the  writer  immediately  converges  to  a  cardinal  treatment  of  spectacle 
lens  in  combination  with  the  GuUstrand  schematic  eye.  The  GuUstrand  treatment  of 
visual  acuity  in  aided  vision  is  next  considered.  One  ventures  to  think  that  a  direct  attack 
(e.g.  Bonders)  on  the  influence  of  correcting  lenses  on  the  apparent  amplitude  of  accom- 
modation gives  a  simpler  and  more  fundamental  solution  of  this  problem. 

The  Best  Form  problem  is  discussed  at  great  length  and  is  especially  worthy  of  note. 
.After  considering  the  function  of  the  centre  of  rotation  and  orthoscopic  conditions  there 
follows  a  decidedly  useful  review  and  criticism  of  the  first  approximations  of  Ostwald, 
Tscherning,  Percival,  Whitwell,  and  others.  There  is,  however,  no  British  reference  in  the 
whole  book  dating  after  1915,  so  that  Whitwell's  important  article  "  Best  Form  XV  "  {The 
Op/ician, Oct. 2, 1919)  is  not  included — the  article  in  question  gives  the  marginal  astigmatism 
for  a  whole  range  of  spectacle  lenses  on  various  bases  as  obtained  by  more  rigorous  trigono- 
metrical computation.  Gullstrand's  aspherical  lenses  are  not  treated  very  fully.  The 
influence  of  the  position  of  the  centre  of  rotation  on  the  bending  of  the  lens  is  shown 
clearly  in  a  fairly  long  paragraph. 

The  section  on  astigmatic  and  toric  lenses  is  very  suggestive,  e.g.  the  question  of 
astigmatic  distortion.  The  last  section  of  the  second  part  of  the  book  should  be  read  by 
those  prescribers  of  lenses  who  rely  too  readily  on  the  patient's  perseverance  to  "get 
accustomed  to  the  lenses,"  a  stratagem  rather  common  in  this  country  and  America.  Other 
points  worthy  of  note  are  the  treatment  of  prismatic  spectacles  and  the  decentration  of 
all  kinds  of  lenses,  telescopic,  achromatic  and  anisometropic  spectacles. 

The  last  section  of  the  work  reviews  the  ophthalmic  activities  of  the  various  countries, 
and  England  does  not  compare  very  favourably  with  either  America  or  Germany.  The 
view  of  England's  work  is  justified  but  one  would  have  thought  America  warrants  more 
consideration. 

W.  S. 
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Sprechsaal-Kalender  fur  die  Keramischen,  Gins-  und vencandten  Indusfrien,  1923. 
(Coburg:  Miiller  and  Schmidt.) 

The  technical  part  of  this  Annual,  which  is  now  in  its  fifteenth  year,  contains  over 
240  pages  of  physical  and  chemical  data  compiled  by  Dr  J.  Koerner,editorofthe5/)/fc/waa/. 
While  much  of  the  information  contained  in  the  calendar  is  of  general  utility,  the  major 
portion  is  of  special  interest  to  those  interested  in  the  manufacture  of  glass  or  ceramics. 
Analyses  of  various  raw  materials  from  Continental  sources  suitable  for  use  in  these 
industries  are  included  and  also  a  very  full  list  of  melting  temperatures  and  physical 
characteristics  of  various  compounds  and  eutectic  mixtures,  together  with  their  molecular 
and  percentage  composition. 

Several  processes,  for  example,  the  plating,  etching  and  cementing  of  glass,  are  de- 
scribed in  detail.  The  section  on  optical  constants  has  been  brought  up  to  date  by  the 
inclusion  of  results  recently  obtained  by  Peddle  and  other  workers  in  this  subject.  The 
durability  of  glasses  is  also  dealt  with  but  not  quite  so  fully. 

The  glass  or  ceramic  technologist  who  is  able  to  read  German  will  find  the  hook  very 
useful  in  providing  necessary  data  in  a  readily  accessible  form. 

F.  F.  S.  B. 
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I  S3 145.     Gasser,  M.  Stereoscopic  App.ar.xtus. 

Overlapping  oblique  photographs  are  mounted  upon  carriers  which  are  adjusted  in 
correspondence  with  the  positions  from  which  the  photographs  were  originally  taken. 
The  field  is  then  explored  by  adjusting  the  carriers  in  such  a  way  that  corresponding 
image  points  are  seen  by  reflection  in  coincidence  with  a  mark  on  a  vertical  graduated 
staff,  which  mark  indicates  the  altitude  of  the  point,  while  the  foot  of  the  staff  gives  its 
position  in  plan.  One  reflecting  prism  in  each  of  the  viewing-telescope  systems  is 
adjustable,  so  as  to  secure  sharp  focussing. 

183153.     Slater-Greenwood,  \V.  Vehici.e  L.-^mps. 

To  reduce  glare  at  will,  an  iris  diaphragm,  with  crescent-shaped  blades  of  mica  or 

other  translucent  material,  is  placed  within  the  lamp,  and  controlled  from  the  dashboard. 

183176.     Curwcn,  J.  S.  Comi'ositi:  Picture.s. 

A  transparent  line  screen,  formed  of  a  scries  of  convex  strips,  is  placed  in  front  of  a 
composite  picture,  so  that  movement  of  the  screen  causes  the  picture  to  change.  The  size 
and  positions  of  the  parts  is  such  that  the  screen,  which  is  constituted,  in  effect,  by  a 
number  of  cylindrical  lenses,  produces  such  a  magnification  of  the  line  elements  of  which 
the  separate  pictures  are  built  up  that  from  a  given  view-point  the  whole  area  appears  to 
be  filled.  The  movement  necessary  to  produce  a  change  of  picture  may  be  effected  by 
the  vibration  of  a  railway  carriage,  or  by  the  action  of  ilic  wind;  or  a  dcfiuiic  acluating- 
gearing  may  be  fitted. 

183242.     Shiittleworth,  J.  P.,  and  another.  I,i-vi:i.s. 

A  uniform  circular  tube,  half  lillcil  with  lit|uid,  is  mounted  on  liic  \crtiial  face  of  a 
straight  edge,  which  is  proxiilcd  willi  iudic  aliiit;  marks. 
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183268.     Rounce,  E.  Grinding  Hollow  Cylinders. 

The  specification  describes  an  attachment  for  a  lathe,  for  the  purpose  of  enlarging 
the  hore  of  hollow  cylinders.  The  grinding-wheel  is  driven  through  epicyclic  gearing 
from  ;i  high-speed  shaft  passing  through  the  hollow  lathe-spindle,  and  it  also  receives  a 
hodil\  (.cccntric  movement,  which  is  adjustable  in  extent. 

183274.     Terry,  A.  E.  Vkiiicle  Lamps. 

.\n  anti-dazzle  attachment  includes  a  number  of  open-ended  tubes  to  direct  the  main 

beam,  leaving  an  outer  imobstructed  marsjin  to  permit  of  the  spreading  of  the  indirect  rays. 

183571.     Bcntzon,  M.  Grinding  .and  Pollshing  Lenses. 

Bi-focal  lenses  are  made  by  grinding  zones  of  different  curvature  by  means  of  separate 
tools  upon  a  disc,  which  is  then  cut  up  to  form  the  lenses.  The  disc  is  secured  to  a 
rotating  table,  and  brought  up  beneath  the  tools.  The  central  area  is  ground  by  a  tool 
which  is  rotated  by  a  flexible  shaft,  and  reciprocated  between  stops,  while  it  is  guided  by 
a  curved  templet.  The  outer  region  of  the  disc  is  shaped  by  a  second  tool,  also  driven  by 
a  flexible  shaft,  its  angular  presentation  to  the  disc  being  capable  of  variation  so  that  a 
convex  or  concave  curvature  may  be  produced  as  desired. 

183582.     Frink,  R.  L.  Gl.\ss  Manufacture. 

IMetal  moulds  for  glass-working  are  formed  with  porous  or  finely-pitted  surfaces,  as, 
for  instance,  by  making  them  of  an  alloy  of  aluminium  with  2  per  cent,  of  calcium  or 
barium,  and  then  treating  them  with  alkaline  solutions. 

183799*.     Reichert,  C.  Microscopes. 

.\  microscope  is  fitted  with  both  a  monocular  and  a  binocular  body,  either  of  which 
can  be  brought  into  use  without  moving  the  objective.  The  monocular  and  binocular 
tubes  may  be  so  connected  that  movement  of  the  one  brings  the  other  into  position,  or 
a  sliding  prism  may  be  fitted  to  direct  the  light  as  required. 

183818.     Gray,  P.  and  Sons.  Signal  Lamps. 

In  addition  to  the  main  lamp,  which  is  employed  to  give  a  coloured  signal,  a  second 
source  is  fitted  to  give  a  clear  light,  and  mask  the  effect  of  extraneous  light,  which,  when 
reflected  from  within  the  lantern,  might  appear  to  constitute  a  signal.  A  clear  sheet  of 
glass,  placed  obliquely,  acts  as  a  reflector  for  the  masking  light,  and  also  deflects  some 
of  the  extraneous  light  entering  the  lantern. 

183S59.     Wadsworth  Watch  Case  Co.  Photo-etching. 

.\  photographic  etching  resist  or  stencil  is  produced  by  projecting  an  image  by  an 
optical  system  upon  a  sensitive  layer  laid  on  the  article  to  be  treated,  interposing  an 
additional  lens  to  produce  a  curvature  of  the  image  corresponding  to  that  of  the  article 
itself. 

183917.     (iwilliam,  F.  G.  Levels. 

For  levelling  a  line  or  cord,  the  level  is  pivoted  to  a  base  frame,  to  which  one  end  of 
the  line  is  anchored,  while  the  other  end  passes  over  the  pivot  pin,  and  along  the  base  of 
the  level.  When  the  line  is  drawn  taut,  the  end  mav  be  raised  or  lowered  to  centre  the 
bubble. 

*  Specification  published  before  acceptance. 


114  Abstracts  of  Patent  Specifications 

183936.    Aldis,  A.  C.  W.  Sighting-telescopes. 

The  image  of  a  graticule,  which  is  separately  illuminated,  is  brought  by  an  optical 
system  of  variable  magnification  into  coincidence  with  the  image  of  the  field  formed  by 
the  sighting  system.  In  an  instrument  intended  for  anti-aircraft  use,  the  variable  magni- 
fication of  the  graticule  system  is  obtained  by  the  rotation  of  a  sleeve  having  spiral  slots 
in  which  the  optical  elements  engage,  .\lternative  eyepieces,  of  different  powers,  are 
mounted  upon  a  rotating  carrier. 

184213.     Proszynski,  K.  de.  Projection  App.\r.\tus. 

An  electric  lamp  having  its  glowing  filament  near  one  side  of  the  bulb  is  enclosed 
between  two  reflectors,  one  of  which  may  form  a  water-jacket,  and  the  other  an  air- 
jacketed  door  to  the  casing.  One  or  both  reflectors  may  terminate  in  the  plane  of  the 
filament.  In  the  larger  one  there  is  an  aperture  through  which  practically  all  the  light  is 
projected,  either  directly  from  the  smaller  reflector,  or  indirectly  after  reflection  in  the 
larger  one. 

184425.     Simpson,  .\.  Cle.^ning  Lenses. 

A  device  for  cleaning,  for  example,  spectacle  lenses,  consists  of  two  arms  pivoted 
together,  each  carrying  a  disc  of  chamois  leather  secured  in  position  by  adhesive. 

184490*.     Soc.  d'Optique  &c.  de  Haute  Precision.  Height  Finders. 

The  apparatus  consists  of  a  range-finder  having  an  arrangement  of  links  and  slides  to 
indicate  height,  inclination  and  range,  the  centre  of  rotation  of  the  system  being  co-axial 
with  the  range-finder. 

1S4500.     Coryell,  W.  C.  Grinding  Edges. 

The  edges  of  strips  of  glass  are  ground  by  feeding  them  obliquely  against  grinding- 
rollers,  which  are  formed  with  hyperboloidal  surfaces.  The  curvature  produced  upon 
the  strip  depends  upon  the  angular  presentation  of  the  strip  to  the  rollers. 

184556.     Holmes,  J.  F.  Grinding  Cylinders. 

The  apparatus  is  designed  for  grinding  the  inside  of  hollow  cylinders,  and  can  be 
used  either  independently,  or  as  an  attachment  to  a  lathe.  The  grinding-wheel  is  driven 
at  high  speed  from  a  shaft  fitted  with  universal  joints,  and  carried  through  a  tubular 
member,  which  can  be  previously  aiijustetl  by  raiiial  screws  to  the  Jcsirctl  eccentricity 
relative  to  a  rotating  face-plate. 

1S4611.    Wallace,  C.  \V.  Measuring  Angles. 

In  connection  with  observations  by  compasses  and  sextants,  angles  are  measured  in 

terms  of  uniform  graduations  upon  the  chord  of  a  quadrant.  .\  pivoted  radial  cursor-arm 

carries  an  index  web  of  sufficient  length  to  intersect  the  graduated  chord  in  all  positions. 

184645.     British  Thomson-Houston  Co.,  Ltd.  Veiikle  L.amps. 

The  reflector  consists  of  two  paraboloids  having  a  common  focal  plane  and  parallel, 
but  not  coincident,  axes.  The  source  of  light  is  placed  between  the  respective  foci. 

1S472S.     Heath,  G.  A.  Sextants. 

The  "greatest  angle"  clamp  is  fitted  with  an  indicator  showini;  tiic  true  point  of 
contact  between  the  clamp  and  the  radius-arm. 


Sp"iifuali<)n  published  before 
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1X4853.     .Marks,  E.  C.  R.  I'lioTOMisTRic  Ai'I'AUATDS. 

One  photo-electric  cell,  under  the  influence  of  a  steady  illumination,  is  connected  to 
oppose  the  current  in  the  grid  circuit  of  an  electron  tube,  while  a  second  cell  is  connected 
in  opposition  to  the  first,  so  that  changes  in  the  current  through  the  second  produce  an 
amplified  effect  upon  the  current  in  the  main  circuit.  The  apparatus  described  is  arranged 
to  test  the  colour  of  cigars  by  causing  the  light  reflected  from  them  to  fall  upon  the  second 
cell. 
184^08.     Clarke,  C.  H.  Lens  Mounts. 

The  lens  is  secured  to  a  spherical  frustum  which  works  within  a  similar  frustum  upon 
the  support,  means  being  provided  to  maintain  the  two  parts  in  contact,  while  permitting 
the  direction  of  the  axis  of  the  lens  to  be  varied. 

185109*.     McLean,  S.  Vehicle  Lamps. 

The  bulb  is  movable  in  a  guide  lube  by  means  of  a  Bowden-wire  mechanism,  so  as 
to  put  it  in  or  out  of  focus. 

185144.    Tritsch,  D.  T.  Laryngoscopes. 

This  instrument  can  be  readily  dismounted  for  sterilising.  The  lamp  and  reflector 
screw  upon  the  body,  and  also  hold  the  tongue-piece,  when  it  is  not  part  of  the  body  of 
the  instrument.   Current  is  conveyed  through  the  handle  by  a  plug  connection. 

i85i()i.     Procoudini-Gorsky,  S.  AL  de.  Three-colour  Appar.atus. 

The  light  from  the  object  passes  through  a  triple  rhomboidal  prism,  which  provides 
two  partially-reflecting,  partially-transmitting  surfaces.  These,  together  with  the  final 
reflecting  surface,  produce  three  beams  of  light,  from  which  three  identical  images  are 
formed  by  suitable  lenses.  The  colour  images  are  obtained  by  the  use  of  the  appropriate 
colour-filter  with  each  lens. 

185277.     Barron,  W.,  and  another.  Annealing-pots. 

Air  is  excluded  by  providing  the  pot  with  a  double  lid,  and  passing  inert  gas  between 
the  two  portions.  The  articles  are  placed  in  a  separate  container  within  the  pot. 

185395*.     Liesegang,  E.  Projection  App.aratus. 

Episcopic  and  diascopic  systems  are  arranged  upon  opposite  sides  of  the  source  of 
light.  A.  movable  reflector  may  be  placed  to  cut  ofl'  the  light  from  either  system  at  will, 
and  reinforce  the  other. 

185819.     Tallack,  H.  T.  Sighting-levels. 

The  telescope  is  carried  by  a  tube,  which  is  rotated  for  adjustment  in  the  vertical 
plane  by  a  micrometer,  the  whole  being  mounted  upon  a  spherical  joint,  capable  of  being 
screwed  to  a  stand.  The  bubble  tube  is  ground  upon  both  its  upper  and  lower  surfaces, 
so  that  it  can  be  used  after  reversal  of  the  telescope. 

185914.     Sheringham,  G.  H.  Daylight  Reflectors. 

Sunlight  is  modified  by  reflection  from  coloured  surfaces,  or  by  transmission  through 
coloured  media,  so  as  to  resemble  ordinary  north  light. 

186025.     Tallack,  H.  T.  Levels. 

\n  opening  is  formed  at  one  end  of  the  metallic  casing  of  a  reversible  bubble-tube, 
so  that  only  one  end  of  the  bubble  is  exposed. 

*  Specification  published  before  acceptance. 
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186038*.     Richards,  H.,  and  others.  Vehicle  Lamps. 

A  coloured  transparent  envelope  around  the  source  of  light  is  continuously  rotated; 
or  a  parti-coloured  bulb,  rotated  by  a  motor,  is  fitted. 

186099.  Zeiss,  C,  and  another.  Bo.mb-dropping  Sights. 
The  line  of  sight  is  displaced  rearwardly  by  an  amount  dependent  upon  the  air  speed 

of  the  machine,  and  laterally  by  an  amount  determined  by  the  speed  and  direction 
relative  to  the  ground.  .\  correction  is  also  applied  when  the  dropping-point  does  not 
coincide  with  the  sighting-point.  The  sight  is  mounted  upon  a  stabilised  body,  inter- 
changeable sighting-scales  being  provided  for  use  at  different  elevations. 

186100.  Knight,  A.  E.  Illuminated  Signals. 
A  signalling-device  for  motor  vehicles  includes  two  solenoids,  so  arranged  in  con- 
nection with  the  steering-wheel  as  to  move  one  or  other  of  two  translucent  signal  plates 
into  position  before  an  aperture  in  an  illuminated  casing,  a  shutter  being  simultaneously 
removed.  \  similar  arrangement  may  he  employed  in  connection  with  the  clutch  or 
brake  control. 

186159.  Vickers,  Ltd.,  and  another.  Indicating  TruNiNf;. 
The  precession  movement  of  a  gyroscope  resulting  from  a  turning  motion  of  an 

aircraft  controls  a  shutter,  which  exposes  in  succession  a  number  of  illuminated  openings, 
and  gives  an  indication  of  the  direction  and  amount  of  the  turning. 

186160.  Hilger,  Ltd.,  A.,  and  another.  .\nnealing. 
In  annealing  rods  of  glass,  porcelain,  or  certain  metals,  the  rod  is  subjected  to  a  per- 
manent stress  while  in  the  oven,  means  being  provided  to  ascertain  when  yielding  occurs. 

186228.     Greenwood,  T.  Bevelling  Lenses. 

The  flat  face  of  an  inclined  grinding-wheel  operates  upon  the  edges  of  a  number  of 

lenses,  which  are  rotated  by  separate  spindles  mounted  upon  a  carriage.   When  treating 

circular  lenses,  the  carriage  is  fixed,  but  in  other  cases  it  is  oscillated  by  a  suitable  templet. 

•  Specification  published  before  acceptance. 
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ABSTRACT.  The  paper  deals  with  pitch  as  a  mountant  for  lenses  during  the  operations 
of  grinding  and  polishing.  It  is  shown  that  the  viscous  nature  of  pitch  entails  a  number 
of  rather  intricate  consequences  in  workshop  practice,  and  that  these  phenomena  require 
the  viscosity  to  lie  between  certain  well-defined  limits.  It  must  be  sufficiently  high  to 
prevent  measurable  displacement  under  the  external  forces  applied  in  polishing  and 
sufficiently  low  to  relieve  rapidly  the  severer  internal  strains  produced  by  thermal  expan- 
sion and  contraction.  It  is  also  show^n  that  there  is  considerable  difficulty  in  conserving 
the  necessar)-  properties  of  pitch  even  at  relatively  low  temperatures,  and  means  for  meeting 
these  difficulties  are  indicated. 

The  paper  is  divided  into  four  sections:  Section  I  outlines  previous  knowledge  of  the 
subject;  Section  II  deals  with  the  physical  properties  of  pitch  and  the  alterations  produced 
by  low-temperature  heating,  in  so  far  as  these  affect  its  workshop  utility.  Section  III 
describes  a  number  of  workshop  phenomena  and  correlates  them  with  the  physical 
properties  described  in  Section  II.  In  Section  IV  a  brief  account  is  given  of  some  new 
methods  for  the  mechanical  handling  of  pitch,  based  on  the  foregoing  studies. 


Introduction. 


The  properties  of  optical  glass  in  so  far  as  these  concern  the  ultimate  performance 
of  the  glass  in  the  completed  optical  system  have  been  made  the  subject  of  meticulous 
study  for  many  years :  but  the  properties  of  the  glass  in  so  far  as  they  concern  the 
workshop  processes  of  manufacture  and  tooling  have  met  with  relatively  little 
attention.  As  a  consequence  the  ultimate  performance  of  the  glass  can  be  predicted 
with  great  accuracy  by  previous  calculation,  and  little  room  is  left  for  empiricism. 
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while  the  behaviour  of  the  glass  in  the  workshop  remains  a  myster\'  understood  by 
none,  and  only  controlled  in  some  measure  by  the  craftsmanship  of  the  skilled 
workman.  If  this  is  the  case  with  the  glass  itself,  it  is  natural  that  other  workshop 
materials  of  less  value  and  forming  no  part  of  the  finished  product  should  have 
received  still  less  attention,  and,  so  far  as  I  am  aware,  little  or  no  information  is 
available  on  the  properties  of  pitch,  whether  used  for  polishers  or  for  a  backing  to 
support  the  lens  and  to  attach  it  to  a  holder  or  "runner." 

Practically  speaking  all  optical  glass  (excluding  spectacle  glass,  which  in  the 
strict  sense  does  not  rank  as  optical  glass)  is  polished  on  polishers  of  pitch  or  of 
wax  having  properties  similar  to  those  of  pitch,  and  most  commonly  the  glass 
elements — including  spectacle  lenses — are  attached  to  holders  by  pitch  or  some 
similar  cementing  material  during  the  fine  grinding  and  polishing  operations:  and 
I  think  it  will  be  generally  agreed  among  workmen  that  the  pitch  used  for  these 
purposes  is  the  cause  of  quite  as  much  trouble  as  is  the  glass  itself. 


ig.  I .  Block  of  plano-convex  lenses 
mounted  on  "runner"  by  the  "pellet" 
method. 


Fig.  la.    Lens   moun 
pitch-stick  method. 


on    pitch    by 


'iy.  2.     Block  of  plano-concave  lenses 
mounted  by  the  "layer"  method. 


The  researches  outlined  below  were  carried  out  during  the  war  period  with  a 
view  to  obtaining  a  better  knowledge  of  the  properties  of  pitch  and  to  eliminating 
some  of  the  troubles :  in  the  present  communication  the  properties  of  polishers  will 
not  be  considered  in  any  detail,  but  the  subject  will  be  treated  with  particular 
reference  to  pitch  as  a  mounting  for  a  lens  during  grinding  and  polishing. 

In  the  simplest  case  a  pitch  mounting  may  be  attached  to  the  lens  for  the  purpose 
of  holding  it  in  the  hand  when  polishing  a  single  surface;  but  more  conunonly 
a  number  of  lenses  are  mounted  together  on  a  single  holder  to  form  a  "block." 
The  term  "block"  is  generally  understood  in  this  sense  in  the  optical  industry, 
though  in  plate  glass  working  it  commonly  refers  to  the  polisher  and  not  to  the  work. 
'I'hcre  are  several  ways  in  common  use  of  making  up  a  block  with  pitch  mountings 
for  the  lenses;  but  for  practical  purposes  they  fall  into  two  categories,  hereinafter 
called  the  "pellet"  and  "layer"  methods.  The  pellet  or  button  method  consists  in 
mounting  together  on  one  holder  a  number  of  lenses  prepared  with  individual 
backings  of  pitch  as  if  for  single  surface  working  (I-'ig.  i).  The  layer  method  con- 
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sists  in  covering  the  runner  as  a  whole  with  a  uniform  covering  of  pitch  and  forcing 
the  lenses  into  it  by  pressure  and  heat  (Fig.  2). 

The  second  method  is  in  general  not  entirely  satisfactory:  it  is  quicker  under 
some  circimistances  and  acts  moderately  well  for  spectacle  lenses,  where  great 
accuracy  of  thickness  is  not  essential.  In  mounting  ordinary  convex  lenses  of  small 
edge  thickness  by  this  method,  however,  it  commonly  happens  that  the  pitch  is 
squeezed  out  in  the  interstices  and  gives  trouble  by  coming  into  contact  with  the 
grinding  tool  or  polisher.  This  may  result  in  coarse  abrasive  being  retained  by  the 
pitch  and  being  set  free  to  cut  the  lenses  later,  or  it  may  result  in  the  skinning  of 
the  polisher  surface,  an  effect  particularly  troublesome  with  felt  polishers.  Again, 
if  concave  lenses  are  mounted  by  this  method  the  lenses  cannot  readily  be  separated 
from  the  pitch  after  polishing  by  chilling  or  refrigeration.  The  thermal  expansion 
of  pitch  is  greater  than  that  of  glass,  and  on  freezing,  the  pitch  contracts  tightly 
round  the  rim  of  the  glass,  and  if  the  latter  be  weak  it  may  be  broken  off.  In  the 
case  of  the  pellet-mounted  lens,  the  pitch  has  only  to  contract  to  part  readily  from 
the  glass,  and  this  is  generally  by  far  the  cleanest  and  most  satisfactory  way  of 
separating  the  easily  damaged  surface. 

The  pitch  used  for  polishers  is  most  frequently  a  wood  pitch,  while  coal  tar 
pitch  is  most  often  used  for  backings.  This  is  by  no  means  always  the  case,  and  there 
appear  to  be  no  other  reasons  for  the  choice  than  that  coal  tar  pitch  is  not  readily 
obtainable  sufficiently  soft  for  polishers,  while  wood  pitch  as  marketed  requires 
much  baking  to  make  it  hard  enough  for  mountings:  it  is  also  relatively  expensive. 

Section  I.  The  Origin  of  Pitch  and  Recognised  Tests  for  Pitch. 
The  Origin  of  Pitch. 

When  complex  organic  materials  such  as  wood  or  coal  are  heated  above  their 
decomposition  point  (destructive  distillation)  they  break  up  into  a  great  number  of 
substances  whose  nature  varies  with  the  conditions  of  distillation. 

Wood  tar  ("Stockholm"  or  "Archangel"  tar)  is  prepared  chiefly  in  the  great 
pine  forests  of  Northern  Europe,  in  Scandinavia,  Finland,  and  Russia,  from  the 
stools  and  roots  of  the  Scotch  fir  and  allied  trees.  The  destructive  distillation  of 
these  woods  produces  gas,  tar,  pyroligneous  acid,  acetone,  wood  spirit,  and  charcoal — 
all  of  them  products  of  commercial  value.  The  charcoal,  of  course,  remains  in  the 
still;  the  distillate  separates  into  three  layers,  the  lowest  being  the  tar  and  the 
creosote.  Above  that  is  a  layer  of  water  containing  acetone,  wood  spirit,  etc.,  and 
the  lighter  hydrocarbons  float  on  the  top.  The  tar,  being  drawn  off,  may  be  dis- 
tilled again ;  at  a  temperature  of  about  110°  C.  water  and  acetic  acid  are  driven  off 
and  from  120  -230^^^  C.  the  heavier  or  creosote  oils;  the  residue  in  the  still  is  wood 
pitch. 

Coal  tar  is  a  gas-works  by-product  formed  in  the  destructive  distillation  of 
coal.  It  consists  of  a  great  variety  of  hydrocarbons  from  benzene  (CgHe)  to  the 
quite  indistinguishable  complex  of  the  residual  pitch.  In  the  redistillation  of  the 
tar  light  oils  of  an  average  density  -91  to  -94  come  off  as  the  temperature  is  slowly 
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raised  to  170°  C;  about  this  time  the  density  of  the  distillate  begins  to  approach 
i-o,  and  the  oils  which  come  off  from  i7o°-230°  C.  are  known  as  the  middle  or 
carboHc  oils;  they  contain  the  bulk  of  the  carbolic  acid  and  naphthalene.  From 
230°-27o"  C.  we  get  the  hea\'y  or  creosote  oils,  with  a  density  1-04,  after  which  the 
anthracene  or  "green"  oils  come  off  till  the  end  of  the  distillation.  The  point  to 
which  distillation  is  carried  depends  on  the  kind  of  pitch  it  is  proposed  to  leave  in 
the  still;  the  longer  the  distillation  is  prosecuted,  the  harder  the  residual  pitch,  but 
operations  cease  in  any  case  in  time  to  prevent  "coking"  of  the  pitch. 

Recognised  Tests  for  Pitch. 

For  the  purposes  of  specifying  pitch  a  number  of  tests  of  a  rather  empirical 
nature  are  used  by  the  gas-works  chemist  and  road  engineer.  The  Tiuisting  Point 
test  consists  in  determining  the  lowest  temperature  at  which  a  stick  of  the  material 
can  be  twisted  indefinitely  corkscrew-wise  without  breaking.  The  Penetration  test 
consists  in  determining  the  rate  at  which  a  solid  body,  usually  a  "needle,"  is  forced 
'into  the  material  by  a  specified  load.  Experience  of  a  number  of  penetration  tests 
made  with  flat-ended  needles  and  with  cones  of  various  angles  led  us  to  abandon 
these  in  favour  of  the  Brinell  ball  test. 

The  quantit)'  measured  by  the  Brinell  test  when  applied  to  pitch  is  not  the  same 
as  the  "hardness "  obtained  with  the  same  test  on  metals.  With  metals  the  indenta- 
tion made  by  the  ball  under  a  given  load  increa.ses  rapidly  to  a  limiting  value,  until 
the  area  of  the  impression  is  sufficient  to  carry  the  load  without  further  flow :  the 
quantity  determined  is  really  the  "pressure  of  fluidity."  In  the  testing  of  pitch, 
unless  it  has  been  absolutely  coked,  no  such  limiting  pressure  is  reached,  hut  flow 
continues  indefinitely.  It  is  necessary  therefore,  in  making  an  arbitrary  "hardness" 
test  of  pitch,  to  specify  not  only  the  load,  but  the  time  during  which  it  is  allowed 
to  act.  Subject  to  this  condition  comparative  "hardness"  figures  may  be  obtained 
for  pitch  by  calculating  the  hardness  as  load  in  kilogrammes  per  spherical  area  of 
the  depression  in  square  milUmetres.  A  more  detailed  discussion  of  the  hardness 
test  is  given  later. 

The  chemist's  analysis  usually  states  the  percentage  of  volatile  matter,  of  free 
carbon,  and  of  ash.  Volatile  matter  is  the  weight  of  the  material  that  can  be  driven 
off  by  a  red  heat  in  a  non-oxidising  atmosphere.  Free  carbon  is  the  material  that 
cannot  be  thus  driven  off  but  can  be  burnt  to  CO.,  and  water  in  an  oxidising  flame. 
Ash  is  the  residual  incombustible  mineral  matter.  The  quantities  are  apt  to  vary 
a  little  with  the  conditions  of  experiment. 

Another  chemical  test  of  some  importance  is  the  determination  of  soluble 
matter;  the  solvents  employed  may  be  carbon  disulphide,  pyridine,  solvent  naphtha, 
benzene,  etc.,  and  the  test  is  best  conducted  by  the  Soxhlet  extraction  method.  The 
pitch  may  be  "extracted"  with  all  the  solvents  in  turn,  and  the  matter  then  re- 
maining insoluble  is  sometimes  called  the  free  carbon.  Strangely  enough  the  terms 
"free  carbon"  and  "fixed  carbon"  mean  the  same  thing. 

The  workshop  tests  hitherto  in  use  in  the  Optical  Industrj-  have  usually  been 
hardness  tests  of  some  sort.   A  good  idea  of  the  hardness  of  a  pitch  for  polishers 
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may  be,  and  usually  is,  obtained  by  chewing  it,  but  backing  pitch  is  too  hard  for 
this  purpose,  and  some  more  elaborate  penetration  or  hardness  test  is  substituted. 
Such  a  test  is,  however,  inadequate,  as  pitches  of  very  different  qualities  may  have 
equal  hardnesses.  For  example,  a  pitch  that  has  become  too  hard  by  prolonged 
baking  may  be  re-softened  by  the  addition  of  anthracene  oil.  But  this  mixture  does 
not  restore  the  pitch  to  the  same  constitution  as  it  had  previously  at  the  same  degree 
of  hardness,  and  there  is  in  general  a  marked  difference  in  the  qualities  of  the  re- 
softencd  pitch  and  the  pitch  prepared  by  "straight  distillation." 

The  pitch  is  usually  purchased  softer  than  required  for  use.  This  is  necessary 
inasmuch  as  gas-works  do  not  set  themselves  out  specially  to  prepare  pitch  to  an 
accurate  specification  for  glass-working  purposes  and  successive  consignments  are 
likely  to  vary  considerably.  The  pitch  is  brought,  by  heating,  to  a  standard  hardness 
which  is  measured  in  some  shops  and  in  others  left  to  the  judgment  of  the  work- 
men or  of  some  other  responsible  person.  It  may  then  be  mixed  with  solid  matter, 
such  as  wood  ash  or  ochre,  or  with  resin  or  similar  materials,  and  by  further  baking 
the  mixture  is  finally  brought  to  a  new  standard  hardness.  Thereafter  it  is  placed 
for  use  in  the  shops,  being  usually  contained  in  open  vessels  heated  by  a  gas  ring, 
or,  more  rarely,  by  a  steam  jacket.  Layer  mountings  are  made  by  ladling  out  a 
sufficient  amount  of  pitch.  Pellets  are  usually  prepared  by  the  pitch-stick  method, 
or  occasionally  by  casting  the  pellets  in  moulds. 

The  pitch-stick  method  is  an  artistic  process,  which  consists  in  thrusting  a  stick 
of  about  I  inch  diameter  into  the  molten  pitch  and  withdrawing  a  "bloom"  of  it 
on  the  end.  This  is  chilled  somewhat  by  rolling  on  a  cold  metal  plate  till  it  is  plastic 
without  being  molten,  and  at  the  same  time  it  is  drawn  into  a  truncated  conical  form. 
The  end  of  the  chilled  cone  is  re-liquefied  over  a  flame  and  the  lens  attached  to  it: 
the  pitch  is  then  worked  out  into  intimate  contact  with  the  lens  over  its  whole  rear 
surface,  is  cut  through  behind  the  lens  with  a  pair  of  scissors,  and  the  quantity 
thus  left  attached  to  the  glass  is  then  moulded  by  hand  to  the  right  shape  and  allowed 
to  cool. 

After  the  grinding  and  polishing  operations  the  lenses  are  parted  from  the  pitch, 
and  it  is  well  known  in  the  shops  that  the  "figure"  of  a  lens  after  parting  from  the 
pitch  may  be  slightly  different  from  the  figure  of  the  lens  in  the  block:  it  is  said  to 
"come  up  a  ring"  or  to  "go  down  a  ring,"  meaning  that  it  shows  a  ring  more  or 
less  after  parting  when  tested  by  the  Newton  interference  bands  in  the  usual  way. 
This  effect  is  known  as  "springing,"  and  its  amount  is  slight  so  long  as  the  pitch 
is  in  good  condition.  In  part  this  alteration  of  figure  is  due  to  thermal  expansion 
of  the  lens  and  pitch  backing,  the  temperature  developed  by  friction  during  the 
polishing  operation  being  considerably  above  room  temperature.  This  thermal 
expansion  pushes  out  the  centre  of  the  lens  and  results  in  overworking  of  the  centre, 
so  that  subsequently  after  parting  off  the  lens  has  a  hollow  or  even  a  distinct  "  hole  " 
in  the  middle  (Fig.  3,  p.  128). 

It  is  also  a  matter  of  common  observation  that  the  pitch  in  the  crucibles  becomes 
harder  on  account  of  the  heating  it  receives,  and  by  degrees  the  pitch  becomes 
unsatisfactory,  and  then,  apparently  quite  suddenly,  it  becomes  verj-  bad  indeed. 
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The  figures  of  lenses  alter  a  great  deal  more  on  parting  from  the  pitch,  and  a  figure 
that  was  circular  may  become  elliptical  or  three-cornered,  or  quite  irregular.  If 
the  defective  pitch  is  not  replaced,  another  effect  appears;  after  the  first  few 
minutes  of  polishing  it  may  be  observed  that  some  of  the  lenses  in  a  block  are  much 
more  polished  than  others,  the  polished  lenses  being  distributed  irregularly  among 
the  rest.  It  may  even  be  obser\-ed  that  a  lens  is  well-polished  on  one  side  and 
comparatively  grey  on  the  other,  and  the  grey  edge  may  be  oriented  in  any  direction. 
This  effect  is  known  as  "shrinkage "  or  "sinking  off."  With  skilled  workmen  things 
do  not  reach  this  stage,  but  the  symptoms  of  incipient  "going  off"  on  the  part  of 
the  pitch  are  noticed  in  time  to  prevent  more  than  a  few  lenses  being  lost.  The 
pitch  is  replaced  or  new  pitch  is  added  to  the  old,  and  a  more  or  less  satisfactory 
mixture  obtained  once  more.  Now  the  pitch  in  the  course  of  its  distillation  at  the 
gas-works  has  been  submitted  for  some  time  to  temperatures  of  350°  C.  and  up- 
wards. It  is  therefore  a  little  surprising  that  any  considerable  alterations  of  its 
consistency  should  be  brought  about  by  further  heating  for  a  quite  moderate  time 
at  temperatures  but  little  above  that  of  boiling  water.  Nevertheless  at  temperatures 
of  ioo°-i50°C.  the  composition  of  the  pitch  changes,  in  the  shops,  quite  rapidly: 
there  distil  away  a  number  of  gases  representing  the  more  volatile  parts  of  the 
pitch  formed  by  the  gradual  breaking  up  of  more  complex  hydrocarbons,  and  in 
consequence  there  is  a  change  in  many  of  the  properties  of  the  pitch ;  increases  are 
found  in  hardness,  density,  and  free  carbon  content,  while  changes  also  occur  in 
the  coefficient  of  thermal  expansion,  calorific  value,  and  solubility  in  organic  liquids. 


Section  II.  Phv.sicai.  Propi-rties  of  Pitch  and  Alterations  Produced 
BY  Heating. 
Loss  of  Weight  on  Heating. 

The  percentage  loss  on  heating  at  150°  C.  was  determined  from  two  samples  ; 
follows : 


No.  1  standard  pitch  of 

No.  2  pitcli  1 

of  twisting 

twisting  point  38°  C. 

point  50° 

-55 '  C. 

Hours  of 

Percentage 

Hours  of 

Percentage 

baking 

loss 

baking 

loss 

34 

2-8 

3' 

263 

65 

3/.S 

61 

39 

95 

4-6 

86 

7('5 

120 

743 

lOI 

8-7 

13s 

7-8 1 

146 

8-Ss 

180 

8-00 

170 

912 

204 

890 

The  samples  were  heated  in  evaporating  dishes,  and  it  was  found  that  a  skin  formed 
on  the  top  like  cream  on  boiled  milk:  this  film  appears  to  hinder  the  free  distilling 
off  of  the  oils,  and  if  it  be  ruptured  a  much  more  rapid  evolution  of  fumes  results. 
'I"he  irregular  intervals  in  the  percentages  indicate  more  or  less  frequent  ruptiu-ing  of 
the  film  by  stirring.  The  film  may  be  due  to  oxidation  or  may  be  merely  a  more 
"  de-gasified  "  layer. 
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Change  of  Density. 

The  loss  of  the  oils  is  accompanied  by  an  increase  in  density  from  1-30  to  1-35 
as  shown  in  the  accompanying  table  : 

Siundard  Pilch 


Hours  of 

Hours  of 

baking 

Density 

baking 

Density 

0 

1-300 

37 

1-342 

S 

1308 

47 

1-350 

9 

1-315 

57 

1-348 

>3 

1-323 

62 

1-347 

1-325 

106 

1-346 

30 

1-333 

In  the  later  stages  trouble  with  bubbles  of  gas  in  the  pitch  makes  the  density 
determinations  too  low ;  when  two  determinations  differed  slightly  the  higher  value 
is  recorded. 

Chemical  Changes. 

The  material  lost  on  heating  at  150°  C.  is  evidently  likely  to  alter  considerably 
the  chemical  properties  of  the  pitch ;  it  may  be  expected  to  consist  of  the  more 
volatile  and  more  soluble  constituents,  that  is,  of  the  hydrogen-rich  constituents, 
and  there  will  be  left  behind  the  carbon-rich  compounds  or  "free  carbon."  Tests 
were  accordingly  made  of  the  No.  i  pitch  to  determine  by  ignition  its  free  carbon 
content,  and  by  Soxhlet  extraction  its  solubility  in  CSj  and  other  reagents.  The 
figures  obtained  were  as  follow : 

After  204  hours 
Fresh  at  150°  C. 

Free  carbon  on  ignition  478  534 

Matter  soluble  in  CS2  639  587 

Since  the  loss  on  heating  for  204  hours  was  8-9  per  cent.,  the  figures  of  the  second 
column  when  corrected  to  refer  to  the  original  amount  of  pitch  become : 

Free  carbon  on  ignition     48-7  %  .  an  increase  of  -9  % . 
Matter  soluble  in  CSj         53-4  %  ,  a  decrease  of  104  "J,  • 
Matter  lost  by  distillation    89  %  . 

The  figures  suggest  that  the  main  effect  of  heating  is  to  drive  off  part  of  the  soluble 
matter;  they  also  seem  to  indicate  that  other  minor  changes  are  taking  place. 

A  pot  containing  10  pounds  of  raw  pitch  was  put  out  to  bake  under  workshop 
conditions,  and  the  solubilities  of  samples  extracted  at  intervals  were  determined 
by  the  Soxhlet  method  to  be  as  follow : 


Hours 

Percentage 

of  baking 

solubility  in  CS, 

0 

68 

10 

66-5 

2li 

66 

30 

65-5 

Sii 

64 

74 

59-2 

92 

44-4 
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The  change  in  composition  appears  to  be  greatly  accelerated  towards  tlie  end. 
While  baking,  the  pitch  was  stirred  at  inter\'als  to  break  up  the  skin  previously 
mentioned  and  to  facilitate  the  processes  of  evaporation. 

A  great  number  of  tests  have  been  made  of  the  solubility  and  free  carbon  content 
of  pitch  as  used  in  the  shops,  and  when  allowance  has  been  made  for  the  ash 
content,  a  \tv\  good  idea  of  tlie  quality  of  the  pitch  can  be  obtained  from  its  Soxhlet 
figure.  A  systematic  testing  of  the  pitch  by  the  works  chemist  would  be  a  safe 
method  for  determining  the  point  at  which  the  pitch  should  be  discarded,  but  the 
test  is  a  lengthy  process  unsuitable  for  the  workshops  themselves,  and  better  ones 
are  now  available. 

When  the  fumes  from  the  pitch  pots  in  the  shop  are  condensed  on  a  cold  plate 
they  form  drops  of  a  thin  oil  which  it  seemed  desirable  to  examine  in  greater  detail. 
A  retort  containing  some  of  the  pitch  was  therefore  enclosed  in  an  oven  at  150°  C. 
and  arrangements  made  to  collect  the  distillate.  Although  a  considerable  amount  of 
pitch  was  used  practically  nothing  distilled  over,  and  even  occasional  rupturing  of 
the  surface  layer  appeared  to  produce  little  effect.  This  seemed  to  indicate  that  the 
deterioration  of  pitch  at  the  low  temperature  of  150""  C.  was  contingent  upon  free 
access  to  the  atmosphere.  This  would  imply  that  the  observed  low  temperature 
distillation  in  the  open  is  destructive  and  not  simply  fractional,  and  that  the  oxygen 
of  the  air  is  responsible  for  the  destructive  action.  It  seemed  important  to  determine 
whether  any  oxidation  of  the  pitch  could  be  observed,  and  for  this  purpose  a  varia- 
tion of  the  usual  apparatus  for  the  combustion  of  organic  materials  was  employed. 
The  combustion  tube  was  a  few  inches  longer  than  the  furnace,  and  the  boat 
containing  the  pitch  could  be  kept  on  the  intake  side  of  the  furnace  at  a  temperature 
of  1 50'  C.  by  heating  with  a  separate  Bunsen  flame  regulated  according  to  a  mercury 
thermometer  inserted  through  the  rubber  stopper  closing  that  end  of  the  tube. 
The  vapours  that  distilled  off  were  drawn  into  the  furnace  proper  and  oxidised  at 
a  bright  red  heat.  The  experiment  was  continued  for  about  12  hours,  by  which  time 
the  pitch  had  lost  some  10  to  20  per  cent,  of  its  weight;  the  combustion  tube  was 
allowed  to  cool,  the  boat  was  removed  and  weighed,  and  after  any  oil  that  had 
condensed  on  the  tube  above  the  boat  had  been  oxidised  and  carried  through,  the 
carbon  and  hydrogen  contents  of  the  volatile  matter  were  determined. 

In  the  two  experiments  made  it  was  found  that  the  carbon  and  hydrogen  re- 
covered by  the  absorption  bulbs  exceeded  the  loss  in  weight  of  the  pitch  in  the  boat, 
which  must  therefore  have  undergone  some  separate  gain  in  weight.  It  is  presvnned 
that  this  indicates  oxidation  by  the  atmosphere.  The  results  of  the  two  experiments 
are  given  below : 

Exl,cri,m,it  {i). 

Weight  of  new  pitch  taken          -.198  gr. 

Volatile  matter  distilled  off  (nett  loss  of  weiKht)          ...         ...         ...  i  iJi  per  cent. 

Actual  loss  of  volatile  matter  (sum  of  hydrogen  and  carbon  collected)  160         ,, 

Hydrogen  content  of  volatile  matter      ...         ...         ...         ...         ...  23-0         „ 

Carbon                    ,,              „                   ...          ...         ...         ...         ...  770         ,, 

Oxygen  absorbed  by  original  pitch        42         ,, 

Oxygen  in  remaining  pitch  (in  addition  to  its  original  oxygen)          ...  47         „ 
Remaining  pitch  not  combusted 
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Experiment  (2). 


Weight  of  new  pitch  taken  

Volatile  matter  driven  off  (nett  loss  of  weight) 
Actual  loss  of  volatile  matter 
Hydrogen  content  of  volatile  matter 
Carbon  „  „ 

Oxygen  absorbed  by  original  pitch         ... 
Oxygen  in  remaining  pitch  (in  addition  to  its  o 
Hydrogen  content  of  remaining  pitch    ... 
Carbon  „  ,, 

Ash  „  „  

Oxygen  ,,  „  


■399  gr. 
200  per  cent. 
233 

'8-7         ,. 


396 
90s 


From  these  experiments  it  becomes  clear  that  a  considerable  step  forward  could  be 
made  by  enclosing  the  pitch  vessel  completely  and  protecting  it  from  the  influence 
of  the  atmosphere.  The  importance  of  this  point  is  discussed  later. 

Hardness. 

Probably  the  most  striking  feature  of  overheated  pitch  is  the  increase  in  its 
hardness.  A  quantity  of  pitch  as  used  in  the  workshop  (consisting  of  lo  parts  of 
"standard"  gas  pitch  and  4  of  wood  ash)  was  heated  in  the  pitch  mixing  machine 
described  later,  at  a  temperature  of  140°  C.  The  mixing  proceeded  satisfactorily 
for  some  60  hours;  at  70  hours  the  pitch  was  stiffening  rapidly;  at  100  hours  the 
machine  could  scarcely  mix  it,  and  the  pitch  had  acquired  a  cindery  character.  If 
taken  in  the  hot  and  liquid  state — if  liquid  it  could  be  called — and  pulled  out  into 
a  rope,  the  rope  might  be  coiled  up  without  coalescing  into  a  heap.  It  was,  however, 
by  no  means  easy  to  pull  out  a  rope  to  coil  it  without  snapping  it  off. 

The  tests  of  hardness  hitherto  available  have  been  of  a  very  arbitrary  nature. 
Apart  from  the  tests  by  chewing,  the  determination  of  hardness  has  generally  been 
settled  by  allowing  a  needle  to  sink  into  the  material  under  a  given  load,  and  measur- 
ing the  penetration  in  a  given  time.  This  method  suffices  to  determine — subject  to 
experimental  errors  of  considerable  amount  in  many  cases — whether  two  pitches 
are  of  equal  hardness,  and  if  not,  which  is  the  softer.  I  am  informed  by  Colonel 
Crompton  that  measurements  on  natural  bitumens  with  pointed  needles  are  un- 
trustworthy, and  that  cylindrical  needles  with  perfectly  flat  ends  give  the  best 
results.  This  seems  to  agree  with  the  experience  of  other  investigators  in  respect 
also  of  coal  tar  pitch.  But  even  the  flat-ended  needle  is  unsuitable  when  dealing 
with  the  much  harder  material  used  for  lens  backings. 

In  measuring  the  hardness  of  metals  the  most  generally  favoured  method  is  to 
press  a  hard  steel  ball  into  a  flat  surface  of  the  metal  and  to  calculate  the  hardness 
as  load  in  kilogrammes  per  spherical  area  of  indentation  in  square  millimetres.  In 
order  to  standardise  conditions  a  10  mm.  ball  and  a  load  of  either  500  or  3000  kilos 
is  usually  specified.  A  somewhat  similar  method  was  adopted  in  our  experiments 
for  measuring  the  hardness  of  pitch.  It  will  be  shown  in  a  separate  paper  that  with 
soft  wood  pitch  the  indentation  test  is  capable  of  determining  a  true  physical 
constant  of  the  material,  viz.  its  viscosity,  according  to  the  formula 
,    WTD'  ,      WT 

'     d*  -hVhD' 
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where  W  is  the  load,  T  the  duration  of  the  test,  D  the  diameter  of  the  ball,  d  the 
diameter  of  the  indentation,  h  the  depth  of  penetration  from  the  original  surface, 
and  V  the  viscosit}'.  The  phenomena  occurring  when  a  steel  ball  is  forced  under 
great  pressure  into  a  backing  pitch  containing  much  solid  matter  are  so  different 
that  it  was  found  impossible  to  use  these  formulae  even  with  modified  indices;  for 
the  action  appears  to  be  discontinuous  in  many  cases  and  the  character  of  the 
depression — and  not  merely  its  size  or  shape— varies  with  the  load  and  size  of  ball. 
The  edge  of  the  depression  is  often  marked  by  a  series  of  minute  cracks  or 
crevasses,  visible  with  a  low  power  microscope.  Similar  cracks,  closed  up,  may 
be  observed  inside  the  depression,  as  in  Fig.  lo,  showing  that  the  lip  of  the 
depression  advances  outwards  partially  by  a  flawing  of  the  pitch  just  in  advance 
of  the  loaded  area.  An  empirical  method  was  therefore  adopted  of  using  for  work- 
shop purposes  a  |"  ball,  a  loo  lbs.  load,  a  temperature  of  15°  C,  and  a  duration  of 
test  of  5  minutes.  Under  these  conditions  consistent  results  are  obtained  for  the 
diameter  of  the  depression,  and  the  hardness  is  calculated  according  to  the  Brinell 
method  as  load  per  area  of  depression  (kg./mm.'').  According  to  this  system  of 
measurement,  workshop  pitches  in  good  condition  vary  in  hardness  from  5  to  12 


Fig.  10. 

units ;  the  softest  varieties  are  used  in  general  for  the  very  large  lenses,  and  the  hard 
pitches  for  the  small  ones.  A  workshop  pitch,  kept  in  an  open  pitch  pot,  was  found 
to  begin  life  with  a  hardness  of  9  units  and  to  increase  progressively  to  22.  A  pitch 
kept  continually  stirred  in  an  open  mi.xer  {v.  p.  137)  was  found  to  increase  from 
7  units  to  30  in  four  or  five  days. 

Hardness  of  Pitch  without  Solid  Matter,  and  Change  on  Ileatin;^. 

The  original  pitch  as  received  in  the  works  gives  a  depression  of  the  truly 
viscous  type.  The  pitch  of  38°  C.  twisting  point  gave  with  a  load  of  15  lbs.  acting 
for  1^  minutes  at  15°  C.  a  depression  of  -150"  diameter.  After  heating  at  150°  C. 
for  400  hours,  it  gave  with  the  100  lbs.  load  acting  for  5  minutes  at  15°  C.  a  depres- 
sion of  -075"  diameter — a  Brinell  hardness  of  15.  The  alteration  is  striking.  A  pitch 
of  53'  C.  twisting  point  with  a  15  lbs.  load  for  i  \  minutes  gave  a  diameter  of  •105". 
After  heating  at  150  C.  for  170  hours  in  a  small  dish  it  was  so  hard  that  it  always 
splintered  under  any  considerable  load,  and  no  value  for  its  hardness  could  be 
obtained. 

Thermal  Expansion. 

There  remains  yet  another  effect  of  the  prolonged  heating,  the  last  to  be  noticed 
here,  and  from  the  practical  point  of  view  an  important  one.  This  is  the  decrease 
in  the  coefficient  of  expansion,  wliich  makes  itself  felt  by  the  behaviour  of  the  pitch 
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in  the  refrigerator.  A  number  of  lenses  were  formed  into  standard  pellets  {v. 
Fig.  15)  with  good  pitch,  newly  mixed,  and  an  equal  number  with  pitch  just  too 
bad  for  workshop  use.  They  were  placed  together  in  a  tray  in  the  cold  chamber  at  a 
temperature  of  3°  F.  (—  16  C).  Within  4  minutes  the  good  pitch  showed  signs  of 
parting  from  the  lenses,  and  all  pellets  were  completely  parted  in  just  over  8  minutes. 
After  three-quarters  of  an  hour  none  of  the  bad  ones  showed  signs  of  parting;  it  is 
probable  that  at  this  temperature  separation  would  never  take  place.  This  difference 
can  be  used  to  give  warning  of  approaching  trouble  before  the  polishing  staff  can 
observe  it. 

Section  III.  The  Nature  of  Springing  and  Shrinkage  and  their  Cause. 

In  order  to  study  the  nature  of  "shrinkage,"  a  large  number  of  blocks  of  lenses 
were  made  up  and  polished  on  the  flat  side.  The  lenses  were  plano-concave  for  the 
most  part,  i"  in  diameter  and  about  -oS"  thick  in  the  centre,  the  negative  curve  being 
2-i".  The  glass  was  extra  dense  flint,  and  there  were  19  lenses  in  a  block.  After 
polishing,  the  block  was  left  on  a  stand  in  the  open  room  for  a  time,  generally 
48  hours,  and  it  was  then  partially  re-greyed  on  a  flat  tool.  In  consequence  of  the 
"sinking  off"  which  had  been  going  on  during  this  time,  the  lenses  no  longer  lay 
with  their  surfaces  in  a  plane:  some  had  sunk  bodily  below  the  general  level,  others 
had  risen  above  it,  while  most  had  tilted  and  were  half  above  and  half  below.  In 
the  photographs  the  parts  that  show  grey  are  the  high  portions,  and  the  polished 
parts  are  the  low  ones.  The  re-greying  was  carried  out  with  the  finest  bruised 
"60  minute"  emery,  and  the  block  was  pushed  about  gently  by  hand  over  the  tool, 
as  care  had  to  be  taken  not  to  overdo  the  greying.  The  photographs  (Figs.  4-9) 
show  a  number  of  such  blocks. 

By  the  Newton  interference  test  with  monochromatic  light  it  was  found  that 
shrinkage  on  a  good  block  might  be  about  4  to  7  hundred-thousandths  of  an  inch 
in  48  hours ;  with  bad  pitch  it  might  be  10  times  this.  The  amount  of  glass  removed 
during  polishing  is  generally  one  half  to  one  ten-thousandth  of  an  inch,  varying 
slightly  with  the  kind  of  glass  and  the  character  of  the  block,  so  that  if  a  block  has 
shrunk  more  than  a  few  hundred-thousandths,  it  is  hopeless  to  try  to  polish  it 
without  first  re-greying.  For  this  reason  an  effort  is  made  in  the  workshop  to 
polish  a  block  immediately  after  smoothing.  If  the  block  has  to  be  left  overnight 
smoothed  ready  for  polishing,  it  takes  longer  to  polish  next  day,  and  if  it  is  left 
over  the  week-end  it  is  generally  a  waste  of  time  to  try  to  polish  it.  An  improve- 
ment may  be  effected  by  bringing  the  block  into  intimate  contact  with  a  tool  and 
leaving  it  so,  when  the  lenses  will  not  depart  so  much  from  the  nominal  contour  of 
the  block. 

The  knowledge  of  this  fact  and  similar  ones,  coupled  with  the  idea  that  pitch 
after  all  is  a  liquid,  seems  to  have  led  to  a  belief  that  the  slight  sinking  off"  observed 
in  the  shops  was  a  sort  of  plastic  flow  under  gravity ;  the  pitch  had  only  to  be  left 
long  enough  and  it  would  let  the  lens  sink  down  indefinitely.  This  is  not  the  ex- 
planation, as  was  first  shown  by  a  Vicat  needle  penetrometer  test.    If  a  pellet  of 
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Fig.  3- 

Fig.  4- 

Fig.  S- 
Fig.  6. 
Fig.  7- 
Fig.  8. 
Fig.  9. 


Thermal  expansion  effect  ; 


commencement  of  polishinj;.  The  pitch  contains  is"/,  resin 
I  and  polished  first. 


and  the  centres  of  the  lenses  are  beini^  pushed  up  by  the  heat  of  I 

Pitch  containing  25  "/„  of  resin,  and  considerable  solid  matter  (about  30'/,,).  Block  partially 

re-greyed  after  polishing. 

Pitch  containing  50°/,  by  weight  of  solid  matter  (chiefly  silica). 

Pitch  containing  no  solid  matter. 

A  shop  pitch  from  an  open  crucible.   One  night's  shrinkage. 

A  stiffer  shop  pitch.  The  shrinkage  on  the  lenses  marked  with  a  cross  is  about  4/100,000'. 

Effect  of  excessive  heat  in  polishing.    Note  the  tangential  displacement  of  the  lenses  and 

the  softening  of  the  pitch  at  the  centre  of  the  block-  the  hottest  part. 
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pitch  under  its  own  weight  and  the  weight  of  a  lens  (say  |  oz.  per  sq.  in.)  can  some- 
times sink  as  much  as  2  ten-thousandths  of  an  inch  in  18  hours,  then  under  a  stress 
of  300  lbs.  per  square  inch,  which  was  the  load  obtaining  at  the  needle  end,  and 
which  is  25,000  times  as  great,  we  should  expect  a  penetration  of  the  needle  of  5". 
The  observed  penetration  was  less  than  -oi",  even  for  a  tolerably  soft  pitch,  so  that 
"sinking  off"  is  not  simply  plastic  flow  under  gravity. 

It  is,  in  fact,  found  that  shrinkage  may  be  treated  under  two  heads,  firstly, 
shrinkage  that  is  merely  thermal  contraction,  and  secondly,  plastic  flow  of  the  pitch 
under  internal  strain.  Either  t}^pe  may  originate  at  one  of  two  points — (i)  in  cooling 
down  after  pelletting  and  blocking ;  (2)  in  cooling  down  after  polishing. 

I  (a).  Thermal  Contraction  in  Blocliing.  It  is  well  known  that  in  making  a  sensibly 
hemispherical  block  of  lenses  it  is  desirable  to  leave  the  block  wrung  home  in  the 
tool  until  it  is  quite  cold,  or,  alternatively,  to  use  a  blocking  tool  of  slightly  different 
curvature  from  the  smoothing  tool,  for  thermal  contraction  will  modify  the 
curvature  and  make  it  difficult  to  bring  up  the  outer  edge  of  the  block  in  the 
subsequent  smoothing.  The  diflference  in  radius  of  curvature  depends  on  the  thick- 
ness of  pitch,  is  independent  of  the  curvature,  and  commonly  amounts  to  -001"  to 
•003". 

1  (b).  The  thermal  contraction  of  pelletting  and  blocking  sets  up  a  certain 
amount  of  strain  in  the  pitch,  and  in  some  cases  this  is  sufficient  to  set  up  a  "sinking 
off"  during  the  early  stages  of  polishing. 

2  (a).  Thermal  Contraction  in  Polishing.  The  temperature  of  polishing  is  ap- 
preciably above  that  of  the  room.  Tests  made  by  pressing  a  sensitive  thermo- 
couple into  the  polisher  immediately  after  removing  it  from  the  block  seem  to 
indicate  that  the  average  temperature  of  the  top  two  or  three  hundredths  of  an  inch 
of  a  pitch  polisher  is  generally  a  little  under  blood-heat,  about  30°-35°  C.  The 
temperature  of  the  backing  pitch  is,  of  course,  lower,  depending  on  numerous 
factors  such  as  size  and  character  of  lens,  character  of  glass,  arrangement  of  lenses, 
etc.  But  at  temperatures  of  25°-30°  C.  the  hardness  of  backing  pitch  falls  off  very 
quickly,  and  there  is  a  corresponding  increase  in  the  coefficient  of  thermal  expansion. 
It  is  found  that  a  block  that  is  allowed  to  run  very  warm  generally  shows  after 
cooling  and  re-greying  a  much  greater  shrinkage  than  one  run  at  a  more  moderate  heat. 

2  (6).  The  thermal  contraction  after  polishing  may  set  up  a  certain  amount  of 
strain,  and  this  will  then  produce  a  slight  shrinkage  of  its  own  which  may  continue 
for  some  time. 

The  trouble  under  i  {b)  (strain  set  up  by  pelletting  and  blocking)  is  the  most 
serious,  and  a  pitch  may  be  defined  as  good  or  bad  in  the  workshop  sense  mainly 
by  its  behaviour  under  this  heading. 

The  springing  effect,  as  already  mentioned,  is  in  itself  a  proof  of  the  existence 
of  strain.  The  lens  is  obviously  distorted  when  held  by  the  pitch,  consequently  the 
pitch  itself  must  be  strained.  The  springing  is  slight,  even  with  thin  lenses,  and  its 
importance  was  overlooked  for  some  time,  until  it  was  discovered  that  if  a  lens  be 
separated  at  the  contact  of  the  pitch  with  the  runner,  the  figure  may  be  very 
different,  both  from  that  of  the  lens  in  the  block  and  that  of  the  lens  parted  from  the 
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pitch.  This  seemed  to  show  that  the  distribution  of  strain  is  more  complex  and  more 
important  than  was  originally  supposed. 

Now  if  there  be  strain  in  the  lens  we  ought  to  be  able  to  detect  it  in  polarised 
light.  A  lens  was  therefore  examined  edgewise  in  a  simple  polariscope.  Before 
pitching-on  there  was  no  double  refraction  visible;  afterwards  there  was  a  good 
deal.  A  Babinet  polariscope  was  therefore  fitted  up.  If  the  instrument  be  illumin- 
ated with  white  light  without  any  intervening  specimen,  the  field  is  seen,  of  course, 
crossed  by  vertical  lines,  the  central  one  black,  the  others  coloured,  and  disposed 
symmetrically  on  either  side  of  the  black  one.  If  a  piece  of  good  optical  glass  be 
placed  in  the  specimen-gap  no  change  is  noticed  unless  the  piece  be  stressed.  A 
compression  moves  the  bands  bodily  to  the  left,  a  tension  moves  them  to  the  right, 
and  a  bending  moment  causes  them  to  be  inclined. 

Now  the  amount  of  double  refraction  in  an  elastically  strained  body  (i.e.  the 
phase  difference  between  the  components  of  the  light  vibrating  in  the  respective 
principal  planes  of  stress)  is  proportional  to  the  stress  and  to  the  thickness  of  the 
strained  material  through  which  the  light  passes.  Consequently,  by  measuring  the 
displacement  of  the  central  black  line  in  the  Babinet,  we  get  a  direct  measurement 
of  the  stress  in  the  material*.  The  values  of  the  double  refraction  thus  found  are 
expressed  in  arbitrarj'  units.  237  such  units  correspond  to  one  wave  length  (sodium 
D  line)  relative  retardation  of  the  light  components,  and  to  120  Ibs./sq.  in.  compres- 
sion or  tension  in  a  specimen  i"  thick  in  the  direction  of  the  light  path. 

We  now  return  to  the  observations  on  the  lenses  themselves.  The  effect  of 
mounting  a  lens  on  pitch  will  be  either  to  bulge  out  or  draw  in  the  centre,  putting 
the  glass  under  a  bending  action.  Examination  of  a  number  of  lenses  shows  that 
in  hand-made  pellets  the  effect  is  to  draw  in  the  centre,  while  in  the  mechanically 
made  pellets  described  later  the  canting  of  the  bands  in  the  polariscope  indicates 
a  bulging  out  of  the  centre. 

It  was  expected  naturally  that  a  bad  pitch  would  produce  more  strain  than  a 
good  one,  but  it  was  soon  found  that  this  was  not  always  the  case.  The  reason 
probably  is  that,  since  the  expansion  of  overheated  pitch  approximates  more  closely 
to  that  of  glass,  a  higher  stress  in  the  pitch  produces  no  higher  stress  in  the  lens. 
It  was  found,  moreover,  that  the  strain  produced  by  "pitching-on"  is  commonly 
self-annealing  at  room  temperatures;  in  fact,  with  good  pitch,  it  is  often  found  that 
within  half  an  hour  it  canncjt  be  detected  at  all.  Now  the  time  that  elapses  between 
blocking  and  the  end  of  the  polishing  operation  is  not  often  less  than  two  or  three 
hours,  and  any  springing  that  may  be  observed  is  due  to  residual  strain  remaining 
after  that  time.  During  the  smoothing  and  polishing  the  pitch  is  rapidly  annealing, 
its  progress  being  no  doubt  materially  helped  by  the  heat  generated  in  polishing. 
It  is  found,  as  might  be  expected,  that  the  rate  of  annealing  is  faster  for  good  pitch 
than  for  bad;  and  that  whereas  by  the  end  of  the  ]iolishing  operation  the  residual 
strain  of  a  good  pitch  may  be  negligible  for  workshop  purjioses,  it  may  still  be 
very  appreciable  with  a  bad  one.  The  crucial  test  of  a  pitch,  therefore,  is  its  rate  of 

•  Strictly  speakinK,  this  is  only  true  of  the  case  of  a  simple  stress.  If  there  be  two  principal 
stresses,  the  phase  difference  is  proportional  to  the  difference  of  the  principal  stresses. 
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annealing  (relaxation  period).  A  good  pitch  as  a  rule  sets  up  strain  as  it  cools,  but 
little  or  no  strain  should  be  visible  in  an  hour's  time;  the  quality  of  a  pitch  may 
therefore  be  determined  by  inspection  without  making  any  measurements.  It  is 
merely  necessary  to  examine  a  lens  in  the  polariscope  a  few  minutes  after  pitching- 
on,  and  again  an  hour  later. 

It  might  be  suggested  that  the  double  refraction  of  the  glass  is  due  not  to  strain 
in  the  pitch  but  to  the  temperature  gradient  across  the  glass,  which  disappears  as 
the  pitch  cools.  That  this  is  not  so  is  proved  by  several  considerations;  firstly,  that 
w  ith  bad  pitch  the  strain  may  persist  for  weeks ;  secondly,  that  if  the  double  re- 
fraction were  due  to  the  temperature  gradient  it  would  be  greatest  when  the  pitch 
is  hottest;  we  find  on  the  contrary-  that  no  double  refraction  appears  until  the  pitch 
has  been  cooling  for  5  or  6  minutes,  and  that  the  maximum  double  refraction  is 
often  not  reached  until  a  quarter  of  an  hour,  or  more,  after  the  pellet  is  made.  The 
graphs  (Fig.  1 1)  are  drawn  from  measurements  of  the  strain  in  lenses  after  pelletting, 
showing  the  growth  and  dechne  of  the  stress  with  time.  Pellet  A  annealed  at  a 
very  slow  rate ;  after  reaching  a  double  refraction  of  300  units  in  25  minutes  it  fell 
to  155  in  6  days  and  to  125  in  10  days.  Pellet  C  was  much  like  A,^  though  it  did 
not  reach  such  an  extreme  maximum  value.  Pellets  D  and  E,  of  good  pitch,  are 
typical,  and  may  be  compared  with  F,  G,  and  H  made  on  another  occasion. 

The  curv^e  is  the  net  result  of  two  components:  (i)  a  curve  of  increasing  stress 
proportional,  more  or  less,  to  the  amount  of  cooling  the  pitch  has  already  undergone, 
and  (2)  an  annealing  of  stress  proportional  to  the  amount  of  strain  existing  at  the 
moment  and  to  some  function  of  the  temperature.  Expressed  in  non-mathematical 
language,  we  may  say  that  the  temperature  of  the  cooling  pellet  follows  a  law  corre- 
sponding somewhat  to  the  lower  curve  in  Fig.  12  a.  If  no  annealing  took  place  the 
strain  could  be  represented  by  a  very  similar,  or  the  same,  curve,  the  amount  of  the 
strain  being  proportional,  not  to  the  ordinate,  but  to  the  distance  AB,  i.e., to  the  drop 
in  temperature. 

But  this  growing  strain  calls  into  play  a  slight  plastic  flow,  or  annealing.  This 
plastic  flow  is  slight,  considered  as  a  displacement,  but  a  very  little  flow  is  sufficient 
to  reduce  ver^-  greatly  the  internal  stress.  At  any  instant  the  rate  of  flow  depends 
on  the  strain  at  that  moment  existing,  and  the  total  amount  of  annealing  that  has 
taken  place  up  to  that  moment  may  be  represented  by  the  length  AC.  Thus  at  time 
t  a  considerable  amount  of  the  fundamental  strain  has  already  disappeared,  and  there 
remains  only  a  residual  strain  proportional  to  the  difference  between  the  two  curves, 
i.e.,  to  BC. 

In  Fig.  126  the  diff'erence  of  the  two  curves — the  residual  strain — is  plotted 
with  the  t  axis  as  base,  and  we  get  the  form  of  curve  obtained  experimentally.  It 
will  be  realised,  therefore,  that  the  pitching-on  of  a  lens  may  set  in  motion  a 
much  more  complex  series  of  phenomena  than  is  commonly  supposed  though 
indeed  it  is  nothing  more  than  might  be  predicted  from  general  scientific  con- 
siderations. The  practical  significance  of  the  phenomena  depends  on  how  long 
they  endure  in  an  aggravated  form. 

Returning  to  the  phenomena  that  take  place  when  a  lens  is  pitched-on,  we  see 


132 


F.  W.  Preston 


that  complicated  as  they  are  already,  the  complexity  is  still  more  aggravated  by  the 
blocking  operation.  It  is  necessary  for  the  proper  examination  of  a  specimen  in  the 
Babinet  polariscope,  that  it  should  be  as  close  to  the  quartz  wedges  as  possible,  so 
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I"i(,'.  II.    Babinet  tests  of  strain  in  pitch.    Rise  and  fall  of  strain  with  time. 

that  it  was  impossible  to  examine  workshop  blocks;  runners  were  therefore  made 
no  bigger  than  the  pellets  (i"  diameter)  and  a  pellet  carefully  "blocked"  which 
had  become  free  from  strain.  The  lines  were  found  to  be  inclined  sharply  in  the 


Fig.  12.   Derivation  of  the  strain-time  curves. 


opposite  direction  from  that  resulting  from  mechanical  pelletting.  in  tlu-  first  two 
specimens  (using  bad  pitch)  the  micrometer  difference  readings  were  400  and  220 
respectively.  The  "run  down"  (i.e.  the  reduction  in  thickness  of  the  pitch  due  to 
blocking)  was  only  about  .^^"  in  each  case — much  less  than  is  usual  in  the  shops. 
Next  a  couple  of  pellets  of  reasonably  good  pitch  were  made,  and  in  both  cases 
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the  slope  was  in  the  usual  direction,  and  of  values  133  and  125  at  about  the  maximum 
point.  The  pellets  were  then  "blocked"  with  i"  runners,  and  the  lines  returned  to 
the  vertical.  That  is,  the  effect  of  b/o(kin»  7vas  to  cancel  the  distortion  of  the  lens 
produced  by  pelletting.  On  knocking  off  the  runner  again,  the  slope  returned  to  its 
original  direction,  and  was  of  the  value  75  units,  about  half  what  it  was  initially. 

We  may  therefore  summarise  the  phenomena  of  pelletting  and  blocking  with 
good  pitch  as  follows : 

Pelletting  (by  machine)  bulges  out  the  centre  of  the  lens. 

Blocking  pulls  in  the  centre  and  approximately  compensates  the  pelletting. 

The  complex  distribution  of  stress  thus  produced  anneals  during  polishing,  and 
the  figure  of  the  warm  lens  is  the  figure  of  a  lens  free  from  stress. 

Thermal  contraction  of  the  pitch  after  polishing  pulls  in  the  centre  of  the  lens*, 
and  pitch  which  may  anneal  readily  at  polishing  heat  does  not  necessarily  do  so  at 
room  temperature.  There  is,  therefore,  a  scientific  basis  for  the  workshop  view  that 
the  figure  of  the  w^arm  lens  in  the  block  is  the  true  figure.  Such  shrinkage  as  occurs 
with  good  pitch  is  due  to  the  annealing  of  the  strain  set  up  by  thermal  contraction, 
and  is  worse  the  higher  the  temperature  reached  in  polishing. 

Mechanism  of  the  Springing  Action. 

Consider  a  symmetrical  pellet  cooling  (Fig.  13  a).  The  plane  XX',  being  a  plane 
of  symmetry,  remains  plane  however  the  general  shape  of  the  pellet  may  alter. 
The  rule  with  cooling  bodies  which  are  chilled  on  the  outside  first,  is  that  the  form 
tends  to  approximate  more  closely  to  a  sphere.  The  efi"ect  on  our  pellet  will  be  to 
make  its  convex  faces  more  convex.  Now  let  there  be  a  lens  attached  to  one  of  these 
faces.  The  lens  is  pushed  out  at  the  centre  as  this  face  becomes  more  convex;  it 
resists  the  distortion  to  the  best  of  its  ability  and  pushes  out  the  plane  A'A''.  The 
distribution  of  stress,  in  its  simplest  form,  is  indicated  by  the  arrows,  compression 
at  the  centre  and  tension  at  the  edge  (Fig.  13  b).  Now  let  us  "block"  the  pellet. 
The  edge  cools  first  and  the  subsequent  contraction  of  the  centre  distorts  the  plane 
A'A''  still  further,  but  corrects  the  distortion  of  the  lens.  The  distribution  of  stress 
above  A'A"  is  tension  at  the  centre,  compression  at  the  edge  (Fig.  13  c).  This  stress 
complex  now  proceeds  to  anneal,  and  the  final  springing  and  shrinkage  depend  on 
which  of  the  stresses  remain  after  the  polishing  operation. 

Numerical  Value  of  the  Surface  Tractions. 

It  is  a  matter  of  some  interest  to  determine  what  stresses  must  act  across  the 
contact  of  pitch  and  glass  to  produce  a  given  distortion  or  a  given  double  refraction. 
For  example,  what  push  in  pounds  weight  does  the  pellet  exert  against  the  central 
portion  of  the  lens  to  push  it  out  one  ring?  The  apparatus  used  to  determine  the 
magnitude  of  this  push  or  pull  is  shown  in  Fig.  14.  A  lens  -08"  thick  at  the  centre 
had  a  flat  chamfer  ,/,,"  wide  ground  on  the  edge  of  its  concave  side  and  by  means 
of  ozokerite  this  chamfer  was  cemented  to  a  thick  disc  of  glass  of  the  same  kind 
with  a  hole  through  the  centre.  This  in  turn  was  cemented  to  a  metal  disc  with 

*  With  double  convex  lenses  the  pitch  will  be  thicker  at  the  edges  than  at  the  centre,  and  then 
thermal  contraction  may  pull  down  the  edge  of  the  lens. 
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Pelletting  strains. 
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Fig.  13.    Mechanism  of  the  springing  effect. 
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arrangements  for  applying  a  suction  by  means  of  a  vacuum  pump.  'I'he  vacuum 
was  measured  by  means  of  a  mercury  manometer  as  shown.  The  lens  was  pohshed 
flat,  and  a  contact  gauge  placed  on  the  top,  so  that  the  hollowing  that  took  place 
on  applying  suction  could  be  observed. 

It  was  found  that  with  14"  of  mercury  difference  in  the  manometer  tubes  about 
I4  rings  of  hollovvness  appeared  in  the  lens.  These  may  be  taken  as  hundred- 
thousandths  of  an  inch  deflection.  The  corresponding  double  refraction  in  the  lens 
was  -27  mm.  An  inch  of  mercury  corresponds  to  a  pressure  of  J  Ib./sq.  in.,  so  that 
I  Ib./sq.  in.  suction  on  the  lens  would  produce  a  micrometer  difference  reading  of 
•04  mm.  and  a  deflection  of  two-millionths  of  an  inch.  The  area  of  glass  submitted 
to  air  suction  was  -7  sq.  in.  so  that  to  produce  a  double  refraction  of  80  units  (say) 
the  pitch  must  exert  against  the  glass  a  pressure  of  -";"-  ;  -7  =  14  lbs.  at  the  centre, 
and  a  corresponding  pull  of  14  lbs.  to  balance  this  near  the  rim.  The  corresponding 
distortion  will  be  4  ■  lo"^,  that  is,  four  black  rings  in  the  sodium  light  seen  at 
normal  incidence.  It  seems  rather  remarkable  that  most  lenses  experience  forces 
of  this  magnitude  at  one  point  of  their  career,  and  that  if  the  pitch  be  bad  these 
pressures  may  be  considerably  exceeded. 

There  is  a  practice,  occasionally  adopted  in  the  shops,  of  protecting  the  central 
part  of  a  thin  negative  lens  with  a  disc  of  paper  or  cardboard,  so  that  the  pitch  only 
touches  the  glass  on  an  annulus  near  the  rim.  This  may  be  expected  to  reduce 
thermal  expansion  troubles  somewhat,  but  the  centre  of  the  lens  is  not  then  pressed 
very  evenly  into  contact  with  the  polisher.  An  alternative  method  would  be  to 
recess  the  back  of  the  pitch  as  in  Fig.  15.  The  values  of  the  two  methods  were 
tested  by  making  up  a  number  of  pellets,  some  plain,  some  simply  recessed,  some 
fitted  with  paper  discs,  and  some  having  both  discs  and  recesses.  They  were  pre- 
pared by  the  pellet-press  machine  described  in  Section  IV  under  conditions  other- 
wise identical.  The  results  for  three  different  pitches  are  given  below,  each  figure 
being  the  average  of  five  or  six  observations,  which  were  themselves  fairly  consistent. 
The  figures  represent  the  double  refraction  produced  in  the  lens  and  measured  by 
the  Babinet  polariscope. 

Good  pitch  10  mins.  after  pelletting 
Fairly  good  pitch  30  mins.  after  pelletting 
Bad  pitch  10  mins.  after  pelletting 

Although  it  is  here  shown  that  the  presence  of  paper  discs  and  of  recesses  tends 
to  reduce  the  strains,  both  are  to  some  extent  complications,  and  both  are  un- 
necessary, except  possibly  for  much  larger  and  more  flexible  lenses  than  those 
described  above,  if  the  pitch  is  kept  in  good  condition  so  that  strain  anneals  rapidly. 
Papering  is  quite  undesirable  for  several  reasons,  but  recessing  has  some  advantages, 
more  particularly  as  a  help  to  the  mechanical  handling  of  the  pitch  as  described 
later.  In  practice  a  very  slight  recess  is  now  used,  which  disappears  in  the  blocking 
operation  but  facilitates  pelletting. 

There  are  two  other  causes  of  trouble  sometimes  experienced  in  the  workshops 
when  working  lenses  on  pitch  supports,  which  result  in  lenses  remaining  grey  when 
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they  should  be  polishing,  and  which  are  sometimes  mistaken  for  the  "shrinking 
off."  They  are,  however,  not  strictly  properties  of  the  pitch  at  all.  One  is  inadequate 
support.  Imperfectly  supported  lenses  naturally  bend  under  the  pressure  of  the. 
polisher  and  consequently  the  polishing  does  not  take  effect.  This  trouble  is  easily 
recognised.  The  other  trouble  is  a  tangential  displacement  of  the  lens  on  its  seating. 
This  results  in  one  part  of  the  surface  of  the  glass  towards  one  part  of  the  periphery 
polishing  faster  than  the  other.  The  lenses  "hang  grey"  in  a  systematic  manner, 
the  grey  edges  of  the  various  lenses  being  similarly  oriented.  It  is  easily  shown 
mathematically  that  a  displacement  of  less  than  a  thousandth  of  an  inch  is  sufficient 
to  put  one  side  of  an  average  lens  completely  out  of  polishing  range.  It  is  well 
known  that  a  block  showing  this  defect  may  generally  be  completely  polished  by 
reversing  the  direction  of  rotation  and  so  pushing  the  lens  toward  the  other  side  of  its 
seating.  This  is  not  a  perfectly  satisfactory  method  either  for  most  rapid  polishing 
or  for  best  figuring.  The  tangential  displacement  can  be  completely  eUminated 
by  the  use  of  proper  pitch  and  proper  "tacky  "  for  cementing  the  pitch  to  the  glass. 

The  Function  of  the  Solid  Matter. 

It  has  been  previously  mentioned  that  it  is  a  common  practice  to  add  to  the 
prepared  pitch  a  quantity  of  solid  matter  such  as  wood  ash  or  ochre.  Wood  ash  is 
the  incombustible  residue  left  from  the  burning  of  wood,  and  consists  of  mineral 
matter.  It  contains  varying  proportions  of  silica,  alumina,  iron,  lime,  magnesia,  and 
potash.  Its  function  appears  to  he  two-fold.  In  the  first  place  it  reduces  the  thermal 
expansion  and  in  the  second  it  acts  as  a  stiffening  agent.  The  density  of  a  heap  of 
loose  wood  ash  in  air  is  -7,  and  of  wood  ash  in  air  well  shaken  together  -9,  the  density 
of  the  mineral  matter  itself  being  about  27.  The  interstices  have,  therefore,  two 
or  three  times  the  volume  of  the  mineral  matter,  and  since  the  density  of  pitch  is 
about  1-3,  it  would  require  pitch  to  the  extent  of  i  to  1-5  times  the  weight  of  the 
wood  ash  merely  to  fill  the  interstices.  The  actual  ratio  of  the  weight  of  pitch  to 
that  of  the  wood  ash  is  i-8  or  rather  more,  which  means  that  the  grains  of  wood  ash 
have  generally  a  film  of  pitch  between  them,  but  only  a  thin  film.  It  follows,  since 
the  elastic  modulus  of  the  ash  is  much  higher  than  that  of  the  pitch,  that  any  load 
that  comes  on  the  mixture  is  transmitted  mainly  through  the  particles  of  wood  ash, 
the  function  of  the  pitch  being  to  prevent  their  lateral  displacement.  The  load, 
however,  has  to  be  transmitted  across  numerous  thin  films  of  pitcli,  and  these  provide 
the  facilities  necessary  for  a  slow  yielding  or  annealing  under  continuous  stress. 
The  use  of  solid  matter  in  this  manner  seems  therefore  to  be  a  commendable 
practice,  but  the  same  cannot  be  said  of  the  addition  of  resin  to  the  pitch  as  a  stiffen- 
ing agent,  a  practice  by  no  means  rare. 

Resin,  as  commonly  marketed,  is  the  resinous  exudation  nf  (.oiiilcrDiis  ami  other 
trees  after  the  volatile  part  (oil  of  turpentine)  has  been  largely  driven  olf  by  heat. 
It  appears  definitely  solid  by  ordinary  tests,  and  although  it  has  no  definite  melting 
point,  the  softening  range  appears  to  be  much  shorter  than  that  of  pitch  or  bitumen. 
The  colophony  of  commerce  seems  to  melt  round  about  105°  C.  Tested  by  the 
Brinell  method,  at  room  temperatures,  the  resin  simply  splinters  under  the  load 
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without  giving  anything  approximating  to  a  Brinell  impression,  and  for  all  practical 
purposes  it  may  be  said  to  be  incapable  of  flow  at  room  temperatures.  A  small 
addition  of  other  materials,  such  as  beeswax  or  pitch,  makes  a  very  noticeable 
diflerence  to  its  behaviour,  but  in  general  a  mixture  of  resin  and  pitch  has  a  coefficient 
of  expansion  much  higher  than  an  equally  hard  mixture  of  pitch  and  wood  ash 
(Figs.  3-6).  The  presence  of  more  than  40  per  cent,  of  resin  in  a  pitch  mixture 
makes  it  difficult  to  prepare  backings  which  shall  not  crack  away  from  the  glass  by 
thermal  contraction  to  room  temperatures,  and  mixtures  containing  much  smaller 
amounts  of  resin  are  very  much  affected  by  temperature  variations. 

Section  IV.  The  Mechanical  Handling  of  Pitch. 
In  view  of  what  has  been  said  in  the  previous  sections,  it  becomes  possible  to 
handle  pitch  mechanically  with  success.  The  pitch  should  first  be  brought  to  a 
standard  hardness,  as  determined  by  the  Brinell  method,  and  as  much  solid  matter 
as  possible  should  then  be  added  as  is  consistent  with  keeping  the  grains  separated 
by  a  definite,  though  very  thin,  film  of  self-annealing  material.  The  hardness  of  the 
mi.xture  should  again  be  tested  and  made  to  conform  to  the  standard  which  experi- 
ence shows  to  be  necessary  for  the  class  of  work  on  which  it  is  to  be  used,  and  the 
polariscopic  test  should  then  indicate  a  definite  strain  10  minutes  after  pelletting, 
but  little  or  none  at  the  end  of  an  hour.  Both  hardness  and  strain  tests  must  be 
made  in  a  room  at  a  steady  temperature,  and  in  the  case  of  hardness  testing,  a 
standard  temperature  is  desirable. 

The  pitch  being  satisfactorily  prepared,  the  problem  becomes  one  of  keeping  it 
from  deteriorating  and  of  handling  it  mechanically  with  precision  and  despatch. 
It  is  obvious  that  the  method  of  "  pitching-on  "  by  hand  precludes  any  possibility 
of  making  two  pellets  alike.  The  method  is  moreover  slow  and  tedious,  often  hot 
and  unpleasant,  and  in  addition  there  is  always  the  risk  of  a  burn  or  two  from  the 
molten  pitch. 

The  main  requirements  are  three  in  number: 

To  avoid  heating  the  pitch  to  a  higher  temperature  than  is  absolutely  necessary . 

To  keep  the  atmosphere  away. 

To  keep  the  mixture  homogeneous  and  prevent  segregation  of  the  solid 
matter. 
The  requirements  are  very  satisfactorily  met  in  the  mixing  machine  shown  in 
Fig.  16.  The  machine  is  totally  enclosed,  thus  excluding  the  atmosphere*;  it  is 
heated  by  a  steam  jacket  with  steam  at  40  lbs.  pressure,  thus  maintaining  a  steady 
temperature  of  about  140°  C.  Continual  stirring  by  two  mixing  blades  as  shown 
prevents  segregation  and  keeps  the  mixture  uniform  throughout.  In  the  example 
shown  the  trough  holds  some  20  to  30  lbs.  of  pitch  and  the  blades  rotate  at  about 
15  and  18  r.p.m.  This,  of  course,  is  a  small  machine  for  use  with  photographic  and 
similar  small  lenses.  Pitch  is  supplied  to  the  mixture  by  throwing  cold  lumps  into 

*  It  is  found  that  one  of  the  quickest  ways  to  harden  pitch  is  to  keep  it  in  the  open  mixer  con- 
tinually stirred  and  with  the  free  surface  below  the  top  level  of  the  blades.  By  this  means  the  Brinell 
hardness  may  be  raised  i  unit  every  2  hours.  With  the  enclosed  mixer  200  hours  of  heating  and 
stirring  failed  to  produce  i  unit  of  alteration. 
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the  hopper  H,  where  it  mehs  and  flows  through  a  sieve  S  (to  take  out  any  foreign 
matter  it  may  have  picked  up  in  the  shops)  into  the  trough,  where  it  is  stirred  into 
the  general  mixture.  The  material  is  drawn  out  through  the  valve  V  on  the  end  of 
the  inclined  deliver)'  tube  T,  which  is  steam  jacketted,  so  that  the  operator  working 
the  machine  is  completely  screened  from  the  heat  and  general  obnoxiousness  of 
a  room  containing  molten  pitch. 

When  the  pitch  is  delivered  into  the  other  room  it  may  be  used  for  forming 
layers  or  pellets  as  required.  As  the  best  work  can  generally  be  done  with  pellets 
it  will  suffice  to  describe  the  methods  of  preparing  pellets.  Examination  of  existing 
workshop  practice  showed  that  the  thickness  of  hand-made  pellets  was  not  pro- 
portional to  the  diameter  of  the  lens.    A  fair  empirical  relation  was  found  to  be 


Fig.  i6.    Pitch  mixinR  and  pcllctting  machii 


/  =  "3  y/d,  t  and  d  being  both  in  inches.  This  rule  was  adopted  with  satisfaction  to 
standardise  the  thickness  of  mechanically  prepared  pellets.  For  a  number  of  reasons 
pellets  should  not  be  cylindrical,  but  coned  as  shown.  This  is  not  only  an  advantage 
in  blocking  (Fig.  17),  but  the  draught  is  useful  in  separating  pellets  from  their 
moulds  as  described  later.  The  standard  (double)  cone  angle  adopted  for  all  negative 
and  most  positive  lenses  is  35°.  For  exceptionally  sharp-radiused  crowns  60°  is 
used. 

A  simple  form  of  pellet  press  as  used  for  experimental  work  is  shown  in  Fig.  16. 
The  lens  is  carried  in  a  cradle  (Fig.  18)  and  covered  with  tapered  mould.  Below 
the  delivery  tube  of  the  mixing  machine  (Fig.  16)  is  a  rotating  table  /,  with  a  number 
of  stations  fitted  with  cradles  containing  the  lenses  as  shown.  The  pitch  flows 
continuously  from  the  nozzle  of  the  delivery  tube,  and  as  each  mould  is  filled  the 
table  is  indexed  on  by  one  station.   After  passing  through  several  stations,  during 
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which  time  the  pitch  is  cooling  to  a  plastic  state,  the  mould  reaches  a  station  under 
a  pneumatic  press.  At  this  point  a  turn  of  the  knurled  wheel  K  brings  down  the 
water-cooled  die  .17,  which  forms  the  upper  surface  of  the  pellet,  and  squeezes  out 
the  superfluous  pitch  which  remains  attached  to  the  pellet  by  a  thin  film.  At  the 
next  station  the  mould  and  pellet  without  the  cradle  are  transferred  together  to  the 
separating  machine,  where  they  cool,  and  then  come  under  a  hammer  which  separates 
the  pellet  from  the  mould,  and  sends  it  down  a  conveyer  to  a  collecting  point,  while 
the  moulds  travel  down  a  chute  to  another  point.  The  pellets  thus  made  are  of  a 
imiform  shape  and  are  made  very  rapidly  and  with  very  little  trouble  or  unpleasant- 
ness to  the  operator.  The  process  is  largely  automatic  and  is  more  so  in  more  recent 
machines. 

A  more  complete  account  of  some  of  the  mechanical  features  of  the  machines 
employed  will  be  found  in  British  Patent  Specification  141,395  (or  American 
Specifications  1,332,778,  or  1,358,676  and  1,358,677)  which  should  also  be  consulted 
for  information  concerning  the  patented  features  of  the  principles  involved. 


Fig.  17.    Value  of  coned  pellets  Fig.  i8.    Coned  riny  and  cradle 

in  deep  positive  blocks.  (lens  shown  dotted). 

Concluding  Notes  on  the  Use  of  Pitch  for  Optical  Work. 

Any  method  of  mounting  lenses  in  blocks  must  satisfy  the  following  require- 
ments : 

(i)    It  musf  hold  the  lenses  firmly  against  normal  or  tangential  displacement. 

(2)  It  must  leave  the  lenses  free  from  stress. 

(3)  It  must  be  able  to  accommodate  slight  variations  in  the  diameter  or  thick- 
ness of  lenses  nominally  alike. 

(4)  It  should  be  applicable  to  positive  lenses  with  knife  edges  or  to  negatives 
with  very  flexible  centres. 

(5)  It  should  be  simple  and  clean,  and  adapted  to  mechanical  handling. 
Obviously  no  mechanical  chuck  or  similar  device  can  satisfy  these  requirements. 
Pitch  as  a  material  for  mounting  lenses  for  polishing  possesses  many  remarkable 

advantages.  Its  colour  is  valuable;  the  dull  black  surface  in  contact  with  the  lens 
prevents  reflection  of  light  at  the  second  face  of  the  glass,  and  nothing  better  could 
be  devised  for  the  purpose  of  examining  figure  in  a  block.  More  than  most  similar 
materials  in  the  "solid"  state  its  coefficient  of  expansion  approximates  to  that  of 
glass,  it  melts  at  a  relatively  low  temperature,  and  remains  plastic  through  a  con- 
siderable range.    A  material  with  a  definite  melting  point  would  be  much  more 
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difficult  to  handle,  and  in  the  solid  phase  would  need  a  coefficient  of  expansion 
almost  identical  with  that  of  the  glass  to  be  worked,  or  figure  would  always  be  bad. 
Even  if  this  condition  were  satisfied,  the  material  would  be  at  a  disadvantage  as 
compared  with  pitch,  since  identity  of  expansions  would  preclude  the  use  of 
refrigeration  for  parting  Pitch,  being  an  undercooled  liquid,  i.e.  a  viscous  material, 
maybe  made  sufficiently  solid  to  resist  deformation  by  external  pressures  during  the 
polishing  operation,  and  yet  left  sufficiently  plastic  to  yield  to  internal  stresses,  so 
as  to  be  self-annealing  at  ordinar}-  temperatures.  The  alteration  of  properties  on 
prolonged  heating  is  its  most  serious  disadvantage,  but  the  methods  of  conservation 
and  testing  described  above  seem  to  be  capable  of  dealing  with  this,  and  of  utilising 
to  great  advantage  the  unique  properties  which  it  certainly 


DISCUSSION. 

Dr  J.  W.  French:  While  pitch  has  many  vices,  it  has  also  many  virtues,  but 
probably  the  latter  are  more  apparent  to  practical  opticians,  few  of  whom  have  yet 
succeeded  in  finding  a  suitable  substitute. 

We  are  all  much  indebted  to  Mr  Preston  for  having  given  us  the  results  of  his 
experiments.  To  this  particular  subject  the  pioneer  opticians  must  have  devoted 
much  attention,  but  until  quite  recently  it  has  been  assumed  that  there  was  but 
little  scope  for  further  research  work.  In  the  past  reliance  appears  to  have  been 
placed  upon  the  earlier  investigations  and,  considering  how  much  research  work 
has  been  done  in  other  branches  of  the  optical  arts,  it  is  somewhat  remarkable  that 
pitch  should  have  been  so  long  neglected  as  a  subject  of  research.  It  is  not  sug- 
gested, however,  that  the  importance  of  pitch  control  has  not  been  realised  or 
neglected  in  well-directed  establishments:  it  is  the  laborator}^  aspect  that  appears 
to  have  been  overlooked. 

Personally  the  habits  of  a  lifetime  make  it  extremely  difficult  for  me  to  regard 
pitch,  even  when  mixed  with  30  per  cent,  of  wood  ash,  as  a  substance  whose  viscous 
properties  are  of  secondary  importance,  as  Mr  Preston  appears  to  do.  I  cannot 
forget  with  what  enthusiasm  Lord  Kelvin  in  his  Natural  Philosophy  classes  used 
to  describe  to  us  the  viscous  properties  of  pitch  which  he  regarded  as  a  most 
delightful  substance.  Each  session  he  placed  on  the  surface  of  a  dish  full  of  pitch 
bodies  of  various  forms  such  as  tetrahedrons  and  from  time  to  time  he  showed  us 
how  these  bodies  assumed  their  positions  of  stable  equilibrium  and  how  corks 
placed  at  the  bottom  rose  in  the  course  of  time  through  the  pitch  to  the  surface, 
just  as  they  would  in  an  incomparably  shorter  time  float  to  the  surface  of  water. 

I  prefer,  therefore,  to  refer  the  troubles  that  may  be  experienced  in  the  use  of 
pitch  to  its  property  of  viscosity  and  this  view  is,  I  think,  justified  by  the  results  of 
the  following  experiment.  I  obtained  from  the  workshop  two  pieces  of  sticking-on 
pitch  in  a  condition  for  immediate  use.  Each  piece  was  attached  to  a  stout  glass 
disc  of  one  square  inch  area  and  the  pieces  were  laid  down  side  by  side  upon  a  flat 
steel  plate.  The  one  was  loaded  with  half  a  pound  and  the  other  with  five  jiounds. 
Measurements  were  taken  at  regular  inttrvais.  The  results  are  as  follow  : 
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Both  specimens  sank  rapidly  during  the  first  few  hours ;  after  settling  down  they 
sank  more  slowly  and  fairly  regularly  during  25  hours,  but  the  small-load  specimen 
sank  at  less  than  half  the  rate  of  the  high-load  specimen.  After  25  hours  the  rate  of 
sinking  decreased  and  at  50  hours  the  rate  in  the  case  of  the  small-load  specimen 
was  practically  negligible,  whereas  in  the  case  of  the  high-load  specimen  sinking 
continued,  although  at  a  comparatively  slow  rate,  for  more  than  100  hours  during 
which  this  particular  test  was  made.  In  view  of  the  fact  that  the  pitch  was  com- 
bined with  30  per  cent,  of  wood-ash,  a  difference  in  the  rates  of  much  more  than 
2:1  is  not  to  be  expected,  although  the  ratio  of  the  loads  was  10:1. 

It  is  interesting  to  consider  why,  after  about  50  hours,  the  rate  of  sinking  has  so 
greatly  decreased.  It  is  easy  to  see  that  the  exposed  surface  of  the  pitch  has  become 
very  hard  and  brittle,  due,  I  think,  to  the  evaporation  of  solvents,  although  I  quite 
recognise  that  in  the  case  of  resins  surface  oxidation  probably  occurs.  After  about 
50  hours  I  believe  the  outer  skin  of  the  pieces  of  pitch  has  become  so  hard  as 
practically  to  form  a  case  which  holds  the  more  viscous  interior  pitch  and  this  outer 
case  prevents  deformation  when  the  load  is  light.  When,  however,  the  load  is 
heavier,  deformation  of  the  outer  shell  at  a  comparatively  slow  rate  appears  to 
continue  for  a  much  longer  time.  It  is  only  necessary  after  50  hours  to  spray  very 
lightly  with  a  solvent  the  surfaces  of  the  pitch  to  realise  how  erratic  the  action  then 
becomes.  Portions  of  the  casing  become  soft  and  allow  the  pitch  to  flow  irregularly. 
Similar  interesting  results  can  be  obtained  by  covering  the  specimens  with  a  bell 
jar  containing  a  small  amount  of  naphtha  vapour. 

If  Mr  Preston  regards  the  property  of  viscosity  of  workshop  pitch  as  being  of 
very-  secondary  importance,  as  he  appears  to  do,  it  is  then  necessary  to  attribute  the 
variations  observed  in  the  workshop  to  some  such  condition  as  defective  annealing. 
But,  if  workshop  pitch  is  the  viscous  material  which  I  believe  it  to  be,  then  it  is 
hardly  possible  for  such  stresses  to  exist.  Workshop  evidence,  such  for  example  as 
the  direction  of  sinking  of  lenses  on  a  spherical  head,  all  points  to  the  pitch  having 
a  considerable  amount  of  viscosity. 

^^'ith  regard  to  the  oxidation  of  resinous  substances,  it  may  interest  the  Members 
to  know  that  the  reddening  of  balsam  by  oxidation  that  takes  place  when  it  is  being 
evaporated  to  a  solid  form  can  be  overcome  by  evaporating  the  balsam  in  a  vacuum. 
The  solid  balsam  thus  obtained  retains  its  original  yellow  colour. 

Mr  P.  F.  Everitt:  I  remember  how  in  one  optical  firm  a  number  of  lenses 
mounted  on  pitch  were  left  for  a  long  time  and  had  ultimately  to  be  knocked  off 
and  re-mounted  before  working.  The  modern  tendency  is  to  adopt  methods  of 
mounting  without  pitch  pellets.  In  course  of  time  many  of  the  problems  con- 
nected with  pitch  will  disappear.  The  author's  treatment  of  the  subject  is  not 
complete,  but  it  forms  a  good  starting  point  for  other  investigators. 

Mr  Preston :  It  is  one  of  the  axioms  of  my  paper  that  pitch  is  a  "viscous  fluid." 
The  properties  I  have  described  are  only  possible  in  virtue  of  the  fluidity  thus 
postulated :  they  could  not  exist  in  a  rigid  substance  and  the  last  thing  therefore 
that  I  want  to  do  is  to  suggest  that  the  fluid  nature  of  pitch  is  a  matter  of  secondar\- 
importance.   On  the  contrary,  it  is  the  keynote  of  the  whole  paper. 
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There  is  some  confusion  in  Dr  French's  use  of  the  term  "viscosity,"  especially 
when  used  in  a  quantitative  sense.  Thus  he  says  "The  evidence  all  points  to  the 
pitch  having  a  considerable  amount  of  viscosity,"  when  it  is  meant  that  it  has  a 
considerable  amount  of  fluidity,  or  lack  of  viscosity.  For  the  more  considerable 
the  amount  of  viscosity,  the  greater  the  rigidity  of  the  substance  and  the  greater 
are  the  stresses  it  can  carry.  All  the  experiments  of  Lord  Kelvin  and  others  are 
designed  to  show,  not  that  pitch  is  viscous,  but  that  it  is  fluid.  Once  its  fluidity  is 
established,  it  is  self-evident  that  the  fluid  is  a  highly  viscous  one. 

Now  although  pitch  is  a  fluid,  its  viscosity  is  so  high  that  it  can  support  enormous 
stresses  without  rapid  flow.  A  heavy  weight  may  be  placed  on  a  lump  of  backing 
pitch,  and  the  pitch  is  thereby  subjected  to  considerable  stress;  but  it  does  not 
instantly  flow  away  and  let  the  weight  down  with  a  bump.  Thus  it  is  perfectly 
obvious  that,  though  workshop  pitch  is  the  viscous  (more  strictly,  fluid)  substance 
that  Dr  French  believes  it  to  be,  yet  it  is  entirely  possible  for  great  stresses  to  exist 
in  it. 

The  paper  is  intended  to  lay  emphasis  on  the  importance  of  those  stresses  that 
originate  internally  from  thermal  expansion  and  contraction,  as  distinct  from 
stresses  arising  from  external  loads.  These  internally-arising  stresses  can  be  borne 
for  a  time  by  the  pitch,  just  as  heavy  external  loads  can  be  supported  for  a  while. 
But  inasmuch  as  pitch  is  a  fluid,  it  forthwith  engages  on  a  slight  diflerential  flow 
— viscous  flow — to  relieve  these  internal  strains.  This  is  the  process  of  annealing  and 
is  identical  with  the  process  of  annealing  in  glass. 

The  internal  strains  may  be  initially  high — they  are  higher,  the  greater  the 
viscosity  of  the  pitch — but  they  are  entirely  relieved  by  a  very  small  viscous  dis- 
placement, so  that  flow  under  internal  strain  does  not  continue  indefinitely.  As 
soon  as  annealing  is  complete,  the  flow  stops.  Under  external  loads,  on  the  contrary, 
the  load  is  not  removed  by  the  flow,  and  flow  may  continue  indefinitely  (in  certain 
cases  buoyancy  and  surface  tension  may  bring  it  to  a  stop). 

We  see,  then,  that  so  far  from  defective  annealing  proving  that  pitch  is  not  a 
viscous  material,  it  merely  proves  that  pitch  is  a  very  viscous  material.  My  results 
do  not  contradict  Lord  Kelvin's,  but  they  could  be  predicted  from  them. 

Dr  French's  experiments  indicating  that  a  semi-rigid  casing  forms  on  the  outside 
of  the  pitch  even  at  room  temperature  is  interesting.  It  seems  entirely  possible  and 
even  probable,  but  whether  it  is  thick  enough  to  be  a  factor  of  great  importance 
would  seem  to  require  further  experimenting. 

I  am  glad  that  Mr  Everitt  thinks  that  many  of  the  problems  connected  with 
pitch  will  ultimately  disappear :  but  I  do  not  think  they  will  disappear  spontaneously. 
We  have  a  long  way  to  go  and  mucii  thought  will  need  to  be  given  in  the  future  to 
the  details  of  our  worksliop  iiroblcins. 
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MS.  received,  24th  February,  1923.  Read  and  discussed,  Sth  March,  1923. 

ABSTRACT.  The  chief  aim  of  this  paper  is  to  show  that  the  tendency,  wiiich  has  been 
developing  among  optical  designers  in  recent  years,  to  follow  in  the  footsteps  of  (mostly) 
German  optical  workers  and  test  the  performance  of  optical  designs  by  exact  ray  tracings 
by  trigonometrical  methods  on  paper  instead  of  by  inspection  of  the  actual  performance 
of  the  embodied  idea,  involves  a  needless  waste  of  both  time  and  working  costs.  While 
such  exact  ray  tracings  may  give  valuable  data  concerning  the  optical  performance  of  a 
lens  system,  if  carried  out  thoroughly  enough,  yet  the  results  so  obtained  do  not  and  cannot 
give  any  indication  of  the  direction  in  which  changes  are  required,  and  only  an  appeal  to 
the  general  algebraic  formulae,  such  as  those,  for  instance,  founded  upon  Coddington's 
work,  can  afford  the  designer  the  enlightenment  necessary  to  enable  him  to  bring  the 
system  to  the  best  possible  perfection.  Therefore,  I  have  fully  come  to  the  conclusion 
that  ray  tracing  methods  are,  generally  speaking,  unnecessary  and  superfluous  for  any 
designer  who  cares  to  master  the  general  implications  of  the  much  more  philosophical 
and  illuminating  system  of  optics  founded  on  Coddington  and  other  workers  of  the  British 
school.  This  conclusion  I  seek  to  illustrate  and  justify  by  a  few  illustrative  examples  from 
my  own  experience. 

Our  ex-President,  Professor  Cheshire,  recently  made  some  suggestions  to  me  as 
to  the  desirability  of  my  contributing  a  paper  (even  though  a  belated  one)  upon 
the  question  of  "The  future  of  Geometrical  Optics,"  which  has  been  a  very  vexed 
question  since  the  convention  which  took  place  at  Cambridge  in  May  1921  and 
which  I  was  not  able  to  attend.  I  have  read  the  report*  of  the  addresses  and  dis- 
cussions at  that  convention  with  great  interest,  and  was  much  impressed  by  the 
opening  address  by  Commander  T.  Y.  Baker  in  which  he  largely  dwelt  upon  the 
quantitative  inaccuracy  of  the  algebraic  formulae  of  the  second  order  for  the  four 
main  aberrations,  especially  under  certain  conditions,  thus  to  my  mind  emphasising 
the  call  that  there  is  for  the  further  development  of  the  formulae  of  the  third  order. 
In  fact  it  is  fairly  well  known  to  us  that  the  algebraic  formulae  at  present  available 
are  often  more  valuable  in  their  qualitative  sense  than  in  their  quantitative  sense, 
and,  as  Mr  Conrad  Beck  well  observed,  "a  mathematical  formula  may  be  of  no 
practical  use  for  direct  application,  but  may  be  of  the  utmost  value  in  revealing 
tendencies." 

Then,  as  bearing  upon  the  comparative  merits  of  algebraic  systems  of  formulae 
of  the  second  order  on  the  one  hand  and  the  more  exact  procedure  of  ray  tracing 
on  the  other  hand,  almost  as  if  they  were  rival  processes,  one  of  which  might 
supplant  the  other,  we  find  that  Professor  Cheshire  cited  the  case  of  the  firm  of 
Messrs  Carl  Zeiss  for  whom  Professor  Abbe  had  inaugurated  the  rigid  rule  that 

*   Trans.  Opt.  Soc.  22  (1920-21)  201. 
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the  designing  and  computing  of  optical  systems  must  be  completed  in  the  computing 
office  without  any  recourse  to  workshop  trials.  This  matter  may  be  found  further 
enlarged  upon  in  the  letters  of  Professor  Abbe  to  a  friend  in  England,  recently 
published  by  Professor  Cheshire,  and  I  shall  have  occasion  to  refer  to  it  again. 
Throughout  this  paper  I  shall  speak  of  the  several  orders  of  formulae  as  follows : 
Formulae  of  the  first  order.  These  comprise  the  Gaussian  formulae,  or  the 
formulae  of  narrow  pencils  of  disappearing  apertures,  in  which  no  aberrations  what- 
ever are  assumed  to  have  a  place,  and  therefore  represent  the  ideal  performance 
to  which  perfectly  corrected  lens  systems  of  even  large  fields  and  apertures  shall 
conform. 

Formulae  of  the  second  order.  These  embrace  the  usual  algebraic  formulae  for: 
(i)   Spherical  aberration. 

(2)  Curvature  of  field  and  eccentricity  corrections. 

(3)  Coma. 

(4)  Distortion. 

Formulae  of  the  third  order.  These  involve  higher  developments  of  the  reasoning 
by  which  the  second  order  formulae  have  been  arrived  at.  As  yet  these  formulae 
have  only  been  worked  out  to  a  very  small  extent. 

I  should  say  at  the  outset  that  the  position  which  I  shall  attempt  to  justify  is 
this,  that  it  is  the  Algebraic  System  of  Optics  of  the  first  and  second  orders  of  the 
British  school  as  initiated  by  Sir  George  Airy  and  Henry  Coddington,  and  also 
the  undeveloped  third  order  of  the  same,  which  together  constitute  the  source  of 
creative  inspiration  by  which  all  advances  in  optical  constructions  and  inventions 
are  rendered  possible,  while  the  practice  of  what  is  known  as  ray  tracing,  so  largely 
employed  in  Germany,  should  only  be  regarded  as  of  quite  secondary  importance, 
so  much  so,  in  fact,  that  its  employment  is  quite  unnecessary,  provided  that  the 
algebraic  system  and  all  its  implications  be  sufficiently  grasped  and  digested. 
Personally  I  substantially  agree  with  a  remark  made  by  Mr  Horace  Beck  at  the 
Cambridge  discussion — "The  present  method  of  trigonometrical  calculation  is 
nothing  more  than  the  old  fashioned  rule  of  thumb  method  of  trial  and  error. 
In  lenses  where  it  is  easy  to  measure  the  aberrations  accurately,  it  is  much  more 
rapid  and  cheaper  and  quite  as  satisfactory  to  measure  the  results  and  by  tabulating 
and  examining  the  aberrations,  methods  of  eliminating  them  can  be  found." 

I  should  say  that,  with  the  exception  of  the  accurate  trigonometrical  tracing  of 
marginal  rays  entering  large  telescope  object  glasses  parallel  to  the  axis,  I  have 
never  done  a  particle  of  ray  tracing,  nor  do  I  intend  to  do  so  without  being  more 
convinced  than  I  am  yet  of  its  necessity,  or  even  of  its  desirability.  In  fact,  if  I  had 
undertaken  as  many  ray  tracings  as  would  have  been  called  for  in  the  course  of 
working  out  the  many  new  optical  combinations,  of  which  I  am  dealing  with  a 
few  samples  in  this  paper,  not  only  would  the  combinations  never  have  been 
completed,  but  I  have  grave  doubts  as  to  whether  I  should  have  been  alive  and 
addressing  you  to-night.  As  the  devising  of  these  new  optical  combinations  and 
the  evolution  of  a  system  of  algebraic  formulae  of  the  sccoml  onler  iia\c  gone  on 
more  or  less  in  close  inter-relation  and  simultaneously,  1  will  lun-  t;i\c  a  sliort 
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sketch  of  the  experiences  which  have  led  me  to  take  up  the  attitude  that  I  do  on 
the  pressing  question  of  whether  this  country  is  to  develop  and  work  its  own  optical 
system,  or  whether  another  much  more  mechanical  system  shall  be  imposed  upon 
it  from  without.  About  the  year  1890,  after  carefully  studying  Coddington's 
Optics,  I  entered  on  a  course  of  development  based  upon  his  system  and  notation, 
which  led  to  formulae  full  of  important  suggestions.  The  possibility  of  correcting 
the  curvature  of  field  and  oblique  astigmatism  of  a  positive  lens,  by  placing  on  the 
same  axis  another  negative  lens  of  the  same  power  and  of  the  same  glasses,  and 
trusting  to  the  axial  separation  for  obtaining  sufficient  positive  or  image  forming 
power  for  the  combination,  at  once  occurred  to  me,  and  led  me  to  make  a  series 
of  experiments  from  which  I  soon  learnt  that  rectilinear  images  could  not  easily 
be  obtained  without  dividing  the  positive  lens  into  two  positive  lenses  equal  or 
unequal  in  power  and  placing  the  negative  lens  between  them.  By  adopting  that 
course  and  employing  my  formulae  just  in  a  broad  sketchy  manner  in  which  no 
allowance  was  made  for  lens  thicknesses,  I  made  a  model  which  formed  the  basis 
of  the  achromatic  or  compound  triplet  lens  illustrated  in  Fig.  i.  The  method  was 
first  to  make  the  sketch  model,  then  measure  its  deviations  from  the  ideal  perform- 
ance, and  the  changes  in  its  curvatures  necessary  for 
eliminating  the  errors  were  then  inferred  in  a  general  way 
from  the  formulae,  and  so  on  until  the  finally  approved 
standard  was  reached,  when  the  result  was  a  flat  field 
anastigmat  lens  of  F/8  aperture  covering  a  plate  of  length 
about  equal  to  the  focal  length.  But  you  will  see  that 
I  was  then  labouring  under  the  idea  that  each  of  three 
lenses  should  be  self-achromatic  and  self-corrected  against 
spherical  aberration  as  well  as  free  from  coma.  It  was  not 
until  some  time  after  that  it  occurred  to  me  that  after  all 
an  achromatic  final  image  free  from  spherical  aberration 
could  be  obtained  even  with  three  quite  simple  lenses 
provided  their  separations  bore  the  proper  relationship  to 
their  powers.  Therefore  triplets  of  three  simple  lenses  soon 
followed  with  results  as  good  as,  if  not  better  than,  those 
given  by  the  first  more  complex  lens,  and  further,  as  the 
new  Schott  barium  crown  glasses  of  high  refractive  index 
with  low  dispersion  and  highly  dispersive  flints  combining 
a  comparatively  low  refractive  index  with  a  comparatively 
high  dispersion  were  then  coming  into  the  market,  I  was 
able  to  devise  new  triple  combinations  embodying  the  new  glasses  and  utilizing 
their  optical  benefits.  So  far  the  first  trial  model  of  any  of  these  lenses  had 
been  the  embodiment  of  a  very  rough  sketch  whose  performance  fell  very  far 
short  of  the  final  performance,  requiring  \try  many  tentative  alterations  in  relative 
powers,  positions,  and  curvatures,  all  such  being  suggested  by  appealing  to  the 
formulae  and  carrj'ing  out  whatever  they  pointed  to  in  the  way  of  alterations. 
Later  on,  however,  I  began  to  work  out  the  first  model  for  new  photographic 


146 


H.  Dennis  Taylor 


lenses  rather  more  elaborately,  with,  I  think,  some  saving  of  time,  and  this  became 
more  desirable  as  the  number  of  simple  lenses  in  a  combination  was  increased  for 
some  reason  or  another  to  more  than  three. 

For  instance,  in  Figs.  2  and  3,  the  idea  aimed  at  is  a  triple  anastigmat  flat  field 
lens  of  about  F/4  full  aperture  corrected  and  designed  to  perform  at  its  best 
not  with  the  stop  at  or  near  the  middle  of  the  combination,  but  at  a  distance 
outside  of  the  first  principal  point  equal  to  1/3  of  the  efl^ective  focal  length.  It  is 
wanted  for  a  special  purpose.    As  in  all  the  later  triple  Cooke  lenses,  the  first 


Fig. 


procedure  is  to  settle  the  glasses  to  be  employed,  and  next  to  determine  how  closely 
it  will  be  desirable  to  fulfil  the  Petzval  condition,  and  then  to  fix  the  ratio  between 
the  powers  of  the  two  positive  lenses.  This  being  done  and  the  glasses  being 
known,  the  next  thing  is  to  settle  the  relative  axial  separations  between  the  lenses 
which  are  necessary  to  secure  both  the  required  achromatism  (for  rays  C  and  /-' 
in  this  case)  at  the  principal  axial  focus  and  also  similar  achromatism  of  tiie  oblique 
focal  points  so  that  the  dimensions  of  the  images  in  the  two  colours  {C  and  F) 
shall  be  equal.  For  this  purpose  the  lenses  are  at  first  treated  as  infinitely  thin, 
as  mere  abstractions.  The  required  separations  having  been  settled,  the  next 
procedure  is  to  work  out  the  parameters  «,  ^,  and  .v  for  the  three  lenses,  a  character- 
ising the  state  of  vergcncy  for  rays  of  axial  ]x-ncils  for  each  lens,  fi  being  the  same 
characteristic  or  parameter  for  principal  rays  of  obiiiiue  pencils  crossing  the  axis 
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at  the  centre  of  the  stop,  and  x  being  the  parameter  or  characteristic  of  the  sliaix- 
of  each  lens;  also  the  heights  jy  from' the  axis  at  which  the  marginal  rays  of  an  axial 
pencil  of  parallel  rays  impinge  upon  each  lens  plane,  and  the  heights  Y  from  the 
axis  at  which  principal  rays  through  the  stop  centre  impinge  upon  the  several  lens 
planes.  Then  the  formulae  for  each  lens  can  be  worked  out  by  four  figure  logs 
expressing : 

(i)  The  spherical  aberration  for  a  pencil  of  parallel  rays  entering  Lj  at  height  j'l 
and  referring  the  aberrations  of  L,  and  L^  to  the  position  of  L3. 

(2)  The  eccentricity  corrections  affecting  the  focal  lengths  of  oblique  pencils 
in  primary  planes  for  each  of  the  three  lenses,  in  which  j3  is  involved. 

(2rt)  The  sum  of  the  curvatures  of  field  of  the  three  lenses  combined  for  central 
oblique  refraction,  ascertained  both  in  the  primary  and  secondary  planes.  Then 
the  eccentricity  corrections  of  course  are  ultimately  required  to  be  minus  and  equal 
to  this  curvature  sum,  at  any  rate  in  primary  planes. 

(3)  The  angular  coma  affecting  the  foci  of  oblique  pencils  for  each  lens.  These 
should  sum  up  to  zero. 

(4)  The  distortion  of  straight  lines  in  the  images  yielded  by  each  lens.  These 
should  sum  up  to  zero. 

Then  having  got  all  four  formulae  for  each  lens  in  the  form  Ax'^  +  Bx  +  C, 
the  next  thing  required  is  to  make  a  table  of  numerical  values  for  a  few  different 
values  of  x  centering  round  what  is  considered  to  be  a  likely  value  for  it.  This 
being  done,  one  can  pick  out  the  values  x^,  X2,  and  x^  for  each  lens  which  yield 
the  best  general  corrections  (i)  for  axial  spherical  aberration,  (2)  for  flatness 
of  field  in  primary  planes,  (3)  for  freedom  from  coma  in  the  oblique  pencils,  and 
(4)  for  freedom  from  distortion  of  straight  lines. 

As  an  instance  Table  I  gives  the  initial  data  employed  for  the  system  shown 
in  Fig.  3. 

Table  I. 


Nominal 

Radii  of 

Axial  air- 

Lens 

focal  length* 

curvature 

Mr 

V 

separation 

L, 

+  2-67 

1:  ;:?fi 

|:  \'A 

\-  13-58  ( 

1+     2-495* 

i-6i 

588 

•30  appro.x. 

U 

-  203 

I  604 

38 

U 

+  496 

i-6i 

58-S 

■72  approx. 

[*  i.e.  (M  - 

OdA: 

I  +  I /'-a)-] 

The  effective  focal  length  of  the  combination  is  about  7-1  inches,  but  this 
c|uantity  is  not  determined  or  measured  accurately  until  the  performance  has 
been  finally  approved;  then  the  curves  for  any  given  effective  focal  length  are 
just  a  matter  of  proportion.  This  combination  is  not  yet  fully  worked  out.  Table  II 
gives  the  corrections  obtained  for  the  initial  model. 

The  spherical  aberration  is  about  -  -036  linear  for  an  aperture  of  F/4-78,  the 
image  is  almost  flat  in  primary  planes,  the  coma  amounts  to  only  about  40  sees, 
angular  value  at  18"  from  the  axis,  while  the  distortion  is  only  -44  per  cent,  of  the 
radial  dimensions  of  the  image  at  18°  from  the  axis. 
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Table  II. 


Lens          .V  value 

Spherical 
aberration 

Eccentri 
corrections 

citv 
P.P» 

Angular 
coma,  P.P. 

Distortion 

i,           +     -66 

L,           -     -2375 
L,           -  1-45 
Combined  total 

+  -03638 
-  -04760 

+  -00094 

+  -06870 
+  -00216 

-  -Z2290 

-  152 

an=0 

-  -02651  tan  <p 
+  -03803       „ 

-  -00066       „ 

-•1138 
+  -1732 
-  -0550 
+  -0044 
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Linear  aberration  =  -  -036.     Curvature,  P.P.  =  +  -1510.     Anijular  coma  =  40'. 
[•  i.e.  primary  plane.] 

Of  course  these  results  are  only  rough  approximations ;  we  are  dealing  with  a  mere 
skeleton  arrangement  of  the  finished  lens.  The  next  step  is  to  translate  the  three  lens 
planes  of  Fig.  2  into  three  lenses  of  the  required  aperture  shown  in  Fig.  3.  Then  in- 
stead of  three  lens  planes  we  have  six  element  planes  e^  to  e^ ,  being  planes  tangent  to 
the  six  lens  surfaces,  and  if  the  three  thicknesses  are  /j,  /j,  and  ^3,  we  may  consider 
the  air  separation  between  e^  and  e^  to  be  tJii  and  so  on.  Then  if  it  be  desired  to 
work  out  the  combination  on  paper  more  accurately,  these  six  elements  must  first 


be  distributed  again  as  to  separations  in  order  to  fiiltii  the  conditions  of  axial  and 
oblique  achromatism  and  then  the  four  formulae  for  each  of  the  six  elements  be 
worked  out  anew,  when  the  results  given  in  the  last  table  may  be  found  more 
or  less  modified  so  that  a  fresh  adjustment  of  the  three  .v's  may  be  found  desirable. 
This  second  approximation  consequent  upon  the  introduction  of  concrete  thick- 
nesses is  the  most  desirable  when  one  or  more  of  the  positive  lenses  are  of  meniscus 
form  having  x  much  greater  than  i.  However,  whether  the  skeleton  form  be  a 
first  or  second  approximation,  the  next  step  is  the  practical  one  of  getting  the 
lens  carried  out  in  the  workshop  according  to  Fig.  3,  when  it  may  be  mounted  in 
a  trial  camera  and  its  various  errors  be  measured  up.  Then  an  inspection  of  the 
tables  of  formulae  for  the  four  corrections  for  each  of  the  three  lenses  will  enable 
the  designer  to  modify  the  .v's  of  the  lenses  or  the  powers  of  the  lenses  so  as  to 
bring  about  the  various  difl^erential  corrections  rccjuired  to  annul  the  observed 
errors.  These  having  been  carried  out,  the  lens  is  again  examined  and  so  on  until  the 
designer  is  satisfied  that  the  very  best  compromise  of  corrections  has  been  obtained. 
We  will  now  proceed  to  a  more  complex  case  of  a  photographic  lens  as  shown 
in  Fig.  4.  The  intention  here  was  to  produce  a  flat  field  rectilinear  anastigmat  of 
the  very  large  aperture  of  F/2,  chiefly  for  cinema  photograpiiy,  and  in  order  to 
secure  this  very  short  focus  relatively  to  a|Hrtiire  the  negative  corrector  lens  was 
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placed  as  close  up  to  the  focal  plane  as  possible  instead  of  being  placed  between 
the  two  positive  lenses  as  in  the  last  case.  It  is  clear  that  its  influence  for  decreasing 
the  power  of  the  combination  is  then  at  its  minimum.  It  now  becomes  essential 
that  the  two  positive  lenses  shall  each  be  about  self  achromatic  or  very  slightly 
undercorrected.  In  order  to  get  the  four  formulae  for  each  compound  cemented 
lens  simplified  down  into  the  form  Ax-  r  Bx  +  C,  it  is  necessary  that  the  x  shall 
refer  to  the  centre  positive  lens  only,  since  the  three  components  are  to  be  fitted 
together  for  cementing.  It  is  then  perfectly  simple  to  express  x^  for  the  first  com- 
ponent and  .V3  for  the  third  component  both  in  terms  oi x.,  for  the  second  component. 

Then,  as  in  the  last  case,  each  compound  lens  is  treated  as  all  lying  in  one 
plane,  again  a  mere  abstraction,  and  the  four  formulae  for  each  are  worked  out 
numerically  for  different  likely  values  of  x.,  and  .v,, ,  after  which  a  suitable  selection 
is  made  of  such  values  of  these  as  well  as  .v,  (for  the  negative  lens)  as  will  yield  the 
most  satisfactory-  general  result.  Should  this  not  be  forthcoming,  different  types 
of  glasses  or  different  separations  are  considered  until  the  desired  skeleton  result 
is  obtained  after  which,  without  in  this  case  troubling  to  work  out  the  corrections 
for  the  elements  constituting  the  lenses  of  concrete  thicknesses,  a  model  of  2  to 
2h  inches  effective  focal  length  was  constructed  and  its  errors  measured  up.  It  was 
soon  found  that,  as  was  expected,  the  axial  pencil  when  free  from  spherical  aberra- 
tion in  a  general  sense  yet  showed  a  marked  zone  of  aberration,  but  not  enough  to 
mar  the  definition  except  under  high  magnification.  This  lens  had  to  go  through 
many  trials  and  alterations  before  the  final  result  was  obtained,  the  field  of  view 
being  a  circle  of  30°  diameter  so  that  a  focal  length  of  2-25  inches  would  just  cover 
a  cinema  film  picture  to  the  corners. 

Turning  now  to  Fig.  5  we  have  another  quite  different  type  of  optical  con- 
struction. It  represents  the  verj'  simplest  form  of  unit  power  and  wide  angle 
periscope,  and  consists  of  two  simple  negative  lenses  L^  and  Lj  for  the  first  or  top 
objective,  a  reflector  m^,  a  large  achromatic  objective  O,  half-way  down  the 
long  tube,  and  a  second  reflector  m^,  a  glass  diaphragm  or  field  lens  L3,  and 
two  simple  positive  lenses,  eye  lenses  L^  and  L., ,  the  whole  giving  a  flat  achromatic 
and  anastigmatic  field  of  60  .  Pj  is  the  entrance  pupil  and  P,  the  exit  pupil.  This 
simple  anastigmatic  periscope  was  worked  out  upon  much  the  same  lines  as  the 
photographic  lenses. 

This  basic  construction,  together  with  a  different  method  of  erecting  the  image, 
was  first  worked  out,  in  response  to  the  urgent  representations  of  officials  of  the 
Royal  Air  Force,  for  the  purpose  of  enabling  the  pilot  of  an  aeroplane  to  get  a 
clear  view  of  the  ground  below  and  in  front  of  him.  After  being  worked  out  and 
submitted  to  the  Government  Air  Experimental  Force  the  instrument  was  kept 
six  months  and  then  returned  to  us  without  even  having  been  looked  through,  so 
far  as  we  could  ascertain.  I  simply  cite  this  as  an  instance  of  the  very  casual  manner 
in  which  inventors  are  often  treated  by  Government  Departments. 

As  to  submarine  applications,  we  are  all  only  too  painfully  aware  that  the 
great  restrictions  upon  the  calibre  of  the  tubes  used  for  submarine  periscopes 
renders  the  attainment  of  such  an  ideal  construction  quite  out  of  the  question,  so 
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that  the  present  clumsy  and  complicated  system  of  positive  lenses,  constituting 
a  veritable  outrage  in  optical  design,  and  absorbing  at  least  seven-eighths  of  the 
entering  light,  has  had  to  be  adopted. 


One  feels  disposed  to  ask,  while  on  this  subject,  wlietlK-r  the  conflicting  re- 
quirements of  the  utmost  possible  invisibility  of  the  submarine  periscope  to  the 
enemy  on  the  one  hand,  and  the  utmost  possible  visibility  of  the  enemy  ship  to 
the  submarine  on  the  other  hand,  have  been  compromised  to  the  best  advantage, 
or  whether  the  simplification  of  the  periscope  and  its  conforming  better  to  sound 
optical  principles,  and  the  conseipient  great  saving  of  light  ami  improvement  in 
detiiiition  away   from  the  centre  of  the  fielii,  woiiiti   not  more  tlian   balance   the 
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increased  calibre  and  visibility  of  the  tubes  that  would  be  required.  Even  if  this 
matter  is  considered  as  settled,  it  might  still  be  quite  feasible  for  a  submarine  to 
carr}'  a  simple  and  effective  large  calibre  periscope  for  use  in  picking  up  very 
distant  enemy  vessels,  and  resort  to  the  present  small  calibre  periscope  when 
approaching  near  enough  to  the  enemy  ship  to  run  the  risk  of  being  detected. 

And  now  we  may,  with  special  advantage,  consider  the  question  of  the  micro- 
scope, for  it  is  with  regard  to  the  higher  power  microscope  objective  of  large 
numerical  aperture  that  the  strongest  arguments  in  favour  of  the  methods  of  ray 
tracing  may  be  brought  forward. 

When  I  last  read  a  paper  before  this  Society,  I  said  I  hoped  on  some  future 
occasion  to  introduce  to  your  notice  a  form  of  anastigmatic  flat  field  microscope. 


Fig.  6. 


fy       ^-^af-^-     far. 


Fig.  7. 


Fig.  6  is  the  skeleton  arrangement  for  an  anastigmat  objective  intended  for  about 
I  inch  focal  length  or  so  with  an  n.a.  of  about  -225.  This  consists  of  three  positive 
lenses  L^,  L^,  and  Lg  and  two  negative  lenses  Lj  and  L^  instead  of  the  two  positive 
and  one  negative  as  employed  for  the  photographic  objectives,  which  latter  were 
intended  for  an  aperture  of  F/4-5  only  whereas  for  our  micro-objective  we  want 
nearly  F/2.  Moreover  we  are  up  against  a  new  problem.  The  triple  photographic 
lenses  all  show  at  full  aperture  a  short  or  positive  zone  of  aberration,  which  I  do 
not  consider  can  be  eliminated,  but  it  is  not  bad  enough  to  be  detrimental.  But 
the  same  zone  in  a  micro-objective  would  be  very  detrimental  to  the  definition, 
as  the  image  is  further  magnified  up  by  the  eyepiece.  Therefore  one  of  our  new 
conditions  is  freedom  from  zones  of  aberration,  and  to  that  end  alone  it  is  desirable 
to  have  three  positive  lenses  instead  of  two,  as  will  be  better  realised  later.   And 
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if  there  are  three  positive  lenses  there  must  be  two  negative  lenses,  for  the  negative 
aberration  of  one  negative  lens  will  be  far  too  strong  for  the  three  positive 
lenses. 

Table  III  gives  the  initial  data  of  the  system  shown  in  Fig.  7  in  its  original  form. 


Nominal 

Radii  of 

Lens 

focal  length 

curvature 

i. 

+  2-6 

\+  1-748) 
i+    12-24    * 

L., 

-  1-734 

\-  i-49i( 
1-     4-473  * 

L, 

-  1-734 

}:  t^\ 

L, 

+  3-9 

)-  2-2941 
1+     I-I47\ 

L, 

+  1-95 

s+  2-4151 

1+     2-i85> 

'able  III. 

1-6105 
1-6457 
1-6457 
1-6105 
1-6105 


58-8 

34-0 
34-0 
588 
58-8 


Thickness 
-35 


A.\ial  air- 
separation 

•96 
-63 
-325 
•005 


The  effective  focal  length  of  the  combination  is  about  3-2  inches.  Table  IV 
^ives  the  corrections  obtained. 

Table  IV. 


Spherical 

Eccentric 

itv 

Angular 

Lens         .V  value 

aberration 

corrections 

P.P. 

coma,  P.P. 

Distortion 

i.              -  -75 

+  -01758 

-^  -5595  ta 

n-<p 

+  -1161  tan  0 

+  -2508 

L,             +    50 

-  -02581 

-  -4386 

„ 

-  -1.S3S     ,. 

-    1162 

is 

-  -02560 

-  -4138 

+  -1554     .. 

+  -1061 

i,             -30 

+  -00226 

+  -0050 

-  -0069     „ 

-  -0960 

is              -  -05 

+  -03104 

+  -3357 

-  -1105     „ 

-    -2025 

Combined  total 

-00053 

+  -0478 

„ 

+  -0003     „ 

-    -O57S 

Curvature  =  +   010  tan=i/ 

The  field  is  a  little  undercorrected,  also  the  distortion,  which  however  refers 
to  a  degree  of  obliquity  about  ten  times  as  great  as  the  extreme  required,  so  that 
the  distortion  at  the  edge  of  field  will  not  exceed  i/ioo  part  of  that  indicated. 

This  combination  was  then  embodied  in  actual  form,  as  shown  in  Fig.  7, 
having  an  equivalent  focal  length  of  about  3  inches.  On  adjusting  it  to  give  the 
best  performance  on  a  point  of  light  at  conjugate  focal  distances  of  7  to  i,  the 
shorter  conjugate  image  being  towards  the  eye,  it  was  found  that  there  was,  among 
other  shortcomings,  a  marked  positive  zone  of  aberration.  As  is  well  known,  a  zone 
of  aberration  is  an  effect  which  follows  from  balancing  off  a  residuum  of  spherical 
aberration  of  the  third  or  fourth  order  for  the  full  aperture  by  an  equal  residuum 
of  spherical  aberration  of  the  second  order  for  the  full  aperture.  In  this  case  the 
residuum  of  the  third  and  fourth  orders,  or  at  any  rate  the  third  order,  was  negative, 
and  must  be  reduced  or  banished. 

Therefore  the  formula  for  the  spherical  aberration  of  the  thirii  order  was 
brought  into  requisition.  That  formula  for  a  lens  having  /tjr,  =  i-6o  is 

f^{+  -S^.v'  -  i-ocS.v'  +  i-34a.v='  -I  2-i2.v-  -  2-66f<.v= 

+  i-o^Gu'^x'^  —  I-203A;  +  2-044rt^  -  2-i6rt^.v  -I  •327rt'.v 
-  •944a  4-  '3 1 7"^  -  ■564a'  +  •037«*  +  1-092}. 


optical  Designing  as  an  Art  153 

This  formula  does  not  represent  all  the  third  order  aberration  that  arises  for  each 
lens,  but  is  perhaps  the  most  important  one.  This  being  worked  out  for  each  of 
the  five  lenses  gave  a  sum  for  the  series  which  was  negative  in  sign  and  enough 
in  quantity  to  give  rise  to  the  positive  zone  of  aberration  previously  noticed  and 
also  indicated  in  what  direction  to  redistribute  the  powers  of  the  lenses  so  as 
substantially  to  reduce  this  negative  sum. 

On  altering  the  ratio  between  F^  and  F^  from  2:1  to  3:  i,  while  keeping  the 
sum  of  their  powers  the  same,  it  was  found  that  the  combination  then  gave  a  negative 
zone  of  aberration,  showing  as  a  bright  zone  outside  the  focus,  implying  that 
the  redistribution  of  powers  had  gone  too  far. 

After  many  amendments  suggested  by  the  formulae  and  corresponding  trials, 
the  finished  lens  was  completed  and  got  quite  free  from  any  visible  zone  of  aberra- 
tion, yielding  a  rectilinear  and  flat  anastigmatic  field  with  just  enough  inward  coma 
to  neutralise  the  slight  outward  coma  of  the  flat  field  anastigmatic  eyepiece.  The 
focal  length  of  the  fourth  lens  was  finally  2-8  times  the  focal  length  of  the  fifth 
lens  (counting  the  lenses  in  the  order  eye  to  object).  Fig.  8  shows  a  i  inch  micro- 
objective  on  the  above  model  together  with  an  anastigmatic  flat  field  eyepiece  of 


4/  iz    4j  4/     ^6 


hcjiCZil'  1=1: 


Fig.  8. 

•47  inch  effective  focal  length,  the  diagram  being  broken  in  order  to  save  space. 
With  a  7  inch  tube  the  initial  magnification  is  about  seven  times  and  that  of  the 
eyepiece  twenty  to  twenty-one,  thus  giving  140  to  147. 

As  compared  with  an  ordinary  microscope  with  a  i  inch  objective  we  have  ten 
lenses  or  twenty  glass-air  surfaces  instead  of  four  lenses  or  eight  glass-air  surfaces, 
resulting  in  a  reduction  in  the  light  passed  to  slightly  more  than  one-half,  but  this 
alone  should  not  be  of  practical  consequence  since  for  such  low  powers  there  is 
no  difiiculty  in  having  a  superabundance  of  light.  To  carry  out  the  same  anastigmatic 
flat  field  principle  in  objectives  up  to  n.a.  =  -90  to  -95  at  least  two  more  simple 
lenses,  the  first  one  being  hemi-  or  hyperspherical,  would  be  necessary,  but  the 
construction  is  quite  feasible.  Whether  it  would  be  commercially  worth  while  to 
work  it  out,  before  the  present  high  costs  of  production  have  more  nearly  approached 
old  levels,  is  a  serious  question.  On  the  other  hand,  the  principle  could  not  be 
carried  out  except  in  a  half  and  half  sort  of  way  in  the  case  of  immersion  objectives 
of  large  N..\. 

So  far  I  have  lightly  dwelt  upon  a  few  out  of  a  much  larger  number  of  optical 
combinations  which  have  been  worked  out  without  any  resort  having  been  made 
to  ray  tracing  operations,  the  system  of  algebraic  formulae  as  published  in  my 
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book,  A  System  of  Applied  Optics  (amended  edition),  having  always  been  found 
to  give  quite  sufficient  guidance.  Commander  Baker  referred  at  Cambridge  to 
the  increasing  inaccuracy  of  the  formula  i/(i  —  x)  being  expanded  to  one  term  of 
the  binomial  theorem  as  i  +  .v  in  cases  where  .v  exceeds  -20  or  so,  and  approaches 
I  or  more,  but  I  cannot  say  that  I  have  ever  been  troubled  by  this  difficulty.  In 
cases  where  it  occurs  I  should  not  expand  1/(1  —  x)  in  that  way  but  simply  convert 
1  —  X  into  its  numerical  value  and  then  take  the  correct  reciprocal  of  it.  Let  us 
again  consider  the  case  of  the  special  visually  corrected  triple  anastigmat  of  Fig.  3. 
How  many  sets  of  ray  tracings  would  be  required  in  order  to  tell  us  how  the  lens 
is  going  to  perform  with  regard  to  the  four  aberrations? 

First  as  to  an  axial  pencil  of  aperture  F/5,  we  should  calculate  the  ultimate  or 
paraxial  foci  for  the  D  ray  by  formulae  of  the  first  order,  then  one  of  two  opposite 
parallel  D  rays  entering  at  the  height  F/ 10  in  an  axial  plane  would  have  to  be  traced, 
and  then  if  we  wanted  to  know  anything  about  a  possible  zone  of  aberration,  another 
D  ray  entering  the  lens  at  the  height  F/i4-i4  or  so  would  have  to  be  traced  through — 
at  least  three  ray  tracings  for  axial  aberration  alone,  including  the  tracing  of  the 
paraxial  ray. 

Then  taking  an  F/5  oblique  pencil  at  an  angle  of  say  10  ,  the  penultimate  rays 
close  to  the  oblique  principal  ray  would  have  to  be  traced  through,  two  in  the 
primary  plane  and  one  in  the  secondary  plane,  also  two  opposite  rays  each  at  F/io 
distance  from  the  principal  ray  and  lying  in  the  primary  plane  and  also  one  ray 
in  the  secondary  plane  at  F/io  distance  from  the  principal  rays  would  have  to  be 
traced.  That  is  another  six  tracings,  making  nine  tracings  so  far,  if  we  are  to 
learn  anything  as  to  the  locus  of  the  ray  intersection  and  the  implied  flatness  of 
the  field  and  presence  of  astigmatism  and  coma  as  well  as  the  position  of  the 
image  relative  to  the  axis,  on  which  depends  distortion.  But  a  lens  of  this  sort 
should  be  capable  of  a  flat  anastigmatic  field  up  to  20°  from  the  axis,  so  another 
six  ray  tracings  should  be  carried  through  for  an  oblique  F/5  pencil  entering  at 
20"  angle. 

Then  again,  if  it  is  desired  to  know  whether  there  is  a  zone  of  short  readings  or 
long  readings  in  the  field,  quite  a  common  feature  in  photographic  lenses,  it  will 
be  necessary  to  take  another  set  of  six  ray  tracings  for  a  pencil  entering  at  an  angle 
of  14°  with  the  axis,  or  at  any  rate  this  set  of  tracings  may  be  carried  through  in 
place  of  those  carried  through  for  a  pencil  at  the  obliquity  of  io\  Thus,  at  the 
verj'  least  fifteen  and  better  still  twenty-one  ray  tracings  would  be  required  and 
even  then  they  would  not  give  us  anything  like  a  correct  idea  of  the  real  nature  of 
the  oblique  images  of  points.  For  the  oblique  images  are  not  always  manifestations 
of  pure  spherical  aberration,  pure  astigmatism,  or  pure  coma.  The  foci  are  generally 
more  complex  and  of  a  nature  rendering  it  tlifficult  to  assign  the  position  of  best 
definition  or  the  least  circle  or  patch  of  confusion.  In  some  photographic  lenses, 
passing  a  full  aperture  pencil  at  a  certain  degree  of  obliquity,  an  image  may  be 
found  in  the  form  of  a  bright  nucleus  and  a  sort  of  double  coma,  i.e.  a  flare  both 
outwards  and  inwards,  a  sort  of  elongated  figure  of  8  lying  in  the  primary  plane, 
which  is  partly  due  to  the  state  of  spherical  aberration  being  quite  different  in 
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primary  and  secondary  planes.  So  that  if  we  wish  to  get  more  data  on  such  points 
we  must  double  or  treble  the  number  of  our  ray  tracings.  How  much  time  would  an 
expert  ray  tracer  require  to  carry  through  and  check  reliably  our  n^inimum  ot 
fifteen  ray  tracings?  It  would  certainly  very  much  exceed  the  time  required  for 
a  journeyman  optical  worker  to  get  out  and  centre  into  their  mounts  a  set  of  lenses 
according  to  the  skeleton  prescription,  and  for  the  designer  actually  to  measure 
off  and  take  notes  of  the  shortcomings  of  the  combination  and  devise  the  necessary 
alterations.  And  while  the  journeyman  optician  is  making  the  trial  combination 
the  designer  can  be  spending  his  time  either  in  thinking  out  some  new  design  or 
in  devising  improvements  in  some  other  unfinished  combination.  All  these  latter 
are  intelligent  operations  based  upon  what  the  algebraic  formulae  have  to  teach, 
and  are  absolutely  indispensable,  whereas  the  operations  involved  in  ray  tracing 
are  purely  mechanical,  and  in  themselves  teach  nothing  that  cannot  be  far  better 
learned  by  the  simple  inspection  of  a  sample  combination.  And  here  I  can  imagine 
an  ardent  advocate  of  ray  tracing  calling  my  attention  back  again  to  the  subject 
of  microscope  objectives  of  large  numerical  aperture  and  asking  how  I  would 
manage  to  abolish  all  need  for  ray  tracing  in  their  case,  and  he  might  quote  against 
me  the  acknowledged  policy  of  the  late  Professor  Abbe  and  the  methods  which 
he  advocated.  He  sought  to  establish,  in  place  of  workshop  trial  and  error  methods, 
more  exact  forms  of  mathematical  determination  which,  expressed  in  cast  iron 
formulae,  should  enable  the  necessary  data  for  the  lens  system  to  be  ascertained 
and  defined  once  for  all,  leaving  no  further  occasion  or  call  for  improvement. 
Such  a  policy  would  bring  the  optical  designer  into  line  with  the  bridge  engineer. 
The  latter  can  settle  beforehand  and  on  paper  every  detail  of  the  structure  of  a 
great  bridge.  The  formulae  relating  to  the  problem  have  all  been  worked  out  with 
sufficient  exactitude  to  meet  the  case.  It  is  obvious  that  this  is,  by  far,  a  more 
economical  method  as  to  cost  than  erecting  trial  bridges,  finding  out  their  short- 
comings, and  then  devising  improvements  to  compensate  them.  The  problems 
before  the  optical  designer  are  on  a  vastly  smaller  scale  and  of  a  very  different 
nature,  and  my  contention  is  that  it  is  more  economical  as  to  both  time  and  cost 
to  set  a  workman  to  make  trial  combinations  for  inspection  than  it  is  for  the  optical 
designer  to  spend  his  much  more  valuable  time  in  trying  to  reach  the  desired  end 
by  checking  his  designs  by  innumerable  ray  tracings.  Such  operations  consist  of 
merely  mechanical  drudgery  which  should  be  avoided  as  much  as  possible.  There 
is  already  quite  enough  drudgery  involved  in  the  arithmetical  reduction  of  the 
algebraic  formulae,  but  these  formulae  are  at  any  rate  as  adaptable  and  intelligent 
as  they  are  indispensable.  The  idea  of  evolving  a  cut  and  dried  mathematical 
specification  of  a  new  microscope  objective,  which  can  be  carried  out  in  practice 
with  such  confidence  that  if  any  samples  are  found  to  perform  quite  wrong  then 
the  blame  must  be.  attributed  to  the  workman  and  not  to  the  designer,  is  certainly 
a  very  attractive  one  which  is  likely  to  raise  a  very  strong  feeling  of  astonished 
admiration  in  the  man  in  the  street,  or  even  in  users  of  microscopes,  and  we  must 
allow  that  its  adoption  has  stronger  justification  in  the  case  of  the  firm  of  Carl 
Zeiss  or  Leitz  than  any  other  firms,  for  the  greater  staff  costs  of  designing  involved 
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in  the  method  are  more  excusable  when  the  resuhs  are  meant  to  be  turned  out 
by  barrels  full  instead  of  in  the  more  modest  numbers  produced  by  lesser  firms. 

In  the  letters  of  Professor  Abbe,  pubUshed  by  Professor  Cheshire,  it  will  be 
seen  that,  in  the  course  of  discussing  (in  1877)  his  new  projected  |  inch  oil  immersion 
objective  of  n.a.  1-25,  he  says  "The  workmanship  is  exceedingly  delicate  and 
difficult  especially  as  to  the  front  (hyperspherical)  lens.  Among  the  twenty-four 
opticians  in  Mr  Zeiss'  workshop  there  is  only  one  who  can  grind  a  front  lens 
admitting  a  balsam  angle  of  1 13°,  and  only  one  who  can  make  the  brass  work  to  it." 

Now  I  admit  that  this  statement  by  so  great  an  authority  seems  at  first  sight 
to  justify"  his  advocacy  for  a  hard  and  fast  mathematical  specification  of  an  optical 
combination  before  putting  it  into  the  workshop,  because  it  is  clear  that  were  the 
first  design  a  merely  approximately  worked  out  and  tentative  one,  it  would  be 
verj'  difficult  to  say  whether  any  optical  defects  that  it  showed  were  due  to  the 
bad  or  imperfect  design  or  to  mere  bad  workmanship.  But  this  argument  holds 
good  only  when  we  are  dealing  with  a  system  of  very  minute  lenses,  which  naturally 
present  ver}-  great  difficulties  in  the  way  of  working  exactly  to  specification.  I  would 
point  out  that  there  is  no  occasion  or  necessity  whatever  for  working  out  a  model 
for  a  1/8  or  even  a  1/12  inch  objective  on  such  a  small  scale  as  it  is  finally  meant  to 
assume.  If  I  were  to  attempt  to  work  out  such  an  objective,  whether  it  were  an 
immersion  objective  of  large  n.a.  or  only  a  dry  anastigmat  objective  of  N.A.  -90 
or  so,  I  would  resort  to  the  obvious  expedient  of  a  model  on  five  to  ten  times  the 
scale  of  the  finished  objective  and  test  its  performance  on  conjugate  focal  distances 
on  the  same  increased  scale.  If  that  were  done,  the  men  in  the  workshops  would 
have  a  ver}'  much  more  perfect  command  over  the  radii  and  other  data  and  the 
figuring  of  the  surfaces,  so  that  manifest  departures  from  the  ideal  optical  per- 
formance could  no  longer  be  attributable  to  the  workshop  difficulties.  It  is  well 
known  that  the  resolving  power  of  microscope  objectives  depends  solely  upon 
their  numerical  apertures,  and  that  the  only  objection  to  using  larger  focal  lengths 
and  larger  lenses  than  what  are  usual  lies  in  the  proportionately  increased  detriment 
to  definition  caused  by  the  larger  secondary  colour  aberrations  and  residual  zones  of 
aberration.  So  that  in  the  case  of  large  models,  although  definition  of  constructional 
details  would  be  somewhat  blurred  by  secondary  waste  light,  yet  there  is  nothing 
to  prevent  the  performance  of  the  objective  upon  an  artificial  point  of  light,  such 
as  the  reflection  of  a  "Pointolite"  lamp  from  a  minute  globule  of  mercury,  being 
quite  discernable,  and  just  as  suggestive  of  desirable  changes  for  the  better  to  be 
made  in  the  lens  curvatures  or  other  data. 

It  will  be  seen  that  I  regard  the  work  of  oj-itical  designing  to  be  much  more 
analogous  to  the  work  of  the  sculptor  than  to  that  of  the  mechanical  engineer. 
It  is  well  known  that  the  sculptor  first  makes  a  rough  model  in  clay  embodying 
the  leading  idea,  and  then  gradually  amends  it  feature  by  feature  and  bit  by  bit 
until  it  approaches  the  perfected  ideal.  Or  he  may  make  several  successive  models, 
each  improving  upon  its  predecessor,  or  presenting  varieties  in  treatment,  and  not 
until  he  has  got  a  satisfactory'  clay  model  does  he  proceed  to  embody  it  in  marble. 
In  the  same  way  I  regard  the  best  optical  designing  as  more  of  the  nature  of  an 
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art  than  the  mere  calculation  and  carrying  out  of  a  mathematically  prescribed 
specification.  The  designer  must  have  a  good  grasp  of  the  algebraic  formulae 
liearing  upon  his  work  and  of  their  general  tendencies  so  that  he  may  resort  to 
them  for  advice  and  guidance,  and  he  should  prefer  to  study  the  optical  perform- 
ance of  even  imperfect  trial  models  rather  than  start  out  on  the  treadmill  of  ray 
tracing.  The  former  procedure  will  sharpen  his  intelligence  and  inventiveness  as 
well  as  his  artistic  faculties,  while  the  latter  practice  will  tend  to  atrophy  them. 
The  former  involves  faculties  which  are  quite  indispensable  while  mere  ray  tracing 
is  generally  quite  superfluous  and  unnecessary. 

We  in  this  country  have  a  system  of  optics  of  our  own,  founded  upon  the  work 
of  Sir  George  Airy  and  Henry  Coddington,  which  only  awaits  further  developments 
upon  useful  and  practical  lines  by  able  mathematicians,  if  they  can  only  be  persuaded 
to  bestow  their  services  and  attention  to  such  matters.  Above  all,  the  formulae 
of  the  third  order  are  in  need  of  further  development  and  completion.  Then  a 
great  deal  of  tabulation  work  might  be  very  useful  for  reducing  the  labour  in 
applying  some  of  the  more  cumbersome  algebraic  formulae. 

I  cannot  see  any  strong  reasons  why  we  should  neglect  or  discard  our  British 
system  of  geometrical  optics  and  algebraic  formulae  in  favour  of  any  continental 
system,  as  so  many  seem  to  have  been  advocating  directly,  or  else  indirectly,  as, 
for  instance,  by  not  only  translating  foreign  optical  works  into  English,  but  advo- 
cating their  adoption  as  practical  text-books. 

It  seems  to  me  that  during  the  last  twenty  or  thirty  years  as  great  a  number  of 
new  and  successful  optical  combinations  have  been  developed  and  brought  out 
in  this  country  as  in  all  other  countries  put  together,  excepting  in  the  case  of 
microscopic  objectives.  In  conclusion,  I  venture  to  think  that  you  will  agree 
that  it  behoves  all  of  us  who  constitute  this  Optical  Society  to  encourage  the  future 
development  of  applied  algebraic  optics  of  the  British  school  by  all  means  in  our 
power,  rather  than  slavishly  follow  the  methods  of  any  foreign  school,  even  if  our 
efforts  be  prompted  by  no  other  than  patriotic  considerations. 

DISCUSSION. 

Prof.  Cheshire :  This  paper  is  probably  oi}e  of  the  most  interesting  and  valuable 
pronouncements  on  the  subject  of  optical  designing,  for  a  considerable  time.  When, 
some  two  years  ago,  we  went  down  to  Cambridge  for  the  purpose  of  trying  to 
interest  the  Cambridge  mathematician  in  our  work,  I  felt  that,  since  Mr  Dennis 
Taylor  was  not  there  to  take  part  in  the  discussion,  we  were  very  much  in  the 
position  of  listening  to  a  performance  of  the  Prince  of  Denmark,  with  Hamlet's 
part  cut  out.  I  thereupon  took  the  matter  up  with  Mr  Dennis  Taylor,  and  in  one 
letter  I  pointed  out  to  him  that  "what  especially,  I  think,  the  optical  world  would 
appreciate  from  you  at  the  present  time  is  some  information  on  the  methods 
employed  by  you  in  the  elaboration  of  such  a  famous  optical  system  as  the  Cooke 
lens.  At  the  present  time  the  optical  world  seems  to  be  dominated  by  the  broadly- 
trigonometrical  German  method.    However  valuable  this  method  may  be  in  its 


158  H.  Dennis  Taylor 

detailed  application,  many  of  us  fail  to  see  that  it  has  any  inspiring  power.  On  the 
other  hand,  a  good  many  opticians  are  continually  pointing  out  that  the  Cooke 
lens  is  one  that  could  not  have  been  produced  by  the  German  method.  Could  you 
not,  therefore,  sit  down  and  write  an  interesting  paper  for  us  on  the  genesis  and 
evolution  of  this  lens  ? "  I  further  impressed  upon  Mr  Taylor  that  he  had  a  patriotic 
duty  to  perform  in  the  matter,  and  that  duty,  I  think  we  all  agree,  has  been  most 
generously  discharged  to-night. 

Now  first  and  foremost  Mr  Taylor  stands  out  as  an  out-and-out  disciple  of 
Coddington,  who  wrote  nearly  a  hundred  years  ago,  and  gave  us  the  fundamental 
equations  upon  which  the  algebraic  method  of  lens  designing  is  based.  So  much  is 
Mr  Taylor  satisfied  with  the  sufficiency  of  Coddington's  methods  that  he  tells  us 
that  except  for  a  few  marginal  rays  in  large  telescope  object-glasses  he  has  never 
done  a  particle  of  ray  tracing.  I  presume,  then,  that  in  his  case,  the  necessary 
constructional  data  for  the  final  optical  system  have,  in  every  case,  been  approxi- 
mated to,  and  worked  out,  by  successive  workshop  constructions.  He  agrees  that 
this  work  could  be  dispensed  with  by  the  use  of  the  trigonometrical  method,  so 
that  I  think  the  question  at  issue  is  clear.  In  the  first  place  everyone,  I  take  it,  with 
any  knowledge  of  the  subject,  agrees  that  the  preliminary  work  in  designing  new 
lens  systems  must  be  algebraic  in  character,  if  it  is  to  be  done  in  the  best  possible 
way.  The  only  difference  of  opinion,  then,  that  can  e.\ist  is  as  to  whether  the  final 
work  of  getting  out  the  exact  constructional  data  should  be  done  by  actual  workshop 
trial  and  error  methods,  or  drawing  office  trial  and  error  methods.  But  we  know 
that  the  latter  method  is  very  largely  used  on  the  continent,  and  also  by  eminent 
opticians  in  this  country,  so  that  these  facts  alone,  in  my  opinion,  enable  us  to  answer 
the  question  as  to  what  should  be  taught  to  the  optical  student,  which  is  my  chief 
concern  in  this  matter.  Clearly,  I  think,  he  should  be  equipped  with  all  the  best 
available  tools  for  his  work.  He  should  be  taught  that  both  the  algebraic  and  the 
trigonometrical  methods  are  necessary  for  his  work—  one  for  one  purpose  and  the 
other  for  another  and  quite  different  purpose.  I  doubt  whether  Mr  Taylor  even 
would  agree  that  optical  students  should  not  be  taught  the  trigonometrical  method. 
I  echo,  as  I  am  sure  we  all  do,  his  fervent  desire  for  the  establishment  of  a  recognised 
school  of  British  optics,  but  I  am  quite  sure  that  this  school  cannot  be  created  and 
maintained  in  vigorous  life,  unless  oi^r  opticians  arc  provided  with  every  available 
tool  for  the  performance  of  their  work. 

Comdr  Baker  (partly  communicated):  The  paper  is  of  great  value  on  account 
of  the  description  that  it  gives  of  the  methods  that  the  author  adopts  for  the  purpose 
of  optical  design.  When  it  is  remembered  that  the  author  has  been  personally 
responsible  for  the  optical  design  of  all  the  products  of  his  Firm  in  addition  to  the 
well-known  Cooke  lens,  it  is  clear  that  these  methods  have  stood  the  searching  test 
of  practical  experience  and  that  they  arc  certainly  capable  in  Mr  Taylor's  hands  of 
producing  satisfactory  results. 

In  broad  terms  the  method  of  procedure  is  to  design  a  system  initially  on 
Gaus.sian  lines,  i.e.  the  positions,  focal  lengths,  and  diameters  of  the  separate  lenses 
are  found  that  will  give  the  required  performance.  Lenses  in  this  part  of  the  design 
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are  mere  abstractions  represented  by  planes  perpendicular  to  the  optical  axis. 
First  order  aberrations  are  then  calculated  in  accordance  with  the  manner  described 
in  the  author's  Syslem  of  Applied  Optics,  the  formulae  of  which  are  based  upon 
earlier  work  of  Coddington  and  Airy,  and  the  suitable  lens  forms  are  evolved  that 
will  give  the  requisite  freedom  or  otherwise  from  aberrations.  This  is  a  procedure 
that  is  followed  by  a  number  of  computing  opticians,  but  Mr  Dennis  Taylor  in 
the  subsequent  work  pursues  a  method  of  his  own  by  having  the  system  made  up 
at  this  stage  in  the  workshop  and  examined  as  regards  the  residual  defects  that  are 
due  to  aberrations  of  a  higher  order  than  the  first.  The  much  more  customary 
procedure  is  to  trace  trigonometrically  a  suitable  set  of  rays  through  the  system 
and  determine  the  magnitude  of  the  residuals  from  the  calculations. 

When,  therefore,  the  author  states  that  he  hardly  ever  does  any  trigonometrical 
ray  tracing  it  must  be  remembered  that  his  alternative  requires  very  great  skill  and 
experience  in  order  that  he  may  be  able  to  detect  from  the  image  defects  the  nature 
and  magnitude  of  the  residual  errors  that  have  to  be  balanced  out  by  leaving  in 
sufficient  aberrations  of  the  first  order  to  counteract  them.  With  his  very  great 
knowledge  of  the  appearance  of  the  higher  order  defects  he  finds  that  it  is  quicker 
and  cheaper  to  make  up  the  system,  corrected  for  first  order,  and  to  let  that  system 
do  the  ray  tracing  for  him.  It  is  very  unlikely  that  any  other  designer  could  hope 
to  accomplish  the  same  end  until  he  had  equipped  himself  by  years  of  work  with 
the  same  mental  power  of  analysis  of  image  defects  that  Mr  Dennis  Taylor  possesses. 
Most  designers  would  prefer,  I  think,  to  stick  to  the  trigonometrical  method,  even 
if  it  is  slower,  with  the  knowledge  that  it  will  enable  them  to  make  a  straightforward 
analysis  of  the  aberrations  that  remain. 

Mr  Dennis  Taylor  has  referred  in  his  paper  to  the  discussion  on  "The  Future 
of  Geometrical  Optics"  that  took  place  at  Cambridge  in  May,  1921,  and  to  the 
opening  remarks  that  I  contributed  to  that  discussion.  I  think  that  he  has  not 
entirely  appreciated  the  various  points  that  I  wanted  to  make  and  I  may  perhaps 
be  pardoned  if  I  refer  to  them  again.  An  optical  system  is  designed  primarily  on 
Gaussian  (i.e.  paraxial)  lines.  The  actual  rays  of  light  that  pass  through  the  instru- 
ment will  depart  both  in  directions  and  in  positions  from  the  Gaussian  rays  and  it 
is  the  designer's  business  to  ensure  that  these  departures  shall  so  balance  one  another 
that  the  emergent  light  behaves  in  such  a  manner  that  the  rays  are  as  nearly  as 
possible  in  the  same  positions  and  directions  as  rays  traced  through  by  paraxial 
formulae.  To  do  this  it  is  necessary  to  utilise  formulae  which  give  the  divergence 
of  the  rays  after  passage  and  these  formulae,  calculated  first  by  Coddington,  are 
based  upon  an  expansion  in  series  of  the  trigonometrical  equations  for  refraction 
at  a  surface  and  of  the  trigonometrical  equations  that  enable  me  to  pass  from  one 
spherical  surface  to  the  next.  The  expansions  of  these  two  sets  of  equations  lead  to 
series  expressible  in  ascending  powers  of  the  height  of  intercept  upon  the  stop  and 
the  height  of  intercept  upon  the  lens,  or  upon  the  image  plane.  On  account  of  the 
axial  symmetry  of  the  system  these  expansions  are  of  an  odd  degree.  The  linear 
terms  give  the  paraxial  equations,  the  cubic  terms  the  aberrations  of  the  first  order 
(spherical  aberration,  coma,  astigmatism,  curvature  of  field,  and  distortion)  and 
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terms  of  the  fifth  and  higher  orders  the  residual  aberrations.  Coddington's  formulae 
are  those  derived  from  the  cubic  terms  and  if  the  fields  and  apertures  dealt  with 
are  reasonably  small  the  aberrations  that  they  represent  are  in  general  all  that  need 
be  considered,  as  the  others  of  the  fifth  and  higher  powers  of  the  aperture  and  field 
are  so  small  as  to  be  negligible.  As  long,  therefore,  as  we  are  content  with  instru- 
ments that  utilise  only  small  apertures  and  small  fields,  Coddington's  formulae  or 
others  of  a  similar  character  are  sufficient  to  enable  the  designer  to  work  out  his 
instrument.  But  we  have  advanced  very  far  since  Coddington's  time  and  no  one 
nowadays  believes  that  it  is  possible  to  make  a  workable  optical  instrument  by 
elimination  of  first  order  aberrations  alone.  Either  he  sticks  to  pure  trigonometr}', 
and  proceeds  by  trial  and  error  to  modify  lens  shapes  until  he  achieves  the  best 
solution  he  can,  or  else  he  utilises  algebraic  formulae,  such  as  Coddington's,  to  help 
him  on  his  way  and  makes  use  ultimately  of  trigonometry  to  balance  the  higher 
order  aberrations  against  first  order  defects  purposely  left  in.  Mr  Dennis  Taylor's 
methods  are  in  principle  analogous  to  this  second  scheme. 

It  is  owing  to  the  enlargement  of  apertures  and  fields  that  have  taken  place 
that  I  have  ventured  to  question  whether  the  method  of  expression  of  aberrations 
by  expansion  in  power  series  is  necessarily  the  best  that  can  be  adopted.  Such 
expansions  are  very  frequently  only  very  slowly  convergent,  that  is  to  say,  aber- 
rations of  far  higher  order  than  the  first  must  be  included  before  the  formula 
approximates  sufficiently  closely  to  the  trigonometrical  equations  from  which  they 
are  derived.  In  some  cases  such  expansions  are  definitely  divergent  and  cannot  be 
used  at  all. 

I  should  like  to  note  at  this  point  that  Mr  Dennis  Taylor  refers  to  an  illustration 
that  I  used  at  Cambridge  of  what  is  meant  by  convergency  of  a  series.  The  example 
was  intended  solely  for  those  members  of  the  audience  whose  knowledge  of  mathe- 
matics was  small.  Mr  Taylor  says  that  in  such  cases,  where  the  first  terms  of  the 
expansion  are  misleading,  he  would  go  back  to  the  equations  from  which  the  series 
are  derived.  In  other  words,  he  must  revert  to  the  trigonometrical  equations  for 
passage  through  a  surface,  or  for  passage  from  one  surface  to  the  next.  Such  a 
statement  is  surely  hardly  consistent  with  his  profession  that  he  has  never  done  a 
trigonometrical  ray  trace  in  his  life.  What  I  imagine  is  much  more  likely  is  that 
he  calculates  the  erroneous  first  order  term  in  this  divergent  expansion  and  includes 
it  among  the  others  whose  sum  total  is  to  be  made  zero.  Subsequently  his  first 
order  terms  are  made  not  zero  but  something  which  balances  more  or  less  against 
terms  of  a  higher  order  and  the  final  balance  is  the  result  not  purely  of  calculation 
but  of  a  combination  of  calculation  with  observation  of  the  defects  of  the  trial 
system.  A  divergent  expansion  would  in  any  case  be  of  rare  occurrence  and  it  is 
very  unlikely  that  wiicn  it  did  occur  it  would  have  any  other  efiect  on  Mr  Dennis 
Taylor's  method  than  to  make  the  resitluals  appear  unusually  large. 

To  recapitulate,  the  aberrations  of  the  first  order  are  insufficient  in  themselves 
to  enable  a  full  design  to  be  carried  out.  The  expansions  of  which  they  form  part 
are  too  slowly  convergent  to  allow  the  designer  to  stop  short  at  the  cubic  terms. 
If  he  may  not  stop  there  he  must  either  use  the  first  order  tentis  as  a  guidance  only 
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anil  balance  them  against  the  higher  terms  obtained  by  trigonometry  or  by  observa- 
tion or  he  must  recast  his  method  entirely.  I  put  aside  completely  any  possibility 
of  calculating  aberrations  of  a  higher  order  in  algebraic  form ;  the  labour  involved 
is  too  great. 

'I'he  whole  purport  of  my  remarks  at  Cambridge  was  to  suggest  that  the 
departures,  after  traversing  a  lens,  of  the  true  ray  from  the  paraxial  could  possibly 
he  expressed  in  a  form  other  than  that  of  an  expansion  and  that  if  a  form  could  be 
evolved  that  would  permit  of  successive  transfer  from  one  lens  to  the  next  and  from 
one  space  to  the  next  with  a  final  summation  of  the  aberrations  at  the  emergent 
end  of  the  instrument  we  might  possibly  be  able  to  build  up  an  optical  calculus 
that  would  allow  of  an  instrument  being  completely  computed  without  having  to 
trace  a  single  ray.  To  do  this  satisfactorily  we  must  be  prepared  to  scrap  all  our 
present  conceptions  of  the  physical  aspects  of  aberrations,  because  in  such  a  calculus 
aberrations  represent  far  more  than  the  cubic  terms  and  it  is  from  the  cubic  terms 
alone  that  we  derive  our  ideas  of  the  five  aberrations  described  generally  as  those 
of  the  first  order.  To  take  a  simple  illustration,  the  first  order  spherical  aberration 
is  a  quantity  depending  upon  the  cube  of  the  aperture.  It  leads  to  a  caustic  in  the 
form  of  a  semi-cubical  parabola.  Actually  the  caustic  is  probably  only  a  reasonable 
fit  to  a  semi-cubical  parabola  in  the  neighbourhood  of  the  cusp.  The  optical  calculus 
that  I  envisage  would  give  a  caustic  of  the  same  shape  near  the  cusp  but  departing 
from  the  semi-cubical  parabola  away  from  the  cusp.  It  would  not  give  the  exact 
shape  of  the  tnie  caustic  but  only  an  approximation  to  the  true  shape  so  close  that 
the  designer  could  use  it  as  the  true  caustic  for  the  whole  of  the  aperture  with  which 
he  had  to  deal. 

The  expression  of  optical  aberrations  in  a  form  other  than  that  of  a  power  series 
opens  up  endless  possibilities.  From  the  thousands  of  ways  in  which  such  aberra- 
tions can  be  expressed  a  suitable  choice  can  only  be  made  when  the  following  points 
are  observed  (i)  the  function  must  be  closely  accurate  for  all  values  both  of  field 
and  of  aperture,  and  (ii)  the  form  must  be  such  as  lends  itself  to  successive  trans- 
ference from  one  medium  to  the  next.  I  can  illustrate  the  first  point  by  an  example 
taken  not  from  optics  but  from  trigonometr}'.  The  value  of  the  tangent  of  a  small 
angle  x  (expressed  in  radians)  is  also  x  if  the  angle  is  small  enough,  but  as  the  angle 
increases  a  cube  term  has  to  be  included  giving  the  approximate  from  x  -\-  \x^. 
For  greater  angles  still  the  term  in  x^  must  be  brought  in  giving 

X  +  \X^  +  fj,X=. 

None  of  those  expressions  is  so  near  the  actual  value  as 
•87.3x  -ITix 


1  -  -39(12:2      1  +  -ObSx^ 

For  instance  when  x  =  77/4,   tan  x  =  i. 

The  first  term  of  the  series  gives  •785,  the  first  two  '914,  the  first  three  •953, 
whereas  the  fractional  function  which  utilises  only  the  second  power  of  the  variable 
gives  -961. 
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The  optical  formulae  that  I  think  ought  to  be  possible  are  of  the  same  sort  of 
type,  but  of  course  nothing  like  so  simple.  Where  in  the  illustration  the  cubic  term 
has  a  simple  numerical  coefficient,  that  would  be  a  function  of  the  first  order  aber- 
ration coefficients,  the  coefficients,  in  fact,  established  by  Coddington.  The  2/15 
of  the  next  term  must  be  replaced  by  those  of  the  next  order  aberrations,  formulae 
which,  if  my  memory  serves  me  rightly,  occupy  nearly  a  whole  page  in  Mr  Dennis 
Taylor's  book. 

The  more  I  look  at  the  whole  problem  the  more  I  am  convinced  that  if  we  wish 
to  devise  a  scheme  of  optical  design  that  will  work  on  some  algebraic  form  dealing 
with  aberrations  alone  we  must  get  away  from  the  power  series  expansions  and  try 
to  devise  new  forms  to  serve  our  needs. 

Mr  T.  Smith :  Mr  Taylor's  paper  is  of  great  interest,  and  we  all  desire  to  hear 
much  more  from  him  on  this  subject  in  the  future.  The  general  scheme  of  relying 
on  first  order  aberrations  is  undoubtedly  sound,  though  I  consider  that  the  most 
advantageous  procedure  is  rather  the  reverse  of  that  described  in  the  paper.  Whether 
the  final  adjustment  of  corrections  should  be  based  upon  ray  tracing  or  upon  an 
inspection  of  a  trial  lens  depends  upon  a  variety  of  circumstances,  and  one  of  these 
is  undoubtedly  the  temperament  of  the  worker.  The  method  laid  down  by  Abbe  is 
perhaps  best  suited  to  the  German  worker,  and  could  be  applied  an}-where  with 
equal  success,  but  it  is  not  necessarily  the  best  one  to  adopt  in  this  country  among 
people  of  a  difl^erent  temperament.  Certainly  everjone  would  regret  to  see  the 
author  spending  liis  time  in  ray  tracing  or  in  any  routine  labour;  it  would  not  be 
making  proper  use  of  his  ability.  The  routine  work  for  a  highly  skilled  designer 
should  be  carried  out  by  assistants,  either  in  the  computing  office  or  in  the  work- 
shop, the  choice  depending  on  a  variety  of  circumstances.  Perhaps  a  wise  course  is 
to  utilise  a  combination  of  the  two.  The  author  prefers  the  workshop  alone,  and 
gives  among  his  reasons  the  amount  of  ray  tracing  necessary  to  obtain  the  desired 
information.  I  cannot  help  thinking  that  the  author's  estimate  of  the  number  of 
rays  which  should  be  traced  is  distinctly  high.  If  rays  are  traced  in  the  most 
advantageous  manner  each  can  be  made  to  yield  information  on  at  least  three  distinct 
points.  Thus  with  15  rays  45  quantities,  almost  sufficient  for  the  determination  of 
the  aberrations  of  the  first  four  orders,  become  known.  Mucli  of  the  criticism 
concerning  ray  tracing  might  be  valid  for  the  usual  trigonometrical  methods — on 
that  score  doubtless  others  would  speak — but  rays  can  be  traced  with  precision  by 
algebraic  methods  in  which  not  only  are  the  aberrational  terms  separated  from  the 
others  but  also  a  measure  is  obtained  of  the  first  order  aberrations  and  the  relative 
magnitude  of  those  of  higher  orders  is  shown.  Ray  tracing  by  such  a  method  seems 
ver)'  appropriate  for  the  completion  of  a  design  based  upon  first  order  expressions. 
When  our  ignorance  becomes  much  less  extensive  tlian  now,  no  doubt  the  practice 
of  ray  tracing  will  gradually  become  obsolete. 

Dr  L.  C.  Martin:  I  think  that  it  would  be  a  very  good  thing  if  a  fiat  field  high 
power  microscope  could  be  designed  for  use  with  an  eyepiece  micrometer,  but 
possibly  the  distortion  would  be  too  great  to  allow  of  the  use  of  such  a  system  for 
length  measurements. 
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At  the  Imperial  College  Professor  Conrady  has  developed  a  system  of  lens 
computing  which  is  not  generally  known.  He  first  of  all  uses  analytical  methods  for 
obtaining  a  skeleton  system,  then  traces  rays  in  order  to  get  exact  numerical  values 
for  correcting  residual  aberrations,  and  lastly  returns  to  analytical  and  graphical 
methods  for  perfecting  the  system.  This  method  is,  at  all  events,  one  of  a  highly 
successful  nature. 

I  would  like  to  ask  the  author  whether  he  can,  by  examining  a  model,  obtain 
measurements  of  aberrations  (without  much  experimental  difficulty)  which  are 
accurate  enough  to  enable  him  to  make  the  necessary  alterations  in  the  computation 
of  a  system. 

I  agree  with  Mr  Smith  that  Mr  Dennis  Taylor  rather  overestimates  the  number 
of  ray  tracings  required.  The  tracing  of  a  single  ray  often  gives  one  a  considerable 
amount  of  information,  especially  if  this  ray  path  is  made  the  basis  of  certain 
additional  subsidiary  calculations. 

Mr  J.  W.  Hasselkus  (partly  communicated):  The  method  of  designing  optical 
systems  advocated  by  the  author  is  evidently  one  in  which  trigonometrical  ray 
tracing  is  rigorously  excluded.  It  would  appear  from  the  paper  that  the  author  uses 
approximate  analytical  formulae  to  arrive  at  a  preliminary  design  of  the  optical 
system  under  consideration  and  thereafter  makes  a  series  of  models  beginning  with 
a  tentative  skeleton  of  the  system  right  through  the  scale  until  the  finished  article 
is  evolved.  The  various  aberrations  are  apparently  estimated  at  each  step  and 
attempts  are  made  to  correct  them  in  the  next  model  and  so  on  until  the  last  model 
is  considered  the  best  performance  that  can  be  obtained. 

One  of  the  difficulties  I  see  in  this  method  is  the  uncertainty  with  which  aber- 
rations and  their  magnitude  can  be  detected  and  measured.  All  optical  systems  are 
more  or  less  the  result  of  compromises  with  respect  to  the  aberrations  they  contain 
and  whatever  method  of  designing  is  employed ,  the  designer  must  have  the  necessary 
knowledge  to  distribute  the  unavoidable  aberrations  and  estimate  the  value  of  each 
as  regards  its  effect  in  the  ultimate  image.  The  trigonometrical  method  shows  all 
the  various  aberrations  as  the  work  is  proceeding  and  expresses  their  magnitude 
exactly,  and  for  this  reason  alone  it  would  in  my  opinion  lead  to  definite  and  reliable 
results  more  quickly  than  a  method  of  designing  which  depended  upon  the 
examination  of  workshop  models,  where  it  would  always  remain  an  open  question 
whether  a  certain  defect  observed  is  due  to  bad  design  or  bad  workmanship. 

It  is  surely  the  higher  art  in  designing  to  complete  your  design  on  paper, 
whether  it  be  of  a  bridge  or  an  optical  system. 

Mr  J.  Perry:  This  paper,  which  may  be  regarded  as  reviving  the  Cambridge 
discussion  upon  the  future  of  geometrical,  and  therewith  to  a  large  extent  of  industrial 
optics,  resolves  itself  into  an  advocacy  of  the  use  of  purely  algebraic  methods, 
supplemented  only  by  "workshop  trials,"  and,  as  might  have  been  expected,  justifies 
its  title.  It  is  certainly  true  that  high-class  products  may  be  expected  from  the  hands 
of  an  artist  optician.  The  question  arising,  however,  is,  shall  we  derive  unqualified 
advantage  from  the  total  exclusion  of  other  methods,  perhaps  more  laborious  but 
still  more  vigorous  and  precise?  Observing  that  the  ultimate  end  of  optical  design, 


164  H.  Dennis  Tavlor 

considered  as  an  art  and  therewith  as  a  practical  science,  is  one,  and  independent 
of  school,  it  is  of  immediate  interest  to  obsene  the  extreme  differences  of  opinion 
that  exist,  relative  to  the  means  of  attainment  of  that  end.  As  occasionally  remarked, 
the  line  of  cleavage  of  such  differences  follows  more  or  less  closely  along  the  division 
of  nationality — which  suggests  much  that  is  supported  by  reason.  When  branches 
of  science  become  closely  allied  with  industry'  there  is  a  danger  of  their  losing  that 
valuable  international  character  of  which  on  occasion  the  parental  stem  is  proud  to 
boast.  Thus  may  in  part  the  division  of  opinion  be  accounted  for. 

There  is,  however,  another  more  fundamental  reason  that  may  be  assigned  for  the 
cleavage.  If  we  but  broadly  examine  the  field  of  science  in  its  historical  development 
we  find  it  pursuing  two  distinctly  different  though  possibly  coterminal  courses. 
Thus,  for  example,  in  electromagnetism  we  see  that  almost  contemporaneously 
with  Faraday  who,  in  his  endeavour  to  form  a  clear  visual  impression  of  electro- 
magnetic phenomena,  had  enriched  the  science  by  the  fruitful  conception  of  "lines 
of  force,"  Neumann  was  profitably  engaged  in  attacking  the  problems  of  the  day 
with  the  aid  of  mathematical  analysis,  thereby  leading  up  to  the  introduction  of 
the  "potential"  concept.  Standing  in  similar  complementary  relationship  may  be 
instanced  Lord  Kelvin  and  von  Helmholtz.  Kelvin  himself  acknowledged  that  he 
was  never  satisfied  until  he  could  make  a  mechanical  model  of  a  thing,  while,  on 
the  other  hand,  Helmholtz  confessed  himself  happier  when  in  possession  of  a 
differential  equation.  Such  instances  may  easily  be  multiplied.  Even  in  the  formal 
sciences  the  same  dualism  is  discernible.  Thus,  generally  speaking,  we  observe 
symbolic  methods  obtaining  favour  on  the  continent  while  unsymbolic  methods 
find  here  greater  support. 

These  are  of  course  only  general  tendencies  which  we  are  led  to  consider,  and 
as  such  are  subject  to  many  exceptions.  Nevertheless  it  is  readily  admissible  that 
even  geometrical- — and  industrial — optics  has  not  remained  uninfluenced  by  them. 
It  will,  however,  be  recognised  that  intronational,  and,  still  more  so,  international, 
industrial  competition  must  be  founded  upon  a  broader  and  sounder  basis  than 
that  offered  by  racial  characteristics.  Remembering  that  the  above  indicated  dualism 
results  from  a  division,  however  natural,  of  Science,  and  being  of  the  opinion  that 
the  best  is  not  to  be  attained  by  the  slavish  following  of  any  particular  school,  it 
has  seemed  to  me,  in  common  with  many  others,  that  in  matters  of  optical  design 
it  is  better  to  steer  a  course  intermediate  between  the  extremes  indicated  by 
Mr  Dennis  Taylor,  viz.  to  use  algebraic  methods  up  to  the  hilt  of  their  applicability 
(for  which  certainly  some  skill  and  discretion  is  requisite),  supplementing  them, 
however,  by  rigorous  calculation,  the  labour  and  time  necessarily  expended  upon 
which  is,  I  think,  somewhat  overestimated  by  Mr  Dennis  Taylor. 

Dr  J.  S.  Anderson:  The  question  raised  by  Dr  Martin  as  to  the  accuracy  of 
aberration  measurements  is  an  important  one.  There  is  certainly  room  for  improve- 
ment in  the  methods  of  measuring  aberrations  in  optical  systems,  and  I  think  that 
real  progress  can  only  be  made  by  the  systematic  study  of  the  amounts  of  the 
different  aberrations  that  can  be  tolerated.  It  is  to  be  hoped  that  considerable 
progress  in  this  direction  will  be  made  in  the  next  few  years. 
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INIr  Dennis  Taylor  (partly  communicated) :  First,  in  reply  to  Professor  Cheshire's 
remarks,  I  may  say  while  I  agree  that  the  processes  of  trigonometrical  ray  tracing, 
and  especially  the  tracing  of  rays  of  pencils  converging  to,  or  diverging  from,  points 
on  the  axis  and  passing  through  the  edge  and  intermediate  zones  of  objectives  that 
are  of  large  absolute  as  well  as  relative  aperture*,  and  yet  have  to  be  very  perfectly 
corrected  against  axial  spherical  aberration,  should  be  taught  to  the  student,  yet 
I  think  he  should  be  made  to  grasp  that  it  is  chiefly  to  the  general  algebraic  system 
that  he  must  trust  for  his  designing,  and  he  should  be  encouraged  to  familiarise 
himself  with  the  various  implications  of  the  formulae  under  the  many  different 
conditions  that  may  arise. 

Personally,  however,  I  fear  that  I  should  make  a  very  bad  teacher,  there  is  so 
much  that  is  very  difficult  to  formulate  and  impart.  Of  the  ray  tracing  methods  I 
have  laid  more  stress  on  the  desirability  of  dealing  with  rays  of  axial  pencils  through 
large  aperture  objectives,  first,  because  it  presents  a  simpler  case  than  tracing  rays 
of  oblique  pencils,  and  also  because  more  or  less  perfect  freedom  from  spherical 
aberration  or  zonal  aberration  at  the  foci  of  axial  pencils  is  so  frequently  required. 
The  operation  in  such  cases  is  much  more  profitable  than  in  so  many  other  cases, 
wherein  I  still  maintain  that  the  most  sure  and  expeditious  way  is  to  study  the 
performance  of  tentative  models  by  actual  inspection.  As  regards  the  usual  class 
of  achromatic  objectives  for  telescopes,  whose  apertures  exceed  one-fifteenth  part 
of  their  focal  lengths,  it  may  be  truly  said  that  the  algebraic  formulae  for  freedom 
from  spherical  aberration  and  coma  are  quite  sufficient  and  exact  enough  in  them- 
selves without  troubling  to  resort  to  any  ray  tracing  whatever. 

Two  other  critics  consider  that  I  have  exaggerated  the  number  of  ray  tracings 
which  should  be  required  in  order  to  replace  actual  trials,  and  perhaps  with  regard 
to  some  cases  I  may  have  done  so,  but  I  have  come  across  cases  of  very  oblique 
images  formed  by  photographic  and  other  lenses  of  large  field  whose  real  character 
and  mean  general  effect  would  require  far  more  ray  tracings  to  elucidate  than  any 
computer  should  be  justified  in  working  out. 

Mr  T.  Smith  has  obser\ed  that  "if  rays  are  traced  in  the  most  advantageous 
manner,  each  can  be  made  to  yield  information  on  at  least  three  distinct  points." 
JVIr  Smith  with  his  high  mathematical  endowments  is  able  to  deal  with  such  problems 
from  a  transcendental  standpoint  which  enables  him  to  draw  deductions  which  I 
am  afraid  would  entirely  escape  most  of  us,  and  I  know  that  although,  like  the  arrow 
in  the  song,  I  cannot  follow  him  in  his  flight,  yet  he  has  something  real  in  his  mind 
which  is  beyond  my  grasp.  I  have  been  unable  to  follow  any  of  his  formulae,  partly 
because  I  cannot  find  any  statement  of  what  his  symbols  stand  for.  I  am  afraid 
that  most  writers  of  papers  involving  mathematical  formulae,  including  myself,  so 
often  fail  to  define  the  meaning  of  their  symbols  with  sufficient  clearness,  and  that 
fact,  added  to  the  inherent  difficulty  experienced  by  many  of  us,  and  especially 
myself,  in  following  the  lines  of  mathematical  reasoning  adopted  by  other  writers, 

*  It  is  obvious  that  a  trial  model  of  an  objective  of  under  2  or  3  inches  aperture  can  be  made 
easily  and  cheaply  while  there  are  practical  objections  of  very  much  greater  cost,  etc.,  which  render 
the  use  of  trial  models  of  much  larger  apertures  undesirable. 
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generally  makes  us  far  less  appreciative  than  we  should  be  of  other  men's  work 
among  these  abstruse  optical  problems. 

Both  Commander  Baker  and  Mr  Smith  tell  us  they  have  been  busy  for  years 
in  tr}-ing  to  develop  formulae  of  greater  exactitude,  and  the  latter  tells  us  that  "  rays 
can  be  traced  with  precision  by  algebraic  methods  in  which  not  only  are  the  aber- 
rational terms  separated  from  the  others  but  also  a  measure  is  obtained  of  the  first 
order  aberrations  and  the  relative  magnitude  of  those  of  higher  orders  is  shown." 
This  is  interesting  and  full  of  promise,  and  I  may  say  that  I  heartily  wish  that 
practical  success  will  ultimately  attend  their  arduous  undertakings. 

In  the  meantime,  I  think  I  may  claim  to  have  proved  that  in  the  actual  practice 
of  optical  designing  my  system  of  second  order  formulae  founded  upon  Airy  and 
Coddington  furnishes  a  quite  reliable  guide  and  inspiration  sufficient  for  the  great 
generality  of  cases  that  arise.  I  have  very  seldom  found  the  aberration  of  higher 
orders  as  large,  or  nearly  as  large,  as  those  of  the  second  order;  in  fact,  I  can  only 
recall  one  case  in  which  the  aberrations  of  the  third  and  higher  orders  were  so  strong 
as  more  or  less  to  submerge  the  aberrations  of  the  second  order.  This  was  a  case  of 
an  anastigmatic  flat  field  erecting  eyepiece  which  I  had  had  in  my  mind  ofl"  and  on 
for  many  years.  I  worked  out  a  design  for  one  which  held  out  a  fair  promise  of 
success  according  to  the  second  order  formulae,  but  it  involved,  in  order  to  fulfil 
the  Petzval  condition,  the  introduction  of  some  unusually  deep  curved  lenses,  so 
that  I  was  quite  prepared  to  find,  as  I  did  find  on  trial  of  the  model,  that  after  ten 
degrees  from  the  centre  of  the  apparent  field  had  been  passed  the  aberrations  of 
higher  orders  began  to  assert  themselves  so  strongly  as  to  render  the  combination 
quite  useless.  Not  only  do  aberrations  of  the  higher  orders  tend  to  assert  themselves 
in  the  case  of  deeply  curved  and  powerful  lenses  used  at  large  relative  apertures, 
but  also  in  cases  where  lenses  are  not  necessarily  powerful  in  themselves,  but  are 
nevertheless  deeply  curved  owing  to  their  being  strongly  convex  on  one  side  and 
concave  on  the  other,  or  of  meniscus  shape.  I'his  is  especially  the  case  when,  in 
addition,  the  lens  is  so  presented  to  the  pencil  of  rays  that  the  edge  rays  are  refracted 
through  the  lens  edge  at  violent  obliquity  so  that  of  the  two  refractions  taking  place 
one  deviates  the  ray,  say,  downwards  and  the  other  upwards  in  diff"crent  degrees. 

This  corresponds  to  the  case  of  a  simple  prism  refracting  a  ray  which  enters  at 
a  very  large  angle  of  incidence.  The  ray  is  deviated  in  opposite  directions  of  rotation 
at  the  two  refractions,  and  the  prism  is  then  so  set  relatively  to  the  ray  as  to  be  very 
far  removed  from  the  condition  of  minimum  deviation,  when  extra  refraction, 
expressed  as  higher  developments  of  the  radian  measure  of  the  swing  from  the 
position  of  mininunn  deviation,  gradually  comes  into  action.  For  instance,  an 
achromatic  rangefinder  prism,  giving  ift'  51"  of  minimum  deviation,  swinging 
round  on  an  axis  parallel  to  its  refracting  edge  through  an  angle  6  gives  an  excess 
deviation  which  is  strictly  proportional  to  0-  until  15"  of  swing  is  reached  after  which 
a  noticeable  extra  deviation  proportional  to  higher  powers  of  0  sets  in,  amounting 
at  S  =  42°  to  152"  more  than  the  above  formula  gives.  Here  9  is  the  simple  radian 
measure  of  the  angle  of  swing.  The  obvious  corollary  to  this  is  that  the  spherical 
aberration  incurred  by  rays  of  axial  pencils  traversing  the  edges  of  lenses  is  in  many 
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cases  largely  due  to  the  unequal  refractions  taking  place  at  the  two  surfaces  (i.e. 
departures  from  minimum  deviations),  as  well  as  the  approach  or  retreat  of  the 
lens  edges  to  or  from  the  radiant  point  and  the  Gaussian  focal  point.  The  corrections 
for  the  latter  displacements  are  matters  of  the  vergency  of  the  rays  and  of  the 
versines  corresponding  to  the  two  curvatures,  e.xpressed  by  the  paraineters  «  and  x 
respectively.  This  aspect  of  the  case  suggests  thoughts  worth  further  pursuing*. 
I  might  here  mention  that  a  certain  enquiry  into  the  case  of  the  swinging  prism, 
undertaken  a  few  years  ago  by  Mr  Ralph  Cheshire,  led  him  to  the  conclusion  that 
the  higher  functions  of  6  required  to  express  the  higher  orders  of  excess  refraction 
formed  a  series  too  slightly  convergent  to  be  of  much  use ;  but  possibly  there  are 
other  ways  of  attacking  the  problem  by  developments  of  other  trigonometrical 
functions  of  6. 

In  conclusion  I  feel  I  must  thank  you  for  the  kindly  spirit  in  which  you  have 
received  and  discussed  my  somewhat  unorthodox  paper.  I,  for  my  part,  have  felt 
myself  most  amply  repaid  by  the  highly  interesting  discussion  which  has  followed  it. 

*  Using  Coddington's  spherical  aberration  formula  and  notation  we  have  as  the  condition  that 
the  angles  of  entrance  and  emergence  at  the  two  surfaces  are  equal  (the  condition  of  minimum 
prismatic  deviation) 


or 


2(m-i)/      2/      2  (/.-I)/      2/  ' 
in  which  r  =  ist  radius,  s  =2nd  radius,  u  =distance  from  lens  to  point  of  divergence  or  convergence 
of  the  entering  pencil,  and  t)=distance  from  lens  to  point  of  convergence  or  divergence  of  the 
emergent  pencil,  and  from  this  equation  we  get  .v  =  -  (m  -  i)  »•   If  this  value  is  inserted  in  place  of  x 
in  the  aberration  expression 

all  the  first  three  terms  are  eliminated  and  the  expression  becomes 
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ABSTR.4CT.  The  conditions  which  should  be  satisfied  bv  the  components  of  a  complex 
system  are  determined  in  a  convenient  form  in  terms  of  the  aberrational  conditions 
which  the  complete  instrument  has  to  satisfy.  The  use  of  the  method  evolved  is  illustrated 
by  a  lens  of  three  elements  such  as  the  "Cooke"  photographic  lens. 


TuF  main  problem  with  which  the  optical  designer  has  to  deal  is  the  removal  or 
reduction  of  a  number  of  aberrations  in  an  optical  system  which  satisfies  certain 
requirements  concerning  dimensions,  positions  of  lenses,  field  of  view,  and  so  on. 
In  some  cases  the  attainment  of  specified  aberrations  and  not  their  removal  is  the 
aim.  Systems  otherwise  differing  widely  may  be  equally  satisfactory  in  their 
corrections,  and  other  conditions,  such  as  comparative  costs  of  production,  then 
determine  which  shall  be  adopted.  From  the  scientific  point  of  view  these  latter 
considerations  are  accidents  and  may  be  neglected,  and  the  removal  of  aberrations 
retains  its  place  as  the  crucial  factor  in  design.  Especially  is  this  the  case  when 
the  conditions  which  the  ideal  instrument  should  satisfy  cannot  be  separated  into 
two  groups,  the  one  containing  conditions  of  predominant,  the  other  of  secondary, 
importance.  Where  such  a  division  is  possible  the  scientific  principles  of  design 
seem  to  be  well  understood,  but  in  the  general  and  more  important  case,  well 
illustrated  by  photographic  lenses,  the  adequacy  of  existing  theory  is  less  clear. 
There  appears  to  be  no  recognised  method  of  investigation  which  ensures  that  every 
system  considered  in  detail  will  automatically  fulfil  the  conditions  initially  laid 
down  for  observance.  The  present  paper  deals  with  the  foundations  of  a  tiicory 
designed  to  remove  this  deficiency.  By  following  the  procedure  licic  outlined 
only  systems  which  fulfil  the  conditions  are  obtained.  Whether  the  systems  can 
actually  be  constructed  ilepends  on  a  number  of  considerations  outside  the  scope 
of  this  enquiry—  for  example  the  existence  of  suitable  kinds  of  glass.  If  the  solution 
obtained  is  unsatisfactory  in  any  of  these  latter  respects  it  is  necessary  to  make 
a  change  in  one  or  more  of  the  initial  assumptions  and  repeat  the  calculations  on 
this  modified  basis.  In  this  way,  either  a  satisfactory  solution  will  be  obtained  or 
alternatively  the  conclusion  is  drawn  that  no  acceptable  solution  exists. 
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It  is  generally  admitted  that  in  nearly  all  optical  systems  aberrations  not  of 
the  lowest  order  must  be  taken  into  account,  since  systems  corrected  by  considering 
the  terms  of  the  lowest  order  alone  may  perform  indifferently  or  worse.  Never- 
theless it  is  correct  to  base  the  design  of  instruments  on  aberrations  of  the  lowest 
order,  for  it  is  quite  certain  that  no  instrument  with  large  aberrations  of  this  kind 
can  prove  satisfactory.  In  general  instruments  of  good  performance  will  not  be 
mathematically  corrected  for  aberrations  of  the  lowest  order,  but  the  amount 
of  these  aberrations  allowed  to  remain  will  be  small,  the  magnitudes  and  signs 
being  chosen  to  diminish  as  far  as  possible  the  evil  effect  of  higher  order  errors 
which  the  designer  has  not  found  it  possible  to  eliminate.  These  considerations 
lead  to  a  routine  in  which  the  work  of  designing  an  instrument  is  divisible  into 
three  processes: 

(i)    the  removal  of  the  lowest  order  aberrations  on  the  assumption  that 
higher  order  aberrations  are  zero; 

(2)  the  evaluation  of  the  higher  order  aberrations  in  the  system  derived  from 
the  previous  process; 

(3)  the  introduction  of  small  amounts  of  the  lower  order  aberrations  to 
compensate  for  the  defects  found  from  the  second  process. 

The  procedure  in  the  first  and  third  operations  is  the  same,  but  the  conditions 
imposed  are  somewhat  changed.  Processes  (2)  and  (3)  may  have  to  be  repeated 
once  or  more  before  the  desired  conditions  are  observed  to  the  highest  accuracy 
attainable.  In  most  cases  it  will  be  found  that  processes  (i)  and  (3)  may  be  applied 
to  a  simplified  system  of  lenses  for  which  the  calculations  are  shorter  jnstead  of  to 
the  real  system  it  is  proposed  to  construct,  but  this  does  not  apply  to  the  calculations 
under  (2)  from  which  the  whole  aberrations  present  are  found.  It  is  however 
possible  to  construct  a  plan  of  operations  in  which  the  calculations  under  (2) 
relate  to  the  simplified  system  also,  corrections  on  a  known  basis  being  applied 
to  this  system  to  yield  the  real  system. 

In  the  construction  of  an  optical  instrument  five  different  degrees  of  freedom 
may  be  distinguished.  These  relate  to 

(i)   the  focal  lengths  of  the  component  lenses, 

(2)  the  separations  of  the  component  lenses, 

(3)  the  shapes  of  the  component  lenses, 

(4)  the  refractive  indices  of  the  glasses*, 

(5)  the  dispersions  of  the  glasses. 

Of  these  (i)  and  (2)  alone  affect  the  general  character  of  the  final  instrument,  and 
variations  in  their  values  for  the  purpose  of  correcting  aberrations  will  be  subject 
to  strict  limitations.  As  a  rule  the  thicknesses  of  lenses  may  be  neglected,  the 
primary  effects  of  the  thickness  being  taken  into  account  by  measuring  separations 
between  the  principal  points  of  the  component  lenses.  For  the  removal  of  spherical 
aberrations  variations  of  shape  and  of  refractive  index  may  be  used  freely.  The 
accepted  method  of  design  at  the  present  time  involves  a  choice  of  index  (in  the 
light  of  past  experience  together  with  further  limitations  dependent  on  the  kinds 
*  The  use  of  aspherical  surfaces  produces  effects  similar  to  changes  of  refractive  index. 
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of  glass  in  stock  or  certainly  obtainable  from  the  glass  maker)  as  a  preliminary 
step,  thus  leaving  the  shape  of  the  components  as  the  only  means  of  satisfying 
the  spherical  conditions.  This  procedure  is  objectionable  on  several  grounds.  In 
the  first  place  it  is  not  possible  by  changes  of  shape  to  secure  all  the  effects  attainable 
by  variation  in  the  refractive  index.  Further  no  indication  is  obtained  whether 
distinct  advances  would  ensue  from  the  production  of  new  glass  having  certain 
novel  combinations  of  properties,  so  that  the  glass  maker  does  not  receive  from 
the  optician  the  guidance  he  has  a  right  to  expect;  and,  contradictory  as  it  may 
appear,  this  procedure  leads  to  a  demand  for  a  greater  number  of  types  of  optical 
glass  than  are  actually  needed.  The  alternative  method  to  be  suggested  retains 
for  the  correction  of  the  spherical  aberration  the  full  degrees  of  freedom  repre- 
sented both  by  (3)  and  (4),  and  in  fact  the  choice  of  refractive  indices  becomes  the 
last,  and  not  the  first,  step  in  the  process  of  removing  the  spherical  errors. 

The  dispersions  of  the  glasses  must  be  chosen  to  satisfy  the  conditions  for  the 
removal  of  chromatic  aberrations.  The  existing  methods  are  quite  satisfactory  for 
this  purpose  and  will  not  be  discussed  here. 

Before  proceeding  to  the  consideration  of  the  general  case,  attention  may  be 
called  to  the  existence  of  special  solutions  which  are  based  upon  a  definite  method 
of  correction.  It  will  suffice  to  give  a  single  example,  in  which  the  image  of  an 
object  at  infinity  is  to  be  freed  from  all  aberrations,  utilising  achromatic  objectives, 
which  may  be  regarded  as  'thin,'  each  producing  an  image  free  from  spherical 
aberration  and  coma.  The  image  produced  by  the  complete  lens  is  evidently  free 
from  these  two  aberrations  and  from  colour,  but  the  remaining  spherical  errors 
must  be  eliminated  by  selecting  suitable  focal  lengths  and  separations  for  the 
components  since  the  degrees  of  freedom  specified  under  (3),  (4)  and  (5),  apart 
from  a  small  degree  of  freedom  as  regards  (4),  have  been  absorbed  already.  Three 
conditions  remain  to  be  met.  0"f  these  the  Petzval  condition  involves  the  refractive 
indices,  leaving  two  conditions  to  be  satisfied  by  the  selection  of  the  powers  and 
positions  of  the  lenses.  The  complete  specification  of  the  system,  consisting  say 
of  three  separated  lenses,  can  therefore  be  expressed  in  terms  of  three  variables, 
of  which  one,  here  represented  by  /,  is  merely  a  unit  of  length.  The  conditions 
are  satisfied  by  making 

Iki  =  u  -  \  +  {u  -  t')~M 
Ik2=  1  —  u 
Ik3  =  (v  —  u)~^ 

t^KiU  =  t2K;,V  =    I  j 

so  that  Kt+K.j.  +  K3^o  (2), 

and  Ac,.3  -  I  -  M-'  -  ^ 

a.:=""  }  ....(3). 

OK,  3«3 


(0. 
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Since  the  curvature  difterences  between  each  successive  object  and  image  are 
directly  additive  it  is  evident  that  (2)  and  the  Petzval  condition 

Kj^Wi  +  K^w.^  +  K3TD3  =  0  (4) 

together  ensure  the  correction  of  the  curvature  and  astigmatism.  The  condition  (4) 
is  most  simply  met  by  using  the  same  glasses  for  each  achromatic  lens,  the  relation  (2) 


then  involv 

ing  (4)  al 

so. 
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distortion 

is  corrected 

if 

^"^    dK„,  1    Bk 
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this  is  identically  satisfied.  If  in  addition  it  is  required  to  secure  freedom  from 
curvature,  astigmatism,  and  distortion  at  all  magnifications,  the  stop  must  be 
effectively  placed  in  one  of  the  unit  planes,  and  u  and  v,  instead  ofbeingindependent, 
will  be  connected  by  the  relation 

(5  +  2nj)  [uv  -u-v)==  {211  -  i)  (m  -  i)  (5), 

where  m  is  the  Petzval  coefficient  for  a  component  lens.  In  any  practical  appHcation 
it  is  probable  that    J--  would  be  specified,  thus  fixing  the  working  distance  in 

terms  of  the  focal  length.  This  gives  the  ratio  of  u  to  v,  and  from  (5)  two  values 
are  obtained  for  u,  of  which  one  is  usually  positive  and  one  negative.  A  suitable 
value  for  /  is  obtained  from  the  first  of  equations  (3),  and  equations  (i)  then  enable 
the  entire  system  to  be  specified. 

In  the  more  important  general  case  the  procedure  is  rather  the  reverse  of  that 
followed  above,  inasmuch  as  the  positions  and  powers  of  the  lenses  and  the  positions 
of  the  stop  and  image  are  given,  and  the  method  of  correcting  the  individual  lenses 
has  to  be  found.  Consider  a  system  of  n  lenses  of  which  a  typical  member  is  dis- 
tinguished by  the  letter  m.  Let  the  magnifications  for  the  object  and  for  the  stop 
in  the  entire  instrument  be  G  and  S  respectively,  and  the  corresponding  quantities 
for  the  particular  component  g,„  and  s,„ ,  so  that 

G  =glgi---gn,       S=SiS^...S„. 

Moreover  suppose  that  the  images  formed  by  the  ?«th  lens  are  magnified  G,„ 
and  S„,  times  when  converted  into  the  final  object  and  stop  images,  so  that 

Gm  =  gm+lgm+2  ■■■  gn  ,       S,„  =  5„,n5„,+.,  ...  S„. 

The  law  of  addition  for  first  order  aberrations  is  then 

«„  =  Se„,„  G^  5ir'      (^;  =  0,1,2,3,4)  ....(6), 
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where  e^  is  the  linear  coefficient  for  the  aberration  of  the  complete  lens  and  e^^  ,„ 
is  the  corresponding  coefficient  for  the  component  m,  the  summation  extending 
over  the  whole  of  the  components  of  which  the  system  is  constructed.  The  aberra- 
tions corresponding  to  different  values  of  v  are  as  follow : 

V  =  o  spherical  aberration  of  stop  centre, 

V  =  1  distortion, 

V  =  2  curvature  of  primarj'  focal  surface, 

V  =  2  coma, 

t'  =  4  spherical  aberration. 

The  cur\ature  of  the  secondarj-  focal  surface  is  derived  from  the  curvature  of  the 
primar}'  surface  in  conjunction  with  the  Petzval  coefficient  ra  which  is  calculated 
from  the  formula  kw  =  "Lk^w^  .... (7), 

K  being  the  power  for  the  complete  lens  and  k„  that  of  tlie  typical  component.  The 
simple  form  of  this  relation  renders  the  method  of  obtaining  a  definite  value  of  m 
for  the  complete  lens  sufficiently  obvious,  and  this  sum  may  therefore  be  left  out 
of  account  in  the  general  investigation,  which  will  accordingly  concern  the  aberra- 
tions of  series  zero  alone. 

It  may  be  observed  that  equation  (6)  is  true  whether  €0  and  co,  m  relate  to  the 
stop  aberration  strictly  or  to  the  complete  coefficient  whicii  occurs  in  potential 
functions*.  The  difference  between  the  two  in  the  complete  system  is  a  numerical 
multiple  of  {S  —  G)  {S^  —  G)jGk,  and  in  the  component  is  the  same  multiple 
of  (s^  —  gm)  (^m  —  gm)/gm'(m-  Thcsc  tcrms  make  a  contribution  to  the  sum  on  the 
right  of  equation  (6)  equal  to 

^{s^-g,n)K-gm)S*Jg„K^, 

or,  since  (v  -  g,n)  S^  GJk^  =  (5  -  G)/k  , 

u  S~G„/Sf„,      St\ 

the  sum  becomes  !•    ^ —  —  ^ 

which  is  the  corresponding  term  for  the  complete  lens. 

Let  the  aberration  coefficients  for  the  component  in  now  be  referrctl  to  arbi- 
trarily selected  object  and  stop  planes  for  which  the  magnifications  with  respect 
to  this  lens  are  D  and  T  respectively.    Denote  these  new  aberration  coefficients  by 

(T^Drrj,        (z;^  0,1,2,3,4). 
Then  if  the  complete  coefficients  are  takenf, 

^v.,n  -  (r)o,m,V2,  %,  >?40-v,„  -  D,  -  s„,  +  Ty-"{g„  -  D,  -g,„  +  T)" 

+  (g,n-D)isl'g'„'D'^-i)lK„  ....(8), 

•   Tram.  Oft.  Soc.  23  (1921-22)  315.  t  I'<><'-  <"''•  P-  .I")- 
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and  the  formula  for  e„  becomes 

e.)  =  S  (tJo,  J?!,  1?2,  %,  >?4^'5)*,-''(G)i, 

+  ^'"^(^^-?^'-^"-'^-)  •■••<"• 

where  (.S'),„  is  written  as  an  abbreviation  for 

(5„_i  -  5™Z),  -  5,„_i  +  5„,  T). 
Consider  the  more  general  function  E'  defined  by 

£'  =  S  (l7„,  7?i,  7,2,  %,  T?4P)m(/^)m(»')„(^)m 

,,...^--Z.(A,_,.^.^..f.,_.^,,,„_,_,,_j  ■■■■(■=). 

where  the  A's  etc.,  like  the  5"s  and  G"s,  form  a  consistent  chain  of  magnifications 
running  through  the  system,  the  four  object  planes  corresponding  to  the  four 
letters  A,  fx,  v,  f  being  chosen  arbitrarily.  Since  two  paraxial  rays  meeting  the  axis 
in  different  points  determine  completely  all  paraxial  magnifications,  the  A's  etc. 
may  be  expressed  in  terms  of  the  S's  and  G's  in  the  form 

A„,  =  a5„  +  6G„, 
where  a  and  b  are  independent  of  m.    Since  A,  S,  and  G  all  become  unity  when 
;/  is  written  for  m,  and  the  suffix  o  is  equivalent  to  the  absence  of  a  suffix,  the 
relation  becomes 

{S  -  G)  X,„  =  (A  -  G)  S„  +  (5  -  A)  G,„  ....  (11). 

Substitute  this  value  in  the  expression  for  (A),„  and  similarly  with  (/m),„,  (i'),„  and 
(^),„.    Equations  (9)  and  (10)  then  give* 

E'  (S  -  Gy  =  ie,',e„  e,,  e,,  .,0A)  (/x)  (.)  (^  ...  .(12), 

where  (A)  =  (A  -  G,  -  A  +  S), 

and  similarly  for  (/n),  (v),  (0.  In  other  words,  however  A,  fx,  v,  |  are  chosen,  the 
value  of  E'  in  equation  (10)  may  be  determined  from  the  initial  aberrational  re- 
quirements. Values  may  now  be  assigned  to  A,  /x,  v,  ^  which  cause  the  sums  on  the 
right  of  (10)  to  assume  very  simple  forms.  In  particular  values  may  be  chosen 
which  cause  a  number  of  the  tj's  to  disappear  from  the  equation  through  their 
coefficients  becoming  zero.  Further  the  T  and  D  for  each  lens  may  be  selected  so 
that  some  of  the  t^'s  have  values  independent  of  the  shape  of  the  lens  and  of  the 
materials  of  which  it  is  made,  while  others  may  involve  one  but  not  both  of  these 
variables.  A  suitable  selection  of  the  quantities  available  thus  enables  particular 
variables  to  be  given  proper  values,  one  by  one,  which  in  combination  in  the 
complete  lens  automatically  involve  the  satisfaction  of  the  required  aberrational 
conditions. 

The  method  of  eliminating  particular  coefficients  will  be  evident  from  (10). 
Thus  suppose  -174  is  to  be  eliminated  for  the  component  m,  it  is  only  necessary  to 
choose  A  so  that 

*  The  accents  are  introduced  as  a  reminder  that  non-aberrational  magnitudes  are  included. 


174  ^-  ^^^^h 

or  in  other  words  the  plane  corresponding  to  A  is  an  image  of  the  stop  plane 
associated  with  this  component.  To  eliminate  both  7/3  and  174  one  of  the  other  planes 
II,  V,  ^  is  identified  with  this  A  plane.  The  coefficients  1^3  and  7^4  for  lens  m,  r]^  for 
lens  p,  and  -q^  for  lens  q  may  be  removed  by  the  choice 

o  =  A„_i  -  A„  r„  =  /x„,_i  -  f.^  r„  =  i>,_,  -.,/),  =  4_i  -  ^,  7; , 

and  so  on. 

There  is  one  particular  choice  for  D  and  T  which  offers  such  special  advantages 
that  it  will  almost  invariably  be  convenient  to  adopt  it.  These  arise  from  the 
circumstance  that  thickness  of  glass  is  rarely  introduced  into  lenses  as  an  inde- 
pendent variable  influencing  aberrations,  but  assumes  a  value  dependent  on  the 
aperture  of  the  lens.  Accordingly  it  is  permissible  when  first  order  aberrations 
alone  are  considered  to  neglect  these  thicknesses,  the  real  lenses  thus  being  replaced 
by  'thin'  lenses.  Assuming  then  that  the  component  lenses  are  thin,  put  7"=  i, 
D=  -  I.  Then 

4^o«  =  I 
171    =0 

4rj2/c  =  I  +  ro/3  J.  ••■•(13) 

^VsK  =  -  ^ 

^■n,K  =  y 

in  the  notation  previously  employed  for  thin  lenses*,  so  that  apart  from  proportion- 
ality to  the  focal  length  of  the  lens  ij,,,  7?i  and  r).>  are  practically  constants,  -q^  depends 
on  the  shape  of  the  unit  surfaces,  that  is  practically  the  shape  of  the  lens,  and  when 
this  is  determined  174  depends  upon  the  glasses  of  which  the  component  is  made. 

It  will  be  noted  that  the  terms  in  (lo)  involving  the  t^'s  are  independent  of 
both  S  and  G,  so  that  if  these  are  changed  in  value  most  of  the  numerical  work  is 
unaffected.  Also  if  the  aberrational  conditions  are  changed,  as  for  instance  in 
correcting  the  system  after  the  higher  order  aberrations  have  been  evaluated,  it 
is  only  necessary  to  insert  revised  values  of  the  K"s  calculated  from  (12)  in  the 
old  equations. 

The  only  circumstance  when  equation  (10)  is  not  in  a  suitable  form  for  direct 
calculation  is  when  one  or  more  of  the  terms  in  the  second  sum  become  infinite 
through  the  vanishing  of  one  of  the  ^'s.   In  this  case  the  sum  may  be  written 

^  K„         [ h„,D  -K.t^.,.^',J,n} 

where  the  h's  correspond  to  a  magnification  for  which  the  terms  of  the  first  line 
are  always  finite.  The  second  sum  simplifies  at  once  to 

G  -  IIy(K-llJ-m-lVm~l^m-i  _  A^ /i„  V„,  |„\ 

.      ^[       G„., //„,_,  G„.//„     I' 

^     .  G-IIfXfiv$       \ 

that  IS  to  VT"//   ~  ^ )' 

•  See  for  in.stancc  Tram.  Opt.  Soc.  22  (ig20-2i)  1 12. 
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Now  from  (12)  the  term  in  E'  which  does  not  represent  an  aberration  is 

Thus  if  E  is  defined  by 

E  (S  -  G)^  =  (e„ ,  e. ,  e„  .3 ,  eM)  (m)  (■')  (0  •  •  •  •  (h). 

where  every  coefficient  is  now  a  strict  measure  of  an  aberration,  the  j^eneral  equation 
for  the  calculation  of  the  system  becomes 


^^'hen  G  ^  o  the  second  and  third  terms  on  the  right  when  combined  become 

-l(i/H  +  3iS  -  I/5^  -  I,  o,  o,H0X.  I)  (/x,  I)  (.,  I)  (^,  I), 

the  value  of  which  is  always  finite.  Since  H  is  arbitrary  its  value  may  be  selected 
to  simplify  the  calculations  in  any  desired  way.  One  possible  choice  is  to  identify 
it  with  S,  but  a  better  appears  to  be  to  cause  it  to  coincide  with  A,  /x,  v  or  ^.  Taking 
//  =  ^  by  way  of  example  the  sum  on  the  left  of  (15)  becomes 

If  a  more  symmetrical  expression  is  desired  H  may  be  given  in  turn  the  values 
A,  IX,  V,  ^  and  the  mean  taken.  The  equation  then  takes  the  form 

S  (l?0  .  ^1  ,  '?2  .  %  .  ^4  0  A),„  (/X),„  ("),„  (^)m 

+  S  ^^  (i/D ,- 1,0, -I,  DO  A,„_i ,  A,„)  (^,„_, ,  ^,„)  (.„,_, ,  .„,)  (^,„ ., ,  I,,) 
=  ^-  (5~G)?Gk(^  -  G)(/x  -  G)(.  -  G)(^  -  G) 

+  ^  (i/G,  -  i,  o,  -  i,  G)  (A,  I)  (^,  I)  (.,  I)  (f,  I)  .  . .  .(16). 

Now  insert  for  T  and  D  their  special  values  i  and  —  i  respectively.  The  equation 
for  the  calculation  is  then  most  conveniently  arranged  in  the  form 


4       ''m 


r-^)^G(^-^)(^'^^)('^^^^(^" 

(A  -  I)  (/x  -  I)  (.  -  I)  (^  -  1)  -  i  (A  +  I)  (;.  +  I)  (.  +  I)  (I  +  1)   ...  .(17), 


(/- G)^G  (^  -  ^)  (^  --  ^)  (-^  -  G)  (^  -  G)  +  ^^"^  +  G 
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where  the  e's  are  the  aberration  coefficients  desired  for  the  complete  lens  in  their 
non-dimensional  form.  The  absence  on  the  left  of  the  first  two  terms  should  be 
particularly  noted.  This  circumstance  makes  this  the  most  convenient  equation 
to  use  in  actual  calculations.  It  will  be  observed  also  that  at  least  two  of  the  factors 
{^)my  {l^)m,  i^)m,  (^)m  w'H  be  effectuallv  divisible  by  k-,„  when  these  quantities  are 
calculated  by  the  usual  paraxial  relations,  and  that  therefore  in  all  calculations 
K„  will  occur  as  a  multiplier  and  not  a  divisor.   If  the  second  member  of  one  of  the 

factors,  say  (|)„,,  has  been  made  zero,  the  first  member  is  2/  p"'",  or,  what  is  the 
same  thing,  2^/  -^^^^ .  The  value  of  $„  is  given  by 

sothat  2.„-(^^-^->)  =  '^''aK„.a.,  ^'  -^'dK^d^j 

according  as  m  is  less  or  greater  than  p.  It  at  once  follows  that  if  A,  ju,  r,  $  have 
been  chosen  to  eliminate  ^p,  y^,  ^,„,  y,„  from  the  relation  the  contribution  to  the 
sum  from  these  two  components  is 

dK„,,„dKj,_„  I  \       2  3  /' 

which  indicates  that  the  simple  sum  of  the  powers  of  the  lenses,  like  the  Petzval 
sum,  is  an  important  factor  in  the  removal  of  aberrations.  It  will  be  recalled  that 
in  the  e.xample  given  earlier  of  special  solutions  of  aberrational  problems  it  was 
found  necessary-  to  make  bt)th  these  sums  equal  to  zero. 

Before  leaving  this  aspect  of  the  problem  one  more  formula  may  be  noted.  If 
the  factors  containing  A,  /x,  v,  ^  are  arranged  as  homogeneous  products  of  the  ft>urth 
degree  in  A  —  G,  A  —  5,  and  so  on,  equation  (16)  becomes 

2  (170  ,  TJi  ,  Tj2  ,  1?3  .  Vi^^)m  (m)™  (l')m  (f  )m 

-  iS  (7-r^^^  (o.  3  -  37^%  2  -  zTD,  I       I)\  o()A),„  {,.),.,  (.),„  (0„. 
=  iVo ,V\'V2,V3,  ViJ^)  (m)  (")  (^) 

-  4  (5  _"  GrJ°'  3  ^  3•'>'^  2  -  25G,  i  -  G^  oP)  (^)  M  (f)  . . .  .(.8)*, 

•  The  method  of  this  paper  applied  to  equation  (21)  of  vol.  23,  p.  319,  gives  the  ri'sult  that 

(S -  G)"""" (£).^ ,£),",+ Dl,_..JP.,^  -G,S- P., J (P,,,„ ^. ,  -  G, 5  - P,,„, ^ ,) . . . (P,,,..,,,,  -G.S- P.,„_.,„.) 

is  independent  of  5  and  G  whatever  values  may  be  assigned  to  the  P's.   Equation  (21)  is  a  special 

case  of  this  result.  Equation  (23)  with  «;  =0  is  brought  within  the  scope  of  this  relation  by  replacint; 

the  D's  by  .i's  where 

A%  =  Z)%  +  ^"— "  (S-G)  {S""  >  G-  '  -  I ) . 
2n 

equation  (iS)  above  involving  the  special  case  n  ^  2.    IC'orrei  tion  :  In  ci|ii;iti<)n  (2(1)  of  vol.  23,  p.  321, 

last  index, /»r  "2t«  -  in"  read  " 4U1  -  211."] 
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where  all  the  7;'s  represent  true  aberrations,  those  on  the  left  relating  to  the  com- 
ponent m  and  those  on  the  right  to  the  complete  lens.  This  direct  additive  formula 
might  have  been  inferred  at  once  from  the  expression  of  the  aberrations  in  terms 
of  the  coefficients  of  the  standard  eikonal  with  the  principal  foci  as  reference 
points*,  and  it  was  in  fact  in  this  way  that  the  method  of  ascertaining  the  functions 
appropriate  to  each  component  was  first  constructed. 

In  a  number  of  applications  the  aberration  of  the  stop  is  of  no  importance,  and 
it  may  be  desired  to  eliminate  it  from  the  equations.  This  is  readily  accomplished 
by  giving  ^  the  special  value  G  in  any  of  the  expressions  that  have  been  found,  the 
number  of  independent  variables  available  for  the  elimination  of  aberrations  being 
thus  reduced  from  four  to  three. 

Some  consideration  may  now  be  given  to  the  arrangement  of  numerical  work 
for  the  application  of  the  method  in  a  form  suitable  for  the  computer  who  is  not  a 
skilled  mathematician.  As  a  preliminary  a  table  is  constructed  showing  the  heights 
from  the  axis  at  which  each  lens  is  met  by  certain  paraxial  rays,  the  first  being 
incident  parallel  to  the  axis  in  the  object  space,  the  second  parallel  to  the  axis  in 
the  space  between  the  first  and  second  lenses,  the  third  parallel  to  the  axis  between 
the  second  and  third  lenses,  and  so  on,  the  last  emerging  from  the  last  lens  parallel 
to  the  axis.  It  is  convenient  to  take  the  distance  of  the  ray  from  the  axis  when  it  is 
parallel  thereto  as  unity.  The  numbers  arranged  in  tabular  form  are  then : 

Number  of  component  lens 


Number  of  space 
in  which  ray  is 
parallel  to  axis 


Ih.i  lh.2  Ao,3  ho,„ 

/;,,,  /!,,,  /!i,3    /!,,„ 


Ih.2  lh,l 


ll„_l      h,,,,      I,,,,, /(„.„ 

where  the  //  heights  for  each  ray  are  entered  horizontally,  and  h,,^,,  denotes  the  height 
at  which  the  ^th  lens  is  met  by  the  ray  parallel  to  the  axis  in  the  pth  medium,  that 
is,  between  lenses/)  and/)  +  i.  By  the  convention  just  mentioned //p.p  =  Ap,„+i  =  i. 
It  will  be  observed  that  the  complete  table  may  be  constructed  from  the  traces  of 
two  paraxial  rays,  and  these  will  usually  be  those  incident  and  emergent  parallel  to 
the  axis  for  the  complete  instrument,  corresponding  to  the  entries  in  the  first  and 
last  rows.    In  terms  of  the  intercepts  for  these  rays 

Instead  of  regarding  the  table  as  a  set  of  related  quantities  placed  in  rows  attention 
is  to  be  directed  to  the  columns.  The  ray  parallel  to  the  axis  in  space  m  and  at  unit 
distance  from  the  axis  meets  component  p,  or  more  exactly  its  unit  surfaces,  at  the 
height  //„,,  „.  Thus  in  medium  m  the  magnification  of  the  image  of  lens  p  is  i/A,,,,^,, 
and  the  magnification  in  the  portion  of  the  system  following  lens  in  is  therefore 
/',„... 

*  See  Trans.  Opt.  Soc.  i8  (1916-17)  181,  or  23  (1921-22)  321,  equation  (28). 
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in  other  words  the  quantities  Aj^p,  h^,,,  h.,,i„  etc.,  in  column  p  are  proportional  to 
the  magnification  of  the  image  of  lens  p  in  the  entire  system,  after  the  first  lens, 
after  the  second  lens,  and  so  on.  If  one  of  the  sets  of  arbitrary'  magnifications,  say 
the  A's,  is  identified  with  the  series  of  magnifications  in  the  /)th  column,  so  that 
A„,  is  proportional  to  //,„.„,  the  coefficient  of  ^~|^  for  lens  p  will  have  a  zero  coefficient 
in  the  general  equation,  a  relation  thus  being  obtained  which  is  independent  of 
this  aberration.  If  the  /x's  are  made  equal  to  the  A's,  7^3  for  this  lens  will  also  dis- 
appear. The  reason  for  the  construction  of  the  table  is  now  clear.  The  working 
quantities  in  the  equations  are  the  sums  and  difl^erences  of  the  numbers  in  successive 
rows,  and,. for  the  complete  lens,  the  difi^erences  between  the  first  row  and  the  last 
row  after  the  latter  has  been  multiplied  in  turn  by  5  and  G. 

For  the  purposes  of  a  general  investigation  it  is  sometimes  preferable  to  start 
from  an  arbitrar}-  table  of  values  for  the  /('s  which  satisfy  (19)  rather  than  from  a 
system  of  lenses  given  in  power  and  position.  When  this  is  done  the  elements  from 
which  the  system  is  constructed  may  be  derived  directly  from  the  table,  for  the 
theorj'  of  paraxial  rays  shows  that 

_  ^r-L 
dK^dKg 

thus  if  the  power  of  the  complete  lens  is  k, 

X^  ^  Vl.l/i,.n-VlVl.n 

and  t,,K  =  Ai,j)^H,j,+i  —  ^o.jj+i^n.j) 

As  an  example  consider  the  incomplete  table 

Table  I 

I  -7  -9 

I  I 

■6'  s  \ 

and  suppose  it  relates  to  a  lens  of  unit  focal  length.  The  above  formula  at  once  gives 

/j  ^  I  X  -5  -  7  X  -6  =  -08   and   ^2  =  7  x  i  —  -9  x  -5  =  -25. 
The  powers  may  be  derived  from 

.        1       7 


/',.,r/'.y,.s  -  /'.,r/2,>,s  "    "   ^~^r~ -^v^l.a^ 


'2 

and  the  missing  quantities  are, 

in  the  first  column,  1  —  t^K^  =  i'52, 
in  the  last  column,  i  -  t^K^  =  2-625, 
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agreeing  with  the  values  obtainable  from  formula  (19).  From  the  now  complete 
table  the  working  quantities  are  derived  by  addition  and  subtraction.  In  either 
case  the  number  of  rows  is  diminished  by  one,  and  the  successive  derived  rows  may 
be  numbered  consecutively  i,  2,  3,  ...,  row  m  being  associated  with  component  tri. 
The  columns  may  be  headed  a,  b,  c,  ....  More  particularly  the  differences  may  be 
distinguished  by  these  letters,  and  the  corresponding  capitals  used  for  the  sums 
divided  by  the  corresponding  differences. 


Table  II 


Table  III 


Table  IV 


4-846 
-2-304 


Table  V 
li 

5-667 


Table  VI 


i.S-42 
5-23 
io-6i 


Table  VII 


8260 
-.4-78 

41 -'-15 


Table  VIII 

A,  Q 

«  9-75 

746  -38 

-7-6 1  CO 


Table  II  shows  the  differences  between  successive  rows  of  Table  I,  and 
Table  III  gives  the  results  of  dividing  each  element  of  a  row  by  the  appropriate 
component  power.  A  satisfactory  check  on  the  accuracy  of  the  original  table  is 
obtained  by  seeing  that  this  table  resembles  a  skew-symmetric  determinant,  the 
elements  of  which  may  be  evaluated  directly  from  the  first  and  last  rows  of  the 
original  table.  Table  IV  gives  the  sums  derived  from  Table  I,  Table  V  these 
quantities  divided  by  the  corresponding  numbers  of  Table  II.  Disregarding  those 
cases  in  which  the  value  is  infinitely  great,  for  the  special  case  of  three  components 
three  further  tables  are  useful.  In  Table  VI  twice  the  sum  of  the  finite  elements 
on  a  row  of  Table  V  is  given.  For  Table  VII  the  squares  and  products  of  the  finite 
elements  of  Table  V  are  required;  for  this  case  these  necessarily  enter  into  the 
equations  in  the  form 

sum  of  squares  of  finite  elements  +  four  times  the  product 

which  may  be  more  readily  evaluated  as 

-.1  square  of  sum  of  finite  elements  -  |  square  of  their  difference. 

For  Table  VIII  only  two  columns  need  be  constructed.  The  entries  are  twice  the 
element  of  the  selected  column  of  Table  V  plus  the  remaining  finite  element  of 
tlie  same  row.    In  this  case  the  first  and  last  columns  have  been  chosen. 

The  quantities  required  for  the  lens  as  a  whole  must  now  be  considered,  and 
definite  aberrational  conditions  must  be  imposed.  Let  it  be  required  to  obtain  a 
lens  free  from  all  aberrations  in  the  primary  plane  for  5  =  i  and  G  =  o.  For  the 
construction  of  the  quantities  corresponding  to  those  of  Table  II  the  last  line  of 
Table  I  has  to  be  multiplied  by  S  and  the  first  line  subtracted  from  it.  Corre- 
sponding to  Table  IV  the  last  line  is  multiplied  by  G  and  subtracted  from  the  first 
line.  Just  as  for  Table  V,  the  latter  set  of  quantities  is  to  be  divided  by  the  former. 
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The  new  tables  may  be  distinguished  by  the  old  numbers  followed  by  an  accent. 
Thus 


Table  IV' 


Table  V 


The  general  equation  written  in  full  is 


V"^ 


3-^{(i-Gr- 


.2(1 


5G)  T  +  3  (I  -  Sf  v)  =  o, 


(5  -  Gf 
where         ct,,,  =  A,„  +  M,„  +  N,„  +  H,„, 

T„,  =  A„M„  +  A„.N„,  +  A„.H,„  +  M,„N„,  +  M„,E,„  +  N,„H„, 
a  and  T  are  the  corresponding  quantities  without  suffix,  and 

V  =  AiMN  +  AME  }  ANH  r  MXE. 
Each  A,  /x,  V,  or  ^  must  be  identified  with  a,  h,  or  c,  A,  M,  N,  or  E  being  of  course 
identified  with  the  corresponding  A,  B,  or  C.  The  a's,  etc.,  with  suffixes  are  given  in 
Table  II,  those  without  suffixes  in  Table  11'.  The  corresponding  ^'s  are  found  in 
Tables  V  and  V.  Tables  VI,  \'II,  and  VIII  give  values  of  the  ct„,'s  and  t„,'s  required 
in  the  actual  equations. 

When  one  of  the  capital  letters  represents  an  infinitely  great  quantity,  the 
corresponding  small  letter  represents  zero,  and  the  product  is  equal  to  2.  On  the 
left  side  of  the  equation  the  coefficient  only  of  this  capital  letter  must  therefore  be 
retained  and  the  small  letter  replaced  by  2.  This  procedure  covers  all  cases.  For 
brevity  the  formula  resulting  from  the  substitution 

X  -    fj.      a,   V  =  b,  ^  =  c 

may  be  denoted  by  a'-hc.  By  reference  to  the  numerical  tables  the  following  equations 
for  the  complete  determination  of  the  constituent  lenses  are  readily  verified. 


Formula  b'^c- 

(•3)^  ■' 

1725  ■ 

•4^1  {y. 

-  I5-42A 

i   82-60 

C'' 

+  4{-i- 

625)  ,• 

<^ 

?)-<- 

-•5)(- 

.5)(- 

\  (--zYi-ifiz 

(■-  3-5  -i 

9)    1-   2    X 

H-3-5  +  9) 

Formula  a-c^ 

4  ■   '725 

...(: 

3') 

(•52)M 

1-625) 

..j. 

+  4( 

-  -92)  ( 

-.'.)(■ 

,.) 

+  (- 

•4)M-i)M2(    2 

•5   !  9)  1 

2  X  ;;  (- 

-2-5 

•>  (3-5  +  9)'}  =  o- 


5-23^2 


■"C'?)} 


(2-5  1  9)^-}  -=  o. 
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Formula  a'-b- 

4x-3x.o8(;,^').4<-53(--o8)(;i';^) 

+  (-  -92)^-  -5)  (-  -25)  [ya  H-  io-6i^3  +  41-95  Q  +  y)| 

+  (-  -4)-  (-  -2)-  {2  (-  2-5  -  3-5)  i-  2  X  ;)  (-  2-5  -  3-5)2  -  2  x  ^  (2-5  -  3-5)-}  -  o. 

Formula  ahc- 

2  X  -3  X  1-725  X  -46  j-  ft  +  9-75  (2  +  y  )j■ 
+2x-52(-I-625)x-25{-/3,^-38Q+^2)|+4(-•5)(-•46)(3-y') 

+  (-  -4)  (-  -2)  (•!)- {-2-5-3-5  +  2x9  +  2 (-  2-s)  (-  3-5) 

+  4  (-  2-5  -  3-5)  x  9  +  2  x  9-}  =  o. 

Formula  a-bc 

4-3      ■46(^  +  ^^U2(.52)^x.25{-ft  +  7-46Q-^^^)| 

+  2(--92)M--25){-ft-7-6iQ+|^)| 

+  (-  -4)^  (-  -2)      -I  {2  (^  2-5)  -  3-5  +  9  +  2  (-  3-5)  9 

+  4  (-  2-5)  (-  3-5  +  9)  +  2  (-  2-5)2}  =  o. 

It  will  be  noted  that  formula  ab-c  is  equivalent  to  the  elimination  of  ft  between 

ahc'  and  a-hc,  so  that  it  is  not  required.   It  is  for  this  reason  that  two  columns  only 

of  Table  VIII  were  prepared.  The  number  of  independent  equations  is  necessarily 

five  because  five  conditions  have  been  imposed,  viz. 

'yo  =  '?!  =  '?2  =  %  =  ^74  =  o  for  5  =  I ,  G  =  o. 
The  unknowns,  however,  number  six,  the  fi  and  y  for  each  lens.  The  m  may  be 
treated  as  known,  since  it  varies  between  such  narrow  limits.  It  will  be  convenient 
to  take  ft  as  an  independent  variable  and  express  the  other  two  /S's  and  the  three 
y's  in  terms  of  it.  Each  of  the  ra's  may  be  given  the  value  -63,  since  this  is  an  average 
value  for  lenses  of  a  single  glass.  If  achromatic  lenses  were  likely  to  be  required  a 
value  of  about  -70  would  be  appropriate.   Upon  simplification  the  equations  give 

Yi  -  i5-42ft      +  4777    =  o. 

r>  -   5-23^2     -  42-06  =  o, 

73  +  io-6ift      +  30-88    =  o, 
ft  -      -8874ft  -    8-224  =  o. 
ft-      -3195^2+  18-324  =  0, 
and  since  the  minimum  value  of  y,  denoted  by  y,,,  satisfies 
1  +2ra 
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(yo)i=  21-51 +  I•26i32-•67i3„^ 
(y„)2  =  42-o6  +  5-23^32  -  -85^3,2, 
(yo)3  =  -  122-07  +  6-57^2  -  -09^2^ 

The  magnitudes  of  these  values  of  y^  for  moderate  values  of  the  jS's  indicate  that  all 
the  lenses  would  necessarily  be  compound,  the  first  if  cemented  having  a  positive 
component  of  high  refractive  index  with  a  negative  of  lower  index,  the  second  and 
third  with  negative  components  of  high  index  and  positives  of  lower  index.  All  the 
components  would  be  decidedly  abnormal,  as  would  be  expected  from  a  considera- 
tion of  their  powers.  In  case  it  were  desired  to  construct  such  a  system  suitable 
glasses  could  be  selected  from  tables  or  by  the  aid  of  charts  described  by  the  author 
in  an  earlier  paper*.  The  present  example  has  been  included  to  show  in  detail  the 
appHcation  of  the  method,  and  is  intentionally  of  no  practical  interest  in  itself. 

DISCUSSION. 

Comdr  Baker  (partly  communicated) :  It  is  ver>-  difficult  at  short  notice  and  with 
limited  time  at  one's  disposal  to  form  a  complete  and  correct  view  of  Mr  Smith's 
paper.  The  subject-matter  is  so  clearly  bound  up  with  his  earlier  papers  on  similar 
subjects  that  I  find  it  hard,  not  having  his  nomenclature  at  my  fingers'  ends,  to 
follow  the  paper  in  detail  and  I  am  very  diffident  of  making  any  criticism  except 
on  general  lines. 

As  far  as  I  am  able  to  judge,  this  paper  makes  a  very  big  advance  in  the  methods 
of  optical  design  and  should,  when  the  details  of  Mr  Smith's  methods  are  under- 
stood by  the  computing  optician,  be  of  great  service  to  him  in  his  work.  It  will 
not  furnish  much  assistance  to  the  designer  who  computes  entirely  by  trigonometry 
and  who  trusts  to  his  expert  knowledge  and  to  a  blind  groping  for  solutions  by 
trial  and  error  methods.  But  for  the  man  who  bases  his  optical  design  on  the 
assumption  that  the  initial  step  is  to  clear  the  first  order  aberrations  there  seems  to 
he  in  this  paper  a  reasoned  modus  operandi.  It  is  time  that  we  had  such  a  scheme 
available.  So  far  text-books  show  us  how  to  evaluate  the  first  order  aberrations  of 
a  single  lens  and  to  express  them  in  terms  of  a  parameter,  such  for  instance  as  the 
lens  shape.  They  show  us  how  to  sum  up  aberrations  through  a  lens  system  and  in 
theory  we  could  write  down  five  equations  each  containing  as  unknown  quantities, 
quadratic  in  form,  the  lens  shapes  of  the  components  of  the  system.  And  there  in 
general  the  matter  is  left.  No  attempt  is  made  to  show  how,  when  each  of  these 
first  order  aberrations  is  put  equal  to  zero,  the  solutions  for  the  lens  form  are  to  be 
obtained.  Mr  Smith  now  produces  such  a  scheme  and  I  think  that  when  we  all 
understand  more  clearly  exactly  what  he  is  doing  we  sliall  fiml  tluU  lie  has  given  in 
this  paper  a  very  valuable  piece  of  work. 

I  am  sure,  however,  that  we  all  of  us  need  more  nuniciical  illustrations  to  be 
able  to  ff)!low  his  methods.  I  suggested  at  the  meeting  and  I  still  think  it  is  a  desirable 
thing  that  he  shoiikl  give  to  the  Society  a  complete  scheme  of  calculation  for  some 
optical  system  with  which  optical  computers  are  already  faniiliar.    I  should  like  to 
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see  the  Kellner  eyepiece  worked  out  in  such  a  manner  taking,  say,  for  his  principal 
conditions  an  equivalent  focal  length  of  one  inch,  the  front  focus  to  be  one-tenth 
of  an  inch  in  front  of  the  field  lens  and  back  focus  four-tenths  of  an  inch  behind 
the  eye  lens,  the  exit  pupil  being  one-tenth  of  an  inch  further.  Such  a  system 
corresponds  fairly  closely  with  Kellner  eyepieces  that  are  now  made  and  with  which 
manufacturers  are  thoroughly  familiar.  If  Air  Smith  will  work  out  such  a  case  and 
can  show  that  his  methods  lead  to  curves  such  as  manufacturers  are  in  the  habit 
of  using,  the  example  will  do  far  more  to  bring  home  to  them  the  advantages  of 
employing  the  scheme  than  a  general  exposition  such  as  is  contained  in  his  paper 
or  than  an  example  taken  from  a  three  lens  system  whose  performance  is  unfamiliar 
to  them. 

Although  in  my  opinion  Mr  Smith's  scheme  is  of  great  practical  value  when 
the  preliminary  work  of  design  is  based  upon  removal  of  first  order  aberrations, 
yet  it  does  not  enable  a  design  to  be  carried  out  entirely  by  consideration  of  aber- 
rations alone.  When  the  first  order  is  corrected  there  remain  still  the  aberrations 
of  higher  order  and  these  can  still  only  be  compensated  for  by  first  determining 
their  values  and  secondly  so  modifying  those  of  the  first  order  that  they  will  balance 
the  residuals.  If  the  variables  that  Mr  Smith  employs  are  such  that  when  the  first 
order  terms  go  those  of  higher  orders  also  disappear  or  must  inevitably  be  very 
small,  the  scheme  that  he  propounds  is  more  valuable  still,  but  I  am  not  clear  on 
this  point  and  should  like  further  information.  Unless  it  is  possible  by  a  proper 
choice  of  variables  to  ensure  this  point  I  do  not  think  that  we  shall  have  arrived  at 
a  position  where  optical  instruments  can  be  designed  by  computation  of  aberrations 
alone  without  reference  to  ray  tracing  in  some  form  or  other. 

Mr  Smith:  As  Commander  Baker  has  pointed  out,  there  is  nothing  in  this  paper 
which  removes  the  necessity  for  further  calculations  by  one  or  other  of  the  recognised 
methods  to  complete  the  design  of  an  optical  instrument.  The  special  problem 
discussed  here  happens  to  be  of  interest  whatever  method  is  adopted  for  the  com- 
pletion, and  in  particular,  while  the  solution  may  enable  much  time  to  be  saved 
by  a  computer  working  on  traditional  lines,  it  is  essential  to  any  scheme  which  aims 
at  the  abolition  of  ray  tracing  as  a  method  of  design.  The  subject  has  been  investi- 
gated as  one  of  a  series  of  problems  involved  in  a  theory  of  design  for  well  corrected 
lenses  which  does  not  call  for  any  ray  tracing.  These  further  problems  are  not  of 
so  simple  a  character  that  they  can  be  appended  to  a  paper  like  the  present  one. 
So  while  it  is  hoped  that  the  work  will  ultimately  assume  the  greater  importance  to 
which  Commander  Baker  refers,  at  the  present  time  the  lower  valuation  must  be 
accepted. 

As  regards  further  illustrations,  that  suggested  by  Commander  Baker  is  not 
very  attractive  for  the  reason  that  the  Kellner  eyepiece  is  not  a  particularly  well 
corrected  instrument.  It  is  hoped,  however,  to  submit  on  a  future  occasion  the 
results  of  some  calculations  by  this  method  which  may  serve  the  purpose  Com- 
mander Baker  has  in  mind. 
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EXHIBIT  OF  A  NEW  RESEARCH   MICROSCOPE 
By  J.  H.  BARTON 

Exhibited,  izth  April,  1923. 

The  main  object  of  this  microscope  is  to  give  the  user  the  advantage  of  being  able 
to  employ  first  class  condensers  and  high  power  dark  ground  illuminators  with  the 
same  ease  and  facility  as  with  the  much  less  efficient  Abbe  condenser.  The  aplanatic 
cone  of  the  Abbe  is  much  smaller  than  that  of  a  first  class  condenser  and  the  result 
is  that  when  using  the  Abbe  with  high  powers  much  of  their  efficiency  is  lost  for 
the  reason  that  a  very  appreciable  portion  of  their  actual  N.A.  is  non-effective. 

In  addition,  however,  to  the  facility  it  affords  in  the  use  of  first  class  condensers 
there  are  other  features  which  allow  of  pleasant  and  rapid  working  with  a  wide 
range  of  adaptability. 

The  base  is  original  and  combines  the  advantages  of  both  the  horse  shoe  and  the 
tripod  without  entailing  any  new  disadvantage.  It  is  supported  on  four  toes  all  of 
which  readily  adapt  themselves  to  any  uneven  surface.  The  back  pair  of  toes  are 
almost  as  wide  apart  as  the  front  pair  and  the  stability  thus  gained  is  markedly 
greater  than  in  any  other  form  of  base  yet  devised. 

Any  form  of  body  tube  can  be  used,  either  monocular  or  binocular,  and  may  be 
interchanged  in  a  few  seconds. 

The  slides  are  very  broad  and  not  sprung,  but,  should  wear  eventually  occur,  it 
can  readily  be  corrected  by  an  improved  method  of  construction. 

The  stage  fitted  on  the  instrument  shown  is  circular  and  rotating,  but  any  kind 
of  stage  can  be  fitted  according  to  the  class  of  work  for  which  it  is  intended.  What- 
ever form  of  mechanical  stage  is  fitted,  the  milled  heads  controlling  it  are  below  the 
surface  of  the  top  plate,  and  in  order  therefore  to  obtain  a  plain  stage  nothing  has 
to  be  removed  except  the  object  holder. 

The  substage  differs  considerably  from  the  usual  pattern,  ami  on  it  are  mounted 
the  means  whereby  the  various  methods  of  illumination  are  a\ailable  iinnieiliately 
without  having  to  lose  time  by  the  changing  of  apparatus. 

The  fine  adjustment  is  on  the  long  lever  principle,  and  consists  of  a  dovetail 
slide  fitting  which  is  independent  of  the  body.  There  are  two  speeds,  one  of  which 
is  very  slow  and  the  second  one,  got  by  displacing  the  fulcrum,  gives  one-fiftieth 
of  an  inch  motion  for  each  turn  of  the  milled  head. 

The  means  of  maintaining  the  alignment  of  the  optical  portions  have  Ikcii  much 
simplified,  and  the  iris  diaphragm  of  the  substage  is  correctly  centered  to  the  optical 
axis  of  the  body. 

.All  the  mechanical  parts  have  been  designed  with  a  view  to  the  cheapening  of 
production  by  the  use  of  machine  tools,  and  the  fitting  of  the  racks  is  effected  in 
a  novel  manner,  equally  as  effective  but  much  less  costly  than  the  usual  methods. 
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DISCUSSION. 

Mr  J.  Guild:  It  is  a  pleasure  to  see  an  instrument  designed  almost  entirely 
from  first  principles  in  complete  disregard  of  conventional  design.  There  is  no 
instrument  in  the  design  of  which  convention  plays  so  large  a  part  as  the  modern 
microscope. 

As  regards  the  stress  laid  by  Mr  Barton  on  accurate  centering  of  the  substage, 
has  he  ever  come  across  an  iris  diaphragm  which  is  concentric  about  the  same 
point  for  all  openings? 

Then  as  regards  the  importance  of  using  very  high  class  condensers,  my  ex- 
perience (which  is  possibly  not  sufficiently  extensive  to  generalise  from)  is  that  few, 
if  any,  of  the  best  high  power  objectives  will  stand  anything  like  a  full  cone  of 
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illumination,  and  that  the  outer  zones  of  the  aperture  are  only  useful  for  letting 
in  the  diffracted  light  and  when  using  oblique  illumination,  etc. 

I\Ir  Barton  :  In  this  instrument  means  are  provided  for  accurately  centering  the 
iris  diaphragm;  the  centering  is  carried  out  when  the  aperture  of  the  diaphragm  is 
very  small. 

It  is  quite  true  that  no  objective  will  stand  a  full  cone  of  illumination,  but  the 
higher  powers  will  stand  a  ver)-  much  larger  aplanatic  cone  than  is  to  be  obtained 
from  the  Abbe,  and  consequently  their  efficiency  when  used  with  a  superior  con- 
denser is  much  enhanced.  The  preference  for  the  Abbe  appears  to  be  mainly  its 
facility  in  use.  The  object  of  this  microscope  is  to  give  equal  facility  when  using 
high  class  condensers. 


FURTHER  DISCUSSION  ON  Mr  DAVIDSON'S  PAPER 

THE  AMOUNT  OF  THE  DISPLACEMENT  IN 
GELATINE  FILMS 

Mr  Storr:  The  effect  obsened  by  Mr  Guild,  as  compared  with  that  shown  by 
Mr  Davidson,  would  be  due  to  the  difference  in  the  developer  used.  Some 
developers,  such,  for  instance,  as  pyrogallic  acid,  on  oxidation  produce  substances 
which  have  a  strong  tanning  effect  on  the  gelatine.  This  effect  occurs  during  develop- 
ment in  proportion  to  the  amount  of  image  in  the  gelatine  and  is  accompanied  by 
considerable  reduction  in  the  amount  of  absorbed  water.  The  relief  effect  obtained 
in  a  wet  negative  is,  therefore,  very  pronounced.  I  was  not  aware,  however,  until 
I  examined  carefully  some  negatives  produced  by  such  a  developer,  that  the  relief 
effect  persists  in  the  same  direction,  though  only  slightly,  after  the  negative  is  dried. 

[Correction:  On  p.  46  of  the  present  volume,  5th  line  from  the  liottoin./o;"  liromidc'' 
rearf  "  silver."] 
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Generalised  Linear  Perspective,  treated  zvith  special  reference  to  Photographic  Land 
Surveying  and  Military  Reconnaissance.  ByJ.  W.  Gordon,  pp.  xvi  +  184;  51  Figs. 
(London:  Constable  and  Co.  Ltd.,  1922.)  Price  21s.  net. 

The  author  aims  to  specify  a  rational  procedure  for  the  preparation  of  plans  from 
oblique  photographs,  taken  say  from  aeroplanes,  and  other  related  problems  in  which  the 
plane  on  which  the  projection  is  made  is  neither  horizontal  nor  vertical.  This  was  worked 
out  in  ignorance  of  Brook  Taylor's  book  published  more  than  two  hundred  years  ago. 
For  the  mathematician  the  book  contains  no  novel  matter  and  is  wanting  in  brevity;  the 
accepted  nomenclature  is  discarded  and  a  new  one  coined;  unnecessary  definitions  are 
introduced,  and  the  wording  is  in  many  places  obscure.  To  the  artist  that  may  be  a  merit 
which  to  the  mathematician  is  a  defect,  and  if  so  this  book  may  meet  a  real  need.  We  fear 
however  that  such  readers  will  find  the  use  of  circular  functions  and  their  relations  a 
stumbling  block,  which  is  the  more  unfortunate  as  the  treatment  could  have  been  simplified 
and  abbreviated  by  their  omission.  In  fact  the  theory  can  easily  be  based  solely  on  the 
properties  of  similar  triangles,  properties  likely  to  commend  themselves  as  almost  obvious 
to  those  who  have  had  no  instruction  in  geometn,'.  The  whole  algebraic  theory  likewise 
is  contained  in  equations  of  the  form 

■n_    f    J-<^ 

y  x-a  f 
in  which  there  are  decided  advantages  in  retaining  the  distinction  between  /"and/'.  This 
equation  shows  what  is  otherwise  obvious,  that  the  problem  is  identical  with  that  of  the 
simplest  case  of  optical  collinear  imager}'.  In  this  connection  the  author's  statement  that 
this  "formidable  problem"  was  "diligently  studied  by  the  military  staffs  of  all  the 
belligerent  armies  during  the  years  of  war,  and  apparently  without  producing  any  ap- 
preciable impression  on  the  problems  themselves,  which  the  latest  publications  treat  as 
unsolved"  will  be  read  with  amusement. 

Readers  interested  in  the  application  of  the  theory  to  the  construction  of  plans  from 
a  series  of  photographs  will  find  here  a  well  executed  illustration.  A  proposal  made  by  the 
author  for  the  recording  of  the  vertical  in  photographs  seems  suited  only  for  Laboratory 
experiments. 

T.  S. 


ABSTRACTS  OF  PATENT  SPECIFICATIONS 

186240.     Orr,  E.  A.  Sign.\ls. 

The  speed-control  gear  of  a  motor  vehicle  is  inter-connected  with  a  shutter,  which  is 
operated  to  cut  down  the  illumination  of  the  tail  lamp  when  speed  is  reduced. 

186311*.     Kourkene,  H.  Surveying-instruments. 

A  movable  cross-wire  is  adjusted  by  means  of  a  disc  so  as  to  intercept  between  itself 

and  a  fixed  cross- wire  the  image  of  a  known  length  of  a  stadia  rod,  the  position  of  the 

disc  giving  a  reading  of  the  distance.  The  disc  also  automatically  focuses  the  telescope. 

•  Specification  published  before  acceptance. 
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186335*.     Precision  Moderne.  Rangefinders. 

The  setting  of  three  sHding  and  rotating  pointers  in  accordance  with  the  magnitude 
and  direction  of  the  motion  of  the  firing  vessel,  of  the  target,  and  of  the  wind,  relatively 
to  the  line  of  sight,  operates  through  a  series  of  inter-related  mechanisms  to  show  upon  a 
pair  of  dials  the  corrections  to  the  gun  sights  which  have  to  he  applied  in  elevation  and 
deflection  respectively. 

186550.     Elorza,  J.  de.  IlluiMin.^ted  Signs. 

Hollow  letters  or  objects  are  made  of  thick  glass,  and  illuminated  from  within.  A 
current  of  steam  fed  into  the  interior  issues  through  slots  in  the  glass,  and  is  illuminated 
by  red  light,  so  as  to  simulate  burning. 

186575*.     Aktieselkapet  .A.utopil.  Vehicle  L.\mps;  Signs. 

To  soften  the  light  from  a  vehicle  lamp,  a  semi-transparent  sheet  is  enclosed  between 

two  glass  plates  to  form  the  front  of  the  lamp.   For  advertising  purposes,  a  sheet  bearing 

the  required  matter  may  be  enclosed  between  the  front  glass  of  a  lantern  and  a  cover-glass. 

186615.     Bouchaud-Praceiq,  E.  Preventing  Condensation. 

Glass  surfaces  are  protected  against  the  condensation  of  moisture  thereon  by  wiping 
over  with  soft  paper,  in  which  has  been  incorporated  an  alkaline  soap,  together  with  oil- 
absorbents  such  as  alkaline-earth  carbonates  or  borates,  or  kieselguhr. 

186648.    Yorke,  V.  A.  Rangekinders. 

The  instrument  includes  a  mechanical  triangle  of  which  the  observing  telescope, 
rotating  about  the  angle  corresponding  to  the  target,  forms  one  side,  the  second  side  con- 
sisting of  a  bar  which  is  set  parallel  to  the  line  observer-gun,  in  accordance  with  the 
indication  of  an  electric  controlling-device.  The  third  side  of  the  triangle  gives  the  range 
and  bearing  of  the  target. 

187271.     Vickers,  Ltd.  and  another.  Periscopes. 

An  additional  prism  is  placed  above  the  ordinary  observing  prism,  from  which  it  is 
separated  by  a  small  .space.  By  filling  this  space  when  desired  with  a  liquid  of  the  same 
refractive  index  as  the  glass,  objects  immediately  overhead  may  be  observed. 

187613.    General  Electric  Co.,  Ltd.  Electric  Dischar(;k  L.\mps. 

The  globe  encloses  a  transparent  body  which,  when  subjected  to  electron  bombardment, 
emits  radiation  in  the  desired  region  of  the  spectrum. 

188132.    Schofield,  F.  H.  Photometers;  Pyrometers. 

In  an  instrument  in  which  the  intensity  of  a  source  is  balanced  by  varying  the  current 
through  a  lamp,  the  latter  is  placed  in  one  arm  of  a  bridge,  and  a  galvanometer  in  the 
cross  connection.  The  lamp,  bridge  resistances,  and  galvanometer  series  resistance  are 
all  put  up  in  a  single  replaceable  unit,  and  the  whole  range  of  the  galvanometer,  beginning 
at  any  suitable  lamp  current,  can  be  made  use  of. 

188313*.    Zeiss,  C.  MicRoscopiis. 

A  negative  lens  system  is  fitted  within  the  tube  of  a  microscope,  in  advance  of  a  prism 
having  a  half-silvered  surface  by  which  part  of  the  light  is  reficcted  into  a  camera,  while 
the  remainder  is  transmitted  to  an  eyepiece  mounted  on  an  extension  of  the  tuiie,  so  that 
the  object  can  be  observed  while  the  photograph  is  being  taken.  K.  J.  T. 

•  .Specifitation  published  before  acceptance. 
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ABSTRACT.  The  paper  relates  to  an  interferometer  for  measuring  the  aberrations  of 
microscope  objectives — a  development  of  the  Hilger  interferometers  for  testing  camera 
and  other  lenses.  A  number  of  possible  arrangements  are  discussed  and  an  actual  instru- 
ment described.  The  routine  of  setting  up  an  objective  for  test  is  also  detailed. 


The  interferometers  designed  by  the  writer  for  the  testing  and  correction  of 
prisms,  of  lenses  for  axial  pencils,  and  of  camera  lenses  for  both  axial  and  oblique 
pencils,  have  been  described  (see  bibliography  at  end  of  paper),  and  it  is  desirable 
for  those  who  wish  to  take  up  the  use  of  the  Hilger  microscope  interferometer  to 
make  themselves  acquainted  with  Refs.  3  and  6  (or  8,  which  is  a  reprint  of  6). 

Principles  of  Construction  of  the  Microscope  Interferometer 

The  microscope  interferometer  is  a  development  of  the  lens  interferometer 
(see  Ref.  3),  which  is  shown  in  diagram  in  Fig.  i.  In  the  latter  instrument  a 
collimated  beam  of  monochromatic  light  is  separated  into  two  beams  at  the  trans- 
missively  silvered  surface  of  a  plate  of  plane  parallel  glass  K.  The  transmitted 
beam,  which  may  be  called  briefly  the  test  beam,  passes  through  the  lens  T  under 
test,  and  is  reflected  back  from  the  surface  of  the  convex  mirror  U,  which  is  so 
disposed  as  nearly  to  coincide  with  the  approximately  spherical  wave  front  of  the 
light  as  it  converges  after  passage  through  the  lens  T.  Thus  after  reflection  and 
passage  back  through  the  lens  under  test  the  wave  front  of  the  returning  beam  is 
approximately  plane. 

The  second  beam,  which  may  be  called  the  comparison  beam,  is  reflected  back 
along  its  own  path  by  the  mirror  G,  so  that  the  two  beams  recombine  at  the  silvered 
surface  of  the  plate  K,  and  pass  on  together  through  the  lens  E  which  concentrates 

•  British  Patent  No.  103832,  1916,  and  corresponding  patents  in  other  countries.  ,\Iso  additional 
patent  applied  for. 
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them  on  the  eye  of  the  obser\'er  situated  at  P.  Under  proper  conditions  (tor  which 
Ref.  3  may  be  consulted)  the  observer  then  sees  an  interference  pattern  apparently 
located  on  the  surface  of  the  lens  under  test,  and  this  pattern  is  a  contour  map,  to 
a  scale  of  half  wave  lengths  of  the  light  used,  of  the  aberrations  of  wave  surface 
occasioned  by  passage  of  a  plane  wave  through  the  lens  T.  The  arrangement  may 
be  modified  by  the  use  of  a  concave  mirror  instead  of  the  convex  one,  as  shown 
in  Fig.  2. 

If  such  an  instrument  be  provided  witii  sufficiently  delicate  adjustments  for 
focussing  the  objective  under  test  (namely,  moving  it  to  and  from  the  mirror  U), 
and  for  moving  the  mirror  U  laterally,  it  becomes  immediately  suitable  for  exhibiting 
the  aberrations  possessed  by  a  microscope  objective  when  the  latter  is  focussed  to 
produce  its.  real  image  at  infinity.  The  objective  is  represented  by  T  in  Figs,  i 
and  2.  If,  as  is  customary,  the  objective  is  intended  to  produce  a  real  image  at  a 
finite  distance,  such  a  condition  is  simulated  by  the  introduction  of  a  negative  lens 
R  (see  Figs.  3  and  4),  corrected  for  spherical  aberration  and  called,  conformably 
to  the  nomenclature  of  the  microscopist,  the  tube  length  lens.  This  lens  must  give 
to  a  parallel  beam  a  divergence  exactly  corresponding  to  the  convergence  of  the 
beam  which  obtains  in  the  intended  use  of  the  objective. 

The  polishing  of  a  concave  mirror  (Figs.  2  and  4)  with  sufficient  precision  not 
to  introduce  objectionable  aberrations  of  its  own  becomes  very  difficult  in  the  case 
of  objectives  of  high  numerical  aperture,  while  if  a  convex  mirror  be  attempted 
(Figs.  I  and  3)  it  needs  to  be  of  verj-  small  size,  and  is  on  that  account  very  difficult 
to  produce  accurately  by  ordinar}'  procedure.  A  small  drop  of  mercury  may  be 
used  as  a  convex  mirror*.  In  this  case  also  the  observer  has  no  direct  way  of 
assuring  himself  that  the  surface  of  the  drop  is  sufficiently  spherical,  and  other 
modifications  have  therefore  been  devised,  whereby  the  use  of  spherical  mirrors 
can  be  obviated. 

Figs.  5  and  6  show  arrangements  which  may  be  used  where  the  observer  is 
satisfied  if  he  can  compare  the  objective  to  be  tested  with  a  second  one  (not 
necessarily  identical)  which  he  regards  as  a  standard.  In  Fig.  5  the  standard  objective 
T'  is  in  line  with  that  under  test,  together  with  a  second  tube  length  lens  R' , 
while  in  Fig.  6  the  standard  objective  and  its  tube  length  lens  are  put  in  the  com- 
parison beam.  In  the  arrangement  of  Fig.  5  the  interference  pattern  represents  the 
sum  of  the  aberrations  of  the  two  ob- 
jectives, while  in  Fig.  6  it  represents 
their  diflference.  In  either  case  flat  mirrors 
suffice  in  both  the  test  and  comparison 
beams.  It  will  be  seen  that  in  Fig.  6 
each  ray  returns,  not  along  its  first  course, 
but  along  another  course  axially  sym- 
metrical with  the  first.  This  has  the  dis- 
advantage that  only  in  the  case  of  an  objective  whose  aberrations  are  axially 
symmetrical  does  the  interference  pattern  represent  the  aberration  truly,  the 
*  See  Note  (a)  for  method  of  producing. 
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aberration  of  wave  front  shown  at  two  axially  symmetrical  points  {a  and  «', 
Fig.  7  A)  being  in  each  case  that  due  to  the  passage  of  a  ray  through  a  in  one 
direction  and  a'  in  the  other  direction.  Thus  a  distribution  of  aberration,  due,  for 
instance,  to  a  local  defect  truly  as  shown  in  Fig.  7  B,  would  appear  in  the  interference 
picture  as  in  Fig.  7  C.  The  arrangement  in  Fig.  6  has  the  advantage  that,  the  optical 
elements  traversed  by  the  beams  in  the  test  and  the  comparison  beams  being  more 
nearly  ahke  than  in  any  of  the  other  arrangements  shown,  it  is  possible,  for  reasons 
that  will  be  referred  to  later,  to  get  more  illumination.  This  is  true  in  an  enhanced 
degree  in  the  arrangement  of  Fig.  8,  where  the  two  paths  have  been  made  equal 
by  the  compensating  plate  K'  (identical  with  K).  Where,  then,  it  is  desired  to  get 
photographic  records  of  aberrations  of  a  number  of  objectives  of  similar  focal 
length,  the  arrangement  of  Fig.  8,  supplemented  by  an  ocular  examination  for 
non-symmetrical  faults  by  the  arrangements  of  Figs.  3,  4  or  5,  has  much  to  recom- 
mend it. 

Instead  of  the  comparison  objective  T',  tube  length  lens  R',  and  mirror  G  in 
Fig.  6,  a  lens  W  of  comparatively  long  focus  (50  or  100  mm.  for  instance)  corrected 
for  spherical  aberration,  and  with  a  flat  mirror  in  its  principal  focus,  can  be  used, 
as  in  Fig.  9. 

Fig.  10  shows  an  arrangement  in  which  no  cun'ed  surfaces  come  into  question 
other  than  those  in  the  tube  length  lens  and  those  of  the  objective  under  test. 
Here  the  lens  and  mirror  li'and  G  in  Fig.  9  are  replaced  by  the  prism  A'  in  Fig.  10. 
A'  is  ^  tetragonal  or  "corner  cube"  prism  (or  its  equivalent),  shown  separately  in 
Fig.  1 1 .  Such  a  prism  has  the  well-known  property  that  ever\-  ray  incident  upon 
it  is  sent  back  parallel  to  its  own  path*.  It  has  also  the  further  property  that  the 
incident  and  reflected  rays  are  precisely  symmetrical  with  each  other  relatively  to 
that  ray  which  meets  the  apex  of  the  prism.  This  property  does  not  seem  so  well 
known,  and  a  brief  demonstration  of  it  is  given  in  Note  {b).  It  will  be  seen  then 
why  such  a  tetragonal  prism  can  be  used,  as  in  Fig.  10,  in  place  of  the  object  glass 
with  mirror  in  its  focus,  shown  in  Fig.  9.  The  tetragonal  prism  has  the  disadvantages 
that  it  is  difficult  to  make  with  sufficient  accuracy,  and  that  the  edges  of  the  right 
angles  and  the  images  of  those  edges  divide  the  field  into  six  parts  by  lines  which, 
though  fine,  are  by  no  means  invisible,  and  thus  slightly  hinder  the  observation  of 
the  interference  effects.  On  the  other  hand,  the  tetragonal  prism  has  the  advantage 
that  it  is  somewhat  easier  to  get  into  correct  adjustment  than  are  the  corresponding 
lens  arrangements. 

Another  arrangement  which  is  of  interest,  although  presenting  no  practical 
advantage,  consists  in  the  use  of  a  very  small  tetragonal  prism  in  place  of  the 
convex  or  concave  reflecting  mirror  in  Figs.  3  and  4. 

Arrangements  obviating  the  necessity  of  the  Tube  Length  Lens 
It  is  possible  to  avoid  the  use  of  the  negative  tube  length  lens  by  placing  the 
eye  at  the  position  where  the  objective  forms  in  practice  its  real  image.    In  this 

•  L.  Silberatcin,  Phil.  Mag.  32  (iyi6)  487;  Beck,  X.  f.  Jnslrk.  7  (1S87)  385;  Griilih,  Ilritish 
Patent  No.  21856/1903;  Zeiss,  British  Patents  Nos.  5499,  5500/1906. 
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case,  in  order  that  the  rays  in  the  comparison  beam  may  have  a  like  convergence, 
a  concave  mirror  is  used  where  a  plane  one  would  otherwise  be  used,  or  some 
other  device  to  cause  the  desired  convergence.  The  lenses  D  and  E  are  not  required. 

Some  of  the  possible  arrangements  including  this  modification  are  shown  in 
Figs.  12,13  and  14,  corresponding  with  those  in  Figs.  3,  5  and  8.  It  is  necessarj- 
in  all  these  three  cases  to  introduce  the  compensating  plate  K'. 

Of  all  the  above  arrangements,  the  three  which  have  been  selected  for  tlie 
standard  model  instrument  are  those  shown  in  Figs.  3,  9  and  10. 

Description  of  the  App.\rati.s 
Light  Source 
The  light  used  must  consist  of  a  limited  number  of  very  homogeneous  radia- 
tions. The  following  are  suitable  radiations  for  the  purpose: 

Wave  length  Source 


Mercurj' green 

5461 

Cooper-He- 

rt  itt  mercury 

vapour  lamp. 

Mercurj'  yellow 

.'  577° ' 
1 5791 ) 

>, 

Mercury  \'ioIet 
Hydrogen  red  (C)    ... 
Hydrogen  green  (F) 
Hydrogen  violet  (G') 
Neon  yellow 

4.-!S9 

4.141 
5853 

Hydrogen  \ 
Special  neo 

■acuum  tube. 
n  lamp*. 

The  use  of  several  of  these  radiations  permits  the  measurement  of  chromatic 
aberration  to  a  very  high  degree  of  accuracy. 
Apparatus 

A  view  of  the  apparatus  is  shown  in  Fig.  15.  The  light  from  the  source  is 
reflected  by  an  adjustable  mirror  A  through  the  condensing  lens  B,  by  means  of 
which  it  is  condensed  on  the  aperture  of  the  diaphragm  C.  The  diverging  beam  of 
light  is  collimated  by  an  achromatic  lens  D,  and  falls  as  a  parallel  beam  on  a  plane 
parallel  plate  K,  the  second  surface  of  which  is  silvered  lightly  so  that  a  part  of  the 
light  is  transmitted  and  part  reflccted-f.  The  major  part  should  be  reflected. 

The  mounting  of  the  plane  parallel  plate  K  is  shown  separately  in  Fig.  16.  It 
can  be  set  in  two  alternative  positions  on  the  interferometer.  The  normal  position 
is  shown  in  Fig.  15.  The  second  position,  required  only  in  adjusting  the  apparatus, 
is  at  90^  to  the  first,  and  requires  the  leg  L  (Fig.  16)  to  be  pivoted  round  in  order 
that  it  may  find  a  bearing  on  the  interferometer.  It  will  be  noted  tiiat  two  milled 
head  screws  //  and  //'  are  prosided  for  adjusting  the  inclination  of  the  plate 
about  horizontal  and  vertical  axes.  'I'he  pivoting  axes  are  provided  at  the  mirror 
end  of  the  mount  by  two  pairs  of  steel  balls  and  an  intermediate  ring,  all  maintained 
in  their  positions  by  the  single  spring  J,  which  also  keeps  the  arm  A  against  the 
points  of  the  adjusting  screws  //  and  //'. 

One  part  of  the  light  passes  through  the  negative  tube  length  lens  and  micro- 
scope objective  and  on  to  whatever  reflecting  device  is  in  use,  mounted  on  the 
mechanical  stage.  The  microscope  objective  and  the  tube  length  lens  are  mounted 

•  Made  for  Adam  Hilgcr,  Ltd.,  by  the  General  Electric  Comininy,  England, 
t  See  Note  (c)  for  a  suitable  method  of  partial  silvering. 
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on  the  same  carriage  (shown  in  Fig.  17)  and  are  very  carefully  fixed  so  as  to 
be  co-axial.  The  carriage  moves  along  accurate  steel  ways  under  the  action  of 
a  micrometer  screw.  This  screw  can  be  rotated  directly  by  means  of  the  handle 
M  (Fig.  15)  or  through  the  intermediary'  of  a  slow  movement  drum  A'.  The 
greatest  care  is  taken  to  ensure  regularity  and  certainty  in  moving  the  objective 
longitudinally. 

The  micrometer  screw  has  i  mm.  iiitcii.  The  tlividcil  lieaii  attached  to  the 
screw  has  100  divisions,  and  one  turn  of  the  slow  motion  screw,  whose  head  is 
also  divided  into  100  parts,  corresponds  to  one  division  on  the  main  drumhead. 


The  Hilger  Microscope  Interferometer  197 

Thus  one  division  on  the  drumhead  of  the  slow  motion  screw  corresponds  to  -i/x 
(one  ten  thousandth  of  a  millimetre). 

The  slides  are  massive,  and  of  steel*,  and  the  sliding  surfaces  are  worked 
optically  flat. 

The  slow  motion  mechanism  has  a  cover,  with  a  window  for  reading  the  main 
drumhead. 

The  micrometer  screw  is  cut  between  dead  centres  and  ground  at  constant 
temperature.  Its  position  is  determined  longitudinally  by  a  plate  of  polished 
corundum  at  the  end  near  the  handle,  which  end  takes  the  thrust  when  the  objective 
is  moving  towards  the  mechanical  stage.  A  system  of  opposing  screws  enables  this 
plate  to  be  set  up  perpendicular  to  the  axis  of  rotation  of  the  micrometer  screw, 
whose  end  is  polished  to  an  approximately  flat  surface.  Thus  by  reflecting  light  in 
the  direction  of  the  axis  of  the  screw  through  the  thickness  of  the  corundum  block 
(which  is  polished  on  both  surfaces  to  enable  the  end  of  the  screw  to  be  thus 
observed),  one  can  observe  the  interference  fringes  produced  between  the  light 
reflected  from  the  thrust-taking  surface  of  the  corundum  and  the  polished  end  of 
the  micrometer  screw.  Observation  in  this  manner  enables  the  plate  of  corundum 
to  be  made  perpendicular  to  the  axis  of  rotation  of  the  screw  with  great  and 
ascertainable  precision.  The  other  end  of  the  micrometer  screw  thrusts  against  the 
polished  end  of  a  fixed  screw,  by  means  of  which  one  is  enabled  to  reduce  the 
longitudinal  play  of  the  micrometer  screw  to  a  minimum,  without  introducing  any 
longitudinal  compression.  The  carriage  is  pulled  towards  the  thrust  by  two  spiral 
springs.  But  for  these  two  springs  the  carriage  can  be  removed,  by  lifting  it  off  its 
slide,  and  as  easily  replaced. 

In  deciding  on  the  fineness  of  focussing  adjustment  which  should  be  aimed  at, 
it  was  borne  in  mind  that  the  apparatus  might  be  used,  by  the  removal  of  some 
of  its  parts,  as  a  high  accuracy  micrograph  for  the  use  of  ultra-violet  light,  and 
provision  was  made  for  an  accuracy  suitable,  should  a  microscope  objective  of  5  mm. 
focus  and  numerical  aperture  i-o  at  tube  length  160  mm.  operate  with  light  of 
wave  length  1850  A.u.  Such  an  objective  should  resolve  a  separation  of  -000093  mrn-> 
corresponding  to  a  focussing  adjustment  of  the  objective  of  -00013  rn""*- 

The  tube  length  lens  (see  Fig.  17)  is  adjustable  relative  to  the  microscope 
objective  by  means  of  a  rack  and  pinion,  and  a  division  in  millimetres  indicates  the 
distance  from  the  shoulder  against  which  the  objective  screws  to  the  position  which 
would  be  occupied  by  the  real  image  of  a  point  formed  by  the  objective  when  the 
latter  is  so  focussed  that  rays  to  the  left  of  R  are  parallel. 

Mechanical  Stage 
The  mechanical  stage  has  the  usual  adjustments  in  two  directions  at  right 
angles,  but  exceptional  care  has  been  taken  to  ensure  that  the  movement  should 

•  The  slides  were  made  from  forgings  of  specially  selected  steel,  the  preparation  and  treatment 
of  which  to  avoid  subsequent  deformations  were  carried  out  for  us  by  Sir  W.  G.  Armstrong,  Whit- 
worth  &  Co.,  whose  long  experience  in  the  construction  of  standard  screw  gauges  enabled  them  to 
supply  a  material  excellently  well  adapted  for  the  purpose  in  view. 


198  F.  Tuymati 

be  strictly  in  one  plane  perpendicular  to  the  run  of  the  ways.  The  accuracy  of 
adjustment  aimed  at  is  much  greater  than  is  usually  considered  sufficient  in  the 
microscope.  The  movement  is  produced  by  screws  of  -J  mm.  pitch  which  thrust 
against  hardened  and  polished  steel  plates;  one  of  these  screws  can  be  seen  at  W, 
Fig.  15.  No  dovetailed  slides  are  used,  the  two  sliding  plates  merely  bearing  in 
each  case  against  flat  surfaces,  against  which  thev  are  maintained  by  springs  (.9, 
S\  Fig.  15). 


If  rccjuircd,  a  very  fine  latcr;il  adjustment  can  be  obtained  by  levers  (one  is 
shown  at  /'',  I'ig.  15)  which  clamp  on  the  screws,  the  said  levers  being  in  turn 
actuated  by  the  fine  motion  screw  heads  X  and  Y.  It  is  not  necessary  to  have  these 
fine  adjustments  in  the  use  of  the  instrument  as  an  interferometer.  Where  the 
instrument  is  intended  for  conversion  into  a  micrograph  a  suitable  form  of  con- 
denser can  be  mounted  below  the  mechanical  stage. 

The  adjustment  of  the  mechanical  stage  is  not  intended  to  ha\e  a  range  of  more 
than  about   :    il  mm.  from  the  midtile  position. 

Comparison  Beam  Carriage 
This  is  so  arranged  that  it  will  take  the  three  forms  of  rcikciing  devices, 
shown  in  Figs.  3,  y  and  10,  these  being  mounted  in  tubes  which  pusli  into  a 
cylindrical  fitting  in  the  adjustable  body,  li  (Fig.  iH),  of  the  carriage.  In  removing 
a  reflecting  device,  one  has  to  draw  it  out  by  means  of  the  milleii  ring  M,  while 
holding  the  ring  .\'  in  position  with  the  thumb  and  first  finger  of  the  other  hand. 
The  middle  finger  of  the  latter  hand  should  rest  on  B  to  steady  the  carriage. 
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Two  kinds  of  adjustment  are  provided,  viz.  tilting  adjustments  in  azimuth  and 
altitude  by  the  screws  H  and  /  and  lateral  movements  horizontally  and  vertically 
by  means  of  the  two  screws  jf  and  K.  The  tilting  movement  is  required  for  the 
arrangement  shown  in  Fig.  3,  both  the  tilting  and  lateral  movements  for  the 
arrangement  in  Fig.  9,  and  the  lateral  movement  alone  for  the  tetragonal  prism 
shown  in  Fig.  10. 

The  cylindrical  sleeve  into  which  these  reflecting  devices  fit  pivots  upon  two 
pairs  of  steel  balls  placed  in  the  neighbourhood  of  the  ring  A^  and  since  the  screws 
//  and  /  are  9  cm.  from  the  pivoting  point  and  the  screws  are  of  I  mm.  pitch, 
the  tilting  movement  is  amply  slow  enough  for  convenient  adjustment. 

The  comparison  beam  carriage  fits  on  ways  IF  similar  to  those  of  the  objective 
carriage,  but  no  slow  movement  is  required  for  its  longitudinal  adjustment.  This 
can  be  accomplished  by  hand  quite  conveniently,  and  with  the  necessary  precision, 
adjustment  within  a  millimetre  being  amply  sufficient  to  attain  a  position  of  good 
visibility  of  the  interference  bands. 

Makers'  Adjustments 
There  are  certain  adjustments  for  which  the  makers  must  take  responsibility, 
but  with  which  the  observer  should  be  acquainted.  There  are  two  reasons  why  this 
is  desirable;  first,  that  he  may  realise  the  need  for  them  and  be  prepared  to  verify 
them  if  the  instrument  should  sustain  obvious  damage  or  give  dubious  results; 
second,  that  he  may  know  that  they  have  already  received  the  makers'  attention 
and  should  not  be  interfered  with  on  a  mere  conjecture. 

The  Mechamcal  Stage 

This  has  been  carefully  squared-on  relatively  to  the  ways,  so  that  not  only  is 
the  face,  against  which  the  microscope  slide  lies,  accurately  perpendicular  to  the 
ways  to  about  3  minutes  accuracy,  but  so  also  is  its  movement  under  the  action  of 
the  mechanical  stage  adjusting  screws.  * 

The  movement  of  the  mechanical  stage  has  been  tested  by  mounting  on  the 
movable  plate  one  of  a  pair  of  Fabry-Perot  interferometer  mirrors,  the  corre- 
sponding plate  of  the  pair  being  mounted  on  the  fixed  portion  of  the  stage.  In 
this  way  it  has  been  ascertained  that  the  stage  movement  is  uniform,  in  one  plane, 
and  sufficiently  free  from  "lost  time";  also  that  clamping  the  slow  motion  levers, 
to  bring  the  fine  adjustments  into  play,  causes  no  disturbance  of  the  slide. 

The  fineness  of  adjustment  aimed  at  is  such  that  if  thus  tested  the  bands  of 
Hg  5461  can  be  set  to  any  desired  position  to  one-tenth  of  a  band  (-027/11).  Such 
a  fineness  of  adjustment  exceeds  all  present  requirements,  but  may  be  requisite  if 
the  interference  instrument  should  eventually  prove  to  be  usable  as  a  microscope 
interferometer  with  radiation  in  the  ultra-violet. 

The  Objective  and  Tube  Length  Letts  Mounts  and  Carriage 
The  face  F  (Fig.  17)  of  the  objective  mount  and  the  face  F'  of  the  tube  length 
lens  mount  are  both  made  parallel  to  the  face  of  the  mechanical  stage  to  about 
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three  minutes  accuracy.  The  two  mounts  are  made  co-axial  by  screwing  in  place 
of  the  tube  length  lens  cell  a  plug  with  a  cylindrical  fitting,  and  so  adjusting  the 
position  of  the  two  mounts  that  the  end  of  the  plug,  which  projects  through  the 
threaded  objective  mount,  is  central  to  it,  to  within  about  -05  mm.  The  geometrical 
and  optical  axes  of  the  tube  length  lens  are  made  coincident  to  within  about  -025  mm. 
Thus,  if  the  objective  itself  be  truly  mounted,  one  is  assured  that  objective  and  tube 
length  lens  are  co-axial  to  within  the  limits  indicated  by  the  above  figures. 

The  Collimator 
The  collimator  (consisting  of  the  diaphragm  C  and  the  achromatic  lens  D, 
Fig.  15)  requires  to  have  its  axis  perpendicular  to  the  face  against  which  the  micro- 
scope objective  screws.  Since  the  said  face  has  been  made  perpendicular  to  the 
run  of  the  ways  (see  above)  it  suffices  to  set  the  axis  of  the  collimator  parallel  to 
the  run  of  the  ways.  This  is  done  by  setting  up  an  accurate  right  angle  prism 
resting  on  the  top  surface  of  the  ways  and  perpendicular  to  the  run  of  the  latter. 
If  then  light  is  allowed  to  fall  on  the  diaphragm,  a  spot  of  light,  which  is  an  image 
of  the  diaphragm  aperture,  is  formed  on  the  diaphragm  itself,  the  image  being 
formed  by  the  light  reflected  back  from  the  surface  of  the  right  angle  prism.  The 
position  either  of  the  achromatic  lens  or  of  the  diaphragm  is  then  so  adjusted  that 
the  back  reflected  spot  falls  on  the  aperture  of  the  diaphragm  itself.  Simultaneously, 
the  collimator  is  set  for  focus,  this  being  done  by  adjusting  the  relative  positions 
of  diaphragm  and  achromatic  lens  so  that  the  back  reflected  spot  is  in  focus 
simultaneously  with  the  diaphragm  aperture.  Observation  is  made  by  looking  in 
at  the  eye  end  of  the  interferometer  (using  an  eyepiece)  and  with  the  diagonal 
mirror  in  the  alternative  position  referred  to  on  p.  194. 

How  TO  Set  up  and  Adjust  the  Microscope  Objective 
Arrangement  of  Fig.  3 

The  method  varies  somewhat  according  to  the  particular  arrangement  which  is 
in  use.  In  Figs.  3  or  4  the  plane  mirror  (7  is  placed  in  the  comparison  beam  carriage 
and  the  latter  brought  to  such  a  position  that  the  distance  from  (j  to  a  selected 
point  on  the  silvered  surface  of  the  diagonal  mirror  K  is  approximately  equal  to 
the  distance  from  the  same  point  to  the  mirror  U.  It  is  only  when  the  path  lengths 
in  the  test  and  comparison  beams  are  approximately  equal  that  the  interference 
bands  are  seen  distinctly*.  The  aperture  in  the  diaphragm  C  (Fig.  15)  should  be 
illuminated  with  suitable  light.  Placing  the  eyepiece  in  the  fitting  provided  at  P 
the  spot  of  light  reflected  from  the  mirror  G  back  on  to  the  diaphragm  at  C  will 
be  clearly  seen  simultaneously  with  the  hole  in  the  diaphragm  itself.  Hy  tilting 
the  mirror  G  by  means  of  the  screws  //  and  /  (Fig.  18),  the  spot  of  light  should 
be  made  to  fall  on  the  hole. 

Let  us  suppose  that  a  mercury  drop  has  been  selected  to  act  as  a  mirror,  and 
that  such  a  drop,  on  a  microscope  slide,  has  been  placed  in  position  on  llio  mechanical 

•  For  visibility  of  the  bands  see  Ref.  6,  p.  188,  and  Ref.  9. 
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stage.  If  the  eye  be  placed  so  as  to  look  into  the  objective  from  the  direction  cus- 
tomarily occupied  by  the  condenser,  a  small  bright  spot  of  light  will  be  seen  which 
is  the  image  of  the  aperture  in  the  diaphragm.  Adjust  the  slide  on  the  mechanical 
stage  so  that  the  drop  of  mercury  obscures  symmetrically  this  spot  of  light;  or 
alternatively,  having  adjusted  the  drop  approximately  central  in  position,  perfect 
the  centralizing  by  observation  of  the  drop  in  the  telescope.  The  drop  having  been 
got  by  these  means  as  nearly  central  with  the  objective  as  possible,  cut  out  the 
light  from  the  comparison  beam  by  placing  a  piece  of  card  in  front  of  the  mirror 
G.  Then  it  will  be  found,  on  slowly  focussing  the  objective  by  means  of  the  handle 
(Fig.  17)  and  observing  with  an  eyepiece  at  P,  that  a  small  image  of  the  diaphragm 
aperture  will  be  seen  by  reflection  at  the  surface  of  the  drop.  To  be  precise,  as 
one  focusses  towards  the  mechanical  stage,  four  small  circular  spots  come  into 
focus  in  succession.  They  are: 

(rt)  The  image  of  the  diaphragm  aperture  formed  upon  the  surface  of  the 
mercury  drop. 

{b)  The  image  of  the  aperture  of  the  achromatic  lens  D  formed  upon  the  surface 
of  the  mercury  drop. 

(f)  The  image  of  the  diaphragm  aperture  formed  at  the  centre  of  the  mercury 
drop. 

{d)  The  image  of  the  aperture  of  the  achromatic  lens  D  formed  at  the  centre 
of  the  mercury  drop. 

It  is  image  (f)  which  is  the  correct  one.  This  should  be  got  in  focus  by  the 
handle  M  and  central  in  the  field  by  the  mechanical  stage  screws.  On  removing 
the  eyepiece  and  looking  in  at  P  with  the  naked  eye  (the  piece  of  card  referred  to 
above  being  taken  away),  one  will  in  general  see  a  round  field  of  green  light,  which 
represents  the  surface  of  the  mirror  G,  and  near  the  centre  of  this  circular  green 
field  a  bright  green  spot.  The  objective  should  now  be  re-focussed,  when  the 
small  bright  spot  will  enlarge  in  size  until  it  reaches  a  maximum  diameter  which 
corresponds  with  the  useful  aperture  of  the  back  lens  of  the  microscope.  At  this 
position  the  interference  pattern  will  be  seen. 

Arrangement  of  Fig.  9 

It  is  necessary  in  the  arrangement  shown  in  Fig.  9  that  the  beam  passing  through 
the  achromatic  lens  reflector  should  be  parallel  to  the  axis  of  the  lens.  This  lens 
and  mirror  arrangement  will  act,  even  when  it  is  tilted,  as  a  reflector  which  sends 
incident  rays  back  in  a  direction  parallel  to  themselves.  It  is  necessary,  therefore, 
to  have  some  independent  assurance  that  the  incident  rays  are  parallel  to  the  axis  of 
the  lens.  This  can  be  made  sufficiently  certain  by  first  putting  in  its  fitting  mirror 
G  (Fig.  3),  and  adjusting  it  so  that  the  spot  of  light  is  reflected  back  by  it  on  to  the 
diaphragm,  as  described  in  the  adjustment  for  the  arrangement  of  Fig.  3.  If  the 
achromatic  lens  and  mirror  reflector  are  then  carefully  put  in  place  of  the  mirror, 
the  condition  in  question  will  be  fulfilled  with  sufficient  exactness.  The  tilting 
adjustment,  of  course,  should  not  be  used  after  the  interchange  is  made. 

On  looking  in  at  P  one  will  observe  an  illuminated  field  due  to  the  light  from 
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the  comparison  beam.  If  the  objective  is  approximately  in  focus  on  the  surface  of 
the  plane  mirror,  a  small  bright  spot  is  seen,  which  can  be  enlarged  to  its  maximum 
diameter  by  focussing  the  objective.  When  this  position  has  been  found,  the 
reflector  in  the  comparison  beam  must  be  adjusted  laterally  by  means  of  the  screws 
Jand  A",  Fig.  i8. 

When  the  position  has  been  found  in  which  the  returning  rays  in  both  the  test 
and  comparison  beams  return  to  the  same  point  of  the  diagonal  mirror,  the  inter- 
ference pattern  is  seen,  but  unless  one  has  some  indication  that  this  correct  adjust- 
ment is  being  approached,  the  search  for  the  correct  position  may  be  indefinitely 
prolonged. 

For  this  reason  two  steel  points,  mounted  on  brass  plates,  are  provided — the 
one  to  stand  on  the  ways  of  the  comparison  beam  carriage,  the  other  to  stand  on 
the  microscope  objective  carriage.  Each  of  these  points  should  be  shifted  sideways 
until  its  shadow  is  in  line  with  the  pointer  itself  and  the  eye  placed  at  P.  When 
this  is  done  for  both  pointers,  they  will  in  general  not  appear  to  occupy  the  same 
position.  The  one  in  the  comparison  beam  should  then  be  shifted  sideways  until 
it  lies  in  the  same  line  as  seen  from  the  eyepiece  and  P,  no  eyepiece  being  used, 
as  the  image  of  the  pointer  in  the  test  beam.  If  then  the  reflector  mount  is  shifted 
horizontally  and  vertically  by  means  of  the  screws  J  and  A.'  until  the  tips  of  the 
two  pointers  and  those  of  their  images  all  lie  in  the  same  straight  line,  the  inter- 
ference appearances  will  be  seen.  It  is  assumed  of  course  that  the  reflector  carriage 
has  been  first  put  in  such  a  position  that  the  length  of  path  of  the  rays  in  the  test 
and  comparison  beams  is  approximately  the  same. 

Arrangement  of  Fig.  lo 
The  adjustment  of  the  tetragonal  prism  reflector  is  very  similar  to  that  of  the 
achromatic  lens  and  mirror  reflector.  The  carriage  should  be  placed  in  such  a 
position  along  the  slide  that  the  apex  of  the  tetragonal  prism  is  about  the  same 
distance  from  any  selected  point  on  the  diagonal  plane  as  is  the  plane  glass  reflector 
in  the  test  beam.  Strictly  speaking,  one  should,  in  measuring  these  distances,  take 
account  of  the  thickness  of  glass  traversed,  but  it  is  seldom  necessary  to  do  so  since 
interference  bands  will  be  seen  with  a  rough  adjustment  of  distance,  and  once  the 
bands  are  seen,  the  shifting  of  the  comparison  beam  carriage  to  the  position  where 
the  bands  are  most  distinct  is  a  very  simple  matter.  The  tetragonal  prism  requires 
no  tilting  adjustment;  all  that  is  necessary  is  that  it  should  be  adjusted  laterally 
with  the  two  screws.  Its  correct  position  is  such  that  the  six  dividing  lines  by  which 
its  field  is  divided  into  six  segments  are  symmetrically  disposed  relative  to  the 
efl^ective  aperture  of  the  back  lens  of  the  microscope  objective ;  thus  the  adjustment 
of  the  tetragonal  prism  is  rather  simpler  than  that  of  either  of  the  other  devices. 

The  Interference  Appearances  and  their  Interpretation 
The  interferometer  here  described  is  designed  for  examination  of  the  aberra- 
tions of  axial  beams.   Designs  have  been  got  out  for  testing  oblique  pencils,  but  the 
apparatus   then   necessarily   becomes   more   complex.    The   remarks   given   in  a 
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previous  paper  (see  Ref.  6,  p.  182)  with  regard  to  appearances  seen  on  the  camera 
lens  interferometer  would  be  broadly  applicable  to  a  microscope  interferometer 
such  as  here  described  but  possessing  modifications  enabling  the  wave  surface 
aberrations  for  oblique  pencils  also  to  be  examined. 

NOTES 

(a)  Preparation  of  Mercury  Drops. 

It  is  necessary  that  the  drop  should  be  small  and  free  from  grease  and  dust. 
Such  drops  may  be  prepared  in  the  following  way: 

Place  a  small  amount  (say  \  c.c.)  of  clean  mercury  in  a  test-tube.  Pour  on  it  a 
few  CCS.  of  strong  sulphuric  acid  in  which  as  much  chromic  acid  has  been  dissolved 
as  it  will  take  up.  Shake  for  about  3  seconds,  and  then  put  under  a  water  tap  to 
wash  the  acid  away.  Then  rinse  with  distilled  water  and  pour  off  as  much  of  the 
water  as  possible.  Now  with  a  pipette  with  rubber  bulb  (the  nozzle  of  which  has 
itself  been  cleaned  with  the  sulphuric  and  chromic  acid  mixture,  washed  and 
drained  dn,)  transfer  a  drop  of  the  mercury-  to  a  similarly  cleaned  microscope  slide. 
Allow  a  second  clean  slide  to  fall  on  the  first,  when  the  mercury  drop  will  be 
broken  into  a  number  of  small  ones  suitable  for  use  in  the  interferometer. 

Another  way  (described  by  Barnard)  is  to  hold  a  microscope  slide  over  the 
mouth  of  a  test-tube  in  which  mercury  is  boiling  until  drops  of  a  suitable  size 
(say  \  mm.  diameter  or  less)  are  formed  by  condensation. 

(b)  Tetragonal  Prisms. 

Two  parallel  rays  in  a  homogeneous  medium  are  the  same  distance  apart  after 
any  number  of  reflections  of  the  two  rays  at  plane  surfaces.  For  let  AOB,  A'O'B', 
Fig.  19,  represent  two  such  rays,  each  once  reflected  at  a  plane  surface  EDFG.  If 
we  imagine  the  whole  system  of  rays  rotated  through  180°  about  an  axis  perpen- 
dicular to  EDFG  through  a  point  P  midway  between  O  and  O' ,  it  is  obvious  that 
the  so  rotated  system  of  rays  will  occupy  the  positions  occupied  by  the  rays  before 
such  rotation.  Thus  the  distance  apart  of  parallel  rays  after  one  plane  reflection  is 
the  same  as  before  reflection,  and  if  the  same  after  one  reflection,  then  the  same 
after  any  number. 

It  readily  follows  that  the  incident  ray  which  within  the  tetragonal  prism  has 
the  direction  KL  (Fig.  20)  will  be  symmetrical  with  the  reflected  ray  PS  relatively 
to  the  ideal  apical  ray  .1AV  (which  we  can  also  assume  to  have  suffered  three  re- 
flections and  returned  along  its  own  path).  Obviously  the  same  is  true  concerning 
the  corresponding  rays  FK,  ST,  OM,  external  to  the  prism,  no  matter  how  the 
latter  be  tilted. 

(c)  The  Deposition  of  a  Transparent  Film  of  Silver  on  Glass. 

Solutions 
Prepare  the  following  stock  solutions : 
A 
10  per  cent,  silver  nitrate. 
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Fig.  19 


40  per  cent,  tormaline. 

r; 


Granulated  sugar 
Alcohol 
Nitric  acid 


400  grms. 


Made  up  with  distilled  water  2000  c.c.  (this  should  be  allowed  to  stand  two 
weeks  before  using). 


Chromic  acid   . 
Sulphuric  acid. 


250  grins. 
1500  c.c. 


The  glass  plate  is  placed  in  a  glass  dish,  and  cleaned  first  by  strong  nitric  acid 
swabbed  over  the  surface  by  small  wads  of  cotton  wool  twisted  round  the  end  of 
a  stock  or  glass  rod,  and  then  by  allowing  the  glass  to  stand  in  some  of  D  solution 
for  5  minutes.  Pour  off  solution,  rinse  the  plate  thoroughly  by  a  stream  of  running 
water,  lifting  the  plates  with  a  glass  rod  to  allow  acid  to  escape  from  beneath  the 
glass  plate.  Take  20  c.c.  of  A  solution,  add  ammonia  until  the  precipitate  '\s  just 
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redissolved,  add  silver  nitrate  solution  (any  strength)  until  the  liquid  is  a  faint 
straw  colour.    Make  up  to  100  c.c.  with  distilled  water. 

Reducing  Solution 

5  c.c.  of  B)      .      . 
^  \  mixed. 

5  c.c.  of  C] 

The  mirror  can  be  suspended  with  the  face  either  upwards  or  downwards  in 
the  ammoniacal  solution  of  silver.  Then  add  the  reducing  solution.  Keep  the  solu- 
tion in  constant  motion  until  it  becomes  reddish  in  colour.  Pour  off  the  solution 
and  put  in  a  second  quantity  of  the  ammoniacal  solution  of  silver  without  any 
reducing  solution.  Allow  the  mirror  to  remain  until  the  required  density  of  deposit 
is  obtained — this  will  take  a  few  minutes  only.  The  plates  can  then  be  rinsed  with 
distilled  water  and  dried.  Xo  polishing  is  required,  the  deposit  being  bright  and 
uniform. 

For  the  interferometer  it  is  better  to  have  the  deposit  of  silver  rather  dense. 

For  the  fully  silvered  mirrors  any  of  the  usual  silvering  processes  may  be  used, 
(d)  Microscope  Tube  Lengths. 

There  are  two  tube  lengths,  160  mm.  (Continental)  and  250  mm.  (English). 
The  words  "  tube  length,"  or  more  precisely  "mechanical  tube  length,"  mean  the 
distance  from  the  shoulder  of  the  objective  to  the  tube  end  against  which  the 
eyepiece  rim  rests.  There  is  therefore  no  precise  connection  between  back  focus 
and  tube  length. 

In  the  microscope  interferometer  the  negative  tube  length  lens  is  mounted  so 
that  the  distance  from  the  objective  shoulder  to  the  back  focus  can  be  altered 
from  about  145  mm.  to  175  mm.;  or  if  a  250  mm.  tube  length  lens  be  supplied, 
an  adjustment  from  about  235  mm.  to  265  mm.  is  provided. 

BIBLIOGRAPHY  OF  HILGER  INTERFEROMETERS 

1.  Patent  No.  1038321916  and  corresponding  foreign  patents,  covering  the  prism  and 

lens  interferometers  of  which  one  form  is  described  in  Ref.  3. 

2.  Patent  No.  130224/1918  and  corresponding  foreign  patents,  covering  the  camera  lens 

interferometer  of  which  one  model  is  described  in  Ref.  6. 

3.  "Interferometers  for  the  Experimental  Study  of  Optical  Systems  from  the  point  of 

view  of  the  Wave  Theor)'."   By  F.  Twyman,  Phil.  Mag.  35  (1918)  49. 

4.  "On  the  Use  of  the  Interferometer  for  Testing  Optical  Systems."    By  F.  Twyman, 

The  Twenty-First  Annual  Traill-Taylor  Memorial  Lecture,  delivered  before  the 
Royal  Photographic  Society  of  Great  Britain,  15th  October,  1918. 

5.  "Correction  of  Optical  Surfaces."   By  F.  Twyman,  Astrophys.  Journ.  48  (1918)  256. 

6.  "An  Interferometer  for  Testing  Camera  Lenses."   By  F.  Twyman,  Trans.  Opt.  Soc. 

22  (1920-21)  174. 

7.  "The  Testing  of  Microscope  Objectives  and  Microscopes  by  Interferometry."    By 

F.  Twyman,  IVans.  Faraday  Soc.  16  (1920)  208. 

8.  "An  Interferometer  for  Testing  Camera  Lenses."    By  F.  Twyman,  Phil.  Mag.  42 

(1921)  777  (reprint  of  Ref.  6). 

9.  "Fringe  Systems  in  Uncompensated  Interferometers."   By  J.  Guild,  Proc.  Pliys.  Soc. 

33  (1920-21)  40. 
Optical  XXIV  IS 


2o6  F.  Tzoyman 


DISCUSSION 

Mr  J.  Guild:  Mr  Twyman  is  to  be  congratulated  on  adding  one  more  to  his 
series  of  valuable  adaptations  of  the  Michelson  interferometer. 

I  am  surprised  to  find  that  a  mercury  globule  proves  to  be  sufficiently  truly 
spherical  for  the  purpose  to  which  it  is  put. 

I  am  interested  to  see  that  Mr  Twyman  makes  use  of  tetragonal  prisms  as  mirrors 
in  one  of  the  arrangements  described.  Some  years  ago,  before  I  had  the  opportunity 
of  using  one  of  Hilger's  interferometers,  but  after  having  been  shown  them  in 
operation  by  ]\Ir  Twyman,  I  attempted  to  constnict  an  instrument  using  tetragonal 
prisms  in  order  to  avoid  the  need  for  great  rigidity  and  accurate  adjustments.  I 
gave  up  the  attempt,  chiefly  because  of  the  difficulty  that  the  outward  and  return 
rays  are  not  coincident  but  on  opposite  sides  of  the  ape.x,  so  that  the  device  could 
only  be  used,  as  pointed  out  in  the  present  paper,  to  indicate  defects  of  a 
symmetrical  nature. 

Mr  J.  W.  Hasselkus :  The  microscope  interferometer  serves  purely  for  measuring 
the  aberration  in  the  wave  front,  and  has  not  yet  become  a  universal  workshop  and 
manufacturing  instrument.  I  had  hoped  that  Mr  Twyman  would  mention  the  work 
he  has  done  in  making  the  results  of  an  interferometer  examination  intelligible  to 
computers. 

Dr  J.  S.  Anderson:  It  would  be  of  interest  to  many  Members  of  the  Society 
if  Mr  Twyman  could  supply  interferograms  of  typical  microscope  objectives  of 
different  makes. 

Mr  T.  Smith:  I  would  like  to  ask  how  Mr  'I'wyman  knows  when  a  microscope 
objective  is  exactly  focussed  for  a  given  tube  length.  The  importance  of  securing 
the  proper  adjustment  is  illustrated  by  the  following  result.  I  made  calculations 
on  a  i  inch  objective  of  aperture //i,  which  was  entirely  free  from  aberrations  for 
the  correct  object  position,  and  found  that  if  the  object  were  displaced  ^  mm. 
from  this  position  along  the  axis,  the  marginal  rays,  instead  of  coming  to  a  focus  on 
the  axis,  were  actually  diverging  from  the  axis  in  the  image  space. 

Mr  G.  W.  Gosling:  All  medium  and  high  power  microscope  objectives  are 
corrected  for  certain  thicknesses  of  cover  glass.  In  testing  an  objective  on  the 
interferometer  what  method  does  .Mr  Tv\7man  adopt  to  compensate  for  the  thick- 
ness of  cover  glass  for  which  the  objective  is  corrected.'  In  practice,  of  course,  any 
slight  deviation  from  the  correct  thickness  is  overcome  by  altering  the  tube  length. 

Dr'J.  \V.  French:  The  instrument  that  has  been  described  to  us  to-night, 
although  for  a  specific  purpose,  namely  the  testing  of  small  lens  combinations  such 
as  micniscope  objectives,  is  clearly  a  result  of  the  many  years  of  work  that 
Mr  Twyman  has  devoted  to  the  development  of  interferometers.  I  personally  can 
testify  to  the  excellent  results  that  Mr  Twyman  has  been  able  to  obtain  in  the 
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figuring  of  large  optical  parts  by  means  of  his  interferometer  methods.  At  one 
time,  when  optical  glass  was  perhaps  not  quite  so  good  as  it  is  to-day,  the  figuring 
of  our  large  elements  was  done  by  Mr  Twyman's  firm.  At  the  present  time,  for  the 
comparatively  small  amount  of  retouching  that  is  necessary,  other  methods  of 
testing  such  as  the  Foucault  suffice,  and  it  is  remarkable  how  expert  opticians  become 
with  practice.  No  doubt  experience  plays  an  even  greater  part  in  the  use  of  the 
interferometer  and  I  would  be  glad  to  know  if,  with  practice,  the  operator  can  to 
any  extent  interpret  the  appearance  in  the  field  of  view  and  allocate  the  defects. 
To  do  so  must  always  be  difficult,  in  view  of  the  large  number  of  variables,  such  as 
defects  of  homogeneity,  irregularities  of  surface,  errors  in  thicknesses,  and  spacing, 
and  errors  of  centering,  not  only  of  the  individual  lenses  but  also  of  the  axis  of 
the  system  as  a  whole. 

It  would  be  very  interesting  to  have  at  some  future  date,  after  the  instrument 
has  been  in  use  for  some  time,  a  report  as  to  its  performance. 

Mr  Twyman :  Mr  Guild  expresses  surprise  to  find  that  mercury  globules  prove 
sufficiently  spherical  for  the  purpose  required.  I  have  used  no  direct  means  to 
measure  their  shape,  and  my  justification  for  supposing  certain  of  them  to  be 
spherical  enough  lies  in  the  observation  that  the  appearances  seen  with  them  are 
axially  symmetrical,  unless  the  objectives  themselves  have  asymmetrical  defects 
(distinguishable  by  turning  an  objective  to  various  orientations  about  its  axis).  It 
is  true  that  there  are  plenty  of  the  mercury  globules  which  are  not  spherical,  but 
as  a  rule  they  are  then  very  distinctly  bad. 

Mr  Hasselkus  has  referred  to  the  work  recently  done  in  translating  the  results 
of  interferometric  examination  into  the  system  of  geometrical  aberrations  used  by 
computers.  The  work  has  been  carried  out  under  the  auspices  of  the  British 
Scientific  Instrument  Research  Association,  and  although  that  Association  has 
kindly  given  permission  to  publish  the  results  after  they  have  been  circulated  to  the 
members,  a  few  weeks  will  pass  before  this  is  done.  An  account  of  the  work  will 
then  be  offered  to  this  Society. 

I  should  have  been  very  glad  to  show  interferograms  of  typical  microscope 
objectives  as  suggested  by  Dr  Anderson,  but  unfortunately  I  have  none  to  show. 
The  apparatus  described  was  only  in  my  hands  for  a  few  weeks  after  its  completion, 
and  the  time  I  spent  with  it  was  chiefly  occupied  in  its  adjustment.  It  is  now  in  the 
hands  of  Mr  J.  E.  Barnard,  for  whom  it  was  made.  If  it  has  useful  possibilities, 
I  am  sure  there  is  no  one  better  qualified  to  develop  them,  and  in  that  case  we  shall 
no  doubt  hear  about  them  in  due  course. 

Mr  Smith  has  asked  how  I  know  when  a  microscope  objective  is  focussed  for 
a  given  tube  length.  In  practice  the  question  would  arise  in  one  of  two  ways. 
Either  the  computer  or  maker  would  state  the  tube  length  for  which  the  objective 
is  corrected,  in  which  case  the  tester  could  tr}'  whether  with  that  tube  length  the 
objective  is  in  fact  good,  or  else  the  tester  would  set  himself  to  find  on  the  inter- 
ferometer for  what  tube  length  the  correction  was  best,  altering  the  position  of  the 
tube  length  lens  until  getting  the  best  result,  making  also  (if  such  a  refinement 
should  be  desired)  the  correction  found  by  experience  to  be  rendered  desirable  by 
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the  eyepiece  to  be  used.  Indeed,  there  is  no  reason  why  the  eyepiece  should  not  be 
tested  on  the  interferometer  too. 

Mr  GosUng  has  asked  whether  allowance  is  made  for  the  thickness  of  the  cover 
glass  to  be  used.  The  reply  to  his  query  is  much  the  same  as  that  to  Mr  Smith's. 
One  can  test  the  objective  with  a  cover  glass  of  any  thickness,  or  with  no  cover  glass 
at  all ;  or,  alternatively,  one  can  allow  for  the  effect  of  the  cover  glass  in  accordance 
with  experience  previously  obtained  with  the  interferometer.  If  the  maker  teme- 
rariously  states  the  thickness  of  cover  glass  that  should  be  used,  the  statement  can 
be  checked ;  and  if  he  does  not,  the  best  thickness  of  cover  glass  can  be  found  by 
trial. 

I  agree  with  Dr  French  as  to  the  sensitiveness  of  the  old  Foucault  method  as 
a  test  for  defects  of  optical  systems.  Indeed,  as  has  been  stated  here  on  a  previous 
occasion,  I  believe  by  Mr  Smith,  for  systems  including  telescopes  and  prisms  there 
is  little  to  choose  in  sensitiveness  between  the  Foucault  method  and  the  inter- 
ferometer method,  always  supposing  the  former  is  driven  to  its  extreme  capability. 
The  disadvantages  of  the  Foucault  method  are  twofold : 

1.  It  renders  visible  only  the  rate  of  change  of  the  errors  relative  to  one 
direction. 

2.  It  provides  no  means  of  measurement,  and  does  not  discriminate  between 
the  magnitudes  of  errors  which  exceed  a  particular  amount. 

I  take  it  that  Dr  French  is  not  referring  to  the  use  of  the  Foucault  method  for  the 
test  of  microscope  objectives.  I  cannot  precisely  picture  any  very  favourable  form 
in  which  the  principle  could  be  applied  to  such  lenses. 

In  reply  to  Dr  French's  last  question,  I  could  not  with  my  present  experience 
say  what  part  of  an  observed  aberration  of  wave  surface  might  be  due  to  faults  of 
computation  and  what  part  to  errors  of  manufacture,  except  in  the  case  of  errors 
of  centering,  which  of  course  are  distinguished  by  being  asymmetrical. 
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ON  THE  FORM  OF  THE  WAVE-SURFACE 
OF  REFRACTION 

By  a.  WHITWELL,  M.A.,  A.R.C.Sc.I. 

MS.  received,  6th  March,  1923.    Reac/  and  discussed,  izlh  April,  1923. 

ABSTRACT.  The  graphic  method  used  by  Prof.  R.  W.  Wood  for  investigating  the 
wave-surface  of  reflection  is  applied  to  the  wave-surface  of  refraction.  A  series  of  wave- 
surfaces  is  drawn  for  each  of  a  number  of  plane  or  spherical  refracting  surfaces,  the  incident 
wave  being  plane  or  spherical. 

It  is  shown  that  in  each  series  the  wave-surfaces  are  successively  of  one  of  the  following 
types : 

1.  Saucer. 

2.  Saucer  with  inturned  edges. 

3.  Closed  surface. 

4.  Goblet. 

5.  Basin. 

The  forms  of  these  types  are  briefly  described  and  some  properties  of  the  wave-surfaces 
are  discussed. 


In  his  Physical  Optics  Prof.  R.  W.  Wood  investigates  the  form  of  the  wave-surface 
of  reflection  by  a  graphic  method  and  illustrates  the  various  forms  of  wave-surface 
by  photographs  of  a  sound  wave-surface  generated  by  a  disturbance  in  air  produced 
by  an  electric  spark. 

It  occurred  to  me,  in  view  of  recent  papers  read  before  this  Society  by 
.Mrs  Griffiths*  and  Dr  Martinf,  that  it  would  be  of  interest  to  apply  Prof.  Wood's 
graphic  method  to  the  investigation  of  the  form  of  the  wave-surface  produced  when 
a  plane  or  spherical  wave  is  refracted  by  various  forms  of  refracting  surface  or  by 
a  lens  and  I  have  accordingly  drawn  on  a  large  scale  a  series  of  wave-surfaces  for 
each  of  a  number  of  refracting  surfaces. 

Fig.  I  shows  the  refraction  of  a  plane  incident  wave  /  in  air  by  a  conve.x  spherical 
air-glass  refracting  surface  R;  the  index  of  refraction  is  taken  as  /x  =  1-5  for  con- 
venience of  drawing.  The  first  thing  done  was  to  draw  a  number  of  incident  rays 
and  the  corresponding  refracted  rays  by  a  geometrical  construction  devised  by  me 
and  described  in  the  Optician  of  May  4th,  1917,  or  by  means  of  a  little  tool  called 
a  "  Refractograph  "  described  in  the  Optician  of  July  28th,  1922.  The  ne.xt  step  was 
to  draw  the  trace  of  the  orthogonal  or  orthotomic  surface,  shown  as  a  dotted  line  and 
marked  O.  This  was  done  by  producing  the  refracted  ray  backwards  and  setting 
off  from  the  point  of  emergence  a  distance  be  such  that  /x  {be)  =  ab,  where  ab  is 
the  distance  along  the  incident  ray  between  the  plane  wave  front  and  the  refracting 
surface ;  in  other  words,  be  was  made  |  of  ab.  The  various  points  c  were  then  joined 
•  Trans.  Opt.  Soc.  21  (1919-20)  87.  f   Trans.  Opt.  Soc.  23  (1921-22)  63. 
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up  by  a  smooth  cune  O.  The  next  step  was  to  take  any  arbitrarj-  length,  say  cd, 
in  the  compasses  and  set  it  ofF  along  the  refracted  ray,  starting  from  the  orthogonal 
surface.  By  joining  up  all  points  like  d  we  get  one  of  the  series  of  wave-surfaces 
in  the  glass.  The  optical  length  of  the  path  abd,  of  which  ab  is  in  air  and  bd  in  glass, 
is  the  same  as  the  optical  length  of  the  path  cd,  considered  to  be  wholly  in  glass ; 
consequently  as  all  the  transverse  disturbances  or  displacements  associated  with 
the  propagation  of  light  are  in  the  same  phase  in  the  incident  wave-front  they  will 
also  be  in  the  same  phase  when  they  reach  the  wave-surface.  The  first  wave-surface 
5,  is  so  drawn  that  the  path  of  the  marginal  ray  is  wholly  in  air.  The  curve  S^  is 


Wave-surface  of  ref 


Plane  wave,  convex  surfac 


of  course  the  section  of  the  wave-surface  by  the  plane  of  the  paper  and  if  it  be  sup- 
posed to  rotate  round  the  axis  it  will  trace  out  in  space  the  true  wave-surface  which 
I  propose  to  call  of  the  "saucer"  type.  The  wave-surfaces  are  of  the  saucer  type 
and  are  limited  in  extent  by  the  refracted  marginal  rays  till  we  get  to  the  point 
where  the  caustic  begins;  beyond  this  point  the  edges  of  the  saucer  S^  begin  to  turn 
inwards  and  are  concave  towards  the  incident  light,  the  middle  portion  being  convex 
towards  the  incident  light  as  before.  The  cusps  all  touch  the  caustic  surface.  The 
inturned  edges  of  the  saucer  correspond  with  rays  which  have  passed  through  the 
primary  focus  on  the  caustic  and  are  diverging.  The  wave-surfaces  arc  of  the 
"  saucer  with  inturned  edges  "  type  S.^  till  we  reach  the  point  where  the  two  extreme 
marginal  rays  intersect  one  another  on  the  axis.  At  this  point  the  wave-surface  C 
becomes  a  completely  closed  surface  like  a  cone  with  a  dished  bottom.  Proceeding 
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further  we  get  a  type  of  wave-surface  which  is  marked  G  and  which  may  be  termed 
the  "goblet"  type.  In  this  type  the  bowl  of  the  goblet  is  open  towards  the  incident 
light  and  the  base  of  the  goblet  is  a  closed  surface  like  the  surface  marked  C. 

As  we  proceed  further  to  the  right  the  bowl  of  the  goblet  increases  in  size  and 
the  base  diminishes  until  when  we  reach  the  focus  for  paraxial  rays  the  base  has 
disappeared  altogether  and  the  goblet  has  become  what  I  may  call  a  "  basin  "  type  B. 

This  succession  of  types  of  wave-surface,  viz.: 

1.  Saucer, 

2.  Saucer  with  inturned  edges, 

3.  Closed  surface, 

4.  Goblet, 

5.  Basin, 

will  be  found  to  be  common  to  all  refracting  systems  in  which  the  surfaces  are 
surfaces  of  revolution  of  a  conic  section.  I  am  speaking  now  only  of  incident  waves 
which  are  plane  or  spherical  with  the  radiant  point  on  the  axis. 


These  w'ave-surfaces  are  really  the  envelopes  of  a  large  number  of  circles,  of 
the  same  radius,  the  centres  of  which  are  all  on  a  previous  wave-surface  or  on  an 
orthotomic  surface.  The  construction  described  above  is  merely  an  easy  way  of 
drawing  these  envelopes. 

Fig.  2  shows  the  wave-surfaces  produced  by  the  refraction  of  a  plane  w^ave  by 
a  plano-convex  lens  or  by  a  concave  glass-air  spherical  surface.  The  surface  / 
may  be  regarded  either  as  an  incident  plane  wave-surface  in  glass  or  as  the  first 
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surface  of  a  plano-convex  lens.  It  will  be  noticed  that  the  distance  be  set  backwards 
from  the  point  of  emergence  b  is  now  /x.  or  1-5  times  the  distance  ab  which  the  wave 
travels  in  glass  from  the  wave-surface  /  to  the  refracting  surface  R.  The  first  wave- 
surface  drawn  is  of  the  "saucer  with  inturned  edges"  type.  The  saucer  has  a  flat 
bottom,  part  of  the  wave-surface  being  still  within  the  glass.  The  surfaces  C,  G,  B 
are  all  as  before. 

Fig.  3  shows  the  wave-surfaces  produced  by  the  refraction  of  a  spherical  wave  / 
by  a  concavo-convex  meniscus  lens  or  by  a  concave  glass-air  sphere.  The  curve  / 
may  be  regarded  either  as  the  incident  spherical  wave-surface  in  glass  or  as  the  first 
surface  of  a  lens. 


Fig.  4  shows  the  wave-surfaces  produced  by  the  refraction  of  an  incident  con- 
verging spherical  wave  /  by  a  convexo-plane  lens  or  by  a  plane  surface  K.  The 
types  of  wave-surface  follow  in  the  same  order  as  before.  The  centre  of  the  incident 
converging  spherical  wave  is  taken  at  such  a  distance  that  the  marginal  rays  graze 
the  surface  as  they  emerge  from  the  glass;  in  other  words  the  extreme  marginal 
rays  are  incident  on  the  refracting  surface  at  the  critical  angle.  In  consequence  it 
will  be  seen  that  all  the  wave-surfaces  are  bounded  by  the  refracting  surface  itself. 

Fig.  5  shows  a  plane  wave  /  refracted  at  a  concave  air-glass  spherical  surface  R. 
The  parallel  beam  becomes  a  diverging  beam  after  refraction  and  all  the  true  wave- 
surfaces  .S'l  are  of  the  saucer  type.  The  orthogonal  or  orthotomic  surfaces  05, , 
OS2,  OC,  OG,  etc.,  shown  in  dotted  lines,  arc  now  exactly  similar  to  the  true  wave- 
surfaces  shown  in  previous  drawings  in  which  the  orthogonal  surfaces  were  of  the 
saucer  type.  The  orthogonal  or  orthotomic  Surfaces  may  be  regarded  as  virtual 
wave-surfaces. 

I  have  also  drawn  the  wave-surfaces  when  the  refracting  surface  is  generated 
by  the  revolution  of  a  parabola,  ellipse,  or  hyperbola  round  the  axis,  but  it  is  not 
necessary  to  reproduce  them  here.  The  sequence  of  types  of  wave-surface  is  exactly 
the  same  as  in  the  case  of  spherical  surfaces. 
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Fig  4.   Wave-surface  of  refraction.   Incident  wave  concave  sphere, 
refracting  surface  plane,  critical  angle. 


Fig.  s-   Wave-surface  of  refraction.   Plane  wave,  concave  surface,  gla 
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In  all  the  examples  up  to  now  the  refracted  wave-surface  has  a  large  amount  of 
spherical  aberration  but  no  coma  or  astigmatism.  In  the  two  following  figures  I 
have  taken  examples  in  which  coma  or  astigmatism  is  present  in  addition  to  spherical 
aberration. 

Spherical  Aberration  and  Coma. 

Fig.  6  shows  a  plane  wave  /  incident  obliquely  on  the  plane  face  of  a  plano- 
convex lens.   In  drawing  the  orthogonal  surface  O  we  set  back  from  the  point  of 


Fig.  6.   Wave-surface  of  refraction.   Plain  oblique  wave,  plano-conv 


emergence  b,  on  the  concave  refracting  surface  R,  a  distance  be  along  the  emergent 
ray  such  that 

be  =  a' a  +  (j.  {ab), 
so  that  the  optical  length  from  the  point  a'  on  the  incident  wave  front  to  the  point 
b  (of  which  a'a  is  in  air  and  ah  is  in  glass)  is  equal  to  the  optical  length  ch,  all  of 
which  is  supposed  to  be  in  air.  The  optical  length  from  the  point  a'  on  the  incident 
wave  front  to  the  point  rf  on  a  wave-surface,  viz.  a'a  +  ab  +  bd,  therefore,  is  equal 
to  the  optical  length  cd  from  the  point  c  on  the  orthogonal  surface  to  the  point  d 
on  the  wave-surface. 

As  the  incident  wave-surface  is  oblique  and  there  is  no  longer  axial  symmetry, 
the  wave-surfaces  can  no  longer  be  generated  by  the  revolution  of  the  curves  about 
the  axis  of  the  lens,  and  the  curves  62,  G,  and  B  must  be  merely  regarded  as  sections 
of  the  wave-surfaces  by  the  plane  of  the  diagram.  It  is  obvious  that  these  curves 
are  identical  with  those  produced  by  the  refraction  of  a  plane  wave  at  a  concave 
spherical  refracting  surface,  as  shown  in  one  of  the  previous  figures,  but  with  parts 
cut  ofi^  leaving  the  curves  lop-sided. 

It  is  equally  obvious  that  there  is  one  incident  ray  which,  after  refraction  at  the 
first  surface,  will  pass  through  the  centre  of  the  second  surface  of  the  lens.  This 
ray  forms  a  secondary  axis  about  which  there  is  symmetry.  If  the  curves  S^,  G, 
and  B  be  rotated  about  this  secondary  axis  they  will  generate  the  wave-surfaces 
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but,  owing  to  the  fact  that  the  rim  of  the  lens  is  not  symmetrical  with  respect  to 
the  secondary  axis,  these  wave-surfaces  of  revolution  will  not  be  complete  but  will 
be  truncated  except  for  a  small  space  round  the  secondary  axis  where  the  double 
folds  or  bases  of  the  goblet  tj'pe  wave-surfaces  are  found. 

That  this  is  so  may  be  seen  by  considering  the  curve  G  and  by  supposing  it  to 
rotate  round  the  secundar}'  axis  with  the  rays  i,  2,  3,  4,  etc.,  rigidly  attached  to  it. 
.\s  shown  by  the  end  view  of  the  lens  (Fig.  6  a),  the  extreme  marginal  ray  i  in  the 
median  plane,  or  the  plane  of  the  diagram,  will  immediately  move  off  the  lens  when 
the  rotation  begins.  This  means  that  there  would  be  no  incident  ray  to  correspond 
with  such  a  refracted  ray  as  i.  On  the  other  hand,  the  ray  2  will  keep  on  the  lens 
during  a  certain  angle  of  rotation  about  the  secondary  axis  in  both  directions  as 
shown  by  the  curve  marked  2  on  the  end  view  of  the  lens.  So  long  as  a  ray  keeps 
on  the  lens,  so  long  will  there  be  a  real  portion  of  the  wave-surface  corresponding 
with  it.  The  rays  4,  5,  6,  etc.,  as  they  are  nearer  and  nearer  to  the  secondary  axis, 
will  continue  longer  and  longer  on  the  lens  until  at  length  they  keep  on  the  lens  for 
the  complete  rotation,  as  indicated  by  the  eccentric  circle  on  the  end  view.  It 
follows,  therefore,  that  a  portion  of  the  wave-surface  corresponding  with  a  curve 
such  as  G  (Fig.  6)  is  a  complete  surface  of  revolution  whilst  the  remainder  is  a 
truncated  surface  of  revolution.  In  Fig.  6  6  1  have  sketched  two  views,  taken  at 
right  angles,  of  a  goblet  type  of  wave-surface.  The  shaded  parts  roughly  indicate 
the  part  of  the  wave-surface  which  actually  exists,  the  plain  parts  being  cut  off  by 
the  rim  of  the  lens.  The  true  shape  of  the  shaded  parts  might  have  been  accurately 
projected  by  the  methods  of  descriptive  geometry. 

If  a  small  stop  be  placed  in  front  of  the  lens  in  such  a  position  that  its  image 
with  respect  to  the  first  surface  is  at  the  centre  of  the  second  surface  it  is  clear  that 
only  those  rays  which  are  symmetrical  with  the  secondary  axis  will  get  through 
and  consequently  the  lop-sided  tail  will  be  cut  off  and  the  coma  will  be  corrected. 
This  position  of  the  stop  also  corrects  the  astigmatism  of  the  oblique  pencils. 

Spherical  Aberration  and  Astigmatism. 

Fig.  7  shows  a  plane  wave  refracted  at  a  glass-air  toric  surface ;  it  is  an  ortho- 
graphic projection,  the  axis  of  the  toric  surface  being  the  xy  line  or  the  intersection 
of  the  two  planes  of  projection.  The  part  of  the  drawing  above  the  axis  is  therefore 
the  elevation  of  half  the  vertical  sections  of  the  wave-surfaces  and  the  part  below 
the  axis  the  plan  of  half  the  horizontal  sections  of  the  wave-surfaces.  The  section 
of  the  toric  refracting  surface  by  the  vertical  plane,  or  by  the  plane  of  the  diagram, 
is  a  circle  of  radius  R^  =  20  cm.  The  section  of  the  toric  surface  by  the  horizontal 
plane  is  a  circle  of  radius  J?2  =  ^5  cm.  The  two  powers  of  the  toric  surface  for 
/i  =  1-5  are  +  2\  D  arfd  +  3J  /),  so  that  on  the  axis  there  is  g  D  of  astigmatism. 
The  two  foci  for  paraxial  rays  are  at  F^  and  F^,  the  astigmatic  difference  being  the 
line  FjFj. 

Considering  the  two  sections  of  the  wave-surfaces  separately,  it  is  clear  that 
they  are  identical  with  the  sections  of  wave-surfaces  produced  by  spherical  refract- 
ing surfaces.  Looking  at  each  wave  surface  as  a  whole,  it  has  different  vertical  and 
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horizontal  or  principal  curs'atures.  The  first  saucer  type  of  wave-surface  is  convex 
towards  the  incident  light,  the  cur\-ature  of  the  vertical  section  being  less  than  that 
of  the  horizontal  section.  It  will  be  noticed  that  the  left  and  right  edges  of  the  saucer 
(looking  along  the  rays  in  the  direction  of  the  light)  begin  to  turn  in  before  the  top 
and  bottom  edges  so  that  the  saucer  type  of  wave-surface  in  the  vertical  sections 
is  associated,  for  some  distance,  with  the  saucer  with  inturned  edges  type  in  the 
horizontal  sections.  Similarly  the  horizontal  sections  reach  the  closed  surface  type 
before  the  vertical  sections.  The  wave-surfaces  are  never  completely  closed  as  is 
the  case  when  the  refracting  surface  is  spherical.    Again  the  horizontal  sections 
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reach  the  goblet  type  before  the  vertical  sections,  and  the  basin  type  before  the 
vertical  section  has  finished  with  the  goblet  type.  The  focal  lines  are  formed  by 
those  double  folds  and  triple  layers  of  the  wave-surfaces  which  we  have  spoken 
of  as  the  bases  of  the  goblets.  If  we  take  a  vertical  section  of  the  wave-surfaces 
through  the  focus  Fj  ^t  right  angles  to  the  plane  of  the  paper,  that  is  to  say,  if  we 
imagine  a  screen  placed  at  F^  and  arranged  at  right  angles  to  the  axis  of  the  lens 
we  shall  see  a  bright  vertical  line  limited  in  extent  by  the  two  extreme  top  and 
bottom  rays  in  the  plane  of  the  diagram  and  surrounded  by  a  less  luminous  area 
due  to  spherical  aberration.  If  we  put  the  screen  at  the  focus  /•',,  we  shall  see  a 
much  longer  bright  horizontal  focal  line  surrountled  as  before  by  a  less  luminous 
area,  the  line  in  this  instance  being  limited  in  length  by  the  extreme  right  and  left 
rays  as  seen  when  looking  along  the  axis  in  the  direction  of  light.  Between  the  two 
foci  Fi  and  F^  the  horizontal  sections  of  the  wave-surfaces  are  of  the  basin  type 
and  the  vertical  sections  are  of  the  goblet  type.  Beyond  /'\  both  sections  are  of  the 
basin  type,  the  vertical  section  having  less  curvature  than  the  horizontal.  It  is 
usually  said  that  the  wave-surface  between  the  two  foci  is  of  saddle-back  form. 
This  is  only  partially  true.  The  base  of  the  goblet  type  of  wave-surface  in  the 
vertical  sections  has  the  central  part  convex  towards  the  incident  light  whilst  the 
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basin  type  in  the  horizontal  sections  is  concave  towards  the  incident  light;  but  the 
greater  parts  of  the  wave-surfaces  of  both  types,  that  is  to  say,  the  bowls  of  the 
goblets  and  the  whole  of  the  basins,  are  of  the  same  curvature,  both  being  concave 
towards  the  incident  light. 


Some  Properties  of  the  Wave-Surface. 
Differences  of  Pliase. 

The  difference  of  phase  between  disturbances  propagated  along  any  particular 
refracted  ray  and  along  the  axis,  at  the  point  where  the  refracted  ray  cuts  the  axis, 
is  represented  on  the  diagrams  by  the  axial  length  of  the  "closed  surface"  wave- 
surface,  or  by  the  axial  length  of  the  base  of  the  goblet  type  of  wave-surface. 
Reference  to  Fig.  i  will  show  that  the  optical  length  along  the  extreme  marginal 
ray  from  the  orthogonal  surface  to  the  axis  is  the  same  as  the  optical  length  along 
the  axis  from  the  orthogonal  surface  to  the  point  where  the  central  part  of  the 
wave-surface  cuts  the  axis.  The  optical  length  of  the  base  of  the  goblet  divided  by 
A,  the  wave  length,  therefore  gives  the  difference  of  phase.  For  example,  the  differ- 
ence of  phase  between  the  disturbance  propagated  along  the  4th  refracted  ray  from 
the  top  in  Fig.  i  and  that  propagated  along  the  axis  is  represented  by  the  axial 
length  of  the  base  of  the  goblet  marked  G^ . 

Prof.  Conrady*  has  given  the  following  rigorous  trigonometrical  expression  for 
this  difference  of  phase 

/i  h  sm  (j)  sm —  sm — 

W s %r, r-^-r, , 


where  /x,  jx'  are  the  indices  of  refraction  of  two  media  separated  by  the  refracting 
surface,  <f>  and  (j>'  are  the  angles  of  incidence  and  refraction,  and  «,^,  and^'  are  the 
angles  which  the  normal,  the  incident,  and  the  refracted  rays  make  with  the  axis. 
For  parallel  incident  paraxial  rays  this  reduces  to 

where  /;  is  the  semi-aperture. 

Diffraction  spectra. 
The  diffraction  spectra  will  be  found  at  the  outer  edges  of  the  saucer  wave- 
surfaces,  at  the  inner  edges  of  the  flanges  of  the  inturned  edge  saucer  type,  at  the 
apex  of  the  closed  surface,  and  at  the  rim  of  the  bowl  in  the  goblet  and  basin  types 
of  wave-surface.  In  an  uncorrected  lens  the  only  point  in  which  diffraction  rings 
will  be  seen  at  the  centre  of  the  field  is  at  the  focus  for  the  extreme  marginal  rays. 
If  the  screen  be  moved  further  towards  the  paraxial  focus  the  effect  of  the  spherical 
aberration  will  be  to  move  the  diffraction  rings  further  outwards  from  the  axis. 

•  Monthly  Notices,  R.A.S.  65  (1904-05)  594. 
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Interference  Rings  and  Patterns. 
Interference  patterns  will  be  found  in  the  area  bounded  by  the  two  extreme 
marginal  rays  and  the  caustic.  If  we  draw  a  number  of  inturned  edge  saucer  type 
of  wave-surfaces  half  a  wave  length  apart,  as  shown  in  Fig.  8,  in  which  alternate 
surfaces  are  drawn  in  dotted  lines,  we  shall  see  that  where  the  full  lines  intersect 
each  other  we  shall  get  maximum  intensity  and  that  where  a  full  line  intersects  a 
dotted  line  we  shall  get  minimum  intensity.  By  joining  up  points  of  maximum 
intensity  we  get  lines  of  maximum  intensity,  as  shown  in  Fig.  8;  intermediate 
between  these  lines  will  be  lines  of  minimum  intensity  not  shown.  By  considering 
Fig.  8  to  rotate  round  the  axis  we  see  that  we  shall  get  a  series  of  surfaces  of 
revolution,  each  of  which  is  a  locus  of  maximum  or  minimum  intensity.  A  screen 
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placed  at  right  angles  to  the  axis  will  exhibit  circular  interference  rings  of  maximum 
and  minimum  intensity.  If  the  incident  pencil  be  oblique,  as  in  Fig.  6,  a  screen  at 
right  angles  to  the  axis  will  show  patterns  which  are  oval  in  form  and  these  will 
be  the  nucleus  of  the  comatic  flare. 

If  «  be  the  angle  between  the  two  branches  of  the  wave-surface  at  a  crossing 
point,  it  is  easy  to  see  that  the  perpendicular  distance  between  the  bright  lines  in 
Fig.  8  is  A/2  sin  ajz  and  that  the  difference  of  the  radii  of  successive  bright  rings 
is  A/sin  a  where  A  is  the  wave  length.  In  the  neighbourhood  of  the  caustic,  where  a 
is  very  small,  the  radial  distance  apart  of  the  rings  will  be  many  wave  lengths  and 
the  rings  ought  to  be  sufficiently  far  apart  to  be  observed  or  photographed.  Remote 
from  the  caustic  the  rings  would  be  closer  together  and  the  dilference  between  the 
intensity  of  bright  and  dark  rings  would  be  less,  since  lioth  liistancc  apart  and 
amplitude  of  disturbance  decrease  as  a  increases. 

Interference  fringes  similar  to  those  just  described'  occur  in  the  case  of  the 
reflection  of  light  by  a  concave  mirror.  Prof.  Wood  in  his  Physical  Optics  says 
"These  fringes  are  easily  seen  by  concentrating  sunlight  upon  a  pin  hole  and 
reflecting  the  light  from  an  oblic|ue  concave  mirror.  The  fringes  will  he  found  in 
the  region  between  the  primary  and  secondary  focal  lines,  i.e.  along  the  caustic." 


On  the  Form  of  the  Wave- Surface  of  Refraction  219 

In  the  discussion  on  I\Irs  Griffiths'  paper  referred  to  above,  Commander  Baker 
asked  whether  "any  attempt  had  been  made  to  disentangle  the  two  effects,"  that  is 
to  say,  the  diffraction  rings  and  the  interference  rings.  I  should  like  to  suggest  to 
Mrs  Griffiths  or  Dr  Martin  that  a  simple  plano-convex  lens  should  be  used  with 
plenty  of  spherical  aberration  and  that  two  photographs  should  be  taken,  one  as 
nearly  as  possible  at  the  focus  for  marginal  rays  and  the  other  close  to  the  focus  for 
paraxial  rays.  The  first  should  show  the  combination  of  diffraction  and  interference 
and  the  second  should  show  interference  alone  since  the  diffraction  rings  would  be 
shifted  outwards  towards  the  edges  of  the  field. 

Characteristic  of  the  Focus. 

It  is  clear  from  what  has  been  said  above  that  the  characteristic  of  the  focus, 
always  present,  whether  the  system  consists  of  one  or  more  refracting  surfaces  or 
whether  it  is  corrected  or  uncorrected  for  spherical  aberration,  is  what  may  be 
described  as  the  "double  fold  and  triple  layer"  of  the  wave-surface  forming  what 
has  been  called  the  base  of  the  goblet. 

If  the  axial  length  of  the  base  of  the  goblet  be  a  quarter  of  a  wave  length,  it  will 
be  seen  from  Fig.  9  that  successive  wave-surfaces  half  a  wave  length  apart  will  not 
intersect  at  all,  so  that  from  the  point  on  the  axis  where  the  difference  of  phase  is 
A/4  up  to  the  focus  for  paraxial  rays  the  rotation  round  the  axis  of  the  caustic  and 
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Fig.  9  Fig.  lo 

the  central  part  of  the  wave-surface  will  generate  a  focal  volume  in  which  there 
will  be  no  destructive  interference.  By  destructive  interference  I  mean  that  suc- 
cessive wave-surfaces  half  a  wave  length  apart  will  not  intersect.  This  might  be 
called  the  "Focal  Volume"  and  its  axial  length  might  be  called  the  "Depth  of 
Focus."  We  should  thus  give  a  precise  definition  to  the  present  rather  vague  term 
"depth  of  focus." 

In  the  presence  of  sufficient  spherical  aberration  to  shift  the  diffraction  rings 
well  away  from  the  centre  of  the  field  a  screen  placed  at  right  angles  to  the  axis  and 
cutting  the  focal  volume  would  show  a  central  bright  disc  surrounded  by  a  less 
bright  area.  The  three  layers  of  the  wave-surface  would  make  the  illumination  of 
the  central  disc  three  times  as  intense  as  that  of  the  surrounding  area.  Fig.  lo 
shows  the  caustic  plotted  on  a  large  scale,  the  divisions  along  the  axis  of  jy  repre- 
senting 10  wave  lengths  and  those  along  the  axis  of  .v  500  wave  lengths,  a  wave 
length  being  taken  as  5000  tenth  metres.  The  points  on  the  caustic  marked  A,  A/2, 
A  4,  A; 8,  A '100  are  the  points  where  the  bases  of  the  goblets  touch  the  caustic,  the 
axial  lengths  of  the  bases  of  the  goblets  at  these  points  being  A,  A/2,  etc.  The  part 
from  A/4  to  o  represents  half  the  section  of  the  focal  volume.  The  central  part  of 
the  wave-surface  corresponding  to  a  difference  of  phase  of  A/2  is  drawn,  but  t  have 
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not  drawn  the  rest  of  the  base  of  the  goblet  because  half  a  wave  length  would  not 
show  on  the  diagram  as  it  would  only  be  i/iooo  of  the  divisions  along  the  axis  of  x. 
The  following  table  gives  the  particulars  of  the  points  shown  on  Fig.  lo. 

Plano-convex  lens  +  5D,  X  =  5000  tenth 

Power  of  ist  surface  =0, 

2nd     „        =  +s£), 
Radius  of  2nd  surface  =-i  metre. 
Index  of  refraction  M  =  i'5. 
Focal  length  =-2  metre. 


lengths  to  a  millimetre, 
/-/  =  distance  of  wave-surface  from  the  paraxial 
focus  when  h  =0, 


h  =  semi-aperture, 
_V=  ordinate   of  the 
surface. 


and  of  the  wave- 


h 

w 

J-l 

- 

6-49336 
5-46024 
4-59149 
2-44189 

\ 

X/ioo 

mm.     lengths 

1-3443    =2688 
-94975  =  1899 
■67137  =  1343 
•47486=   9+97 
•11409=    2282 

•019997 

•01187s 
•007058 
■004 1 9S 
■000494 

wave  lengths 

40 

^375 
'4 
S-39 
•09 

calculated  from  the  formula 

W  - 


iM^M   -  0 


A^ 


/  (see  Fig.  ii)  was  computed  from  the  equation  to  the  wave-surface 
X  =  {/  4  /xr  (i  -    cos  6)]  cos  {6'  -  0)   'r  r  cos  9, 
y  -^  -{I  r  ixr  (i  -  cos  e)}  sin  {6'  -  d)  +  r  sin  6, 

by  putting  y  =  o. 


y^  was  calculated  from  the  equation  to  the  caustic 
y  =  jxhr  sin' 6, 
.r  (/x- -  i)      /ir(^cos''fl   ;    cos''^'), 

by  putting  sin  ^    ^  -     .  This  equation  may  he  written 


iai  ravs,  that 


'  is  what  we  hav 


where  jr  is  measured  from  the  focus  for  pai 
called/-  /in  the  table. 

I'ositum  of  lust  Fonts. 
We  may  consider  the  caustic  curve  to  be  a  straight  line  within  the  limits  of  the 
focal  volume  and  it  follows  that  the  area  of  the  triple  layer  of  the  wave-surface  is 
proportional  to  the  square  of  its  distance  from  the  paraxial  focus.   Assuming  that 
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there  are  «  rays  of  light  passing  through  unit  area  of  the  wave-surface  it  follows  that 
there  are  yi  a-  passing  through  any  section  of  the  wave-surface  whose  area  is  a-. 
As  the  area  a-  is  diminished  in  proportion  to  b-  where  b  is  its  distance  from  the 
paraxial  focus,  it  follows  that  the  number  of  rays  passing  through  a  section  divided 
by  the  area  of  the  section  is  a  constant,  that  is  to  say,  the  intensity  of  illumination 
in  the  focal  volume  is  a  constant  except  very  near  the  caustic.  The  focal  volume  can 
therefore  be  defined  as  a  volume  in  which  there  is  no  destructive  interference  and 
in  which  the  intensity  of  the  light  is  a  constant. 

The  position  of  best  focus,  if  one  wishes  to  have  as  much  light  as  possible,  is 
therefore  just  inside  the  focal  volume  where  the  phase  difference  is  A/4.  If  one  wants 
the  least  area  regardless  of  quantity  of  light,  the  best  position  is  the  nearest  distance 
practicable  to  the  paraxial  focus.  This  is  on  the  assumption  that  considerable  spherical 
aberration  is  present. 

Conclusion. 

In  conclusion  I  hope  my  paper  will  stimulate  the  study  of  the  wave-surface  of 
refraction.  The  ray  method  has  had  a  long  innings  and  it  is  time  that  the  wave  method 
should  yield  up  the  results  of  which  it  is  undoubtedly  capable.  The  two  methods 
ought  not  to  be  regarded  as  separate  but  as  interdependent  and  each  should  be  used 
in  the  manner  for  which  it  is  most  fitted,  for  after  all  the  wave-surface  is  more  real 
than  a  ray  and  should  be  looked  upon  as  a  shorthand  note  of  a  bundle  of  rays*. 


DISCUSSION. 

Mr  T.  Smith:  Any  contribution  which  enables  us  to  form  a  clearer  mental 
picture  of  the  events  taking  place  as  light  advances  through  space  is  of  obvious 
importance,  and  we  are  greatly  indebted  to  Mr  Whitwell  for  his  most  interesting 
treatment  of  the  complex  series  of  events  which  occur  as  light  travels  to  a  focus  not 
free  from  aberrations.  It  is  quite  evident  that  Mr  Whitwell  has  expended  a  great 
amount  of  labour  in  constructing  his  diagrams,  and  they  will  undoubtedly  be  found 
of  value.  The  difficulty  of  preparing  such  diagrams  of  high  accuracy  is  perhaps  not 
so  readily  appreciated.  In  the  case  of  highly  corrected  lenses  the  errors  of  phase 
must  not  exceed  some  fraction  of  a  wave  length,  and,  as  Mr  Whitwell  has  pointed 
out,  the  differences  of  path  on  their  natural  scale  are  given  by  certain  dimensions 
of  the  wave-surface.  It  is  not  therefore  surprising  to  find  that  the  direct  method 
pursued  in  the  paper  is  only  feasible  where  the  aberrations  reach  large  values.  If 
it  were  intended  to  construct  accurate  diagrams  of  this  kind  corresponding  to  the 
performance  of  well  corrected  instruments  another  method  must  be  substituted. 
One  of  the  simplest  consists  in  deriving  the  curves  algebraically  from  a  potential 
function,  which  can  then  be  plotted  with  the  scale  of  path  difl^erences  magnified  to 

•  I  have  to  thank  Mr  Ernest  Hooper  of  62  A,  Hill  Road,  Wimbledon,  for  his  kindness  in  making 
my  lantern  slides.  If  anyone  engaged  in  teaching  would  like  a  set  of  the  slides,  which  includes  a 
number  of  illustrations  not  reproduced  in  this  paper,  Mr  Hooper  has  the  negatives  and  would  be 
pleased  to  supply  sets  at  ordinary  prices. 
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any  desired  extent,  so  that  the  characteristic  changes  are  readily  appreciated.  The 
function  may  be  selected  by  observing  that  it  gives  the  proper  relation  between 
aberration  and  ray  position.  If  this  is  specified  by  a  curve  connecting  longitudinal 
aberration  and  aperture,  the  required  function  may  be  obtained  by  integration:  if 
the  shape  of  the  caustic  is  given,  a  somewhat  more  complex  process  is  involved;  a 
knowledge  of  phase  differences  provides  a  direct  solution.  By  one  means  or  another 
it  is  possible  to  select  a  function  from  which  the  desired  curves  can  be  traced. 

Any  one  of  these  alternative  forms — potential  function,  aberration  diagram, 
wave-surface,  caustic — constitutes  a  theoretically  complete  basis  for  the  deter- 
mination of  all  the  properties  of  the  image.  Some  happen  to  be  more  easily  con- 
structed than  others.  Unfortunately,  the  one  we  should  undoubtedly  prefer  to  all 
alternatives,  the  intensity  distribution  at  any  point  in  terms  of  its  co-ordinates, 
involves  such  an  extraordinary-  amount  of  labour  for  its  determination  that  for  nearly 
all  purposes  a  simpler  alternative  must  be  substituted.  Some  passages  in  Mr  Whit- 
well's  paper  seem  to  imply  that  details  of  the  image  appearance  can  be  inferred 
directly,  that  is,  without  mathematical  treatment,  from  the  wave-surfaces.  If  this 
view  could  be  accepted  the  theorv'  of  images  would  be  a  very  much  simpler  affair 
than  in  fact  it  is ;  some  of  the  deductions  made  by  the  author  on  this  basis  are  at 
variance  with  those  found  by  accurate  calculations  on  the  wave  theory.  Whatever 
the  original  basis  may  be,  there  appears  to  be  no  short  easy  direct  road  leading  to 
a  point  from  which  all  the  intricacies  of  the  diifraction  pattern  in  various  planes 
are  clearly  appreciable. 

Comdr.  Baker:  The  paper  shows  in  a  manner  that  appeals  at  once  to  the  eye  the 
forms  which  the  wave  front  may  take  up  when  approaching  the  focus  and  par- 
ticularly it  illustrates  some  of  the  types  of  wave  form  in  the  presence  of  varying 
degrees  of  aberration.  The  graphical  construction  that  Mr  Whitwell  utilizes  must 
be  employed  with  extreme  caution  as  very  small  errors  in  measurement  will  result 
in  a  distorted  wave.  For  example,  when  looking  at  his  large  scale  diagrams  previous 
to  the  meeting  I  noticed  in  one  or  two  places  that  his  wave  front  as  determined  by 
measurement  was  not  at  right  angles  to  the  rays  as  determined  by  calculation,  the 
departure  from  the  right  angle  being  quite  apparent  to  the  eye.  In  one  or  two 
simple  cases  the  correctness  of  the  drawing  can  be  checked,  but  the  general  case  of 
a  spherical  wave  being  refracted  at  a  spherical  surface  gives  rise  to  refracted  waves 
of  troublesome  form. 

In  the  case  Mr  Whitwell  illustrates  in  Fig.  4,  where  a  spherical  wave  is  refracted 
through  a  plane  surface,  one  of  the  wave  fronts  is  an  ellipsoid  or  hyperboloid  of 
revolution.  If  the  source  of  light  is  in  the  glass  at  a  distance  C  (Fig.  A)  from  the 
centre  then  a  virtual  refracted  wave  front  is  formed  by  the  revolution  of  an  ellipse 
of  semi-axes  6'«  and  C  Vn-  i .  The  caustic  is  the  four-cusped  cvolute  of  the  ellipse 
having  one  cusp  Ji  at  the  image  point  corresponding  to  S  and  two  cusps  upon  the 
glass  surface  at  the  points  at  which  a  ray  strikes  at  the  critical  angle.  The  ellipse 
can  be  graphically  constructed  with  great  accuracy  and  it  wouki  hv  interesting  to 
see  how  Mr  Whitwell's  construction  for  rays  and  for  wave  front  would  stand  up 
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to  a  test  of  this  nature.  When  the  point  source  of  light  is  in  air  a  similar  wave 
front,  but  this  time  a  hyperboloid,  can  be  found  in  the  glass. 

Mr  Whitwell's  classification  of  the  form  of  the  wave  front  into  five  distinct 
types  is  insufficient  when  the  caustic  departs  from  the  form  which  has  a  simple 
axial  cusp.  A  lens  corrected  for  spherical  aberration  at  the  edge  offers  a  simple 
illustration.  The  caustic  in  this  example  has  an  axial  cusp  pointing  away  from  the 
lens  and  as  the  ray  is  inclined  at  steeper  and  steeper  inclinations  with  the  axis  its 
point  of  contact  will  ultimately  reach  another  cusp  so  that  the  complete  caustic 
must  contain  at  least  three  cusps.  Naturally  these  three  cusps  are  ver\^  close  to  one 
another  and  it  would  be  extremely  difficult  to  draw  a  diagram  accurately  to  scale. 
Professor  Filon  and  I  gave  an  example  of  such  a  caustic  in  our  paper  [Trons.  Opt. 
Soc.  20  (1918-19)  67). 

It  should  be  noticed  that  once  the  caustic  is  drawn  there  is  no  difficulty  in  con- 
structing the  wave  fronts  from  it  by  the  ordinar}-  mechanical  method  of  constructing 
involutes  of  a  gi\en  cur\e.  For  instance,  suppose  we  wish  to  draw  the  wave  front 
passing  through  N^  and  N^  in  the  illustration,  Fig.  i  on  p.  69  of  the  paper  above 
referred  to.  Attach  a  string  to  the  cusp  O  and  stretch  it  out  to  N^  not  in  a  straight 
line  but  along  the  caustic.  This  can  be  done  by  constructing  a  convex  template  to 
fit  O.ViC,  and  making  the  string  lie  along  the  convex  edge.  Now  unwrap  the  string 
keeping  it  always  taut.  The  end  of  the  string  as  it  travels  away  from  h\  will  trace 
out  the  wave  front.  The  point  of  contact  of  the  string  (i.e.  of  the  ray  of  light)  will 
travel  along  the  caustic  to  O  when  the  string  will  lie  along  the  axis.  After  this  position 
the  string  will  begin  to  wrap  itself  along  OA'^j  until  finally  the  end  of  the  string  reaches 
A'o.  In  this  way  the  wave  front  from  A^,  to  A^^  can  be  formed.  Now  attach  the  string 
to  C,  and  make  its  length  equal  to  C,  A'j  measured  along  the  caustic.  Repeat  the  same 
method  of  describing  the  wave  front  and  so  fill  in  the  part  between  O.V,Ci  and 
AL,NC\.  A  similar  procedure  with  a  string  attached  to  C,  enables  a  third  part  of 
the  wave  front  to  be  constructed  and  the  last  two  portions  can  be  developed  by 
strings  attached  to  the  two  extreme  ends  of  the  caustic. 

Kven  if  this  process  is  not  actually  carried  out  on  the  drawing-board  a  mental 
performance  of  it  will  allow  of  the  general  form  of  the  wave  fronts  being  pictured 
without  difficulty. 

A  few  wave  fronts  are  shown  (Fig.  B)  for  a  lens  in  which  spherical  aberration 
goes  up  to  a  maximum  and  subsequently  diminishes.  The  caustic  must  be  of  the 
three-cusix-d  type  and  the  geometrically  constructed  wave  fronts  are  easy  to  follow. 

.Mr  Whitwcil:  I  quite  agree  with  Mr  T.  Smith  that  the  graphic  way  of  drawing 
wave-surfaces  cannot  be  used  except  when  the  aberrations  are  very  large.  My 
drawings  were  merely  intended  to  give  a  general  idea  of  the  successive  forms  a 
plane  or  spherical  wave  assumes  after  refraction  at  a  single  surface.  I  was  more 
particularly  interested  in  the  form  of  the  wave-surface  a  few  wave  lengths  from  the 
focus  of  a  single  refracting  surface  and  as  the  graphic  method  coukl  not  be  used 
I  was  compelled  to  plot  the  results  of  calculations  to  illustrate  the  forni  of  the  wave- 
surlaic  ill  liiis  ciisc. 
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Assiiniinn  that  tlu-  disturbance  constituting  light  is  in  the  same  phase  at  every 
point  of  a  wave-surface  and  assuming  also  that  Huygens'  construction  gives  a  true 
wave-surface,  I  do  not  see  why  it  is  not  possible  to  deduce  some  properties  of  an 
imaging  pencil  of  rays  directly  from  the  forms  of  the  wave-surfaces  without  mathe- 
matical treatment  as  Mr  Smith  implies;  for  example,  Prof.  Wood  appears  to  have 
deduced  in  this  way,  and  verified  by  experiment,  the  presence  of  interference 
fringes  in  light  reflected  obliquely  from  a  concave  mirror. 

In  reply  to  Commander  Baker,  I  was  familiar  with  the  fact  that  the  section  of 
the  isotomic  surface  in  the  particular  case  of  his  Fig.  A  is  an  ellipse  but  did  not  use 
this  property  in  drawing  my  Fig.  4  as  I  considered  that  the  method  used  in  the 
paper  involved  less  trouble.  It  is  of  course  easy  to  prove  that  one  of  the  loci  given 
by  the  construction  I  used  is,  in  this  particular  case,  an  ellipse.  As  regards  checking 
the  accuracy  of  the  drawings  by  utilizing  this  property  it  seems  to  me  simply  a 
point  of  skill  in  drawing,  since  both  methods  must  give  the  same  result.  Perhaps 
I  have  not  made  it  sufficiently  clear  in  the  paper  that  my  construction  is  merely 
a  simple  way  of  drawing  one  of  the  envelopes  of  a  series  of  circles;  it  is  in  fact 
Huygens'  construction. 

I  agree  that  the  classification  of  wave-surfaces  in,  five  types  is  insufficient  to 
cover  every  case,  but  I  think  that  in  ever}'  case  these  five  types  will  be  found  but 
with  additions;  thus,  in  Commander  Baker's  Fig.  B,  if  the  aperture  be  cut  down  so 
as  to  exclude  all  the  rays  above  Q  and  below  C.,,  it  will  be  seen  that  all  the  wave- 
surfaces  belong  to  one  of  the  five  types ;  the  marginal  bundles  of  rays  will  have  the 
eft'ect  of  adding  portions  on  to  the  outer  edges  of  the  five  types  formed  by  the  central 
rays.  The  effect  seems  to  be  that  we  jump  from  the  saucer  type  to  a  saucer  combined 
with  two  goblets.  I  was  much  interested  in  this  Fig.  B  as  Commander  Baker  shows, 
so  easily,  the  forms  a  wave  assumes  after  passing  through  a  corrected  lens. 
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ABSTRACT,  ^^^^ile  the  phenomenon  of  stereoscopy  has  been  to  a  Umited  extent  developed 
in  a  practical  manner,  there  appears  to  have  been  but  little  actual  research  work  done 
within  recent  years,  the  impression  being  a  general  one  that  the  particular  field  had  been 
already  thoroughly  explored. 

If  an  attempt  he  made  to  reproduce  the  experiments  described  by  Wheatstone  in  his 
original  paper,  in  which  his  great  discovery  of  stereoscopy  was  published,  it  will  be  found 
that  the  results  are  somewhat  different  in  important  respects  from  those  described. 

From  experiments  recently  carried  out  by  the  author,  it  appears  that  stereoscopic 
vision  is  possible  only  within  certain  limits.  For  certain  pairs  of  objects,  whether  on  the 
same  or  different  horizons,  there  are  generally  two  extreme  critical  points  beyond  which 
stereoscopic  vision  breaks  down.  For  certain  pairs  of  objects  on  the  same  horizon  there 
are  two  inner  critical  points.  Objects  of  dissimilar  form  but  approximately  the  same  average 
angular  dimensions  can  frequently  be  combined  stereoscopically :  thus  a  circle  can  be 
combined  with  a  triangle  if  their  average  angular  dimensions  are  about  equal.  When  the 
angular  dimensions  are  very  different,  combination  is  generally  impossible:  thus,  for 
example,  a  thin  line  cannot  be  combined  with  a  thick  line  or  triangle  or  other  form  of 
considerably  larger  size.  When  the  pairs  of  objects  are  dissimilar  in  size  there  is  only  one 
pair  of  outer  and  inner  critical  points  if  the  objects  are  on  the  same  horizon  and  one  outer 
critical  point  if  they  are  on  different  horizons.  For  pairs  of  objects  any  of  which  can  be 
combined  together,  there  are  two  pairs  of  such  critical  points. 

Data  regarding  the  positions  of  the  critical  points  under  various  conditions  are  con- 
tained in  the  paper,  which  also  deals  generally  with  the  effects  of  variation  of  the  conditions 
of  obser\'ation  and  particularly  variations  of  the  illumination. 


Sir  D.wid  Brewster*  in  his  work  on  the  stereoscope  has  remarked  that  "Optical 
writers  who  lived  after  the  time  of  Aguiloniusf  seem  to  have  considered  the  subject 
of  binocular  vision  as  exhausted  in  his  admirable  work."  That  the  subject  of  stereo- 
scopic vision  has  been  exhausted  is  a  view  that  has  been  quite  recently  expressed 
by  others. 

This  impression,  which  appears  indeed  to  be  one  of  too  general  acceptation, 
has  discouraged  the  continued  research  that  so  interesting  a  subject  merits.  In 
order  to  convince  ourselves  that  the  field  is  a  large  and  profitable  one,  it  is  only 
necessary  to  reflect  how  deficient  is  our  present-day  knowledge  of  the  retinal  and 
cerebral  mechanism  involved  in  vision  and  particularly  in  the  appreciation  ot 
solidity. 

•   The  Stereoscope,  1856. 
t  .4guilomus  Opticorum. 
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Many  who  are  well  informed  in  most  branches  of  optical  science  have  been 
content  to  accept  the  explanations  of  stereoscopic  vision  offered  by  Wheatstone, 
the  discoverer,  and  Brewster,  the  principal  pioneer  investigator  of  that  most 
remarkable  phenomenon,  synthetic  solidity.  There  are  many  who  still  regard 
stereoscopic  vision  as  a  function  of  binocular  convergence  and  who  are  surprised 
to  learn  that  the  convergence  of  the  eyes  is  a  factor  of  but  secondary  importance. 

In  early  Victorian  days,  when  science  was  an  approved  subject  of  parlour 
conversation,  the  popularity  of  the  stereoscope  reached  its  zenith,  but  the  expec- 
tations of  its  development  and  utility,  as  expressed  by  Sir  David  Brewster,  have 
not  been  realized.  To-day  the  subject  is  a  comparatively  dead  one  in  contrast  with 
its  earlier  activity. 

Its  application  of  greatest  monetary  importance  is  probably  that  of  Grousillier 
to  the  measurement  of  ranges. 

In  the  stereo-photo-theodolite  and  the  stereo-microscope  the  principle  has 
found  a  special  but  not  verj'  extensive  use. 

Notwithstanding  its  hitherto  somewhat  limited  application,  stereoscopy  from 
the  scientific  point  of  \iew  is,  I  think,  nevertheless  well  worthy  of  consideration, 
and  particularly  of  research,  for  theory  unsupported  by  experiment  is  of  but  little 
value  for  the  development  of  such  a  subject. 

Binocular  vision  confers  upon  its  fortunate  possessor  certain  benefits,  the  re- 
spective values  of  which  cannot,  however,  be  readily  assessed.  While  one  eye  is 
undoubtedly  less  useful  than  two,  the  disability  of  total  bUndness  is  incomparably 
more  serious.  After  the  lapse  of  such  time  as  is  necessary  for  a  natural  readjustment 
to  the  new  conditions,  the  visual  power  of  a  one-eyed  person  is  not  so  seriously 
limited  as  might  be  expected. 

Under  ordinan,'  photoptic  conditions,  that  is,  the  condition  under  which  the 
greater  part  of  our  active  life  is  spent,  binocular  vision  does  not  confer  the  advantage 
of  double  illumination.  That  the  difference  is  small  can  be  readily  tested  by  observing 
with  one  eye  and  then  two,  but  in  any  such  experiments  it  is  necessary  to  close  the 
eye  only  for  periods  sufficiently  short  to  prevent  it  when  closed  from  becoming 
dark-adapted  to  any  appreciable  extent. 

It  should  also  be  remembered  that  the  photometric  values  of  the  two  eyes  may 
differ  by  appreciable  amounts. 

As  a  spare  part,  the  second  eye  may  be  of  the  greatest  value,  but  unfortunately 
this  advantage  is  often  lost  when  the  affection  of  the  eye  is  of  a  serious  nature,  as 
in  such  a  case  the  other  eye  frequently  becomes  involved. 

As  regards  the  extension  of  the  field  of  view  sideways  by  about  30°  on  the 
previously  blind  side,  the  gain  attributable  to  the  second  eye  is  certainly  of  im- 
portance, however  indistinct  the  vision  over  the  region  in  question  may  be. 

That  the  limitation  of  the  field  of  view  is  a  serious  one  was  realised  by  Augustus 

de  Morgan*  who  suffered  from  a  grievous  infirmity — the  loss  of  one  of  his  eyes — 

the  unfortunate  result  of  a  childhood  too  long  spent  in  India.    At  school  we  are 

told  his  loss  provoked  all  kinds  of  gibes  and  practical  jokes  amongst  the  boys  and 

•  Memoirs  of  Augustus  de  Morgan,  1882,  p.  5. 
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it  was  the  practice  of  one,  until  he  was  trapped  and  thrashed,  to  approach  de  Morgan 
on  the  blind  side,  hold  a  sharp  pointed  penknife  to  his  cheek,  and  call  him  suddenly 
by  name,  with  painful  results  to  the  victim. 

While  two  eyes  may  not  often  be  necessary  as  a  guard  against  such  thoughtless 
tricks,  the  extension  of  the  binocular  field  is  invaluable  in  these  days  of  rapid  and 
congested  traffic. 

Binocular  vision  sometimes  confers  the  benefit  of  stereoscopy — that  is,  the 
power  of  appreciating  the  appearance  of  apparent  solidity — which  is  the  subject 
of  this  paper.  While  it  is  possible  monocularly  to  discriminate  differences  of 
distance  and  thus  to  appreciate  solidity  as  the  result  of  parallactic  movement, 
light  and  shade,  and  experience,  there  is  this  essential  difference  between  stereoscopy 
and  perspective,  that  for  the  appreciation  of  the  former  two  separated  eyes  are 
essential,  while  for  the  latter  one  suffices. 

Given  the  faculty,  it  is  the  separation  of  the  eyes  that  primarily  determines 
quantitatively  the  degree  of  stereoscopy.  As  the  equivalent  separation  is  decreased 
by  the  use  of  artificial  aids,  the  power  diminishes  until  a  zero  value  is  reached  which 
corresponds  with  monocular  vision.  Since  it  is  the  linear  separation  or  ocular  base 
length  that  is  the  determining  factor  in  stereoscopy,  it  follows  that  the  appearance 
of  solidity  is  determined  by  the  appreciation  of  dimensions  measured  in  directions 
parallel  to  the  ocular  base. 

Two  series  of  vertical  lines  drawn  on  a  plane  surface  may  be  so  spaced  that  they 
appear  stereoscopically,  that  is,  at  different  distances,  when  viewed  naturally.  If 
the  lines  are  turned  from  the  vertical  position  into  the  horizontal  the  stereoscopic 
solidity  disappears,  owing  to  the  vertical  ocular  base  being  zero,  and  the  lines  then 
appear  to  lie  upon  one  surface,  as  is  actually  the  case. 

For  the  appreciation  of  solidity  it  is  necessary  that  the  vision  should  be  at  least 
fairly  distinct  and  the  region  in  which  the  appearance  is  recognizable  is  determined 
principally  by  the  space  that  can  be  viewed  simultaneously  in  direct  vision  by  the 
two  eyes,  by  their  resolving  power,  and  by  the  lower  limit  of  accommodation,  namely 
the  distance  of  the  punctum  proximum. 

Stereoscopic  vision  is  not  an  inevitable  consequence  of  the  possession  of  two 
eyes.  There  are  many  who  lack  the  power  entirely  and  many  who  possess  it  to  a 
more  or  less  limited  extent.  The  number  of  good  stereoscopic  observers  is  not 
great  and  in  the  development  of  their  faculty  careful  training  is  often  necessary. 
There  appears,  just  as  in  the  resolution  of  defects  of  alignment,  to  be  no  relation- 
ship between  the  separation  of  the  macular  cones  and  the  stereoscopic  resolving 
power  of  the  eye,  there  being  skilled  obsen-ers  who  under  ideal  conditions  can 
appreciate  a  stereoscopic  parallax  angle  of  four  seconds,  which  is  much  less  than 
the  angle  subtended  by  any  fully  developed  retinal  cone.  But  it  must  not  be 
assumed  that  such  results  are  regularly  or  consistently  obtained.  Ihider  normal 
natural  conditions  the  uncertainty  of  coincidence  parallax  observation  of  the  unaided 
eye  is  usually  assumed  to  be  twelve  seconds.  It  will  be  assumed  that  the  stereo- 
scopic resolving  power  of  the  unaided  eye  is  twenty  seconds  of  angle,  although 
so  small  a  value  is  not  easily  obtained.    If  the  separation  of  the  eyes  is  63  mm., 
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then,  since  t)  —  B  li,  where  6  is  the  parallax  of  an  object  at  a  distance  li  in  metres 
and  B  is  the  separation  of  the  eyes,  namely  (^t,  mm.,  it  follows  that 

20  63 

200,000       1000       R 

and  R      630  metres. 

At  this  comparatively  short  distance  the  benefit  of  stereoscopic  vision  is  entirely 
lost.  Beyond  it  the  natural  ocular  base  length  affords  no  assistance  in  the  determina- 
tion of  the  relative  distances  of  objects  or  the  appearance  of  solidity,  because  with 
a  base  length  of  63  mm.  the  eyes  cannot  discriminate  the  separation  of  an  object 
at  infinity  from  one  at  about  630  metres'  distance. 

For  stereoscopic  vision  the  punctum  remotum  of  the  unaided  eye  is  accordingly 
about  600  metres  and  the  punctum  proximum  is  that  of  ordinary  near  distinct 
vision,  namely  about  25  cm.  An  extension  of  the  stereoscopic  radius  of  vision  can 
be  obtained  by  an  artificial  increase  of  the  base  or  an  increase  of  the  magnification. 
Thus  a  base  length  of  2  metres  and  a  magnification  of  20  diameters  would  together 
increase  the  radius  from  600  metres  to  400  kilometres  and  it  is  by  such  means  that 
the  accurate  stereoscopic  measurements  are  obtained. 

Having  thus  briefly  indicated  the  nature  and  limitations  of  stereoscopic  vision, 
it  may  be  of  interest  to  consider  the  historical  basis  of  our  knowledge  of  this 
remarkable  phenomenon,  and  in  doing  so  I  shall  describe  certain  experiments  of 
my  own  that  appear  to  have* disclosed  four  critical  points  in  stereoscopic  vision. 
That  stereoscopic  vision  failed  when  two  suitable  stereoscopic  images  were  brought 
close  to  each  other  side  by  side  was  generally  known,  but  it  does  not  appear  to  have 
been  realized  hitherto  that  there  are  under  certain  conditions  four  critical  points  and 
that  the  existence  of  these  points  is  an  inevitable  consequence  of  the  theory  of 
stereoscopic  vision  which,  when  understood,  enables  the  very  variable  positions 
of  the  critical  points  to  be  predicted. 

Historical  ground  is  always  uncertain  territory.  There  can  be  little  doubt, 
however,  that  at  a  very  early  date  it  was  realized  that  a  solid  object  generally  presents 
different  aspects  to  the  two  eyes  of  an  observer.  As  to  whether  or  not  it  was  realized 
that  the  images  of  the  object  impressed  upon  the  retinae  were  different  from  each 
other  and  that  the  appreciation  of  solidity  necessitated  the  composition  of  dis- 
similar images  by  the  visual  sense,  the  seat  of  which  was  uncertain,  is  another 
question.  In  the  early  treatise  on  Optics  published  in  Euclid's  name  in  1557  three 
of  the  theorems,  which  must  have  been  elaborated  over  2000  years  ago,  clearly 
expound  what  has  been  described  by  Sir  David  Brewster  as  a  palpable  truth;  but 
in  the  use  of  this  adjective  Sir  David  may  not  have  been  entirely  disinterested,  as 
his  anxiet)'  to  discount  certain  claims  of  Wheatstone  is  very  evident  in  his  writings. 

Francois  d'Aguillon,  a  Jesuit  of  Brussels,  in  his  comprehensive  "Optical 
Treatise  "  published  at  AnUverp  in  1613,  describes  in  detail  the  impressions  received 
by  each  eye,  and  in  this  work  there  is  used  for  the  first  time  the  expression  stereo- 
graphic  projection. 
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Gassendus*,  Baptista  Portaf,  and  others  overcame  all  difficulties  of  binocular 
vision  to  their  own  satisfaction  by  assuming  that  the  eyes  were  used  alternately, 
not  simultaneously.  But  previously,  in  the  year  1550,  that  most  remarkable  of 
Greek  physicians,  Galen,  had  expressed  the  clearest  of  views  regarding  binocular 
vision.   Sir  David  Brewster,  after  quoting  the  statement  of  Galen|,  remarks: 

In  such  distinct  and  unambiguous  terms,  intelligible  to  the  meanest  capacity,  does 
this  illustrious  writer  announce  the  fundamental  law  of  binocular  vision — the  grand  prin- 
ciple of  stereoscopy,  namely  "that  the  picture  of  the  solid  column  which  we  see  with 
both  eyes  is  composed  of  two  dissimilar  pictures  as  seen  by  each  eye  separately." 

The  words  "intelligible  to  the  meanest  capacity"  are  a  reflection,  let  us  hope 
unintentional,  upon  the  intelligence  and  capacity  of  Wheatstone  who  unfortunately, 
although  he  appears  to  have  been  acquainted  with  Galen's  work,  did  not  recognize 
his  statement  regarding  binocular  vision  and  indeed  appears  to  have  desired  to  deny 
him  the  credit  of  its  unambiguous  representation. 

Acceptance  of  the  principle  of  simultaneous  binocular  vision  of  a  single  object 
led  naturally  to  the  consideration  of  what,  since  the  time  of  Alhazen,  nearly  1000 
years  ago,  have  been  termed  corresponding  points,  or  occasionally  corresponding 
regions. 

Helmholtz  and  other  German  writers  sometimes  use  the  term  "  identical  points  " 
—a  term  that  was  first  introduced  by  Professor  Johannes  Miillcr,  but  which  is 
hardly  a  correct  expression,  as  two  separated  points  may  more  properly  be  described 
as  corresponding  rather  than  identical. 

Alexandre  Prevost  in  his  essay  on  "The  Theory  of  Binocular  Vision"  is  re- 
sponsible for  the  definition  of  which  the  following  is  a  translation  : 

Two  points  situated  one  upon  the  right  and  the  other  upon  the  left  retina  and  such 
that  when  they  receive  rays  from  the  same  luminous  point  they  transmit  to  the  mind  a 
single  sensation  are  called  corresponding  points  of  the  two  retinae. 

The  points  of  fixation,  that  is,  the  centres  of  the  two  foveae,  are  corresponding 
points.  Other  corresponding  points  are  similarly  placed  on  the  two  retinae,  not 
symmetrically,  that  is,  they  lie  on  the  same  sides  of  the  fixation  points,  i.e.  either 
both  to  the  left  or  both  to  the  right,  but  not  necessarily  at  equal  distances. 

Prevost's  definition  is  a  convenient  but  not  complete  one.  Suppose,  for  example, 
in  Fig.  I  that  a  and  b  are  the  two  eyes,  c  and  d  the  mean  nodal  points  which  may 
be  assumed  to  coincide  with  the  centres  of  rotation  of  the  eyes,  and  E  and  F  two 
luminous  object  points.  If  E  is  the  fixation  point,  that  is,  if  the  eyes  are  directed 
upon  /•;,  in  which  case  the  optical  axes  intersect  at  E,  then  images  of  E  will  be  formed 
upon  the  foveae  of  the  eyes  at  g  and  li  respectively ;  as  the  foveae  are  corresponding 
points  a  single  image  e  of  the  object  E  will  be  appreciated  by  the  brain.  If  the  object 
point  /•'  is  so  situated  that  its  images  fall  upon  corresponding  points  It  and  /  a  single 
image/  of  the  object  point  /'"  will  be  appreciated  by  the  brain.   Each  object  point 

•  (iasscnilus,  Opera,  1568. 

t  Joan.  Baptistu  Porta,  De  Refrmthiiie,  Rook  vi.   Naples,  \$<)i. 

X  De  Usii  Parlium  Corporis  Hunmiii,  1550- 
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accordance  with  Prevost's 


will  create  a  single  image  impression  on  the  brain 
definition. 

But  Wheatstone  has  shown  us  that  the  use  of  single  luminous  points  as  stated 
by  Prevost  is  not  an  essential  feature  of  a  definition  of  corresponding  points.  For 
the  single  points  E  and  F  there  may  be  substituted  separated  pairs  of  luminous 
points  E  and  E'  and  F  and  F'  mounted,  it  may  be,  in  the  focal  planes  of  collimators 
M  and  A",  as  indicated  in  Fig.  2.  These  collimators,  when  suitably  adjusted,  may 
be  disposed  with  their  optical  axes  parallel  or  inclined  without  affecting  the  visual 
appearance.  A  result  identical  with  that  of  Prevost  is  obtained  and  this  particular 
illustration  is  of  interest  as  an  indication  of  what  will  be  shown  later,  namely  that 
stereoscopic  vision  is  not  determined  by  the  inclination  of  the  optical  axes. 

Both  illustrations  demonstrate  what  has  already  been  stated,  that  corresponding 
points  such  as  k  and  /  are  both  situated  on  the  same  side,  either  temporal  or  nasal. 


ICJ): 


of  the  axial  points  g  and  //  which  also  are  corresponding  points,  and  are  indeed  the 
foveae  of  the  retinae. 

Similar  obliquity  of  vision  of  the  two  eyes  is  in  such  cases  a  feature  of  the  appear- 
ance of  a  stereoscopic  image  point  relatively  to  the  point  of  fixation ;  that  is  to  say, 
the  second  object  must  be  viewed  from  the  one  side  or  the  other  of  the  optical  axes. 

Consider,  for  example,  the  case  illustrated  in  Fig.  3,  in  which  the  two  objects 
lie  in  the  median  plane. 

Rays  from  the  fixation  point  E  will  fall  on  the  foveae  g  and  h  and  form  a  single 
image  e.  Rays  from  F  will  fall  on  the  disparate  points  k  and  /  and  form  two  mental 
images /j  and/,  at  the  positions  F^  and  F^.  li  F  is  fixed  instead  of  E,  a  somewhat 
similar  result  is  obtained,  as  indicated  in  Fig.  4.  In  neither  of  these  two  cases  is 
the  vision  stereoscopic :  the  two  objects  appear  as  three,  one  of  them  being  doubled. 
But  with  practice  it  is  possible  to  fix  a  position  intermediate  between  E  and  F,  as 
in  Fig.  5,  where  »  and  h  are  the  foveae  on  the  axes  which  intersect  at  the  intermediate 
fixation  point.  Now,  if  the  sources  E  and  F  are  sufficiently  alike — and  that  is  a 
supposition  of  importance — the  excitation  of  the  corresponding  points  /j  and  €2 
will  produce  a  single  mental  image  to  which  the  sources  E  and  F  contribute. 
Similarly  e^  and  f.,  which  both  lie  on  the  right  hand  sides  of  the  optical  axes  will 
form  a  single  image  to  which  both  sources  contribute. 

These  illustrations  will  serve  to  indicate  how  incomplete  is  Prevost's  definition. 
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liow  difficult  it  is  to  generalize  the  subject  of  stereoscopy,  and  how  important  it  is 
to  consider  in  any  particular  experiment  what  is  the  point  of  fixation  of  the  eyes. 

From  what  has  been  said  it  may  be  concluded  that  corresponding  points  are 
situated  on  horizontal  sections  of  the  retina  parallel  to  the  ocular  base  line  joining 
the  centres  of  the  two  eyes.  In  Fig.  6  the  circles  A  and  B  represent  front  views  of 
the  retinae  of  a  pair  of  ideal  eyes,  the  foveae  of  which  are  marked  c  and  d.  These 
foveae  are  corresponding  points.  The  line  cd  is  the  ocular  base  and  may  be  regarded 
in  the  ideal  eye  as  the  principal  horizontal  meridian  of  the  retina.  Lines  kl  and  inn 
drawn  through  the  foveae  are  the  principal  vertical  meridians.  Points  e  and /on 
the  same  side  of  the  vertical  meridians  are  corresponding  points  and  when  excited 
produce  a  single  mental  image.  Similarly  //  and  g  are  corresponding  points,  but 
/  and  g,  lying  on  opposite  sides  of  the  vertical  meridians,  are  disparate  points  and 
when  excited  produce  two  distinct  images.  Points  ;■  and  s  on  the  horizontal  meridian 
pq  parallel  to  the  ocular  base  are  similarly  corresponding  points  and  give  rise  to  a 
single  image,  but  the  brain  cannot  combine  a  point  image  such  as  e  with  one  on  the 
corresponding  side  but  on  a  different  horizon,  such  as  /. 


^ 
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Prior  to  the  time  of  Wheatstone  it  was  thought  that  corresponding  points  existed 
in  definite  pairs.  Thus  corresponding  with  e  on  the  one  retina  there  could  only  be 
one  point /on  the  other  retina  at  an  equal  distance  from  the  centre,  and  similarly 
the  point  .t  alone  could  correspond  with  ;■.  An  image  resulting  from  the  excitation 
of  e  and  /  would  lie  on  the  horopter  corresponding  with  the  image  of  r  and  d. 
Wheatstone's  great  discovery  showed  what  the  admirers  of  the  horopter  were 
reluctant  to  admit,  that  any  number  of  points  similarly  situated  on  the  same  hori- 
zontal meridian  could  be  found  to  correspond  with  the  point  e  and  that,  whereas 
points  equally  distant  from  the  centre  such  as  e  and  /  produced  an  image  on  the 
horopter  of  r  and  d,  all  other  pairs  of  points  at  unequal  distances  produced  images 
situated  at  different  distances  in  front  of  or  behind  the  horopter. 

The  special  case  of  a  pair  of  points  such  as  u  and  v  on  the  vertical  meridian  is 
worthy  of  consideration.  They  form  a  single  image.  But  m  and  any  point  such  as  s 
will  also  form  a  single  image,  and  similarly  u  and  any  point  such  as  zv  on  the  opposite 
side  from  s  will  form  a  single  image,  the  one  being  on  the  far  side  of  the  uv  horopter, 
and  the  other  on  the  near  side.  When  one  of  the  points  lies  on  the  vertical  meridian, 
either  point  w  or .?  may  be  then  regarded  as  being  similarly  situated.  But  the  problem 
is  still  further  complicated  by  the  fact  that  oblique  stereoscopy  is  possible  and  that 
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a  vertical  meridian  does  not  necessarily  pass  through  the  fovea  centralis  as  indicated 
in  the  diagram. 

The  idea  of  the  horopter  was  introduced  by  Aguilon,  who  considered  what 
would  be  the  locus  of  points  in  the  object  space  which  cause  single  vision,  on  the 
assumption  that  the  single  vision  of  an  object  results  from  the  excitation  of  corre- 
sponding retinal  points.  He  concluded  that  all  objects  seen  at  the  same  glance  with 
both  eyes  appear  to  lie  in  one  plane  containing  the  horopter,  which  he  defined  as 
being  a  line  drawn  through  the  point  of  intersection  of  the  optic  axes,  that  is,  the 
point  of  fixation,  and  parallel  to  the  line  joining  the  centres  of  the  two  eyes.  The 
plane  of  the  horopter  containing  this  line  is  also  normal  to  that  containing  the  optic 
axes.  The  words  "at  the  same  glance"  indicate  that  for  a  particular  horopter  there 
is  a  particular  condition  of  convergence  and  accommodation  of  the  eyes.  But  at  any 
considerable  distance  a  large  change  of  range  may  involve  a  quite  inappreciable 
change  of  accommodation  and  convergence  and,  therefore,  instead  of  being  a  line, 
the  horopter  is  a  horizontal  plane  of  considerable  extension  in  the  direction  of  the 
line  of  sight. 

At  long  ranges  the  horopter  on  this  account  has  but  little  significance.  At  short 
ranges  the  horizontal  horopter  is  not  the  simple  straight  line  parallel  to  the  ocular 
base  defined  by  Aguilon.  Johannes  MuUer*  defined  the  horizontal  horopter  as  a 
circle  passing  through  the  point  of  fixation  and  the  centres  or  mean  nodal  points 
of  the  two  eyes. 

In  Fig.  7,  which  is  reproduced  from  Prevost's  "Essay  on  Binocular  Visionf," 
if  A  is  the  fixation  point  and  O  and  O'  the  centres  of  the  eyes,  then  the  circle  OAO' 
is  the  horopter.  An  object  B  on  this  circle  will  excite  the  corresponding  points 
b  and  b'  of  the  retinae  equally  distant  from  the  axial  points  and  produce  a  single 
cerebral  sensation  of  B.  Until  the  contrary-  was  demonstrated  by  Wheatstone,  it 
was  thought  that  objects  E  or  C  not  lying  on  this  horopter  would  excite  what  were 
regarded  as  disparate  points  of  the  retinae,  and  would  appear  duplicated.  If  the 
eyes  were  fixed  on  E  the  horopter  would  be  a  circle  of  larger  radius  passing  through 
E  and,  as  before,  the  centres  of  the  eyes. 

According  to  Prevost,  the  vertical  horopters  were  lines  perpendicular  to  the 
plane  of  the  optic  axes  and  passing  through  the  points  of  fixation.  It  is  unfortunate 
that  these  horopter  diagrams  are  generally  drawn  out  of  all  proportion.  They  convey 
an  erroneous  impression  of  the  actual  circumstances  and,  except  as  an  interesting 
mathematical  proposition,  they  are  of  very  little  practical  value,  as  they  are  based 
on  numerous  assumptions  that  are  known  to  be  doubtful. 

In  Hclmholtz's  Collected  Scientific  Papers,  vol.  11,  there  are  three  papers  dealing 
with  the  horopter  and  its  form,  which  is  of  a  much  more  complex  character  than 
the  simple  circle  of  Miiller  when  physiological  conditions  more  in  accord  with 
actuality  are  taken  into  consideration.  Helmholtz's  treatment  of  the  subject  is 
elaborate  and  the  problem  appears  to  have  attracted  him  mainly  as  an  interesting 
mathematical  proposition. 

*  Johannes  Miiller,  Iliindbuch  der  Physiol,  des  Menschen,  1840. 

t  Alexandre  P.  Provost,  Essaisur  In  Theoriede  la  Vision  Binoailaire,  Geneva,  1 843  ( 1 5th  Dec.  i  S42;. 


234  J-  W.  French 

He  appears  to  have  entertained  some  doubts  as  to  the  value  of  these  particular 
mathematical  investigations,  as  in  the  second  paper*  he  states 

The  question  may  be  asked  as  tp  whether  or  not  to  seek  the  exact  form  of  the  horopter 
is  only  a  theoretical  amusement,  as  ReckUnghausenf  has  stated.  I  must  confess  (he  con- 
tinues) that  for  long  I  have  been  of  the  same  mind.  Recently,  however,  I  have  convinced 
myself  that  the  appreciation  of  those  object  points  that  lie  in  the  horopter  has  certain 
advantages  that  give  the  horopter  a  practical  meaning. 

He  does  not,  however,  attempt  to  disclose  the  advantages  claimed  in  justification 
of  his  labours. 

The  horopter  has  been  referred  to,  not  because  of  any  value  it  may  have  as  an 
optical  proposition,  but  because  around  the  subject  is  centered  a  great  deal  of  the 
early  opposition  to  the  claims  of  Wheatstone,  the  discoverer  of  stereoscopy.  It 
was  claimed  by  Wheatstone  that  the  principle  of  the  horopter  was  fundamentally 
false,  as  in  stereoscopic  vision  the  excitation  of  similarly  situated  but  disparate 
points  by  an  object  not  lying  on  the  horopter  may  give  rise  to  a  simple  sensation. 

So  revolutionary  an  assertion  could  not  readily  be  accepted  by  the  upholders 
of  the  horopter  and  much  ink  was  spilled  by  the  combatants. 

Immediately  prior  to  Wheatstone's  great  discovery  it  was  generally  accepted 
that  in  binocular  vision : 

(i)   Both  eyes  were  used  simultaneously,  not  alternately. 

(2)  The  appreciation  of  the  object  form  was  a  resultant  eflect  of  two  images 
impressed  one  upon  each  retina,  and  it  was  recognized  that  the  two  images  were 
dissimilar  in  form. 

(3)  Simple  vision  resulted  from  the  excitation  of  corresponding  points  of  the 
two  retinae. 

(4)  The  excitation  of  disparate  points  necessarily  resulted  in  double  vision. 

(5)  Object  points  which  appeared  single  at  one  glance  of  the  eyes  were  situated 
upon  the  horopter. 

(6)  Object  points  not  lying  upon  the  horopter  corresponding  with  a  particular 
convergence  and  accommodation  necessarily  appeared  doubled. 

Wheatstone's  discovery  made  it  necessary  to  abandon  items  (4)  and  ((>),  which 
many  were  extremely  reluctant  to  do. 

In  the  Philosophical  Transactions  of  1838,  Sir  Charles  Wheatstone  published  his 
"Contributions  to  the  Physiology  of  Vision — Part  the  First— On  some  Remarkable 
and  Hitherto  Unobserved  Phenomena  of  Binocular  Vision."  He  commences  para- 
graph 2  with  the  statement  that 

It  being  thus  established  that  the  mind  perceives  an  object  of  three  dimensions  by 
means  of  the  two  dissimilar  pictures  projected  by  it  on  the  two  retinae,  the  following 
question  occurs:  what  would  be  the  visual  effect  of  simultaneously  presenting  to  each  eye 
instead  of  the  object  itself  its  projection  on  a  plane  surface  as  it  appears  to  that  eye? 

Wheatstone  recognized  that  a  three-dimensional  object  formed  two  dissimilar 
two-dimensional  images  on  the  retinae  and  that  the  same  retinal  images  could  be 

•   "  I'l-licr  dcni  Moroptei."    Ilelmholtz,  dillecleil  Pa[>ns.  \iil.  ii.  p.  452. 
t   .Inlih/iir  ()(ylithi>lmnli,f;ic.  vf>l.  V,  pt.  M,  p.  146 
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formed  on  the  respective  retinae  by  the  observation  of  appropriate  two-dimensional 
objects.  Might  it  not,  therefore,  be  possible,  he  argued,  to  produce  synthetically 
the  appearance  of  a  three-dimensional  object  by  the  observation  of  two-dimensional 
pictures? 

In  propounding  the  question  he  did  what  no  one  before  him  had  done  and  in 
the  final  result  he  demonstrated  once  more  his  power  of  invention  based  on  well 
directed  deduction. 

The  next  step — the  formation  of  the  requisite  images — was  an  easy  one  and  the 
various  arrangements  of  mirrors  adopted  by  him  are  so  well  known  that  they  need 
not  be  described  here. 

It  was  generally  accepted  that  the  similar  excitation  of  corresponding  points 
of  the  two  retinae  gave  rise  to  the  appreciation  of  a  single  image.  Wheatstone  ex- 
tended this  idea  by  demonstrating  that  the  excitation  of  disparate  points  of  the 
two  retinae  may  give  rise  to  the  appreciation  of  single  images  whose  distances 
depend  upon  the  amounts  of  the  disparities. 

Reference  has  already  been  made  to  the  opposition  that  was  aroused  by  such  a 
claim  and  a  careful  survey  of  Wheatstone 's  work  does  disclose  a  weakness  of  descrip- 
tion and  a  want  of  historical  knowledge  that  afforded  some  ground  for  criticism. 

When  repeating  his  experiments  it  is  difficult  to  understand  his  descriptions  of 
the  results  to  be  expected,  but  in  a  statement  of  this  kind  there  is  no  desire  to 
detract  from  the  greatness  of  Wheatstone's  discovery  which  is  unassailable. 

There  is  a  fundamental  consideration  underlying  all  binocular  vision  experiments 
to  which  Wheatstone  makes  no  reference  and  which  does  not  seem  to  have  been 
recognized  by  him  or  indeed  sufficiently  realized  by  subsequent  writers.  It  is  this: 
that  for  the  unaided  eye  accommodation  and  convergence  are  closely,  although  not 
rigidly,  associated.  Normally  a  particular  condition  of  accommodation  occasions 
a  particular  convergence,  and  to  alter  the  convergence  independently  of  the 
accommodation  involves  the  exercise  of  mental  effort  or  the  use  of  artificial  aids. 

For  the  correct  interpretation  of  the  phenomena  of  binocular  vision,  it  is  essential 
that  this  important  factor  should  be  realized,  as  otherwise  error  in  description  may 
readily  occur,  even  though  the  final  result  itself  may  be  correctly  expressed.  A 
simple  experiment  will  serve  as  an  illustration. 

If  two  stereoscopic  pictures  are  viewed  by  the  unaided  eyes,  they  may  be  made 
to  merge  by  the  exercise  of  the  requisite  mental  effort.  In  doing  so  the  pictures  will 
appear  to  move  in  their  plane  towards  each  other  and,  if  the  original  separation  is 
not  too  great,  they  will  ultimately  overlap  and  merge  to  form  one  picture  in  stereo- 
scopic relief  at  an  intermediate  position.  The  observer  feels  his  eyes,  as  it  were, 
converging  more  and  more  towards  this  intermediate  position.  In  reality  his  eyes 
are  rotating  outwards,  not  inwards,  as  will  be  evident  from  a  consideration  of  Fig.  8, 
where  A  and  B  are  the  stereoscopic  objects  under  observation.  The  eyes  C  and  D 
naturally  accommodate  themselves  to  the  distance  of  the  object  and  in  doing  so 
they  converge  towards  the  intermediate  point  C ,  the  convergence  being  a  function 
of  the  accommodation.  The  retinal  images  of  A  and  B  fall  on  dissimilar  points  and 
are  accordingly  separately  appreciated  as  two  images.    By  the  exercise  of   mental 
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effort  the  eyes  can  now  be  rotated  outwards  without  alteration  of  the  accommodation 
until,  when  they  are  directed  towards  A  and  B  respectively,  the  images  fall  upon 
the  corresponding  foveal  points  in  which  case  A  and  B  appear  merged,  being  viewed 
simply  as  a  single  object  lying  apparently  at  the  position  C  the  natural  fixation 
point  for  the  particular  condition  of  accommodation. 

There  are  many  who  have  not  specially  considered  the  matter  who  fail  to  realize 
that  their  eyes  are  not  tending  to  converge  when  they  make  two  separate  objects 
merge  in  the  manner  described. 

Before  proceeding  farther,  it  may  be  well  to  state  that  the  two  eyes  of  an  observer 
are  generally  not  equal  in  all  respects.  One  of  the  eyes  frequently  controls  the  vision 
but,  except  where  otherwise  specified,  it  will  be  assumed  that  they  share  the  work 
equally  and  that  they  rotate  equally  with  respect  to  the  median  plane,  which  is  not 
always  the  case. 

It  will  be  of  interest  now  to  reconsider  Wheatstone's  original  experiments  in 
the  light  of  the  relationship  of  convergence  to  accommodation.  His  illustration, 
Fig.  3*,  is  reproduced  in  Fig.  9,  descriptive  letters  only  having  been  added.  According 
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to  Wheatstone  the  axes  of  the  eyes  converge  through  the  objects  a  and  b,  the  images 
of  which  fall  on  corresponding  retinal  points  giving  rise  to  a  single  image  situated 
at  the  intersection  c  of  the  axes.  The  diagram  is  one  that  might  very  readily  be 
accepted  by  the  uncritical  reader  but  it  is  only  necessary  to  repeat  this  and  other 
of  Wheatstone's  experiments  to  realize  the  inadequacy  of  his  descriptions. 

Normally  the  unaided  eye  will  see  the  two  objects  directly  and  no  question  of 
stereoscopy  will  arise,  as  is  evident  from  Fig.  lo,  in  which  the  images  of  a  and  h 
fall  on  corresponding  points  of  both  retinae  and  give  rise  to  two  mental  images 
a'  and  h' .  Suppose,  however,  that  by  the  exercise  of  mental  effort  a  position  c  is 
fixed.  Then,  as  already  explained  in  connection  with  the  previous  Fig.  8,  the  objects 
a  and  h  will  appear  to  move  together  and  ultimately  merge,  in  which  case  the  axes 
will  be  directed  as  in  Wheatstone's  diagram.  But  the  combined  object  will  not  be 
at  the  position  r,  as  stated  by  Wheatstone.  It  will  be  in  the  plane  of  a  and  h.  Its 
distance  will  not  be  altered  by  the  act  of  convergence. 

Wheatstone*  states  that  "as  both  these  modes  of  vision  are  forced  and  un- 
natural, eyes  unaccustomed  to  such  experiments  require  some  artificial  assistance." 
The  simple  arrangement  of  tubes  used  by  him  for  tiiis  purpose  is  illustrated  in 
i'ig.  II.  If  tliis  t\|ierimcnt  is  repeated,  it  will  be  fouml  that,  as  the  convergence 
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is  varied,  the  position  of  tiie  resultant  image  does  not  alter  by  an  amount  at  all 
comparable  with  that  required  to  satisfy  Wheatstone's  diagram.  As  the  tubes  are 
brought  more  nearly  parallel,  the  intersection  of  the  axes  and  with  it  the  image 
should  recede.  The  apparent  displacement  of  the  image  is  actually  a  small  amount 
t)f  transient  duration  that  may  be  attributed  to  a  momentary  change  of  the  accom- 
modation as  the  convergence  is  altered. 

Wheatstone's  seventh  figure,  reproduced  in  Fig.  12,  is  of  particular  importance, 
as  it  describes  the  synthetic  formation  of  two  stereoscopic  images  from  four  objects. 

The  stereo  images  a  and  a'  are  represented  as  both  lying  behind  the  plane  bb' 
by  an  amount  that  may  become  infinite.  But,  if  the  experiment  is  repeated,  it  will 
be  found  that  one  of  the  stereo  images  always  lies  in  the  plane  of  the  objects  and 
more  careful  observation  will  reveal  the  existence  of  certain  limits  to  the  distance 
of  the  other  image  from  the  plane  bh' . 

For  a  truer  understanding  of  the  experiment  it  is  necessary  to  proceed  as  before 
from  the  condition  that  the  convergence  of  the  eyes  is  normally  determined  by  the 
condition  of  accommodation.   If  this  is  done  there  is  obtained  an  entirely  different 


diagram  that  makes  it  possible  to  prophesy  what  are  the  directions  in  which  a 
stereoscopic  image  will  move  as  the  separations  of  the  object  marks  are  varied. 

The  phenomena  of  stereoscopic  vision  will,  therefore,  now  be  considered  from 
the  point  of  view — which  I  regard  as  fundamental — that  the  convergence  of  the 
unaided  eyes  is  principally  determined  by  their  state  of  accommodation,  and  that 
mental  efi"ort  or  other  aids  are  necessary  to  alter  their  relationship. 

With  practice  a  pair  of  ordinary  stereoscopic  photographs  can  be  merged  without 
the  use  of  a  stereoscope.  The  pictures  appear  to  move  towards  each  other  and 
ultimately,  if  sufficient  mental  effort  is  exercised,  they  combine  to  give  a  single 
stereoscopic  view.  But  the  observer  actually  sees  the  combined  pictures  flanked  on 
either  side  by  the  original  and  now  separated  pictures. 

Thus,  suppose  the  two  views  are  represented  by  the  lines  AB  and  CD,  Fig.  13  a. 
When  viewed  stereoscopically  three  pictures  will  be  seen  by  the  observer,  namely 
a  central  combined  stereoscopic  picture  flanked  by  the  two  original  views,  which 
now  appear  separated,  as  indicated  in  Fig.  13  b.  The  explanation  is  the  simple  one 
previously  illustrated  by  Fig.  8,  that,  although  the  eyes  have  rotated  outwardly  in 
order  to  view  the  pictures  axially,  the  combined  image  appears  to  lie  at  the  central 
position  corresponding  with  the  point  of  convergence  for  the  particular  condition 
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of  accommodation.  By  suitable  screening,  the  simple  flank  images  can,  of  course, 
be  eliminated. 

Mental  effort  may  be  avoided  by  the  use  of  various  aids  such  as  the  prisms  E 
and  F  of  Fig.  14,  placed  in  front  of  the  eyes  G  and  H  which,  although  naturally 
converged,  view  the  objects  AB  and  CD,  the  combined  image  of  which  appears  to 
lie  at  the  intermediate  position. 

In  reaUty  these  intermediate  images  are  not  strictly  parallel  to  one  another,  their 
inclinations  being  those  attributable  to  the  swinging,  as  it  were,  of  the  objects  from 
the  flanking  positions  to  the  intermediate  position.  But  small  variations  of  this 
kind  will  be  neglected  in  the  consideration  of  subsequent  experiments,  as  the  errors 
introduced  thereby  have  been  found  to  be  quite  inappreciable.  It  will  also  be 
assumed  in  the  experiments  to  be  described  that  the  objects  have  been  merged 
and  brought  into  the  intermediate  position. 

In  Fig.  15,  AB  and  CD  are  two  pairs  of  separated  objects  indistinguishable 
from  one  another  in  form,  and  the  points  AC  have  been  fixed  by  the  eyes  E  and  F 
and  caused  to  merge.  They  are  accordingly  represented  as  one  point.  Images  of 
B  and  D  fall  upon  corresponding  points  and  give  rise  to  a  single  image  situated 
apparently  at  K.  If  this  Fig.  15  is  compared  with  the  earlier  Fig.  12  of  Wheatstone 


it  will  be  realized  how  essentially  different  are  the  results  obtained  from  the  two 
diagrams.  When  CD  is  greater  than  AB,  the  point  image  K  lies  beyond  AC  and 
it  is  said  to  appear  orthostereoscopically ;  as  D  is  moved  towards  C,  the  point  K 
advances  along  the  definite  direction  BK,  as  will  be  very  evident  to  an  observer 
who  repeats  the  experiment.  When  D  reaches  B,  that  is,  when  the  separation  of 
the  pairs  of  points  AB  and  CD  are  equal,  K  will  coincide  with  B  and  two  simple 
images  will  appear  in  the  fixation  plane  containing  A.  This  stage  is  represented  in 
Fig.  16,  in  which  only  the  principal  rays  corresponding  with  Fig.  15  have  been 
indicated.  As  D  moves  still  farther  towards  C  the  stereoscopic  image  K  will  now 
lie  on  the  near  side  of  the  fixation  plane,  as  in  Fig.  17.  It  is  said  to  appear  pseudo- 
stereoscopicaliy,  but  the  transition  is  so  regular  and  normal  that  the  use  of  these 
terms  will  be  avoided,  as  being  unnecessary  and  indeed  rather  meaningless. 

Suppose  now  the  separation  (]D  becomes  zero;  the  image  K  should  approach 
the  position  A.',,  Fig.  18.  But  it  is  obvious  that  an  object  at  A  and  one  at  B  will 
appear  simply  as  two  objects  in  the  plane  AB  in  accordance  with  the  earlier  Fig.  16, 
and  not  as  an  image  at  A  and  a  stereoscopic  image  at  Aw',.  There  must  be  a  position 
of  inflection  or  a  failure  of  the  stereoscopic  phenomenon  in  the  region  indicated. 
That  there  is  a  failure  is  evident  if  we  follow  the  process  still  farther  until  D  has 
proceeded  beyond  (J,  as  in  I-'ig.  19.  Since  .  /  :iiul  C  I, ill  upon  the  foveae,  they  form 
a  simple  image,  but  the  images  of  /i  and  I)  now  hill  on  disparate  points^  and  h. 
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'I'hey  must  be  seen  separately  and  cannot  give  rise  to  a  single  stereoscopic  image 
at  K.,.  A  further  motion  of  D  towards  the  left  could  never  again  result  in  a  stereo- 
scopic image,  as  disparate  points  would  continue  to  be  excited.  When  the  experi- 
ment is  made  it  will  be  found  that,  as  D  approaches  (.\  say  from  the  right,  stereo- 
scopic vision  does  actually  break  down  at  a  definite  distance  of  D  from  C.  The  eye 
becomes  confused  and  sees  the  images  break  up  and  change  their  positions,  as  if 
imstable.  As  the  displacement  of  D  is  continued,  the  confusion  persists  until, 
when  D  has  passed  to  the  other  side  of  C  by  a  certain  amount,  the  stereoscopic 
image  reappears,  but  its  direction  of  motion  will  now  have  changed  by  an  amount 
that  is  very  recognizable  in  the  field  of  view. 

The  explanation  is  really  simple.  During  the  period  of  confusion  the  fixation 
of  the  eyes  wanders  indefinitely  between  A  and  B.  When  the  point  D  passes  beyond 
C  to  the  critical  point,  the  fixation  of  the  eyes  changes  from  A  to  B,  and  the  diagram 
now  becomes  that  indicated  in  Fig.  20. 

'i'he  fixation  has  shifted  from  A  to  B,  which  now  coincides  with  C,  the  images 
of  which  fall  on  the  foveae  and  produce  a  single  impression.  The  images  of  A  and  D 


fall  on  corresponding  points  and  give  rise  to  a  single  stereoscopic  image  at  K  lying 
beyond  the  plane  of  A.  Thus  during  the  critical  period  of  confusion  the  position 
of  the  stereoscopic  image  K  has  shifted  from  the  near  side  of  the  fixation  plane  to 
the  far  side. 

Xow  as  D  continues  its  movement  farther  towards  the  left  away  from  C,  the 
point  K  approaches  A  along  the  new  direction  Ag.  When  CD  again  equals  AB, 
the  points  K,  D  and  A  all  coincide  and  two  simple  objects  are  seen  in  the  one  plane, 
as  is  to  be  expected. 

Further  movement  of  D  towards  the  left  brings  the  single  stereo  image /J  in  front 
ot  A  as  in  Fig.  21 .  It  will  then  be  found  by  experiment  that  there  is  another  limiting 
position  of  D  towards  the  left  at  which  the  stereoscopic  image  K  fails  by  breaking 
up  into  separate  non-stereoscopic  images  of  A  and  D.  Beyond  certain  limits  the 
eyes  cannot  hold  the  images  in  combination.  Similarly  there  is  an  extreme  critical 
position  of  D  at  the  right  hand  side,  as  indicated  in  Fig.  22,  representing  the  earlier 
condition  in  which  A  and  C  were  fixed. 

For  pairs  of  objects  all  of  which  are  similar  in  form  arranged  side  by  side,  there 
are  accordingly  four  critical  points  at  which  stereoscopic  vision  fails.  They  are  as 
follows : 
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An  extreme  outer  position  on  the  right  hand  side,  as  in  Fig.  22. 

An  inner  position,  as  in  Fig.  17,  where  the  stereo  image  Hes  on  the  near  side 
of  the  fixation  plane. 

A  second  inner  position,  as  in  Fig.  20,  where  the  stereo  image  Ues  on  the  far 
side  of  the  fixation  plane,  the  fixation  point  being  now  altered. 

A  second  extreme  outer  position  on  the  left  side,  as  in  Fig.  21. 

Before  proceeding  farther,  it  may  be  well  to  consider  this  question  of  critical 
regions  from  the  quantitative  point  of  view,  but  it  will  hardly  be  possible  in  the 
time  available  to  do  more  than  illustrate  a  few  typical  sets  of  observations.  It  must 
suffice  to  consider  the  results  obtained  from  the  combination  of  short  and  very  fine 
pairs  of  lines.  Thick  lines  gave  similar  results  except  at  very  small  separations,  the 
angular  values  of  which  were  comparable  with  the  angular  widths  of  the  lines. 


(1)  i  ? 

r'    ff 

C         /) 

'c    k 

(   l> 

.',  ^  ? 

i>P'f 

V,' 

,i^? 

1. 

v't)i   « 

™(^  Cf 

,,,  A     U 

•/?<" 

'Jf 

"f 

i'.r? 

?f  ^' 

i'    V 

!_  First  (outer)  critical  point  -  Dj 
1^    Two  objects  in  same  plane 

Second  (inner)  critical  point  -  D^ 
Two  objects  in  same  plane 
Two  objects  in  same  plane 
Third  (inner)  critical  point  -  D3 
Two  objects  in  same  plane 
Fourth  (outer)  critical  point  -  D, 


MAXCLOi  U\ 

ESJROMEVFJ 

% 

v^ 

\;:x 

? 

— 

X 

V 

\\  . 

5       / 

'     / 

y 

^E..AK^>^ 

■^ 

^ 

'^ 

^^ 

^^ 

1  1   \H 

MPAH  \T10\ 

OF  r  A  n 

liting  stereoscopic  Anple: 


Fine  dots  and  coarse  dots  gave  curves  of  a  type  very  similar  to  those  obtained  from 
fine  and  coarse  lines  respectively.  Varying  the  length  of  the  lines  did  not  appreciably 
affect  the  results.  Quantitatively  certain  of  the  results  depend  upon  the  particular 
observer. 

A  typical  set  of  observations  is  representetl  by  tiie  curves  of  iMg.  23  wiiich  really 
comprise  three  sets  of  observations  with  the  eyes  accommodated  for  different 
distances.  The  dots  represent  readings  on  objects  at  14-5  inches  distance,  the 
circles  on  objects  at  24  inches,  and  the  crosses  on  objects  at  31-5  inches.  As  all  the 
readings  fall  with  considerable  exactitude  on  fair  curves,  it  will  be  evident  tluit  t la- 
positions  of  the  critical  points  of  stereoscopic  vision  are  practically  indepiiulent  oi 
the  state  of  accommodation  of  the  eyes  and  they  are  also  independent  of  the  con- 
vergence which  is  so  closely  associated  with  the  accommodation. 

In  F'ig.  23  the  pairs  of  objects  AR  and  C.l)  are  show  n  near  tlie  lop  of  the  diagram 
with  the  combined  images  between  them.    As  the  positions  ol  each  set  of  four 
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critical  points  depend  upon  the  relative  separations  of  A  from  B  and  C  from  D, 
the  sets  of  four  critical  points  have  been  determined  for  various  separations  of  A 
from  B  which  during  each  set  of  observations  were  kept  constant.  It  will  be  assumed 
that  D  progressively  approaches  C  from  the  right.  The  first  critical  point  occurs 
when  CD  is  considerably  greater  than  AB,  as  indicated  at  (i),  Fig.  23,  and  by  the 
cur\'e  Z), .  When  CD  equals  AB,  the  two  images  appear  in  the  fixation  plane  of 
AR.  The  second  critical  point  occurs  when  D  is  close  to  C,  as  indicated  at  (3) 
and  by  the  curve  /)o.  When  C  and  D  coincide,  as  at  (4),  the  two  objects  appear  in 
the  fixation  plane  of  BC.  When  D  has  passed  to  the  left  of  C  by  a  small  amount, 
there  occurs  the  third  critical  point,  as  indicated  at  (5)  and  by  the  curve  D^.  When 
CD  equals  AB  the  two  objects  again  appear  in  the  fixation  plane  containing  BC. 
When  D  has  passed  considerably  to  the  left  of  C  there  occurs  the  fourth  and  last 
critical  point  D^  as  indicated  at  (7)  and  by  the  curve  D^. 

In  the  diagram  of  Fig.  23  abscissae  of  the  curves  represent  the  angles  subtended 
by  the  objects  C  and  D  and  ordinates  represent  the  angles  subtended  by  the  lines  AB. 
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Suppose,  for  example,  the  angular  separation  of  A  and  B\s  1°  and  the  separation 
of  C  and  D  is  varied  as  already  described.  When  this  separation  is  greater  than  i-6° 
there  is  no  stereoscopic  vision.  C  and  D  are  seen  separately  and,  further,  they  are 
seen  distinctly,  which  shows  that  the  outer  critical  point  D^  is  not  determined  by 
any  question  of  indistinct  vision.  When  the  separation  is  i-6-  the  images  can  be 
combined  to  appear  as  a  single  stereoscopic  image. 

Stereoscopic  vision  continues  until  the  separation  is  reduced  to  o-6°.  Thereafter 
with  astonishing  abruptness  stereoscopic  vision  fails  and  the  vision  becomes  stereo- 
scopically  confused  until  D  has  passed  to  the  other  side  of  C  and  the  angular  separa- 
tion has  become  —  o-6°,  at  which  point  the  objects  again  combine  to  give  a  stereo- 
scopic image.  As  the  negative  separation  increases,  stereoscopic  vision  persists, 
until  it  breaks  down  when  the  separation  is  —  i-6°. 

If  the  angular  separation  of  the  lines  AB  is  a  quarter  degree,  then  the  outer 
limits  of  stereoscopic  vision  are  only  ±15  minutes,  and  the  inner  limits  i  6  minutes. 
A  clearer  idea  of  the  meaning  of  these  curves  may  possibly  be  obtained  from  the 
perspective  diagram.  Fig.  24,  which  represents  the  appearance  of  the  field  of  view, 
the  centre  of  which  corresponds  with  the  point  of  fixation  and  is,  therefore,  occupied 
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by  the  combined  image  of  A  and  C  or  of  5  and  C,  as  the  case  may  be.  Vertical 
and  horizontal  diameters  are  indicated  to  emphasize  the  appearance  of  nearness  or 
farness  of  points  on  the  oblique  line  in  the  rectangular  XZ  plane  of  co-ordinates. 
Thus  in  Fig.  24  a,  D^  and  D,  are  the  outer  and  inner  critical  points  when  A  and  C 
are  fixed.  Between  the  positions  Z)j  and  D.,  there  is  stereoscopic  vision  and  similarly 
in  Fig.  24  b,  in  which  B  and  C  are  fixed,  there  is  stereoscopic  vision  between  D3 
and  7)4 .  Between  D^  and  D^  there  is  confusion  as  the  point  of  fixation  is  being 
changed.  Beyond  D^  and  D^  there  is  separate  vision.  The  object  Z),  beyond  its 
outer  critical  position  breaks  up  into  the  two  original  objects  B  and  D  and  in  doing 
so  the  two  objects  appear  to  move  along  the  lines  D^B  and  D^D  of  Fig.  24  d. 

When  the  separation  of  AB  is  made  small,  as  in  Fig.  24  c,  it  will  be  observed 
that  the  stereoscopic  interval  DJ).,,  and  similarlv  D^D^,  becomes  correspondingly 
small. 

It  was  stated  in  the  earlier  part  of  this  paper  that  the  phenomena  of  stereoscopic 
vision  are  practically  independent  of  the  condition  of  ocular  convergence.  In  support 
ot  this  conclusion  the  results  indicated  in  Fig.  25  may  be  of  interest,  but,  owing  to 
the  limitation  of  time,  it  will  not  be  practicable  to  describe  the  means  by  which 
these  and  other  results  were  obtained  and  a  very  brief  reference  to  the  results  must 
suffice. 

The  convergence  of  the  eyes  was  varied  to  suit  the  acconunodation  and  the 
angular  positions  of  one  pair  of  the  outer  and  inner  critical  points  are  those  repre- 
sented in  the  diagram.  Practically  the  values  are  constant  for  all  conditions  of 
convergence  and  for  all  conditions  of  accommodation.  Sir  David  Brewster,  it 
will  be  recollected,  regarded  stereoscopic  vision  as  being  determined  in  some  way 
by  the  convergence  of  the  eyes  which  he  assumed  rapidly  changed  their  fixation 
from  the  one  object  to  the  other  and  this  view  he  upheki  with  all  the  vigour  for 
which  he  was  remarkable. 

But  Dove  effectively  disposed  of  this  theory  by  demonstrating  that  objects  were 
seen  stereoscopically  when  illuminated  by  an  electrical  discharge  the  duration  of 
which  was  a  small  fraction  of  that  required  for  any  definite  change  of  the  con- 
vergence. 

That  the  outer  critical  point  is  not  determined  by  the  limit  of  distinct  vision 
hardly  needs  demonstration  since  all  those  included  in  the  diagrams  of  this  paper 
have  resulted  from  the  excitation  of  points  comprised  within  the  macula  lutea. 
Variation  of  the  illumination  has  some  effect  upon  the  outer  critical  points  Di 
and  /).,  but  no  apparent  effect  upon  the  inner  critical  points  D^  and  D^.  This  will 
be  evident  from  Fig.  26,  which  comprises  the  results  of  three  sets  of  illumination 
experiments  in  which  (i)  both  pairs  of  images  were  brightly  and  equally  illu- 
minated; (2)  the  illimiination  of  both  pairs  was  very  dull  although  equal;  and 
(3)  one  pair  was  brightly  illuminated  in  comparison  with  the  other. 

So  far  as  the  positions  of  the  inner  critical  points  D.^  and  />,  are  concerned, 
variation  of  the  illumination  has  no  effect;  the  three  curves  closely  agree  with  one 
another.  But  there  is  quite  an  appreciable  effect  in  the  position  of  the  outer  critical 
points.    Strong  illumination  extends  the  limit,  as  indicated  by  curve  (a),  weak 
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illumination  reduces  it,  as  indicated  by  curve  (6),  and  unequal  illumination  has 
a  still  greater  effect.  F"rom  curve  (c)  it  would  appear  that  the  limiting  points  are 
determined  by  the  low  illumination  of  one  of  the  pairs.  The  corresponding  curves 
for  the  /J4  critical  points  are  not  indicated  in  the  diagram. 

To  affect  the  position  of  the  inner  critical  point  curves  D^,  and  Dj  does  not 
appear  to  be  easy.  Independent  variation  of  the  powers  of  the  two  eyes  has  no 
appreciable  effect.  Curves  obtained  by  young  and  elderly  people  were  practically 
identical  and  variation  of  the  colour  of  the  objects  produced  no  marked  effect,  but 
further  research  regarding  these  and  other  details  is  very  desirable. 

In  all  the  preceding  experiments  the  objects  observed  in  each  particular  experi- 
ment have  been  equal  in  size  and  form.  Those  described  were  .mostly  made  with 
short  and  very  fine  lines  in  order  to  ensure  accuracy  when  the  separations  were 
small.  Similar  results,  however,  were  obtained  from  observations  on  sets  of  long 
thin  lines  and  on  fine  points.  When  observing  on  thick  lines  or  spots  the  observa- 
tions were  affected  at  small  separations,  as  was  to  be  expected. 

It  is  desirable  now  to  consider  certain  important  questions  that  arise  when  pairs 
of  dissimilar  objects  are  observed,  a  condition  of  affairs  that  corresponds  more 
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nearly  with  natural  conditions.  In  the  first  instance  it  will  be  assumed  that  the 
objects  all  lie  on  one  straight  line  and  that  accordingly  the  inpages  appear  to  move 
in  one  plane,  as  in  the  previous  experiments.  Inequality  of  size  rather  than  of  form 
appears  to  have  the  greatest  effect  in  preventing  stereoscopic  combination  of  the 
images.  Results  obtained  from  the  observation  of  pairs  of  objects  comprising  a 
fine  line  and  a  circle,  triangle,  and  square  are  indicated  in  Fig.  27. 

No  difficulty  need  be  experienced  in  combining  the  objects  A  with  the  similar 
objects  C  or  the  line  B  with  the  line  D. 

Provided  the  angular  dimensions  are  comparable,  there  is  also  little  difficulty 
experienced  in  combining  the  circle  with,  say,  the  triangle  or  the  square,  when  they 
are  arranged  on  the  same  horizon. 

But  the  fine  line  B  cannot  be  combined  with  the  objects  C  and  therefore  after 
the  inner  critical  point  has  been  reached  stereoscopic  combination  of  the  images 
is  not  again  attained. 

From  a  comparison  of  the  curves  of  Fig.  27  with  those  previously  shown,  such 
for  example  as  those  of  Fig.  23,  it  will  be  seen  that  the  critical  point  curves  now  lie 
on  one  side  only  of  the  median  line.  The  corresponding  curves  on  the  other  side 
resulted  in  the  previous  experiments  from  the  change  of  the  fixation  from  AC  to 
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BC.  As  the  dissimilar  objects  B  and  C  cannot  be  stereoscopicallv  combined,  the 
existence  of  only  one  pair  of  curves  might  have  been  anticipated. 

Measurements  of  the  angles  subtended  were  made  between  the  line  and  the 
centres  of  the  objects  A  and  from  the  diagram  it  would  appear  that  the  width  of 
the  object  involves  a  displacement  of  the  median  hne.  While  the  occurrence  of 
such  a  displacement  is  understandable,  it  is  difficult  to  explain  why  it  should  be 
approximately  equal  to  the  angular  width  of  the  object  A  which  had  a  linear  width 
of  0-05  inch  and  a  distance  of  21-5  inches. 

From  observation  on  dissimilar  objects  of  approximately  equal  size,  such  as 
those  represented  in  Fig.  28,  two  sets  of  curves  were  obtained,  as  when  observing 
on  a  pair  of  lines.  Evidently  the  eye  is  capable  of  combining  dissimilar  objects  under 
certain  conditions,  as  for  example  those  of  equality  of  size.  It  was  remarked, 
however,  that,  although  the  objects  were  combined  stereoscopically,  the  resultant 
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image  appeared  confused.  To  discriminate  the  details  of  its  form  was  not  easy. 
As  in  the  previous  illustration  the  median  line  appears  to  be  displaced  for  each  pair 
of  curves,  that  is,  towards  the  right  and  the  left,  and  it  is  remarkable  that  the  amount 
of  the  displacement  is  approximately  8  minutes,  as  before. 

Some  of  the  results  obtained  from  observations  of  dissimilar  objects  are  sum- 
marized in  Fig.  29  and  of  these  Nos.  Ill  and  IV  are  of  particular  interest,  as  they 
indicate  that  a  thick  broad  line  will  not  combine  with  objects  of  equal  angular  width 
and  that  mental  effort  is  required  to  combine  a  thick  broad  line  with  a  thin  line. 

Natural  conditions  are  still  more  nearly  approximated  to  if  the  i)bjects  of  each 
pair  are  on  different  horizons.  Hitherto  those  considered  have  been  on  the  same 
level  and  the  combined  images  in  approaching  each  other  have  intersected  or 
interfered  with  one  another. 

In  Fig.  30  the  objects  A  ami  C  lie  on  the  same  horizon,  that  is,  on  a  line  parallel 
to  the  ocular  base,  and  the  objects  B  and  f)  are  on  another  level.  I'nder  the.se  con- 
ditions it  is  only  possible  to  combine  ,/  and  (.'  or  H  ;uul  /),  that  is,  objects  on  the 
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same  horizon.  For  simplicity  the  case  in  which  B  is  brought  directly  above  A  will 
alone  be  considered.  When  the  general  principles  involved  are  recognized,  it  is 
quite  easy  to  draw  the  diagrams  for  any  other  case  of  the  same  type  and  to  predict 
the  resultant  stereoscopic  appearances. 

On  the  one  retina  B  lies  directly  above  A  and  D  above  C  but  to  one  side.  The 
stereoscopic  image  of  BD  in  Fig.  30  lies  above  and  beyond  and  towards  the  right 
of  the  combined  image  AC.  If  D  also  lies  directly  above  C  as  in  Fig.  31,  then  the 
stereoscopic  image  BD  lies  directly  above  AC  and  in  its  plane.  If  now  D  lies  on 
the  left  hand  side  of  C  as  in  Fig.  32,  the  stereoscopic  image  BD  lies  above,  on  the 
near  side,  and  towards  the  left  of  the  stereoscopic  image  AC. 

Since  in  all  three  cases  the  object  BD  lies  above  AC,  with  which  it  cannot  inter- 
fere. It  will  be  realized  that  there  can  be  no  inner  critical  points  and  the  truth  of  this 
deduction  can  be  confirmed  by  experiment.  When,  however,  D  is  moved  sufficiently 
far  towards  the  left  or  the  right,  stereoscopic  vision  fails  and  the  two  extreme 
critical  points  are  obtained  as  in  the  other  series  of  experiments.   Thus  for  pairs  of 


objects  on  different  levels  there  are  only  two  critical  points,  namely  the  outer  ones, 
Z)iandD,. 

But  in  a  well-adjusted  stereoscopic  rangefinder  it  is  usually  the  case  that  no 
critical  points  are  observable  when  the  stereoscopic  images  do  not  lie  on  the  same 
level.  This  is  due  to  the  angular  displacement  necessary  to  reach  either  of  the  outer 
critical  points  being  less  than  the  total  angular  displacement  of  the  images  in  the 
field  of  view  that  is  attainable  in  the  rangefinder.  It  is  quite  possible,  however, 
so  to  adjust  a  stereoscopic  rangefinder  that  one  of  the  extreme  critical  points  can 
be  obsen'cd. 

Reverting  again  to  Figs.  30  and  32,  it  will  be  seen  that  a  retinal  image  JB  on  the 
vertical  meridian  corresponds  with  a  retinal  image  D  that  lies  in  one  case.  Fig.  30, 
on  the  left  of  the  vertical  meridian  through  C  and  in  the  other  case.  Fig.  32,  on  the 
right.  This  is  a  condition  of  affairs  that  is  of  importance  in  any  discussion  of  the 
question  of  corresponding  points.  There  is  indeed  no  peculiar  virtue  associated 
with  a  vertical  meridian  passing  through  the  fovea  centralis  and  so  far  as  stereo- 
scopic vision  is  concerned  it  is  improbable  that  there  is  any  structural  transition 
the  section  in  question.  This  conclusion  was  confirmed  by  a  series  of  experi- 
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merits  in  which  objects  viewed  obUquely  were  successfully  combined  stereoscopic- 
ally.  None  of  the  images  contributing  to  the  stereoscopic  appearance  lay,  in  these 
experiments,  on  either  fovea  centralis  or  on  verticals  passing  through  them. 

It  is  only  for  convenience  of  description  that  in  the  majority'  of  cases  direct 
vision  experiments  have  been  considered.  Such  oblique  stereoscopic  vision,  how- 
ever, is  limited  to  comparatively  small  obliquities  of  about  i"^  30'  to  2".  All  the 
images,  therefore,  fall  within  the  macula  lutea. 

Fig.  33  is  of  particular  interest,  as  it  shows  the  e^treme  positions  of  the  outer 
and  inner  critical  points  of  stereoscopic  vision  for  similar  objects  on  the  same  hori- 
zon. Only  one  pair  of  cunes  is  irKlicated  in  the  diagram,  from  which  it  will  be 
seen  that  the  two  cur\es  tend  to  meet.  Thus  at  the  limit  the  outer  and  inner  critical 
points  coincide  and  for  further  separations  of  A  and  B  there  is  no  stereoscopic 
vision  possible. 

That  stereoscopic  vision  should  be  impossible  over  so  large  a  proportion  of  the 
diagram  is  somewhat  surprising  but,  if  pairs  of  vertical  lines  that  subtend  angles 
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within  the  critical  areas  indicated  are  viewed,  the  reality  of  these  critical  points  will 
be  soon  appreciated,  as  a  feeling  of  discomfort  will  be  experienced  in  the  attempt 
to  combine  the  images. 

It  is  possible  that  some  observers  may  have  more  extended  limits  than  those 
indicated,  but  the  variations  do  not  appear  to  be  great. 

I  do  not  know  if  the  opinion  is  still  generally  held  that  corresponding  halves 
of  the  retinae  arc  grouped  together,  as  is  suggested  by  the  partial  decussation  of 
the  optic  nerve  fibres  that  takes  place  at  the  optic  chiasma,  and  that  the  nerves  from 
corresponding  elements  of  the  two  retinae  are  joined  to  one  cerebral  cell.  Any 
explanation  of  the  cerebral  mechanism  of  vision  appears  to  be  rendered  still  more 
incomprehensible  by  the  considerations  that  an  element  of  one  retina  corresponds 
with  any  number  of  elements  on  the  same  horizon  of  the  other  retina;  that  retinal 
elements  on  either  side  of  a  vertical  meridian  through  the  optic  axis  of  one  eye  may 
correspond  with  an  element  on  the  vertical  meridian  through  the  optic  axis  of  the 
other  eye;  and  that  stereoscopic  vision  is  possible  under  conditions  of  oblique 
vision,  although  limited  to  a  few  degrees.  These  considerations  appear  to  make  the 
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mechanism  of  stereoscopic  vision  even  more  inexplicable  when  considered  on  the 
basis  of  Ilering's  Cyclopean  eye.  But,  although  in  the  present  state  of  our  know- 
ledge it  is  undesirable  to  speculate,  the  evidence  seems  to  indicate  as  the  seat  of 
stereoscopic  vision  some  cerebral  position  corresponding  in  effect  with  the  funda- 
mental conception  of  a  Cyclopean  eye. 

Such  a  position  is  the  optic  chiasma  regarding  which  but  little  is  really  known, 
notwithstanding  that  the  details  of  the  decussation  of  the  optic  fibres  are  generally 
indicated  with  a  precision  comparable  with  a  plan  of  a  railway  junction.  Conceivably 
the  optic  chiasma  is  something  more  than  a  mere  junction  for  the  distribution 
of  the  optic  nerve  fibres. 

Such  indefinite  knowledge  of  the  cerebral  mechanism  as  at  present  exists  is 
largely  the  result  of  clinical  observation  and  pathological  anatomy.  Progress  on 
these  lines  alone  must  necessarily  be  extremely  slow  and  it  is  desirable,  therefore, 
that  for  his  guidance  the  pathologist  should  be  supplied  with  the  fullest  details  of 
the  various  phenomena  of  vision.  These  details  can  only  be  elucidated  by  con- 
tinued research  on  the  part  of  opticians  and,  if  this  contribution  to  the  subject  has 
served  to  demonstrate  that  the  field  of  vision  is  still  a  great  and  unexplored  one, 
the  work  of  preparing  this  paper  will,  so  far  as  I  am  concerned,  have  been  justified. 


DISCUSSION 

Prof.  Cheshire:  Although  I  agree  with  much  that  Dr  French  has  said,  there 
is  still  a  great  deal  with  which  I  do  not  agree,  and  which  I  think  is  either  wrong 
or  misleading. 

As  regards  the  earlier  part  of  the  paper  there  is  little  to  say — the  Horopter 
does  not  interest  me  much,  because  the  angular  field  of  acute  vision,  around  the 
visual  axes  of  the  eye,  is  so  extremely  small  that  whether  objects  imaged  appreciably 
off  the  axes  are  imaged  singly  or  doubly,  does  not  much  matter  if  they  cannot  be 
seen  at  all. 

Dr  French  has  reproduced  in  his  Fig.  9  the  Fig.  3  of  Wheatstone's  paper. 
Now  Wheatstone  in  his  classical  papers,  which  have  been  referred  to,  showed  for 
the  first  time  how  the  methods  of  descriptive  geometry,  invented  by  Monge,  could 
be  applied  to  the  problems  of  stereoscopic  reconstruction.  This  method,  which 
has  been  followed  without  question  or  challenge  by  every  later  writer  of  repute, 
has  received  its  fullest  application,  perhaps,  in  a  booklet  by  M.  Cazes  called 
Stereoscopic  de  Precision,  and  in  a  paper  read  before  the  Royal  Photographic 
Society  by  Mr  Lyndon  Bolton  in  1903  on  the  subject  of  "  Stereoscopic  Distortion." 
Now  let  us  examine  Wheatstone's  figure.  It  shows  points  a  and  b  with  a  certain 
separation  in  the  plane  of  projection  being  observed  binocularly,  with  the  axis  of 
the  left  eye  directed  through  a,  and  the  axis  of  the  right  eye  similarly  directed 
through  b.  Wheatstone  states  that  under  these  circumstances  the  observer  will 
see  the  stereoscopic  image  produced  as  though  it  were  at  the  point  c,  the  point  of 
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intersection  of  the  visual  axes.  In  other  words,  according  to  Wheatstone,  the  two 
points  a  and  b,  which  may  be  looked  upon  as  the  projections  in  the  plane  ab  of 
an  object  point  c,  from  the  two  eye  points,  will,  if  observed  with  the  eyes  con- 
verging as  shown,  fuse  to  present  a  single  point  seen  as  though  at  c.  Dr  French 
apparently  agrees  that  the  axial  rays  from  the  points  a  and  b  reach  the  left  and 
right  eyes  respectively  as  though  they  proceeded  from  a  single  point  r,  but  he  says: 
"The  combined  object  will  not  be  at  the  position  c  as  stated  by  Wheatstone.  It 
will  be  in  the  plane  of  a  and  b.  Its  distance  will  not  be  altered  by  the  act  of  con- 
vergence." This  is  a  statement  which  it  is  ven,-  difficult  to  understand.  Presumably, 
however,  Dr  French  means  that  the  axial  rays  from  the  single  image  r  seen,  enter 
the  eye  as  from  a  single  point  in  the  plane  ab.  It  is  a  pity  that  Dr  French  does 
not  give  a  ray  diagram  to  explain  his  contention.  What  is  wanted  is  the  ray  diagram 
for  the  case  in  which,  to  use  his  own  words,  "The  combined  object"  is  not  "at 
the  position  c"  but  "in  the  plane  of  a  and  b."  In  the  absence  of  such  a  diagram 
further  criticism  would  be  futile,  but  it  may  be  pointed  out  that,  according  to 
Wheatstone,  the  fusion  of  any  two  separated  points  in  the  plane  of  projection  must 
give  rise,  under  the  conditions  contemplated,  to  the  impression  of  a  single  point 
from  which  the  rays  entering  the  eyes  diverge  under  a  smaller  angle  than  they 
would  do  from  a  point  in  the  plane  of  projection  and  thus  the  single  image  point 
must  be  seen  as  though  behind  any  single  point  binocularly  seen  in  the  plane  of 
projection*.  Special  stereograms  to  illustrate  this  point  have  been  known  for 
many  years. 

It  is  obvious  that  according  to  the  principles  of  descriptive  geometry  an  object- 
point  represented  in  the  plane  of  projection  by  a  single  common  point  must  itself 
be  in  the  plane  of  projection. 

The  inability  of  the  eyes  to  estimate  distance  by  the  binocular  observation  and 
fusion  of  a  single  pair  of  points  was  well  known  to  Wheatstone.  The  eyes  demand 
the  "referent  plane"  to  which  he  makes  constant  allusion.  A  false  stereoscopic 
character  can  be  given  a  pair  of  similarly  cut  circular  or  square  prints  taken  from 
the  same  photographic  negative,  but  mounted  with  a  smaller  separation  from  centre 
to  centre  than  that  of  any  pair  of  corresponding  points  in  the  two  pictures.  This 
"fake"  was  exploited  commercially  on  a  large  scale  half  a  century  ago  and  is  still 
effective — incidentally  also  against  Dr  French's  contention  dealt  with  above. 

Lt.-Comdr.  H.  Hickling:  Dr  French's  contribution  is  a  very  valuable  one,  for 
at  present  we  know  very  little  about  stereoscopy.  Good  stereoscopic  vision  depends 
upon  a  great  number  of  factors,  both  physical  and  temperamental.  For  instance, 
expert  observers  found  it  impossible  to  take  reliable  readings  with  a  stereoscopic 
rangefinder  after  they  had  run  for  several  miles,  though  they  were  able  to  range 
accurately  with  a  coincidence  rangefinder.  Observers  suffering  from  toothache, 
headache  or  a  cold  had  their  stereoscopic  vision  impaired.  There  is  little  tloubt 
that  alcohol  adversely  affects  the  power  to  see  stcreoscopically. 

•  In  the  case  of  the  stereoscopic  fusion  of  the  images  of  two  points  in  the  plane  of  projection 
with  a  wider  separation  than  the  interocular  distance  of  the  observer  the  geometrical  method  of 
reconstruction  fails. 
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Mr  J.  Guild:  There  is  one  respect  in  which  this  paper  differs  from  the  previous 
papers  by  Dr  French,  that  is,  in  the  paucity  of  information  concerning  the  experi- 
mental basis  of  the  results.  Without  further  details  than  are  contained  in  the  paper 
it  is  very  difficult  to  follow  what  has  been  done. 

Dr  French  contends  that  stereoscopy  does  not  depend  on  convergence :  but  all 
that  he  has  varied  in  his  experiments  is  the  actual  convergence;  he  has  not  shown 
that  the  effect  does  not  depend  on  the  difference  of  convergence  required  for  fusion 
of  the  respective  pairs  of  points  representing  the  nearer  and  further  features  of  a 
stereoscopicaliy  perceived  picture.  It  is  on  this  difference — which  is  not,  as  far  as 
I  can  see,  affected  in  Dr  French's  experiment — and  not  on  the  actual  convergence 
that  stereoscopic  relief  depends  according  to  any  explanation  of  the  phenomenon 
which  I  have  seen  advanced.  Moreover  Dove's  experiment  on  instantaneous 
stereoscopic  perception  is  not  crucial,  as  it  is  not  necessary  where  the  estimation 
of  some  quantity — in  this  case  difference  of  distance — is  associated  with  a  muscular 
movement  that  such  muscular  movement  should  be  carried  out;  in  some  region 
of  consciousness,  or  rather  sub-consciousness,  there  resides  the  power,  when  the 
conditions  defining  two  terminal  states  of  a  possible  muscular  movement  are 
simultaneously  perceived,  of  appraising  the  degree  of  innervation  which  would  be 
required  to  produce  the  muscular  movement  between  these  states.  It  is  this  an- 
ticipatory appraisement  of  the  required  innervation  which  prevents  overshoot  and 
oscillation  in  all  our  muscular  readjustments,  and  which,  rather  than  the  muscular 
movements  themselves,  conveys  to  us  the  information  concerning  the  magnitude 
of  the  motion,  either  actual  or  potential. 

I  do  not  understand  Dr  French's  reference,  made  while  reading  the  paper, 
to  parallax  observations  as  a  means  of  determining  the  position  of  a  stereoscopic 
image  in  some  of  his  experiments.  Parallax  observations  will  always  give  the  true 
position  of  the  object,  or  objects,  in  space,  and  will  give  no  information  con- 
cerning the  apparent  position  of  the  stereoscopicaliy  fused  image,  which  is  purely 
an  illusion  due  to  the  interpretation  of  observed  effects  in  terms  of  the  circum- 
stances which  would  give  rise  to  similar  effects  in  the  normal  experience  of  the 
individual  and  the  race. 

One  other  point  on  which  I  would  like  Dr  French's  views  concerns  fixation. 
He  frequently  refers  in  the  paper  to  the  point  of  fixation  and,  I  think,  identifies 
this  with  the  centre  of  the  fovea.  He  appears  to  treat  it  as  having  a  definite  position 
and  therefore  as  capable,  in  conjunction  with  other  features  of  the  eye,  of  defining 
directions  and  planes.  Fixation  is  a  very  curious  phenomenon :  however  close  two 
points  may  be  it  is  possible,  provided  they  can  be  seen  as  separate  points,  to  fix 
either  of  them  but  not  both.  In  other  words  the  area  of  fixation  is  of  the  order 
of  that  of  a  single  cone.  If,  therefore,  fixation  is  to  be  attributed  to  a  retinal 
peculiarity  we  must  assume  that  some  one  cone  is  differentiated  in  this  very  unique 
way  from  the  thousands  of  others  within  the  area  of  distant  vision.  This  is  not 
impossible  but  it  seems  highly  improbable.  My  own  view  is  that  fixation  is  purely 
psychological:  if  two  points  are  seen  separately  they  give  rise,  of  necessity,  to 
separate  percepts,  and  the  mind  can  never  have  more  than  one  percept  in  the 
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focus  of  attention  at  one  moment.  In  other  words  we  cannot  give  attention  to 
more  than  one  point  of  the  multitude  of  separately  distinguishable  points  making 
up  a  visual  picture  at  any  one  moment,  and  it  is  this  giving  attention  to  a  par- 
ticular point  which  constitutes  fixation.  On  this  view  the  actual  point  fixed  may  lie 
anywhere  on  the  retina  provided  it  is  within  the  relatively  small  region  of  distinct 
vision.  I  have  had  occasion  to  point  out  in  connection  with  other  visual  pecu- 
liarities, e.g.  the  Fechner-Weber  law  of  brightness  perception,  the  great  importance 
of  distinguishing  between  properties  requiring  explanation  on  physiological  lines, 
and  those  which  are  readily  explicable  on  the  elementary  laws  of  psychology 
without  invoking  any  assumptions  concerning  retinal  structure.  As  I  have  never 
seen  any  attempt  to  account  for  fixation  I  would  like  very  much  to  hear  Dr  French's 
views  on  the  matter. 

Comdr.  Baker:  ^^'hile  agreeing  with  a  great  deal  of  what  Dr  French  states  I 
think  he  is  inclined  to  underestimate  the  importance  of  the  convergence  of  the 
eyes  as  a  factor  in  producing  stereoscopic  relief.  He  states  "For  the  unaided  eye 
accommodation  and  convergence  are  closely,  although  not  rigidly  associated. 
Normally  a  particular  condition  of  accommodation  occasions  a  particular  con- 
vergence and  to  alter  the  convergence  independently  of  the  accommodation  involves 
the  exercise  of  mental  effort  or  the  use  of  artificial  aids."  My  experience  has  been 
that  there  is  verv'  little  interconnection  between  accommodation  and  convergence 
and  this  point  is  particularly  exemplified  in  the  case  of  an  anaglyph.  There  ac- 
commodation is  constant  over  the  whole  picture  and  is  usually  in  my  own  case 
that  associated  with  the  near  point.  But  the  variation  in  convergence  is  very 
considerable  as  the  eyes  travel  from  one  point  of  the  picture  to  another  while  no 
special  mental  effort  is  necessary.  The  whole  picture  stands  out  boldly  in  stereo- 
scopic relief  from  the  first  glance — fa  saute  aux  yeux.  If  the  close  connection  be- 
tween accommodation  and  convergence  exists  as  Dr  French  suggests,  there  would 
be  an  appreciable  effort  necessan,-  to  bring  about  the  requisite  convergence  to 
change  from  a  point  in  the  foreground  to  one  more  distant. 

Again  if  a  spectacle  prism  is  placed  base  outwards  over  one  eye  so  as  to  bring 
about  a  considerable  change  in  convergence,  accommodation  still  works  quite 
satisfactorily.  I  have  tried  this  experiment  with  a  14A  prism,  equivalent  to  an 
8°  convergence  on  a  distant  object,  and  have  had  no  difficulty  in  accommodating 
down  to  a  distance  of  70  cm.  There  is  certainly  a  difficulty  in  seeing  things  closer 
than  that  distance  but  it  must  be  remembered  that  with  the  prism  the  eye  con- 
vergence then  amounts  to  14  or  15  and  the  difficulties  arc  due  to  having  reached 
the  limit  of  convergence. 

I  am  inclined  to  think  that  Dr  French  in  elaborating  his  theories  has  not  paid 
sufficient  regard  to  convergence  and  particularly  to  differential  convergence  as  the 
point  of  fixation  changes  from  one  object  to  another. 

Prof.  B.  P.  Haigh:  I  find  nothing  in  Dr  French's  theory  to  contradict  Wheat- 
stone's  theory,  but  very  much  to  improve  our  knowledge  of  stereoscopy.  I'he  author 
has  given  us  a  very  clear  idea  of  the  limits  within  which  stereoscopic  vision  occurs. 
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Instr.  Lt.-Comdr.  N.  I\l.  S.  Langlands:  In  experiments  on  depth  perception 
with  two  rods  which  were  placed  at  different  distances  and  where  observers  were 
asked  to  state  which  rod  was  nearer  it  was  found  tiiat  in  the  case  of  16  lieutenants 
qualifying  in  gunner)'  the  average  threshold  angle  (75  %  of  the  estimates  correct) 
was  3"  for  binocular  vision  and  15"  for  monocular  vision.  Using  test  plates  in  a 
stereoscope  the  average  value  was  about  40".  In  the  practice  of  fusing  two  separated 
dots  it  was  found  that,  when  the  separation  approached  the  interocular  distance, 
fusion  usually  became  verj'  difficult.  If  a  glass  plate  \\ere  interposed  and  the 
image  of  a  distant  object  brought  into  the  same  field  as  the  dots,  fusion  became 
easy.  This  seems  to  show  the  close  relation  between  convergence  and  binocular 
vision.  That  the  stereoscopic  rangefinder  seems  to  fail  when  ranging  at  night  on 
a  light  is  perhaps  due  to  the  fact  that  the  eye  has  no  depth  of  field  to  converge  over. 

Dr  French's  results  with  objects  not  on  the  same  level  do  not  appear  to  agree 
with  those  of  Alessner  and  Volkmann. 

Mr  J.  Rheinberg:  Although  I  can  readily  fuse  stereograms  with  the  unaided 
eye,  the  fused  images  appear  in  such  cases  as  slightly  out-of-focus.  In  ordinary 
vision,  too,  blurred  or  out-of-focus  images  or  objects  are  seen  in  stereoscopic  relief 
(by  short  sighted  persons  for. example)  even  though  the  two  eyes  may  not  be 
alike  and  the  retinal  images  dissimilar  in  consequence.  Experiments  on  those  lines 
might  help  to  solve  the  question  referred  to  by  Dr  French  of  stereoscopic  fusion 
of  dissimilar  shaped  objects.  When  the  retinal  images  approximated  somewhat 
as  with  a  triangle  and  a  square  or  a  circle  of  about  the  same  size,  the  images  might 
be  capable  of  fusion  although  this  could  not  be  expected  when  they  were  too 
different,  as  in  the  case  of  a  long  line  and  a  circle. 

Capt.  S.  P.  Holloway:  Some  years  ago  I  was  working  with  an  oculist  upon 
several  devices  for  the  restoration  of  stereoscopic  vision  to  people  who  had  lost  it. 
We  took  a  piece  of  green  celluloid  with  holes  punched  in  it  to  form  a  double  cross 
and  a  piece  of  red  celluloid  with  holes  forming  a  single  cross.  These  were  super- 
imposed and  viewed  "through  coloured  filters — red  before  one  eye  and  green  before 
the  other.  The  pieces  of  celluloid  were  then  moved  over  each  other  until  the  single 
cross  appeared  inside  the  double  one ;  this  occurred  at  various  positions  of  the  actual 
devices,  often  with  a  separation  of  about  i|  ins.,  and  with  noticeable  obliquity. 

The  relation  between  convergency  and  accommodation  can  be  varied  but  only 
to  a  limited  extent;  4  or  5D  is  a  usual  limit  of  possible  change  of  accommodation 
for  a  given  convergence  in  the  same  person. 

Von  Graefe  and  Maddox  found  that  fusion  is  destroyed  by  the  dissimilarity  of 
the  objects :  the  latter  distinguished  between  the  functions  of  muscular  balance  and 
nerve  reflexes.  Have  we  here  a  case  of  true  stereoscopic  vision  or  simply  coinci- 
dence ot  the  optic  axes  helped  by  having  objects  of  similar  dimensions? 

Dr  L.  C.  Martin  (communicated):  The  following  impressions  are  left  in  my 
mind  as  a  result  of  hearing  Dr  French's  paper  and  I  should  be  grateful  for  his 
comments  on  them. 


252  J.  W.  French 

(i)  He  speaks  of  Wheatstone's  discovery  that  "the  excitation  of  similarly 
situated  but  disparate  points  by  an  object  not  lying  on  the  horopter  may  give  rise 
to  a  simple  sensation."  Does  he  suggest  that  prior  to  \\'heatstone's  work  it  was 
seriously  contended  that  in  an  object  seen  in  stereoscopic  relief  one  point  only 
(or  three  points  on  the  horopter)  appeared  single  and  all  other  points  appeared 
double  to  the  consciousness?  This  is  a  matter  so  easily  tested  by  obser\-ation  that 
I  should  be  extremely  surprised  if  the  position  of  the  "upholders  of  the  horopter" 
has  been  correctly  put. 

(2)  He  has  been  at  pains  to  emphasize  the  conclusion  that  the  absolute  con- 
vergence of  the  eyes  has  little  or  no  influence  on  the  stereoscopic  sensation,  but  he 
has  brought  forth  new  evidence  to  support  the  view  that  it  is  (so  to  speak)  the 
"  differential  coefficient "  of  the  convergence  which  is  the  function  concerned.  Hence 
it  appears  to  me  to  be  highly  dangerous  to  say  that  "the  convergence  of  the  eyes 
is  a  factor  of  but  secondan,-  importance."  It  is  clear  at  all  events  that  for  the  per- 
ception of  stereoscopic  relief  between  two  points  to  be  possible  a  necessary-  physical 
condition  may  be  clearly  defined,  i.e.  that,  should  the  eyes  pass  from  fixing  one  to 
fix  the  other,  there  must  be  a  definite  and  often  known  minimum  of  change  in 
angular  convergence.  The  whole  question  is  whether  we  are  to  regard  this  condition 
as  the  cause,  and  assert  with  Brewster  that  no  stereoscopic  relief  is  appreciated  till 
the  eyes  have  had  an  opportunity  of  assessing  the  alterations  of  convergence  re- 
quired. I  shall  be  glad  if  I)r  French  will  insert  the  reference  to  the  work  of  Dove 
which,  it  appears  to  me,  should  be  dealt  with  ven,-  much  more  fully  if  the  above 
conclusion  regarding  convergence  is  to  be  substantiated. 

From  ordinary'  experience  and  observation  it  appears  to  me  that  much  can  be 
said  for  Brewster's  contention.  As  in  colour  vision,  the  problem  of  attributing 
various  psychological  optical  phenomena  to  the  particular  portion  of  the  retino- 
cerebral  mechanism  concerned  is  one  of  great  difficulty.  At  present  (after  hearing 
the  paper)  I  should  incline  to  the  view  that  convergence,  or  its  diftcrence,  is 
intimately  involved  in  the  mechanism  of  the  main  effects  of  stereoscopic  vision, 
but  in  order  to  account  for  the  results  of  Dove  (if  these  are  correct)  it  is  necessary 
also  to  invoke  a  kind  of  "mental  convergence"  in  which  a  variation  of  mental 
effort  is  required  to  associate  pairs  of  images.  There  is  no  reason  to  conclude  that 
*the  appreciation  of  stereoscopic  relief  must  be  instantaneous,  for  there  would 
conceivably  be  time  for  the  mind  to  test  this  mental  convergence  during  the  com- 
paratively long  period  of  the  visual  impression  in  Dove's  experiments.  Is  there 
any  reason  why  the  two  effects  should  not  exist  side  by  side.'  The  ocular  con- 
vergence may  be  likened  to  "sight,"  and  the  mental  convergence  to  "faith." 
A  little  of  the  one  marvellously  helps  the  other. 

In  conclusion  I  regret  that  l)r  French  has  not  seen  fit  to  proNidc  a  fuller 
description  of  what  must  have  been  very  interesting  experiments. 

Dr  1-rench  (partly  communicated):  I  hope  I'rof.  Cheshire  does  not  ;ul\i)catc  a 
laissez-faire  attitude  in  his  statement  that  a  certain  .method  "has  been  followed 
without  question  or  challenge  by  every  later  writer  of  repute."  It  is  often  such 
taken-for-granted  methods  that  require  reconsideration.   Although  he  prefaces  his 
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remarks  with  the  statement  that  there  is  "a  great  deal  with  which  he  does  not 
agree  and  which  he  thinks  is  either  wrong  or  entirely  misleading,"  I  can  find  in 
his  remarks  when  carefully  read  no  specific  statement  of  his  objections. 

^\'heatstone's  experiments  are,  I  think,  inadequately  described  and,  according 
to  Prof.  Cheshire,  I  have  apparently  committed  the  same  fault  with  regard  to 
Fig.  3  (my  Fig.  9).  My  general  statement,  which  has  been  quoted  by  Prof.  Cheshire 
in  support  of  that  contention  is  followed,  however,  in  the  paper  by  the  particular 
statement,  which  is  as  follows: 

The  simple  arrangement  of  tubes  used  by  him  (Wheatstone)  for  this  purpose  is 
illustrated  in  Fig.  11.  If  this  experiment  is  repeated,  it  will  be  found  that,  as  the  con- 
vergence is  varied,  the  position  of  the  resultant  image  does  not  alter  by  an  amount  at 
all  comparable  with  that  required  to  satisfy  Wheatstone's  diagram,  .^s  the  tubes  are 
brought  more  nearly  parallel  the  intersection  of  the  axes  and  with  it  the  image  should 
recede.  The  apparent  displacement  of  the  image  is  actually  a  small  amount  of  transient 
duration  that  may  be  attributed  to  a  momentan,'  change  of  the  accommodation  as  the 
convergence  is  altered. 

In  these  words  I  have  endeavoured  to  express  (I  hope  with  sufficient  conciseness 
and  lucidity)  the  results,  not  of  a  theoretical  discussion,  but  of  a  definite  experi- 
mental obser\-ation. 

If  in  ^\'heatstone's  experiment  the  separation  of  the  objects  a  and  b  is  increased, 
does  the  resultant  image  c  move  progressively  towards  infinity?  According  to  my 
obsen-ation,  it  does  not. 

Prof.  Cheshire  in  his  footnote  removes  the  difficulty  of  what  occurs  beyond 
infinity  by  stating  that  "the  geometrical  method  of  reconstruction  fails"  in  that 
region.  A  geometrical  method  that  fails  under  such  elementary  circumstances  is 
hardly  worthy  of  the  name.  If  the  method  described  by  me  is  followed,  no 
difficulty  of  reconstruction  is  experienced,  even  if  the  eyes  are  assumed  to  be 
capable  of  divergence. 

The  last  portion  of  Prof.  Cheshire's  remarks  is  devoted  to  a  stereoscopic 
appearance  of  false  character.  However  interesting  optical  illusions  and  "fake" 
stereoscopic  appearances  may  be,  they  are  not  comprised  within  the  subject  of  my 
paper  and  I  cannot  agree  that  deductions  based  upon  fake  monocular  photographs 
can  be  advanced  as  an  argument  against  the  views  expressed  regarding  binocular 
phenomena. 

To  Comdr.  Hickling's  very  interesting  practical  observations  I  can  add  nothing 
except  the  statement  that  the  adverse  eff^ect  of  nervous  shock  upon  stereoscopic 
rangefinder  observers  was,  I  believe,  experienced  in  the  German  Navy  during  the 
recent  war. 

Mr  Guild  has  drawn  attention  to  "the  paucity  of  information  concerning  the 
experimental  basis  of  the  results."  The  apparatus  employed  was  not  of  a  very 
complicated  nature.  In  the  first  instance  simple  figures  drawn  upon  paper  were 
combined  by  the  unaided  eyes.  In  the  case  of  figures  drawn  upon  squared  paper, 
some  curious  results  were  obtained.  They  are  not  referred  to  in  the  paper,  partly 
for  want  of  space  and  also  because  I  am  still  unable  to  interpret  them. 

I  then  used  vertical  wires  mounted  upon  frames  that  could  be  displaced  with 
reference  to  scales  and  in  some  cases  micrometer  gear.    For  general  experiments 
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these  wires  sufficed.  It  was  soon  realized,  however,  that  tor  measurements  in  the 
region  of  the  inner  critical  points  the  angles  subtended  by  the  wires  formed  too 
large  a  proportion  of  the  critical  angles.  Fine  lines  engraved  and  photographed 
on  thin  glass  plates  mounted  in  slides  as  described  above  were  accordingly  used 
for  the  more  accurate  measurements. 

Mr  Guild  draws  a  distinction  between  actual  convergence  and  "  difference  "  of 
convergence,  the  meaning  of  which  I  possibly  do  not  understand,  since  he  con- 
siders I  have  not  varied  the  "difference"  of  convergence,  whereas  I  think  I  have 
varied  all  the  elements.  The  term  "convergence"  I  regard  as  referring  to  the 
inclination  of  the  visual  axes  which  intersect  therefore  at  one  point  of  the  object 
referred  to  in  my  paper  as  the  point  of  fixation.  Rays  from  some  other  point  of 
the  object  proceeding  to  the  two  eyes  may  have  a  different  inclination,  but,  whatever 
that  inclination  may  be,  the  convergence  of  the  eyes  is  not  necessarily  affected. 
The  angular  separation  of  points  of  the  object  seen  at  one  glance  and  falling  within 
the  area  of  the  macula  lutea  have  been  altered  in  my  experiments,  the  appearance 
of  stereoscopic  solidity  being  determined  by  such  angular  separations.  I  fear, 
therefore,  I  do  not  yet  understand  Mr  Guild's  argument.  If  the  term  "conver- 
gence" is  limited  in  the  manner  indicated.  Dove's  experiment  was,  I  think,  crucial 
as  a  test  of  Brewster's  opinion  that  in  the  act  of  appreciating  stereoscopic  solidity 
the  eyes  necessarily  changed  their  convergence  by  fixing  in  rapid  succession  different 
points  of  the  object. 

Mr  Guild  has  raised  the  interesting  point  as  to  whether  or  not  parallax  obser- 
vations can  be  made  between  an  object  and  a  stereoscopic  image.  That  is  a  question 
that  can  most  easily  be  settled  by  actual  experiments.  Those  made  by  me  seemed 
to  indicate  that  such  observations  are  possible.  Although  I  am  not  qualified  to 
discuss  the  subject  philosophically,  might  I  venture  to  question  the  premises  of 
Mr  Guild's  argument,  which  I  understand  to  be  as  follows: 

{a)  Parallax  observation  is  possilile  with  reference  to  objects  in  space,  presumably 
because  they  are  concrete  objects. 

(6)  Such  obser\'ation  is  not  possible  with  reference  to  a  stereoscopic  image  because 
it  is  an  illusion. 

But  the  appreciation  of  an  object  in  space  results  from  the  formation  of  an  image 
on  the  retina  and  the  transmission  of  the  sensation  to  the  brain  where  in  some 
at  present  unknown  manner  there  is  formed  a  mental  image.  Surely  such  a  mental 
image  of  a  concrete  object  is  as  much  an  illusion  as  a  stereoscopic  image  and 
therefore  capable  of  being  compared  parallacticaily  witli  the  latter. 

Again,  suppose  a  stereoscopic  image  or  illusion  has  Ixcii  producctl  in  the  brain. 
The  illusion  is  that  of  a  particular  solid  object  occupying  a  particular  position  in 
space.  If,  then,  a  concrete  object  is  observed  having  the  .same  form  and  occupying 
the  same  apparent  position,  the  mental  image  of  the  object  in  space  and  the  illusion 
should  be  indistinguishable  and  should  presumaiily  tie  comparahli-  wlun  they  do 
not  correspond  exactly  in  form  or  position. 

Mr  CJuild  asks  what  are  my  views  regarding  the  term  "fixation  "  wliich  1  have 
used  throughout  the  lecture.  Kor  purposes  of  description  it  has  been  necessary  to 
assume  at  any  one  instant  a  definite  convergence  of  the  eyes  upon  some  particular 
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point  of  the  object  under  observation — the  point  of  fixation.  That  on  the  retina 
"the  area  of  fixation  is  of  the  order  of  that  of  a  single  cone"  is,  I  think,  very 
unlikely.  A  diameter  comprising  tvventy  cones  is  more  probable.  But,  although 
very  distinct  vision  may  be  possible  over  such  an  area,  it  is  conceivable  that  in 
fixing  an  object  the  axes  of  the  eyes  may  be  determined  within  limits  of  much  smaller 
dimensions. 

'1  o  discuss  fixation  on  psychological  lines  is,  I  fear,  quite  beyond  me.  Psychology 
is,  I  understand,  the  science  of  the  mind  or  soul.  Pliny  tells  us  that  "The  Eies 
are  the  verie  seat  and  habitation  of  the  mind  and  affection."  In  those  early  times, 
therefore,  the  eyes  were  a  fit  subject  for  psychological  consideration.  To-day  we 
know  a  great  deal  about  the  mechanism  of  the  eye  but  very  little  about  that  of  the 
brain,  and,  while  things  mental  are  still  considered  psychologically,  things  ocular 
are  now  considered  physiologically.  Some  day  we  may  know  much  of  the  details 
of  the  mental  mechanism  and  presumably  visual  phenomena  will  then  be  considered 
altogether  on  a  physiological  basis,  in  which  case  the  distinction  emphasized  by 
Mr  Guild  will  disappear. 

In  reply  to  Comdr.  Baker,  may  I  repeat — possibly  in  other  words — what  I 
have  already  stated  in  the  paper?  Suppose  two  objects  are  arranged  side  by  side 
symmetrically  with  the  medial  line  and  are  combined  visually  with  the  resultant 
formation  of  a  stereoscopic  image  in  relief  on  the  medial  position.  If  then  these 
two  objects  are  separated  while  their  distance  from  the  eyes  remains  unaltered,  the 
visual  axes  will  alter  their  convergence.  But,  notwithstanding  the  change  of  con- 
vergence, the  stereoscopic  image  will  retain  almost  exactly  not  only  its  original  form 
but  also  its  original  position  on  the  medial  line  where  the  eyes  would  normally 
converge  under  the  particular  conditions  of  accommodation. 

In  the  selection  of  an  anaglyph  for  the  illustration  of  his  remarks,  Comdr.  Baker 
has  chosen  an  object  that  has  very  little  relief  and  for  the  moment  I  shall  consider 
the  object  as  being  a  simple  plane  vertical  surface,  set  parallel  to  the  ocular  base. 
If  the  eyes  wander  over  such  a  surface,  the  convergence  will  of  course  alter,  but 
surely,  since  the  ocular  base  is  fixed  and  the  points  of  convergence  lie  upon  the 
surface,  the  distances  of  the  points  must  alter  with  the  convergence.  Comdr.  Baker's 
claim  that,  in  viewing  an  anaglyph  "  the  accommodation  is  constant  over  the  whole 
picture"  surprises  me.  As  Comdr.  Baker  always  focussed  with  care  on  these 
points,  I  presume  his  power  of  accommodation  is  not  seriously  restricted.  I  suggest, 
therefore,  that  the  reason  he  experienced  no  mental  strain  was  the  natural  one  that 
automatically  the  accommodation  and  convergence  altered  to  suit  the  position  of 
the  point  of  fixation  at  any  particular  moment. 

I  need  only  thank  Prof.  Haigh  for  his  remarks,  which  call  for  no  reply.  He  has 
stated  what  is  also  my  belief,  that  the  results  of  my  experiments  do  not  contradict 
in  any  way  Wheatstone's  great  discovery  of  Stereoscopic  Vision. 

The  title  of  my  paper  was  intended  to  indicate  that  some  re-statement  of  the 
grand  unassailable  principle  was  alone  necessar}',  and  I  hope  that  feeling  is  justified 
by  the  experimental  evidence  produced  and  particularly  that  regarding  the  existence 
of  critical  points. 

Comdr.  Langland's  data  are  very^  interesting  and  indeed  remarkable  so  far  as 


256  y.  W.  French 

the  three-second  threshold  value  for  binocular  vision  under  the  conditions  indi- 
cated is  concerned. 

The  remarks  of  Comdr.  Langland,  Mr  Rheinberg,  and  Capt.  Holloway  do  not 
appear  to  call  for  any  reply.  I  need  only  thank  them  for  their  interesting  contri- 
butions to  the  discussion. 

Dr  Martin's  first  query  refers  to  a  question  of  histor}-,  the  interpretation  of 
which  so  often  varies  with  the  individual.  The  views  regarding  Wheatstone's 
"discover}-"  expressed  in  the  paper  and  referred  to  by  Dr  Martin  are  the  result 
of  a  careful  consideration  of  the  historical  literature  of  the  subject  which  I  have 
been  accumulating  for  a  long  time. 

In  view  of  the  ease  with  which  the  matter  "can  be  so  easily  tested,"  Dr  Martin 
expresses  doubt  as  to  whether  or  not  the  position  of  the  "upholders  of  the 
horopter"  has  been  correctly  put  by  me.  While  I  do  not  say  Sir  David  Brewster 
held  any  ver)-  strenuous  views  regarding  the  horopter,  it  is  interesting  to  consider 
his  action  in  the  matter.  He  recognized  that,  contrary  to  the  prevailing  opinion, 
points  of  the  stereoscopic  image  at  apparently  different  distances  appeared  distinct 
at  the  same  time,  but  he  at  once  sought  to  bring  the  new  evidence  into  line  with 
the  older  conception  by  the  explanation  that  the  eyes  fi.xed  points  at  different 
distances  in  rapid  succession,  recognizing  at  any  moment  the  singleness  of  the 
points  fixed  and  neglecting  the  duplication  of  the  others. 

I  have  referred  particularly  in  the  paper  to  Prevost.  What  was  his  attitude? 
Although  his  famous  paper  was  written  after  the  publication  of  Wheatstone's  dis- 
covery, to  which  he  refers,  he  presupposes  the  idea  that  points  not  on  the  horopter, 
if  appreciated,  must  appear  doubled.  New  ideas  have  usually  to  fight  for  recognition 
and  in  this  respect  Wheatstone's  discovery  received  no  exceptional  treatment. 

With  regard  to  Dr  Martin's  second  point,  I  have  already  explained  in  my 
reply  to  Mr  Guild  what  I  mean  by  convergence  and  that  I  do  not  regard  the  angles 
of  oblique  rays  (akin  to  angular  field)  as  determining  convergence.  I  do  not  think 
it  is  permissible  to  include  questions  of  angular  field  under  the  term  "convergence 
of  the  eyes,"  which  should  be  restricted  to  the  convergence  of  the  visual  a.xes. 

Dr  Martin  will  find  the  description  of  Dove's  experiments  in  the  Berichtm  der 
Berliner  Akademie  of  1841.  There  is  also  a  brief  account  in  Dove's  own  book, 
Darstdlung  der  Farbenlehre.  My  copy,  dated  1853,  also  contains  Dove's  Optische 
Studien,  a  great  part  of  which  is  devoted  to  stereoscopy  and  particularly  those 
opinions  of  Sir  David  Brewster  to  which  he  took  exception. 

Dr  Martin  seems  reluctant  to  abandon  convergence  as  a  principal  element  of 
stereoscopy  and  this  reluctance  forces  him  to  question  the  correctness  of  Dove's 
experiments,  although  actually  unacquainted  with  them.  If  Dove's  experiments 
should  happen  to  be  correct,  Dr  Martin  would  then  invoke  the  aid  of  "mental 
convergence  "  and  thus  translate  the  problem  from  the  prosaic  observational  plane 
in  which  my  paper  lies  to  the  higher  and  possibly  more  fascinating  psyclioiogical 
one,  in  which  unfortunately  I  possess  no  degree  of  freedom. 

It  onlv  remains  for  me  to  thank  the  members  who  have  so  kindly  discussed 
the  subject  of  the  lecture  and  who  in  doing  so  have  contributed  so  much  additional 
and  valuable  information. 
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Advanced  Practical  Physics  for  Students.  By  B.  L.  Worsnop,  B.Sc.  and  H.  T. 
Flint,  M.Sc.,  Ph.D.  Pp.  viii  +  640;  394  Figs.  (London:  Methuen  and  Co.,  Ltd., 
1923.)    Price  2ii-.  net. 

In  reviewing  this  treatise  it  is  perhaps  necessary  to  make  allowance  for  the  fact  that 
the  authors  have  attempted  an  impossible  task.  The  volume  and  variety  of  knowledge — 
hoth  of  theor}-  and  technique — included  within  the  scope  of  the  word  "Physics"  has 
grown  to  such  an  extent  in  recent  years  that  it  is  no  longer  possible  for  any  one  author 
— or  pair  of  authors — to  possess  first  hand  knowledge  and  experience  of  more  than  a  small 
section  of  the  subject.  When  this  becomes  recognized  we  shall  no  longer  have  pretentious 
"Textbooks  of  Physics" — either  theoretical  or  practical — which  can  never  be  more  than 
mere  scissors  and  paste  collections  of  methods,  most  of  them  obsolete,  beloved  of  the 
older  teachers  of  physics  and  cheerfully  perpetuated  by  many  of  the  younger  generation  who 
apparently  never  go  outside  the  walls  of  their  Alma  Mater  in  search  of  a  little  fresh  air. 

The  present  reviewer  will  not  make  the  same  mistake  as  the  authors  of  the  book  bv 
claiming  the  ability  to  review  the  whole  of  it,  but  will  confine  his  attention  to  the  section 
dealing  with  optics.  In  the  first  place  the  majority  of  the  space  is  taken  up  with  most 
elementary  methods  and  explanations  with  which  the  student,  according  to  the  preface, 
should  already  be  familiar.  Thus  "pin"  methods  of  measuring  focal  lengths,  curvatures 
etc.,  and  experiments  of  similar  accuracy,  while  admirably  suited  to  an  introductor\" 
course  for  schoolboys,  should  have  no  place  whatever  in  an  advanced  practical  textbook. 
Had  this  elementary-  material  been  omitted,  space  might  have  been  found  for  one  or  two 
of  the  methods  suitable  for  really  advanced  work  and  for  a  discussion  of  the  precautions 
which  have  to  be  taken  and  the  principles  which  have  to  be  understood  before  precise 
measurements  can  be  made.  The  student  or  other  worker  in  search  of  information  of 
this  kind  will  not  find  it  here.  Thus  in  connexion  with  such  a  fundamental  measurement 
as  that  of  refractive  index  the  only  precaution  mentioned  is  to  avoid  errors  due  to  back- 
lash in  the  tangent  screw — which  is  the  more  unfortunate  inasmuch  as  this  is  almost 
the  only  precaution  which  need  not  be  taken  in  such  measurements,  backlash  being 
obviously  without  effect  on  the  readings,  except  in  the  case  of  particular  instruments  in 
which  the  tangent  screw  also  ser\'es  as  a  micrometer.  Then  in  describing  the  Newton's 
Rings  method  of  curvature  measurement,  after  mentioning  the  correct  method  of  ar- 
ranging the  lens  and  the  flat  the  authors  discount  this  by  asserting  that  the  wrong  method 
is  more  convenient  and  that  the  error  involved  is  "not  great." 

In  the  section  dealing  with  photometrj'  the  level  of  the  work  is  that  in  which  candles 
are  used.  The  universally  employed  Lummer-Brodhun  photometer  is  wrongly  described, 
while  in  referring  to  flicker  photometry  an  early  and  practically  obsolete  form  is  described 
and  no  reference  is  made  at  all  to  the  circumstances — namely  measurements  involving 
colour  difference — for  which  such  an  instrument  is  used. 

Many  of  the  explanations  given  are  involved,  and  give  an  unnecessary  impression  of 
difficulty  and  complexity.  The  diagrams  are  in  many  cases  so  sketchy  as  to  leave  doubt 
on  essential  points,  and  in  at  least  two  cases  they  are  quite  misleading.  In  one  of  these 
(Fig.  169)  the  autocollimating  method  of  measuring  refractive  index  is  illustrated  as 
applied  to  what  is  clearly  intended  to  be  an  ordinary-  equilateral  prism.  No  indication  is 
given  in  the  text  that  the  greatest  refractive  index  which  the  prism  could  have  in  such 
circumstances  would  be  in  the  neighbourhood  of  1-15 !  In  the  other  case  (Fig.  235)  the 
two  wedges  of  a  quartz  compensating  saccharimeter  are  shown  with  their  bases  opposite 
instead  of  with  the  base  of  one  opposite  the  apex  of  the  other. 

From  the  optical  section  of  this  work  at  any  rate  one  fails  to  find  any  justification  for 
adding  still  another  to  the  long  list  of  books  which  clamour  for  the  patronage  of  that 
overburdened  and  unprotected  creature — the  student.  j  q. 
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Mirrors,  Prisms,  and  Lenses,  A  textbook  of  Geometrical  Optics.  By  James  P.  C. 
SouTHALL.  Pp.  xix  +  657;  287  Figs.  Enlarged  and  revised  edition.  (New  York: 
The  Macmillan  Company,  1923.)   Price  15^.  net. 

The  issue  of  a  second  edition  of  the  above  work  (which  was  first  published  in  December, 
1918)  appears  to  indicate  that  Prof.  .Southall  has  found  this  method  of  approach  to 
geometrical  optics  sufficiently  valuable  to  retain  it  without  serious  modification.  The 
first  edition  dealt  in  some  detail  with  rectilinear  propagation,  reflection,  refracdon,  and 
applications  of  the  fundamental  principles  to  prisms,  spherical  refracting  surfaces,  and 
thin  lenses;  further  chapters  dealt  with  "curvature,"  astigmatic  lenses,  geometrical  theory' 
of  the  symmetrical  optical  instrument,  compound  optical  systems,  aperture  and  field, 
the  eye,  dispersion  and  achromatism,  and  aberrations.  The  present  edition  contains, 
beside  a  variety  of  new  problems  and  exercises,  an  additional  chapter  giving  an  historical 
summary  and  a  few  supplementary  paragraphs  dealing,  amongst  other  things,  with  some 
of  the  topics  discussed  during  recent  years  in  the  pages  of  these  Transactions.  The  work 
is  most  thoroughlv  done  and  the  book  should  be  extremely  useful  to  optometrists  as  well 
as  to  general  students. 

It  might  be  suggested,  however,  that  the  thoroughness  of  the  book  may  be  a  little 
dangerous  to  the  elementary  students  for  whom  it  is  written,  those,  at  least,  who  desire 
to  pass  on  to  a  study  of  optical  designing  and  who  cannot  therefore  stop  short  at  the  point 
where  Prof.  Southall  quotes  (perforce  without  discussion  or  explanation)  the  famous 
equations  of  Seidel.  There  is  a  danger  of  over-elaboration  in  the  elementarv*  stages  of 
most  subjects  and  it  is  not  usually  considered  necessan,'  to  discuss  "harmonic  ranges" 
before  proceeding  to  a  first  consideration  of  optical  images.  In  an  attempt  to  be  clear 
the  author  has  provided  perhaps  a  little  too  much  food  for  thought. 

In  the  experience  of  the  present  writer,  "ray  tracing,"  as  applied  to  lenses,  ought  to 
be  introduced  at  an  early  stage.  No  apology  is  ever  made  in  textbooks  for  the  usual 
elaborate  ray  tracing  applied  to  prisms  and  mirrors,  yet  when  the  student  reaches  the 
subject  of  lenses  he  is  at  once  made  to  abandon  exactitude  in  favour  of  approximation. 
This  is  no  doubt  inevitable  in  the  very  first  introduction  to  the  subject,  but  serious  students 
always  feel  that  they  have  no  means  of  judging  how  far  the  approximations  are  applicable. 
In  Mirrors,  Prisms,  and  Lenses  ray  tracing  for  the  case  of  spherical  refracting  surfaces  is 
not  dealt  with  until  the  end  of  the  book. 

It  is  difficult  properly  to  appreciate  the  Gaussian  theory  unless  it  can  be  viewed  against 
a  background  of  the  experience  gained  by  the  application  of  the  exact  law  of  refraction 
to  a  few  simple  cases.  A  telescope  objective  through  which  a  few  rays  have  been  traced 
is  a  thing  mastered  and  understood  in  a  way  which  is  otherwise  impossible.  From  a  short 
series  of  studies  of  this  kind  the  student  returns  with  enthusiasm  and  understanding 
to  the  more  elegant  algebraical  and  geometrical  treatments. 

L.  C.  M. 
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ABSTRACTS  OF  PATENT  SPECIFICATIONS 

188434.    Cambridge  &:  Paul  Instrument  Co.,  Ltd.,  and  others.     Fine  Adjustments. 

A  disc  controlling  the  setting  of  the  instrument  is  operated  by  the  rotation  of  a  flexed 

wire  which  bears  upon  the  edge  of  the  disc.   The  device  is  described  in  connection  with 

a  moving-coil  galvanometer,  but  is  stated  to  be  applicable  to  other  physical  instruments. 

188721.    Parsons,  Sir  C.  A.,  and  others.  Optical  Glass. 

The  melt  is  allowed  to  cool  until  it  has  set,  while  still  remaining  viscous,  and  the  bulk 
of  the  material  is  then  separated  from  the  pot.  One  method  employed  consists  in  driving 
a  steel  tube  with  a  cutting  edge  right  through  the  mass  of  glass  and  the  bottom  of  the  pot, 
and  then  cutting  away  the  disc  of  the  pot  material  adhering.  Or,  the  pot  may  be  inverted, 
and  heated  externally  to  melt  the  outer  layer  of  glass,  and  permit  the  residue  to  fall  out. 
Thirdly,  the  material  of  the  pot  may  be  broken  up,  and  the  pieces  extracted. 

189081*.    Nisot,  F.  Stereoscopic  Apparatus. 

A  relief  effect  is  obtained  by  projecting  images  of  pictures  which  have  been  taken  from 
more  than  one  view  point.  An  optical  system  is  employed  consisting  of  two  fixed  prisms, 
and  a  reciprocating  frame  bearing  two  other  prisms,  which  operate  each  in  conjunction 
with  one  of  the  fixed  prisms,  and  come  alternately  into  position  before  the  objective. 

189161.    Bell,  L.,  and  another.  Secret  Signalling. 

IMorse  signalling  is  effected  by  a  projected  beam  of  ultra-violet  radiation,  lying  between 
the  limits  of  visibility  and  of  vitreous  absorption.  The  same  instrument  serves  as  a  trans- 
mitter, when  it  projects  a  beam  of  light  filtered  through  superimposed  sheets  of  purple 
nickel  glass,  and  green  copper  glass;  or  as  a  receiver,  when  the  light  falling  upon  it  is 
focussed  upon  a  fluorescent  screen,  and  observed  by  an  eyepiece. 

190997*.    British  Thomson  Houston  Co.,  Ltd.  Measuring  Radiation. 

The  actinic  value  of  the  radiation  from  a  small  source  is  determined  by  an  instrument 
comprising  a  sighting  tube,  which  is  fitted  with  diaphragms  to  cut  ofT  extraneous  energy, 
and  a  sensitive  cell  arranged  in  an  electrical  circuit. 

19x015*.   Zeiss,  C.  Sight-testing  Apparatus. 

Two  partial  images  of  a  sighting  mark  are  projected  upon  the  retina  of  the  subject 
by  means  of  a  system  of  prisms,  and  a  Scheiner  disc,  and  a  telescope  permits  of  the 
examination  by  an  observer  of  the  images  so  formed. 

191 117.   Howland,  A.  Comparing  Colours. 

For  determining  the  hue,  strength,  and  luminosity  of  colours,  one  or  more  charts  are 

used  in  conjunction  with  discs  comprising  variously  coloured  sectors.    Various  systems 

by  which  the  characteristics  so  determined  may  be  indicated  upon  diagrams  are  described. 

191331.    Soc.  d'Optique,  &c.  de  Haute  Precision.  Rangefinders. 

Two  parallel  plates,  which  are  used  in  achieving  coincidence,  are  placed  in  one  of  the 
telescope  systems,  and  rotated  by  bevel  gearing,  so  that  the  two  images  of  the  object  are' 
always  formed  on  the  horizontal  line  passing  through  the  centre  of  the  eyepieces. 

•  Specification  publishej  before  acceptance. 
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191754.   Low,  A.  M.  Grx  Sights. 

Two  telescopes  are  mounted  side  by  side  on  the  gun,  one  being  anastigmatic  for 
sighting  purposes,  and  the  other  being  astigmatic,  for  observing,  with  distortion,  the 
bullet  holes. 

193036.   Zeiss,  C.  Stereoscopic  Apparatus. 

In  comparing  by  binocular  observation  the  apparent  luminosity  of  two  marks  movable 
in  parallel  planes,  these  marks  are  carried  by  sliders  connected  by  a  link  in  such  a  way  as 
to  move  in  opposite  directions  with  respect  to  a  definite  boundan,-  plane.  The  equality  of 
the  apparent  change  of  depth  of  the  two  marks  as  they  move  away  from  the  boundary 
plane  indicates  that  the  luminosity  is  alike  to  both  eyes. 

193078.   Franz,  L.  Aiming-Devices. 

A  night  aiming-device  for  firearms  comprises  an  optical  system  which  projects  an 
image  of  the  spiral  filament  of  an  electric  lamp  upon  the  target  towards  which  a  diffused 
beam  is  also  directed  by  a  reflector.  Optical  elements  such  as  prisms  may  be  fitted  to 
reduce  the  over-all  length,  and  the  system  may  include  an  erecting  device,  so  that  the  lamp 
may  be  replaced  by  an  astronomical  eyepiece  for  testing  the  system  in  daylight. 

193969.   Wright,  E.  H.  Lens  Systems. 

An  inner  lens  system  is  surrounded  by  an  outer  annular  system  which  is  capable  of 
independent  adjustment,  so  that  objects  in  two  different  planes  may  be  simultaneously 
focussed. 

194996.   White,  A.  E.  MicROScpPES. 

The  appliance  consists  of  a  ring-shaped  device  for  the  illumination  of  opaque  objects. 
Light  coming  from  beneath  is  reflected  by  an  oblique  face  formed  upon  the  outer  edge  of 
an  upstanding  flange,  and  refracted  through  the  inner  surface  upon  the  object. 

195660.  Graves,  A.  K.  Projection  Apparatus. 

The  reflected  beam  of  light  in  an  episcopic  system  is  made  to  conform  closely  to  the 
rectangular  shape  of  the  object  picture  by  employing  a  reflector  with  a  central  parabolic 
portion  merging  into  a  curve  of  a  different  eccentricity.  A  small  bowl-shaped  reflector 
intercepts  the  direct  rays.  The  projector  lens  is  stated  to  be  uncorrected  for  actinic  rays, 
so  that  flatter  cur\es  can  be  used. 

195965*.  Zeiss,  C.  Optical  Systems. 

In  a  copying  or  projection  apparatus,  an  auxiliary  lens  is  mounted  in  front  of  the  main 
lens,  and  is  inter-connected  with  the  receiving  surface  to  move  in  such  a  way  as  to  maintain 
the  focus  for  different  degrees  of  magnification. 

R.J.T. 

•  .Specification  published  before  acceptance. 
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ABSTRACT.  Section  I  of  the  paper  gives  the  results  of  measurement  of  density,  surface 
tension  and  viscosity  of  several  Hquids  for  use  in  levels;  the  liquids  are  benzol,  xylol, 
chloroform,  alcohol  and  ether.  Section  II  deals  with  the  corresponding  measurements 
on  petroleum  ethers  distilled  at  various  ranges  of  temperature,  the  ether  distilled  at  40"- 
50^  C.  being  largely  used  for  levels.  Section  III  gives  measurements  connecting  tempera- 
ture and  length  of  bubble,  with  tubes  of  the  ordinary  cylindrical  type,  Section  IV  the 
relation  between  the  damping  of  the  movement  of  the  bubble  and  its  length,  and  Section  V 
the  relation  between  damping  and  diameter  of  tube.  Section  VI  deals  with  the  calibration 
of  levels,  with  particular  relation  to  the  presence  of  faults  in  the  tube.  The  determination 
of  the  longitudinal  radius  of  curvature  of  the  tube  is  made,  as  well  as  the  effect  of  de- 
partures from  the  circular  form  upon  the  calibration  curve  of  the  level.  Section  VII 
describes  a  new  method  of  obtaining  calibration  curves,  by  photographing  the  image  of 
the  bubble  in  a  plane  mirror,  so  that  the  position  of  the  bubble  upon  the  scale  is  obtained 
for  successive  tilts  given  to  the  tube.  In  Section  VIII  the  relations  between  temperature 
and  width  and  depth  of  bubble  are  obtained,  and  the  results  applied  to  an  explanation  of 
the  bubble  of  Messrs  E.  R.  Watts  and  Son,  Ltd.,  which  has  the  same  length  at  all 
temperatures. 

Introduction. 
It  was  suggested  to  the  writer  by  the  British  Scientific  Instrument  Research  Asso- 
ciation that  the  efficiency  of  the  levels  of  the  bubble  form,  commonly  called  spirit 
levels,  might  be  greatly  improved  if  the  factors  entering  into  their  action  were 
better  understood.  Although  by  no  means  exhaustive,  the  measurements  described 
below  have  thrown  some  light  upon  the  conditions  obtaining  in  the  use  of  the 
level  of  this  form.  The  levels  made  especially  for  this  work  were  all  constructed 
by  Messrs  E.  R.  Watts  and  Son,  Ltd.,  at  whose  instigation,  I  believe,  this  work 
was  first  projected.  Messrs  Watts  have  on  many  occasions  constructed  sets  of 
levels,  at  the  writer's  suggestion,  especially  for  this  investigation,  and  his  indebted- 
ness to  their  help  is  gratefully  acknowledged. 
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A  preliminan'  investigation  of  the  density,  viscosity  and  surface  tension  of  the 
liquids  usually  employed  in  the  construction  of  levels,  and  of  certain  other  liquids 
was  undertaken,  and  the  results  are  given  here,  not  because  of  any  novelty  in  them, 
but  on  account  of  their  possible  usefulness  in  any  work  of  this  character.  The  most 
important  set  is  probably  that  for  the  petroleum  ethers  distilled  at  various  ranges 
of  temperature,  the  liquid  chiefly  used  in  the  manufacture  of  these  levels  being 
petroleum  ether  distilled  bet^veen  40"  C.  and  50°  C. 

The  actual  investigation  of  the  levels  begins  with  the  determination  of  the  relation 
of  length  of  bubble  to  temperature  in  the  case  of  cylindrical  tube  levels,  a  set  of 
six  bubbles  being  supplied  for  the  purpose.  The  length  of  bubble  is  undoubtedly 
determined  chiefly  by  the  expansion  of  the  liquid,  and  to  a  smaller  extent  by  the 
expansion  of  the  glass,  the  surface  tension  of  the  liquid  and  the  pressure  of  the 
gaseous  contents  of  the  bubble  itself.  It  may  be  noted  here  that  in  most  cases  the 
bubble  consists  of  air  and  vapour  of  the  liquid,  and  that  the  proportion  of  one  to 
the  other  varies  with  temperature. 

The  question  of  the  damping  of  the  bubble  comes  next.  This  is  of  importance 
because  a  bubble  which  is  too  mobile  is  to  be  avoided,  as  is  one  which  is  too  sluggish 
in  its  movement.  The  question  of  most  favourable  damping  is  discussed  later, 
under  its  proper  section.  The  actual  damping  depends  upon  the  viscosity  of  the 
liquid,  the  length  of  bubble,  and  the  diameter  of  the  tube,  and  probably  the  surface 
.tension  of  the  liquid. 

The  actual  sensitiveness  of  the  bubble  comes  under  the  head  of  calibration, 
which  also  includes  the  question  of  irregularities  in  the  tube.  The  measurements 
in  this  section  were  made  on  a  Level  Tester  kindly  lent  by  the  Cambridge  and  Paul 
Instrument  Company,  Ltd.,  and  a  method  of  obtaining  a  photographic  record  of 
the  behaviour  of  the  level,  which  greatly  relieves  the  strain  of  making  the  obsers'a- 
tions,  is  described. 

I.  Density,  Surface  Tension,  and  Viscosity  of  water,  benzol,  xyi.oi., 

CHLOROFORM,  ALCOHOL  AND  ETHER,  WITH  VARYING  TEMPERATURE  AND  PRESSURE. 

(«)  Density.  In  the  measurement  of  density  the  method  of  weighing  in  a  bulb 
previously  calibrated  with  mercury  at  known  temperatures  was  employed.  In  the 
case  of  water,  ether,  alcohol  and  chloroform,  these  constants  are  so  well  known 
that  their  results  were  taken  from  Kaye  and  Laby's  Tables  of  Physical  Constants 
The  following  values  were  found  for  benzol  and  xylol: 


Temperature 

Density 
gm./c.c. 

Coefficient 

of 
expansion 

Benzol 
Xylol 

i6<, 
289 
410 
i6'9 
283 
429 

08817 
08687 
0-8555 
08606 
08508 
08382 

■    000130 
>    0-00108 
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{b)  Surface  Tension.  Owing  to  the  varj'ing  gas  and  vapour  pressure  which 
occurs  in  level  bubbles  at  different  temperatures  it  was  thought  desirable  to  measure 
the  surface  tension  at  different  pressures.  It 
therefore  became  necessary  to  hold  the  liquid 
in  a  tube  which  could  be  connected  to  an  air 
pump  and  manometer.  The  general  arrangement 
is  shown  in  Fig.  i.  ^  is  the  capillary  tube  in 
which  the  rise  of  liquid  was  measured,  the 
liquid  being  contained  in  the  tube  B,  situated 
in  a  beaker  of  water.  B  is  connected  to  a 
sprengel  pump  and  mercurj'  manometer.  The 
rise  of  liquid  in  A  is  measured  by  means  of  a 
vernier  microscope,  which  involved  uncertainty 
in  reading  owing  to  the  refraction  of  light 
occurring  at  the  water-glass  and  glass-air  sur- 
faces. Before  readings  of  surface  tension  were 
made,  a  steel  scale  was  substituted  for  the 
capillary  and  a  set  of  vertical  readings  was  made 
with  the  vernier  microscope.  The  beaker  and 
water  were  then  removed  and  the  readings  were 
repeated.  No  differences  were  observable  in  the 
two  sets  of  readings,  and  it  was  concluded  that 
no  error  comparable  with  the  errors  of  readings  of  the  scale  of  the  microscope  were 
introduced  by  the  beaker  and  water.  Care  was  taken  always  to  observe  through 
the  same  portion  of  the  beaker. 

Three  capillary  tubes  were  prepared  by  drawing  out  a  piece  of  tube  in  a  bunsen 
flame,  and  the  three  were  calibrated  by  means  of  a  weighed  mercury  thread,  curves 
of  radius  of  tube  and  position  of  section  being  made.  The  surface  tension  was 
calculated  from  the  relation 


Fig. 


^r  I       r\ 


The  observed  value  of  h,  the  capillary  raising  of  the  liquid  in  the  tube,  required 
correction  for  the  fact  that  the  liquid  in  the  outer  tube  B  has  not  a  sufficient  exten- 
sion for  its  surface  to  be  plane.  The  curvature  of  this  surface  reduces  the  observed 
height  in  the  capillary  tube  A.  Measurements  of  elevation  were  made,  using  a  large 
external  surface  of  water  which  was  taken  as  plane,  and  a  factor  of  conversion  for 
the  same  capillary  enclosed  in  the  outer  tube  B  was  found.  Only  one  of  the  capillary 
tubes  was  used  for  the  actual  measurements,  and  for  this  tube  the  factor  of  conversion 
was  1-073. 

The  curv^es  of  Fig.  2  give  the  values  of  the  surface  tension  obtained  for  benzol, 
xylol,  chloroform,  alcohol  and  ether.  In  all  cases  the  pressure  was  reduced  by  means 
of  the  sprengel  pump  until  the  liquid  boiled.  On  shutting  off  the  pump,  boiling 
ceases,  and  observations  of  capillary  height  were  begun  as  soon  as  the  liquid  was 
quiescent.  The  increased  pressures  were  obtained  by  letting  in  air.    In  all  cases, 
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except  chloroform  and  ether,  the  change  from  the  pure  vapour  pressure  up  to 

atmospheric  pressure  made  no  perceptible  alteration  in  the  capillary  height.  The 

following  two  tables  will  serve  as  samples  of  the  observations  made. 

Xylol. 


Temperature 

Pressure,  cm. 

h 

8 

Surface  tension 

of  mercury 

'"  '='^- 

gm./c.c. 

m  C.G.S.  units 

138 

1-3 

1-567 

0-863 

28-7 

J3-7 

77-5 

I  560 

0 

86^ 

286 

It'i 

77S 

1560 

0 

861 

286       • 

77-S 

1-543 

0 

860 

282 

23-6 

77S 

I-S30 

0 

8.54 

277 

27-5 

77-5 

1-490 

0 

851 

26-9 

349 

775 

1-470 

0 

844 

26-3 

407 

77-5 

:-440 

0 

8^9 

25-6 

45-6 

77-5 

1-420 

0 

834 

25-1 

Chloroform. 


<)■<) 

0 

9'7              ' 

496 

lU 

17-0 

0 

900              I 

49b 

245 

0 

890 

496 

28-3 

r. 

0 

890              I 

496 

28-3 

0 

883 

496 

280 

76-3 

0 

890              I 

499 

28-3 

763 

0 

867 

486 

27-3 

76-3 

0 

843 

474 

26-4 

34-9 

76-3 

0 

827              I 

46. 

25-6 

43-» 

76-3 

0-793       1       ■ 

448 

24-4 
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The  change  of  surface  tension  with  pressure  in  the  case  of  chloroform  and  ether 
are  not  indicated  in  the  curves. 

It  should  also  be  noted  that,  with  the  greatest  care  taken  in  cleaning  the  tubes, 
the  surface  level  in  the  capillary  always  creeps  in  the  case  of  water.  Readings  could 
only  be  taken  immediately  after  raising  the  level  by  tilting  the  tube.  In  the  case  of 
alcohol  the  creep  was  very  small,  and  in  the  case  of  the  other  Hquids  the  creep  was 
entirely  absent.    In  the  case  of  benzol  the  tube  was  left  for  two  days.    On  then 
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tilting  the  tube  and  replacing,  the  surface  came  to  the  same  level ;  with  xylol  the 
same  effect  was  obtained  after  a  12  days'  interval.  It  seems  probable  that  these 
liquids  dissolve  the  last  traces  of  grease  from  the  surface  of  the  capillary  tube,  which 
could  not  be  removed  by  boiling  in  nitric  acid. 

(c)  Viscosity.  The  viscosities  were  measured  by  observing  the  time  for  a  given 
quantity  of  liquid  to  run  through  a  capillary  tube.  The  method  was  therefore 
comparative,  and,  the  results  for  ether,  alcohol  and  water  being  taken  from  Kaye 
and  Laby's  tables,  those  for  the  other  liquids  were  calculated.  Fig.  3  gives  the 
results. 
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II.  Density,  Surface  Tension  and  Viscosity  of  Petroleum  Ethers 

DISTILLED  AT  VARIOUS  RANGES  OF  TEMPERATURE. 

The  methods  of  measurement  are  identical  with  those  described  in  Section  I 
and  the  results  only  are  given  here.  The  petroleum  ethers  had  been  obtained  by 
distillation  at  ranges  of  temperature  31  "-33°  C,  33°-35°  C,  35°~37°  C,  37°-4o''  C. 
and  40°-50°  C,  the  liquid  distilled  at  the  last  range  being  that  used  in  tlie  manu- 
facture of  the  levels  described  later. 

(a)   Density. 


Petroleum  ether 

Temperature 

Density 

Coefficient  of 

range  (°  C.) 

gm./c.c. 

expansion  x  10' 

31-33 

107 

06297 

1 

198 

0 

6205 

]     ■■'' 

266 

0 

6139 

33-35 

II-8 

0 

6318 

1 

20-S 

0 

6224 

\         1-64 

2S-7 

0 

6149 

J 

35-37 

12-8 

0 

6337 

1 

21-3 

0 

6255 

\         1-64 

30-3 

0 

6164 

1 

37-40 

133 

0 

6368 

1 

22-5 

0 

6278 

>         1-64 

29- 1 

0 

6212 

J 

40-50 

121 

0 

6457 

1 

22-4 

0 

6363 

/     '•" 

302 

06287 

{b)   Surface  Tension. 


Petroleum  ether 
distilled  at 
range  (°  C.) 

Temperature 

Surface  tension 
in  c.G.s.  units 

3 '-33 

lo-s 
i6-3 

.6-4 
i6-o 

210 
268 

15-4 
148 

33-35 

i6-2 

i6-6 
160 

21-8 

15-4 

27- 1 

149 

35-37 

12-5 

,76 

167 
1 6- 1 

22-4 

280 

■5-5 
149 

37-40 

15-2 

21-3 

.6-7 
160 

242 

15« 

293 

>5> 

40-50 

137 
17-3 

17-2 
i6-8 

25-9 

160 

31-7 

«S-4 
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(f)    Viscosity. 


Petroleum  ether 
distilled  at 
range  CO 

Temperature 

Viscosity  in 
c.G.s.  units 

31-33 

M\ 

0-00340 

0 

00329 

240 

0 

00321 

27-1 

0 

00316 

33-35 

iSo 

0 

00336 

22-4 

0 

00326 

250 

0 

00322 

2<;o 

0 

00315 

35-37 

135 

0 

00348 

i«-3 

0 

00337 

232 

0 

00327 

32-8 

0 

00314 

37-40 

19-6 

0 

00338 

25-5 

0 

0032s 

28-6 

0 

00315 

40-50 

II-9 

0 

00365 

159 

0 

00360 

21-7 

0 

00344 

279 

0 

0033s 

37-0 

0  00328 

III.  Length  of  Bubble  and  Temperature. 

The  most  obvious  effect  of  temperature  upon  a  level  bubble  is  the  change  in 
its  length.  With  a  closed  tube,  the  length  of  bubble  is  determined  by  the  amount 
of  space  left  unoccupied  by  liquid  at  the  time  that  the  tube  is  sealed.  There  does 
not  seem  to  be  any  general  practice  of  excluding  air  from  the  bubble.  It  follows 
that  the  bubble  at  the  time  of  filling  will  be  at  atmospheric  pressure  and  will  consist 
of  air  and  saturated  vapour  of  the  liquid.  After  filling,  the  chief  effect  of  rise  of 
temperature  will  be  to  cause  expansion  of  the  liquid,  with  consequent  compression 
of  the  air  in  the  bubble.  Expansion  of  the  glass  tube  cannot  have  much  effect  upon 
the  size  of  the  bubble,  nor  can  the  increase  of  pressure  of  the  gas  in  the  bubble, 
when  the  walls  of  the  tube  are  fairly  rigid.  The  volume  of  the  bubble  at  any  tem- 
perature is  thus  fixed,  after  filling,  by  the  temperature. 

Six  bubbles,  all  having  an  external  diameter  of  i -8  cm.,  were  made,  with  different 
liquid  contents,  so  that  a  gradation  of  bubbles  of  different  lengths  was  obtained. 
Each  level  was  immersed  in  a  shallow  bath  of  water  and  the  length  of  the  bubble 
read  in  scale  divisions,  at  various  temperatures.  The  bubbles  are  of  the  type  which 
give  one  scale  division  movement  nominally  for  a  tilt  of  20  seconds  of  arc,  and  the 
lengths  of  division  are  about  0-26  cm.  The  six  bubbles  were  lettered  Z),  E,  F,  G, 
H  and  /,  and  the  curves  giving  length  of  bubble  and  temperature  are  given  in  Fig.  4. 

It  will  be  noticed  that  the  curves  are  consistent  with  each  other,  except  in  the 
case  of  tube  G,  and  the  discrepancy  is  attributed  to  a  different  liquid  having  been 
used  in  its  construction.  Bubble  I  behaved  as  though  it  would  vanish  at  about 
42°  C.  Hence  very  little  air  could  be  present.  The  heating  was  not  continued 
beyond  38°  C,  for  fear  that  the  increased  pressure  should  crack  the  tube. 
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Attempts  were  made  to  find  an  equation  connecting  length  of  bubble  and 
temperature,  but  so  many  assumptions  had  to  be  made  that  no  reliable  equation 
was  found.  The  width  of  the  bubble  was  measured  in  the  first  few  cases;  but  no 
change,  as  distinct  from  uncertaint}^  of  measurement,  was  found  until  the  bubble 
became  so  short  that  the  sides  were  evidently  not  straight.  The  measurements 
were  made  by  observation  through  the  walls  of  the  tube.  This  question  is  returned 
to  in  Section  VIII. 
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IV.   Dampinc  ano  Li:n(;tii  of  Bubhi.k. 

The  tubes  were  supported  in  a  bath  of  water  resting  upon  the  level  tester  lent 
by  the  Cambridge  and  Paul  Instrument  Company,  the  arrangement  being  shown 
in  Fig.  5.  One  end  of  the  bubble  having  been  brought  to  an  appropriate  division, 
the  level  is  tilted  by  means  of  the  lever  AB  until  a  given  elongation  from  the  rest 
position  of  the  bubble  is  attained,  and  the  end  of  the  lever  B  then  released.  The 
bubble  then  oscillates  in  returning  to  its  rest  position,  and  its  elongations  on  either 


Levels  and  Level  Bubbles 


269 


side  of  zero  are  obser\ed.  The  temperature  of  the  bath  is  recorded  at  the  same  time 
and  the  length  of  the  bubble  obtained  from  the  cur\'es  of  Fig.  4.  For  each  tem- 
perature the  elongation  is  varied  and  a  curve  plotted,  using  the  first  elongation  as 
abscissa  and  the  second  elongation  as  ordinate,  a  sample  set  being  given  in  Fig.  6. 
It  will  be  seen,  by  the  curves  being  straight  lines,  that  the  ratio  of  the  first 
elongation  to  the  second  is  fairly  constant  for  each  length  of  bubble.  The  decre- 
ment d  is  deduced  from  these  curves.  The  decrement  d  is  then  plotted  against  the 
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length  of  bubble  /,  giving  the  curves  {I  -  d)  in  Fig.  7.  In  order  to  find  whether  the 
logarithmic  decrement  gave  a  simpler  curve  than  the  simple  decrement, 
'^10  (  =  logio  d)  is  then  plotted  against  the  length.  Further,  to  find  the  length  of 
bubble  which  would  give  the  critical  damping  or  shortest  time  of  coming  to  rest, 
i/Aio  is  plotted  against  the  length  /,  giving  the  curves  {/  -  (i/Am)}  in  Fig.  7.  Pro- 
ducing this  curve  down  to  the  axis  indicates  that,  for  a  length  of  about  six  divisions, 
the  motion  of  the  bubble  wouU  become  dead  beat.  This  was  tried  by  raising  the 
temperature  of  tube  /.   At  24-5°  C.  the  decrement  is  about  100,  the  length  being 
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7  divs.,  and  at  28-4°,  the  length  being  6-4  divs.,  the  motion  appeared  to  be  dead  beat. 
But  it  must  be  noted  that  as  the  dead  beat  condition  is  approached,  the  bubble 
wanders  about.  The  bubble  is  in  an  extremely  unsatisfactor)'  condition  for  use  as 
a  level  bubble,  the  control  for  this  short  bubble  being  very  feeble.  Sets  of  the  above 
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readings  were  mad 
of  curves  in  Fig.  7 

Attempts  to  form  tlie  equation  of  motion  lo 
the  damping,  were  not  successful  owing  to  tl 
liquid  in  such  a  restricted  and  irregular  space. 


acli  end  of  the  bublilt',  ami  arc  imlicatcd  by  the  two  sets 


tlic  bubble,  from  which  to  deduce 
•  comjilexity  ol  the  motion  of  the 
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At  this  stage  it  appeared  of  interest  to  find  how  the  diameter  of  the  tube  affected 
the  damping,  so  five  tubes  of  different  diameters  were  employed.  These  tubes  were 
provided  with  an  air  chamber  at  one  end,  so  that  the  length  of  bubble  could  be 
varied  at  will.  For  this  reason  the  water  bath  was  dispensed  with  as  the  atmospheric 
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LENGTH    OF  BUBBLE  IN  DIVISIONS 
Fig.S 

temperature  could  be  used  throughout.  The  measurements  were  made  as  described 
in  the  last  section  and  the  curves  of  length-decrement  are  given  in  Fig.  8,  the  internal 
diameter  of  the  tube  being  indicated  upon  each  curve.  From  these  curves,  those 
of  Fig.  9  are  deduced,  where  the  decrement  is  plotted  against  the  diameter  of  tube 
for  each  length  of  bubble. 

The  striking  feature  of  these  curves  is  that  the  decrement  varies  enormously 
with  the  diameter  of  the  tube  for  short  bubbles  but  very  little  for  long  bubbles, 
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and  in  all  cases  there  is  a  distinct  minimum  of  decrement  in  the  neighbourhood  of 
diameter  1-4  cm.  for  all  lengths  of  bubble. 

In  this  set  of  experiments,  as  in  the  previous  set,  it  was  found  that  when  the 
damping  becomes  great,  the  zero  position,  or  position  of  rest,  becomes  uncertain, 
and,  on  producing  a  displacement  of  the  bubble  and  allowing  the  bubble  to  return, 
it  frequently  stops  short  of  its  previous  position  of  equilibrium.  Thus  with  short 
and  consequently  heavily  damped  bubbles  the  control  is  extremely  weak  and  the 
level  is  consequently  unreliable.  On  the  other  hand  a  very  long  bubble  preserves 
a  longer  period  of  oscillation  and  suffers  from  the  defect  that  the  ends  are  so  far 
separated  that  the  ground  glass  surfaces  of  the  tube  are  not  so  likely  to  be  circular 
in  longitudinal  section.  It  appears  from  Fig.  9  that  with  cylindrical  tubes  of  this 
type  there  is  an  advantage  in  having  the  diameter  of  the  tube  somewhere  in  the 


11 

<A 

1 

\ 

^/ 

fl 

\ 

/. 

\ 

/ 

K 

zz: 

\ 

V 

^ 

^ 

__ 

r^ 

y. 

S 

=^^^ 

^==^^^ 

? 

~r-~- 

^ 

F= 

^ 

t^— 

' 

0  9     10      M       1-2      1-3      14      1-5      16      1-7     1-8     1-9  CM 

DIAMETER  OF  TUBE 
Fi«. ,) 

neighbourhood  of  1-4  cm.,  as  the  shorter  bubble  has  a  decrement  not  very  much 
greater  than  the  longer  bubble,  and  the  advantages  of  small  decrement  with  short 
bubble  are  both  attained. 

VI.  Calibration  of  Levels. 

The  six  levels  D,  E,  F,  G,  H  and  /  were  then  calibrated  by  means  of  the  level 
tester.  Each  tube  was  placed  in  the  V-rests  of  the  level  tester  (Figs.  5  and  15)  and 
the  tilt  changed  10  seconds  at  a  time,  the  positions  of  the  two  ends  of  the  bubble 
being  observed  by  eye  and  recorded.  The  bubble  was  thus  caused  to  travel  from 
one  end  of  the  scale  to  the  other  and  back  again  so  that  a  complete  cycle  of  readings 
was  obtained  for  each  tube.  The  nominal  sensitiveness  of  the  levels  is  in  ail  cases 
20  seconds  per  division  and  the  mean  actual  length  of  each  division  is  o-2f)cni., 
so  that  the  average  whole  length  of  scale  of  40  divisions  is  10-4  cm. 

In  Fig.  10  is  given  the  calibration  curve  for  one  end  of  the  bubble  in  tube  D. 
The  ascending  and  descending  curves  are  given,  and  the  mean  line,  if  the  tube  were 
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perfect,  is  also  drawn.  This  is  one  of  the  worst  samples,  and  in  Fig.  ii  is  given 
the  curve  for  tube  E  which  is  one  of  the  best.  Some  of  the  cun-es  lie  above  the  mean 
line,  as  in  Fig.  lo,  and  some  below. 

The  sensitiveness  of  the  bubble  is  determined  by  the  longitudinal  radius  of  the 
tube,  produced  by  grinding,  which  radius  is  readily  found  from  the  sensitiveness 
of  the  bubble.  Thus,  if  ACBD  in  Fig.  12  is  a  longitudinal  section  of  the  tube,  with 
curvature  of  course  greatly  exaggerated  in  the  diagram,  and  O  the  centre  of  the 
circle,  AB  may  be  taken  as  one  position  of  a  horizontal  plane  drawn  through  the 
extremities  of  the  bubble  in  contact  with  the  tube.  If  now  the  tube  is  tilted  through 
the  angle  0  until  CD  is  the  horizontal  plane  drawn  through  the  extremities  of  the 
bubble,  AC  or  x  is  the  circumferential  travel  of  the  end  of  the  bubble  and  we  have 


or,  for  small  travels 


the  radius  (longitudinal)  of  the  tube, 
dx 


If  the  grinding  of  the  tube  resulted  in  a  truly  circular  longitudinal  section,  r 
would  be  constant,  as  would  dxjdO,  and  on  plotting  .v  against  6,  as  in  Figs.  10  and  1 1 , 
a  straight  line  would  result. 

The  mean  value  of  dxjdO  is  obtained  from  these  curves,  but  0  must  be  converted 
into  circular  measure  and  x  into  centimetres.  Thus,  for  tube  D 
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The  following  table  gives  the  radii  (longitudinal)  of  the  six  tubes. 


Tube 

de . 

-j-  in  seconds 

Length  of  40 
scale  divisions 

r 

per  division 

cm. 

D 

2772 

.0-38 

1931 

E 

20'5I 

1044 

262s 

F 

i.S-54 

10-37 

2884 

0 

2I-<S2 

10-28 

2429 

H 

1832 

io-.-!3 

2908 

I 

1040 

2436 

It  becomes  now  of  importance  to  calculate  actual  values  of  the  departure  from 
the  circular  form  of  the  tube.  In  this  case,  if  the  tube  be  tilted  so  that  the  hori- 
zontal plane  through  the  ends  of  the  bubble  changes  from  the  position  AK  to  CD 
(Fig.  13)  with  respect  to  the  tube,  tlie  end  of  the  bubble  will  be  at  C,  if  the  section 
of  the  tube  is  circular.  IJut  if  the  plane  CD  meets  tlic  surface  of  the  tube  at  E, 
owing  to  irregularity  in  the  tube,  the  travel  of  tlic  bubble  will  now  be  A(!  instead 
of  AC\  that  is,  8.v'  instead  of  8.v. 


Since  ' 


e,  or 


then 


;•  IS  constant. 
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But  if  r  is  not  constant, 

d-x      dr        .    ,        d'-x     ,,, 

Total  variation  in  r  between  points  d  ^  d^  and  d  =  do,is 

:e.,  re,  J2y. 


0 

Fig.  13 
A  more  useful  expression  for  the  change  in  r,  or  depth  of  the  irregularity  in 
the  tube,  niay  be  found  by  remembering  that  the  curvature  of  the  surface  ACFB 
in  Fig.  13  is  enormously  exaggerated.  If  then  the  tube  is  tilted  through  the  angle 
hO  -=  AOC,  where  AE  represents  the  surface  of  the  tube  instead  of  AF,  the  bubble 
will  take  the  new  position  GH,  parallel  to  CD;  GE  =  DH  =  \CF  and  we  may 
write  CF=  2  (Sat' -  8.v). 


276 

S.  G.  Starling 

Now 

angle  BAO  =  angle  DCO  =  0, 

and  to  a  first  order, 

angle  DCO  =  angle  CEF  =  <f>. 

,      CF      2{8x'-8x)      V'"' 
••^^"•^      FE             8r                    i 

.    s,_./{S-v'-8.) 

This  relation  shows  that  for  a  given  irregularity  (8'")  in  a  given  tube  (/)  it  is  very 
nearly  true  that  l{8x'  —  S.v)  =  constant,  so  that  the  disturbance  due  to  the  irregu- 
larity varies  inversely  as  the  length  of  the  bubble.  This  points  to  a  considerable 
superiority  in  the  long  bubble.  Thus  if  OAC  in  Fig.  14  is  the  calibration  curve 
for  a  tube  of  truly  circular  longitudinal  section  it  will  be  a  straight  line,  and  8x 


Fig.  14 

would  be  the  travel  of  the  bubble  for  the  tilt  86.  But  if  the  point  B  of  the  diagram 
is  reached  for  the  tilt  8^,  the  change  in  x  is  8x'.  Thus  the  vertical  departure  from 
the  mean  curve  {dxjdd  =  const.)  enables  us,  by  the  equation 

to  find  the  height  of  the  elevation  or  ilepth  of  the  depression  in  the  tube,  {hx'  —  hx) 
being  positive  corresponds  to  a  huni]i  in  tlic  surface,  and  (S.v'  hx)  being  negative 
corresponds  to  a  depression. 

For  the  tube  D  (Fig.  10),  the  greatest  value  of  (S.v'  —  8.v)  is 

(3-8  -  3-37)  -  043  scale  div.  -  0-43      '°  ^    — 
From  Fig.  4,  the  temperature  being  15-6°  C, 

/  =  34'0  scale  div.s.    ^  34-0 


40 


10-38 
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From  the  table  on  p.  274, 

r  =  193 1  cm. 

Sr  =  3'^"°-   ^°'^^  ■      °-43  ><  i°-38 

40^/(1931)-- - 

It  is  clear  that  I'-j^  is  negligible  in  comparison  with  r',  and  the  equation  may 
thus  be  written 

„        l(8x'  -Sx)      34-0  X  10-38  X  0-43  X  10-38 

Sr  =     ^        -        -'  =  -^ ^ 3^5 ^   -  O-OOQCI  cm. 

r  40  X  40  X  193 1 

This  is  of  the  nature  of  a  bump  in  the  surface  and  moreover  changes  gradually  in 
value  along  the  tube. 
For  the  tube  E, 

Sx'  —Sx  =  5-9  —  5-8  =  o-i  scale  div.  =  o-i  x  — ^4  ^.j^ 

/  =  28-3  scale  divs.  =  28-3  x       ^  cm. 
r  =  2625  cm. 
which  gives  8r  =  0-000073  cm. 

It  was  at  this  stage  thought  that  the  irregularities  in  the  tube  might  be  connected 
with  the  engraved  divisions  on  its  outer  surface ;  but  this  idea  was  abandoned  as 
none  of  the  irregularities  could  be  found  to  be  located  either  on  the  divisions  or 
consistentlv  related  in  any  way  with  the  divisions.  They  appear  to  be  of  two  distinct 
types,  namely,  a  gradual  variation  in  curvature,  well  illustrated  in  Fig.  10,  and  a 
much  smaller  and  irregular  variation,  of  which  several  may  be  seen  in  Figs.  10 
and  n*. 

Application  of  geometr\'  to  the  bubble  can  only  be  approximate,  for  other 
considerations  than  mere  level  affect  the  position  of  the  end  of  the  bubble  as  read 
by  an  observer  looking  vertically  downwards.  First,  the  contact  of  liquid  and  wall 
of  tube  is  tangential,  and  an  irregularity  in  the  wall  produces  a  far  larger  effect  on 
the  observed  travel  when  the  leading  end  of  the*  bubble  approaches  the  obstacle, 
than  when  the  following  end  approaches  it,  as  may  be  seen  from  the  relatively 
enormous  obstruction  met  with  in  Section  VII,  Figs.  17  and  19.  It  will  there  be 
seen  that  when  the  leading  end  reaches  the  obstruction  the  bubble  is  held  up  during 
a  tilt  of  60"  while  on  the  return,  when  the  following  end  passes  the  obstruction, 
there  is  only  a  very  slight  departure  from  regularity  of  travel. 

Then  again,  the  obstruction  at  one  end  changes  the  length  of  the  bubble.  Thus, 
in  Fig.  13,  with  one  end  of  the  bubble  at  O  the  other  end  would  not  be  at  H,  for 
GE  is  not  strictly  equal  to  DH.  Any  obstruction  at  one  end  of  the  bubble  would 
disturb  the  position  of  the  other  end.  Thus  the  changes  in  length  of  the  bubble 
should  be  taken  into  account.   The  method  of  Section  VII  has  the  great  advantage 

*  .4150  see  Henrici,  Trans.  Opt.  Soc.  20  (1918-19)  45. 
Optical  XXIV  20 
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that  both  ends  of  the  bubble  are  recorded  simultaneously  and  automatically.  A 
comparison  of  Figs.  18  and  19  will  show  that  in  the  case  of  a  comparatively  good 
tube  (18)  the  change  in  length  of  the  bubble  in  its  travel  is  certainly  extremely  small, 
and  is  probably  much  less  than  the  error  in  measurement,  for  it  must  be  remembered 
that  the  diagram  is  on  a  ver\-  large  scale,  which  is  very  severe  upon  the  observations. 
In  the  case  of  an  abnormally  bad  tube  (19)  the  length  of  bubble  is  nowhere  greater 
than  22-5  divisions  and  nowhere  less  than  22-35  divisions.  If,  in  Fig.  13,  ED  had 
been  made  equal  to  AB,  this  would  of  course  have  altered  the  angle  DCO.  But 
when  it  is  remembered  that  in  an  ordinary'  tube  FE  is  of  the  order  of  0-0002  cm. 
while  r  is  of  the  order  of  2000  cm.,  it  appears  that  the  error  introduced  by  taking 
the  new  horizontal  as  GH  will  not  affect  the  order  of  size  of  the  irregularity  as 
deduced.  The  change  in  length  of  bubble  at  an  irregularity  appears  from  experiment 
never  to  be  greater  than  about  o-i  in  30,  and  the  longitudinal  radius  r  is  so  great 
that  this  change  in  length  will  cause  only  a  second  order  change  in  the  value  of  FE 
as  deduced. 

Thus  the  travel  of  the  bubble  will  be  accompanied  by  collapsing  and  elongating, 
although  to  a  verj-  minute  extent.  It  may  be  difficult  to  decide  at  which  end  of  the 
bubble  any  irregularity  of  the  tube  is  situated.  But  the  object  of  the  calibration  is 
not  to  locate  the  irregularity  for  subsequent  removal,  but  to  determine  the  quality 
of  the  grinding  of  the  tube.  It  is  rarely  that  such  a  bad  tube  as  that  of  Fig.  19  is 
produced,  and  although  interesting  information  has  been  obtained  from  it,  the 
tube  would  of  course  be  rejected  instantly  by  the  instrument  maker.  Bubbles  of 
different  length  employ  different  parts  of  the  tube  and  on  this  account  will  give 
different  calibration  curves,  and  the  length  of  the  bubble  itself  affects  the  dis- 
turbance due  to  any  given  unevenness  in  the  tube. 

VII.   Photogr.'vphic  Method  of  Calibration  and  Investig.ation  of 

THE  IrREGUL.'\RITIES  IN  THE  TUBE. 

The  process  of  calibration  of  the  scale  of  the  level  described  in  Section  \\  is 
extremely  trying  as  every  reading  is  made  by  eye.  Also  the  fractions  of  a  scale 
division  are  estimated,  and,  although  after  a  time  this  can  be  done  with  a  fair 
amount  pf  certainty,  it  was  thought  that  a  great  advantage  would  accrue  from  making 
an  automatic  record  of  the  behaviour  of  the  bubble,  which  could  afterwards  be 
measured  at  leisure.  For  these  reasons  the  arrangement  illustrated  in  Fig.  15  was 
adopted. 

The  level  is  shown  at  AB,  resting  upon  the  level  tester,  and  the  tilt  can  be  pro- 
duced by  means  of  the  micrometer  screw  S,  graduated  to  give  seconds  of  arc  of 
tilt.  The  plane  mirror  M  is  attached  to  an  axle  CD  and  can  be  tilted  by  the  movement 
of  the  brass  bar  EF,  the  lower  end  of  which  rests  in  the  V-groove  of  the  level  tester. 
The  mirror  produces  a  virtual  image  A'B'  of  the  bubble  and  this  image  is  photo- 
graphed by  means  of  the  camera  G'.  With  the  arrangement  adopted,  a  fairly  even 
travel  of  the  image  A'B'  is  produced  on  turning  the  microineter  screw  S' ,  and  for 
each  position  of  the  image  a  10  seconds  exposure  produces  a  satisfactory  negative 
on  the  photographic  plate.  These  images,  arranged  one  above  the  other,  record  the 
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successive  positions  of  the  bubble  in  its  travel  along  the  tube.  By  raising  or  lowering 
the  camera  to  a  predetermined  extent,  the  images  corresponding  to  the  return  of 

X...... e: 


the  bubble  in  the  completion  of  the  cycle  are  separated  from  those  obtained  in  the 
first  travel.  In  Figs.  16  and  17  are  given  two  of  the  photographs  obtained,  Fig.  16 
for  a  fairly  good  level  and  Fig.  17  for  a  particularly  bad  one. 

The  method  of  illuminating  the  tube  is  not  shown,  but  it  consists  in  placing 
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a  piece  of  blackboard  chalk,  bevelled  to  a  plane  surface  at  about  45"  to  the  vertical, 
underneath  the  tube.  This  constitutes  a  very  good  matt  surface,  and,  on  concentrating 
the  light  from  an  arc  lamp  upon  it,  gives  sufficient  illumination  for  a  fairly  short 
'exposure.  The  photographic  plate  is  left  e.xposed  during  the  whole  of  the  experi- 
ment, the  positions  of  the  image  in  its  10  seconds  rest  positions  being  sufficiently 
clearly  marked.  Also  the  bubble  is  covered  by  a  sheet  of  aluminium  blackened  on 
its  upper  surface  and  having  a  longitudinal  slot  cut  in  it.  This  cuts  out  all  but  the 
median  part  of  the  image  and  prevents  confusion  between  the  several  images. 

It  should  be  noted  that  the  travel  of  the  image  does  not  affect  the  accuracy  of 
the  calibration,  because  the  advancing  tilts  are  recorded  at  the  time  of  making  the 
experiment  and  are  after%vards  written  against  the  corresponding  images.  It  is 
felt  however  that,  with  a  mechanism  for  moving  the  mirror  constructed  more 
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accurately,  the  photographs  might  well  be  able  to  act  as  calibration  curves  without 
further  measurement.  In  the  actual  experiment,  the  position  of  the  end  of  the 
bubble  is  measured  by  means  of  a  travelling  microscope,  the  relative  distances  from 
the  nearest  .scale  divisions  giving  its  position  much  more  accurately  than  in  the 
earlier  experiments  (Section  VI). 

Figs.  18  and  19  are  curves  plotted  from  the  nioasurements  nuulr  on  the  photo- 
graphs shown  in  Figs.  16  and  17. 

A  set  of  levels  was  supplied  by  Messrs  Watts  in  which  various  orders  of  the 
operations  of  grinding  and  etching  had  been  employed,  but  it  is  clear  from  the 
curves  obtained  that  no  connection  between  the  errors  and  the  order  of  operations 
could  be  found.  Neither  were  the  irregularities  connected  with  the  etching  marks. 
The  irregularities  in  the  tube  appear  to  be  due  to  fortuitous  accidents  in  the  process 
of  grinding. 

Figs.  17  and  jy  arc  worthy  of  note,  for  it  is  obvious  from  tlic  jihotograph  that 
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something  is  seriously  wrong  with  this  tube.   It  is  seen  that  as  the  leading  end  of 
the  bubble  passes  the  division  25  and  the  following  end  approaches  the  division  3, 
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Fig.  19 
there  is  serious  sticking  of  the  bubble.    But,  once  this  point  is  passed,  the  travel 
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returns  to  its  normal  behaviour.  Also,  on  the  return,  there  is  no  such  serious 
sticking,  only  a  comparatively  small  irregularity  being  observed.  The  method  of 
p.  276  gave  the  depth  of  the  obstruction  as  0-002  cm.  It  was  of  interest  to  see  whether 
the  obstruction  in  the  tube  affected  the  leading  or  the  following  end  of  the  bubble. 
For  this  purpose  readings  were  made  at  different  temperatures  and  therefore  different 
lengths  of  bubble.  In  this  way  it  was  found  that  the  obstruction  always  occurred 
when  the  leading  end  arrived  at  the  25  division,  whereas  the  following  end  had 
various  positions.  It  must  be  remembered  that  the  reading  corresponds  always  to 
the  position  of  the  cur\'ed  end  of  the  bubble  and  not  to  the  place  of  contact  of 
liquid  and  glass.  For  this  reason  it  was  concluded  that  the  obstruction  was  between 
the  24  and  the  25  divisions.  In  order  to  find  whether  the  obstruction  was  a  ridge 
running  round  the  tube  or  a  local  spot,  measurements  were  made  with  the  tube 
turned  slightly  on  its  side,  first  in  one  direction  and  then  in  the  other.  It  was  found 
that  one  of  these  greatly  increased  the  sticking  and  the  other  reduced  it.  On  ex- 
amining the  tube  with  a  lens  at  the  suspected  place,  a  minute  piece  of  foreign 
matter  was  seen  adhering  to  the  glass. 

Thus  a  serious  defect  may  be  detected  at  once  by  a  photograph  of  the  tube,  which 
requires  about  5  minutes  to  take,  and  an  accurate  calibration  curve  for  the  level 
may  afterwards  be  made  from  this  photograph  if  desired. 

VHI.   Bubble  having  Constant  Length. 

The  level  having  a  bubble  of  the  same  length  at  all  temperatures,  made  by 
Messrs  Watts*,  provides  an  interesting  example  of  the  relative  effects  of  the  ex- 
pansion of  the  liquid  and  its  change  of  surface  tension,  upon  the  dimensions  of  the 
bubble.  With  the  bubble  of  the  type  used  in  levels,  the  cross-section  of  the  bubble 
in  the  middle  of  its  length  is  as  shown  in  Fig.  20.  The  bubble  is  so  long  that  its 
curvature  at  right  angles  to  the  plane  of  the  diagram  may  he  taken  to  be  zero. 
Taking  the  pressure  of  the  mixture  of  gas  and  vapour  inside  tlic  buliblc  to  be  />, 
and  the  hydrostatic  pressure  in  the  liquid  at  C  to  be  P, 

T 

where  T  is  the  surface  tension  of  the  liquid  and  r  the  radius  of  curvature  of  the 
bubble  in  the  plane  of  the  figure  at  C.  At  height  h  above  C  the  hydrostatic  pressure 
is  P      h?ig,  where  8  is  the  density  of  the  liquid  and  g  the  acceleration  of  gravity, 

.-.  p  ^P-/,Sg+  ?", 


where  ;'  is  the  radius  of  curvature  at  height  //  above  C, 

This  gives  an  equation  for  the  cross-section  of  the  bubble,  but  in  a  form  not  readily 
usable. 

•   Tram.  Opt.  Soc.  24  (1922-23)  52. 
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To  obtain  the  depth  //  of  the  bubble  from  its  tangential  contact  with  the  walls 
of  the  tube  to  its  lowest  point,  consider  a  section  or  slice  of  the  bubble  of  unit 
length.  For  either  half  of  the  slice,  resolving  horizontally, 

Outward  force  =  pH, 

Inward  force     =  hydrostatic  force  +  surface  tension  forces 


H{p~"l^)  +  T+Tcose, 


pH^Hi 


P_^S)^  r(i  +  cosf?). 


H{p-P)  +  ^'^^  =  T{i  +  cos( 
but  p-P^^, 


3« 


i  (a)  'y 

i  .  (b) 

Fig.  20  Fig.  21 

In  dealing  with  the  cross-section  of  the  bubble  we  may  treat  the  effect  of 
changing  surface  tension  and  density  upon  the  mean  depth  and  upon  the  mean 
width  separately,  taking  the  effect  upon  mean  depth  first.  Unless  the  radius  of 
curvature  is  small,  H/r  may  be  omitted  as  a  first  approximation  when 

'T\ 


"<ir 


For  the  effect  of  changing  temperature  upon  the  width  of  the  bubble,  con- 
sider the  bubble  in  plan  (Fig.  21  a).  Then  the  longitudinal  curvature  at  A  is  zero, 
and  that  at  S  is,  say,  r'. 

At  A,    p  =  P"+T^,, 

where  r"  is  the  curvature  at  the  tangential  contact  between  liquid  and  glass  at  A, 
and  P"  the  hydrostatic  pressure. 

taking  the  curvature  at  tangential  contact  to  be  the  same  throughout, 

T 
.-.  P'  +  ~  =  P\ 

T 
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But  P"  -  F  =  hSg, 

where  h  is  the  difference  of  level  at  the  contacts  at  A  and  B  (see  Fig.  21  h), 

bgr 
If  b  is  half  the  width  of  the  bubble  between  contacts, 
h-      /1.2R, 
where  R  is  the  radius  of  the  tube, 

Sgr' 

As  a  first  approximation,  take  1'  =  b,  then 

Lo      zRT 


bx 


(S'f 


To  test  this  latter  point  two  tubes  were  made  by  Messrs  Watts,  each  with  one 
end  as  flat  as  possible  inside  and  ground  flat  outside  and  the  width  of  the  bubble 
was  measured,  by  means  of  a  travelling  microscope,  with  varying  temperature. 
The  tube  being  horizontal  and  under  water,  a  pentagonal  prism  was  placed  opposite 
the  end  so  that  the  axis  of  the  microscope  was  vertical.  The  tubes  were  of  elliptical 
section  and  the  bubble  of  constant  length,  so  that  any  change  occurring  was  in 
section  only.  The  ends  not  being  perfectly  flat,  the  readings  were  difficult,  but 
by  taking  many  readings  at  temperatures  varying  from  1 1°  C.  to  71°  C.  curves  were 
obtained  from  which  the  widths  at  10°  C.  and  30°  C.  were  found. 

Four  sets  of  values  of  630/^10  were  found  to  be  0-971,  0-972,  0-971  and  0-967, 
giving  a  mean  of  0-970.  Plotting  the  curves  for  surface  tension  and  density  (p.  266) 
for  the  petroleum  ethers  (40°-50°  C.)  the  values  at  10°  C.  and  30°  C.  were 
found  to  be 

'A„      15-5^'  7^:0  -  17-55 

S30  -    0-629  Sio  =    0-648. 

Thus  ^  =  (^'> .  ^'f  =  (^5:56  ,  o.648y,  __ 

bio    Vr,„  8,„i     V17-55  0-629.        ^' 

The  agreement  with  the  observed  value  is  near  enough  to  justify  the  assumptions 
made. 

Thus,  on  raising  the  temperature  of  a  tube  having  a  long  enough  bubble  to 
have  sides  which  are  straight  longitudinally,  the  necessary  change  in  difference  of 
level  between  the  contacts  at  the  ends  and  sides  of  the  bubble  takes  place  by  a 
lateral  contraction  of  the  bubble. 

Now,  taking  into  account  both  contraction  in  depth  and  width,  unless  there  is 
appreciable  change  in  the  shape  of  the  section,  the  area  of  section  is  proportional 
to  the  product  of  depth  and  width  and  will  be  written  kUb. 
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Let  V\  be  the  volume  of  liquid  in  the  tube  at  some  low  temperature  and  /  the 
mean  length  of  the  bubble ;  then  the  whole  internal  volume  of  the  tube  is 

On  raising  the  temperature  the  volume  is  F,  +  kl^Hnhi,  and  if  the  expansion  of  the 
glass  be  neglected 

Fi  +  A/i//,6i  =  1^2  +  kl^H.j),. 

Now  V,\  =  FoS., 

and  taking  // a  f  ^  i"and  6  «  f  ^  j    , 


-.--.©'©'=4:--.©' 


r^NJ 


where  K  is  a  new  constant. 

If  now  /j  =  /,  =  /,  that  is  the  bubble  is  to  have  constant  length, 

But  Kl  \-^\  is  the  volume  of  the  bubble  at  the  lower  temperature,  say  fj, 
8,  -  8., 


"K 

''  ^-(kW 

Taking 

the 

same 

values  for  § 

ijo  and  830,  r^o  and  T^^ 

as  before 

I 

0-648  —  0-629 
0-629 

0-42. 

/I5-56    0-648x^1 
Vi7-55"  0-629/ 

A  correction  made  for  the  fact  that  the  space  above  AB  in  Fig.  20  does  not 
change  in  depth  affected  the  result  to  much  less  than  i  per  cent. 

Three  elliptical  tube  bubbles  made  by  Messrs  Watts  were  then  subjected  to 
measurement  of  length  of  bubble  at  different  temperatures.  One  of  these  had  a 
bubble  which  became  shorter  with  rise  of  temperature  and  the  other  two  became 
longer,  but  one  of  them  was  very  nearly  constant  in  length.  In  each  case  the  ratio 
vjV  wzs  found  approximately  from  the  length  of  tube  occupied  by  liquid  when  the 
tube  is  placed  vertically.  The  quantity  dljdt  was  then  plotted  against  vjV,  giving 
a  very  nearly  straight  line  cutting  the  axis  at  a  point  which  makes 

dl         ,      V 

^^  =  0  for  ^  =  0-403. 

Considering  the  approximations  made,  this  is  in  fair  agreement  with  the  value 
calculated  from  the  changes  in  surface  tension  and  density  of  the  liquid,  con- 
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sidering  also  that  the  Hquids  used  at  different  times  may  not  he  of  identical  com- 
position. A  bubble  in  which  the  compensation  is  very  nearly  perfect  gives  z<j  V  =  0-40 
for  a  constant  length  bubble. 

The  problem  was  also  attacked  by  obtaining  the  cross-section  of  the  bubble  by 
projecting  an  image  of  it  upon  a  screen  by  means  of  a  lens  cemented  to  the  end  of 
the  tube  and  forming  the  boundary  of  the  liquid.  The  results  were  unsatisfactory 
owing  to  the  difficulty  of  obtaining  a  sharply  defined  image  of  the  contact  of  liquid 
and  tube. 

In  conclusion  I  must  tender  my  sincere  thanks  to  Sir  Herbert  Jackson,  Director 
of  Research  of  the  British  Scientific  Instrument  Research  Association,  for  his 
encouragement  and  suggestions  throughout  this  work. 


DISCUSSION 

Major  E.  O.  Henrici:  I  am  very  glad  that  Mr  Starling  has  been  able  to  take  up 
the  question  of  the  various  factors  affecting  the  performance  of  bubble  tubes,  and 
read  us  this  very  interesting  paper.  Mr  Starling  does  not  mention  any  experiments 
on  the  effect  of  the  fineness  or  otherwise  of  the  grinding;  the  efl^ect,  if  any,  is 
probably  small ;  perhaps  he  can  say.  I  should  like  to  suggest  an  extension  of  the 
formula  the  author  gives  on  pp.  276  and  277.   Suppose  that  for  a  given  position  of  a 


perfect  tube  the  bubble  should  take  up  a  position  BC  with  its  centre  at  /4,  as  shown 
in  the  accompanying  figure.  This  position  would  correspond  to  that  indicated  by 
the  straight  lines  on  the  author's  calibration  curves.  If  the  tube  is  not  perfect, 
the  bubble  will  take  up  some  other  position  DE,  where  DE  is  parallel  to  liC.  If 
the  ends  of  the  bubble  are  viewed  from  above  they  will  be  displaced  distances  CK' 
and  HI)'  respectively,  and  the  centre  will  be  displaced  AA'  where 
AA'       •  {CE'   '   BD'). 
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If  O  is  the  centre  of  curvature  of  the  perfect  tube,  «  is  half  the  angle  BOC,  and  DF, 
EG  are  perpendicular  to  OB,  OC  respectively,  then : 

CE'  =  CG  sin  a  -  GE  cos  a,   BD'  -  DF  cos  a  -  BE  sin  a, 


ind 


hence 


AA'  =  I  {(CG  -  BE)  sin  «  -  {GE      DF)  cos  «}. 
DD'  -  EE',   (CG  -  BE)  cos  «  -  (DF  -  GE)  sin  n, 


2^^'  sin  a  =  (CG  -  SF)- 

As  G£  and  7)/^  are  very  small  compared  with  OB,  CG  and  BE  are  practically 
equal  to  the  irregularities  Br^  and  Sr,  in  the  tube  at  the  ends  of  the  bubble  DE,  hence 
if  r  is  the  mean  radius  of  curvature,  and  /  the  length  of  the  mean  bubble,  the  error 
AA'  =  (8ri  -  Sr.)  r//. 

(NOTE.  Sr  is  positive  when  measured  inwards,  and  A'  is  between  A  and  the 
smaller  Sr.)  In  the  above  it  has  not  been  assumed  that  the  length  of  the  bubble  DE 
is  the  same  as  the  mean  length  BC,  as  indeed  it  cannot  be  strictly  in  most  cases, 
though  the  variation  will  be  very  small  in  any  bubble  that  is  at  all  usable.  It  will 
be  seen  at  once  that  a  bubble  tube  may  give  a  different  calibration  curve  if  the 
"mean"  length  /  be  altered,  as  for  any  given  position  of  the  tube  the  ends  of  the 
bubble  will  be  in  quite  new  positions  which  may  have  quite  different  values  for 
ht\  and  Srj  hence  it  is  quite  impossible  to  calibrate  a  bubble  tube  except  for  a  given 
length  of  bubble. 

It  seems,  however,  that  it  might  be  possible  to  determine  the  actual  irregularities 
in  the  curve  of  a  bubble  tube  without  undue  labour,  .by  using  the  author's  photo- 
graphic calibration  method,  provided  that  the  length  of  the  bubble  remains  sensibly 
constant  as  it  moves  along  the  tube.  IfSrj.Sr.,,  ...  8r„  are  the  irregularities  at  divisions 
I,  2,  ...  H  of  the  scale,  and  if  the  bubble  has  a  length  of  an  exact  number  (say  20) 
of  divisions,  it  is  possible  from  a  calibration  curve  such  as  Fig.  18  to  determine  the 
values  of  AA',  r  and  /,  and  from  this  a  series  of  ?i  equations  of  the  form 

K  -  8''h+2o  =  AA'r/l 
can  he  written  down,  giving  n  equatioris  for  zn  unknowns.  If  the  bubble  be  now 
shortened,  a  further  set  is  obtained  in  the  same  way,  and  using  three  lengths  of 
bubble  sufficient  equations  are  obtained  to  solve  and  some  over  to  give  a  check 
on  the  consistency  of  the  observations.  An  actual  profile  of  the  section  of  the  tube 
could  then  be  plotted.  It  might  be  worth  while  to  try  this,  using  a  chambered  tube 
so  that  the  length  of  the  bubble  could  be  adjusted  as  desired. 

Mr  H.  L.  P.  Jolly:  The  information  given  in  this  paper  will  be  of  great  interest 
to  all  users  of  optical  instruments,  who  must  in  the  past  have  felt  the  lack  of  some 
such  investigation. 

Mr  F.  C.  Watts :  The  paper  will  be  verj-  helpful,  not  only  to  makers  of  surveying 
instruments,  but  also  to  manufacturers  of  fine  scientific  instruments  generally. 

Prof.  A.  Pollard :   It  is  ver}-  refreshing  to  find  that  Mr  Starling  has  determined 
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the  so-called  hysteresis  loop  for  the  bubbles.  The  importance  of  the  hysteresis 
loop  of  measuring  instruments  was  first  pointed  out  by  Schlink  of  the  Bureau  of 
Standards.  It  yields,  upon  careful  study,  information  with  regard  to  design  and 
conditions  which  can  be  obtained  in  no  other  way.  We  have  a  ver}-  striking  ex- 
ample of  this  in  Fig.  19. 

Mr  Starling,  however,  does  not  appear  to  have  determined  the  hysteresis  loop 
of  the  level  tester  itself.  So  imperfectly  does  mechanical  construction  approach 
the  ideal,  one  might  say  that  the  more  sensitive  an  instrument  the  greater  the 
"  variancy,"  unless  unusual  care  is  bestowed  upon  design,  and  therefore  one  should 
be  highly  suspicious  of  sensitive  instruments. 

Mr  P.  F.  Everitt:  Are  the  petroleum  ethers,  as  defined  by  their  boiling-points, 
reproducible  products,  and  what  are  their  compositions? 

Mr  Starling:  The  specific  effect  of  coarseness  of  grinding  was  not  investigated, 
but  it  can  safely  be  anticipated  that  there  would  be  no  effect  since  the  glass  surface 
is  everywhere  wet. 

Major  Henrici's  theoretical  discussion  is  an  important  contribution  to  the 
subject  and  leads  to  the  same  result  as  that  given  in  the  paper.  The  method 
approaches  the  subject  from  the  opposite  point  of  view  to  that  of  the  paper  and 
leaves  indeterminate  the  actual  position  of  the  bubble.  While  giving  the  resultant 
movement  of  the  bubble  in  terms  of  the  difference  of  the  irregularities  at  the  two 
ends,  it  allows  an  infinite  number  of  possible  positions  for  each  end  of  the  bubble. 

The  testing  instrument  was  not  examined  for  hysteresis  effect,  but  such  an 
effect  can  hardly  be  appreciable  in  the  present  work  where  the  jumps  are  of  the 
order  of  10  seconds  of  arc. 

The  composition  of  the  liquids  cannot  be  given.  The  definition  adopted 
determines  the  physical  properties  of  importance  for  the  use  to  which  they  were  put. 
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Abridged  from  a  lecture  given  on  22nd  March,  1923. 

The  previous  historical  lectures  of  the  present  series  have  been  concerned  with 
instruments  of  comparatively  recent  development,  but  the  beginnings  of  surveying 
operations  are  lost  in  obscurity.  Both  in  Babylonia  and  Egypt  the  surveying  of  land 
was  practised,  but  the  development  of  specialized  instruments  must  probably  be 
credited  to  the  Greeks.  A  fairly  correct  idea  of  the  geography  of  the  Mediterranean 
basin  had  been  obtained  by  Ptolemy  as  early  as  a.d.  150,  although  his  work  was 
lost  to  memory  in  Roman  times  and  was  not  recovered  till  the  15th  century.  Hero 
of  Alexandria  described  the  use  of  a  water  level  in  conjunction  with  a  vertical  scale 
or  staff.  Mention  is  also  made  of  a  "dioptre,"  an  instrument  resembling  an  early 
form  of  theodoUte  on  which  an  alidade  bearing  sights  could  be  made  to  rotate  about 
a  horizontal  or  vertical  a.xis.  This  instrument  possessed  no  divided  circles,  for  these 
were  an  Arabic  invention  of  a  somewhat  later  day. 

The  Astrolabe.  The  Arabs  applied  angular  scales  to  the  astrolabe  (Fig.  i),  an 
instrument  believed  originally  to  have  been  invented  by  Hipparchus  of  Bithynia 
circa  150  B.C.  This  may  be  described  as  the  veritable  ancestor  of  the  majority  of 
modern  observational  instruments,  and  to  this  day  it  is  in  use  in  Arabian  obser- 
vatories. Taken  westward  by  Arabian  seamen,  and  eastward  to  China  by  Nestorian 
Christians,  it  was  found  in  widespread  use  for  navigational  and  astronomical 
purposes  by  the  time  of  Chaucer  (a.d.  1391),  whose  Treatise  on  the  Astrolabe (5)* 
was  written  or  translated  to  introduce  his  "littel  son  Lowis"  to  its  mysteries. 

The  Science  Museum  exhibits  two  copies  of  Arabian  astrolabes  of  the  nth 
century-,  and  one  Persian  astrolabe  dating  from  about  a.d.  1490,  as  well  as  other 
later  types,  including  a  Flemish  example  of  the  i6th  century.  The  instrument  con- 
sists of  a  heav7  circular  plate  with  a  shackle  and  ring  on  its  circumference  for 
suspension.  The  projecting  rim,  divided  into  "degrees"  and  "hours,"  holds  a  thin 
circular  plate  or  tablet  and  a  superimposed  piece  of  open  metal  work  known  as 
the  "  rete."  The  plate  and  rete  are  held  in  position  by  a  central  pin  or  axis  on  which 
the  rule  or  alidade  (Arabic,  "alhidat")  rotates  at  the  back  of  the  instrument.  The 
alidade  carries  simple  vanes  with  apertures  for  sights.  Without  attempting  to  deal 
with  the  theory  of  the  instrument  it  may  be  said  that  it  takes  the  place  of  the 
celestial  globe  for  approximate  astronomical  determinations,  the  various  circles 
being  projected  on  the  tablet.  For  example,  the  zenith  point  is  seen  with  the  circles 
*  The  small  numbers  in  the  text  refer  to  the  bibliography  at  the  end. 
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of  azimuth  radiating  outwards  from  it,  while  the  tropics  and  equator  are 'repre- 
sented by  circles  concentric  with  the  axis.  The  rete  shows  in  the  same  projection 
the  positions  of  the  more  prominent  fixed  stars. 


ISCALe'or  INCHES  1 


Fig.  I.    I'ersian  astrolabe,  a.d.  i4yo. 

This  instrument  could,  for  example,  be  used  to  determine  the  time  from  an 
()bser\ation  of  the  altitude  of  the  sun  or  stars  and,  equally  well,  the  latitude,  etc., 
if  the  time  is  known.  It  is  a  simplified  form  of  the  Armillary  Sphere  in  which  the 
complete  circles  are  actually  given.  It  is  no  great  step  from  the  armillary  sphere  to 
the  equatorial  mounting  of  an  astronomical  telescope.    Modifications  of  the  astro- 
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nomical  astrolabe  were  in  use  at  sea,  and  the  Museum  exhibits  one,  believed  to  be 
derived  from  the  Spanish  Armada,  which  is  made  verj-  massive  in  order  to  minimize 
errors  caused  by  wind(ti). 


Fig.  2.    Gunter's  Quadrant  by  Wright,  A.D.  1720. 

The  Astronomical  Ring.  This  is  yet  another  modification  in  which  the  sun's 
rays  shine  through  a  hole  in  a  vertically  suspended  cylindrical  ring,  and  tall  on  a 
scale  on  the  opposite  interior  of  the  circumference  whence  the  altitude  may  be 
read  off. 

The  Quadrant.  This  name  covers  a  variety  of  instruments  which  were  used  from 
early  times  up  to  the  i8th  century.  The  astronomical  quadrant  is  found  in  all  sizes 
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with  its  quarter  circle  ranging  from  a  few  inches  in  radius  up  to  several  feet.  The 
alidade  again  carries  sights  by  means  of  which  it  may  be  directed  to  a  star,  means 
being  also  provided  for  rotating  the  whole  quadrant  in  azimuth,  as  in  the  instru- 
ment of  Tycho  Brahe  (a.d.  1546).  In  the  later  forms  of  the  instrument  exhibited 
in  the  Museum,  amongst  which  those  of  Butterfield  of  Paris  (a.d.  1750),  J.  Sisson 
(a.d.  1770),  and  Dollond  (late  18th  century)  are  noteworthy,  telescopes  are  substituted 
for  the  alidade  with  simple  open  sights.  It  was  not  until  about  the  end  of  the  i8th 
centur}'  that  the  realization  of  the  inevitable  inaccuracies  due  to  eccentricity  com- 
pelled a  reversion  to  the  older  practice  of  using  a  complete  circle. 

In  other  forms  of  the  quadrant,  open  sights  were  sometimes  carried  on  one 
radial  edge  which  could  thus  be  directed  to  a  star,  the  altitude  being  indicated  by 
a  freely  swinging  plummet.  This  was  the  device  commonly  adopted  in  Gunter's 
Quadrant,  a  smaller  and  less  accurate  instrument  intended  to  supplant  the  astrolabe 
for  certain  purposes.  The  face  of  Gunter's  Quadrant  also  carried  stereographic 
projections,  and  some  beautiful  examples  of  engraving  and  dividing  by  early  makers. 


•  found  111  the 


Fig.  3  a.   Ordinary  observation  with  Cross-staff.        Kig.  3  b 

notably  by  Wright  (a.d.  1720)  (Fig.  2)  and  Sutton  (a.d.  1658), 

Museum. 

Both  astrolabes  and  quadrants  were  commonly  employed  for  surveying  as  well 
as  for  astronomy  and  navigation;  they  frequently  carried  special  engravings  for 
facilitating  the  calculation  of  vertical  altitudes  and  the  like,  such  as  the  iimhra  recta 
and  umbra  versa. 

It  is  now  necessarv'  briefly  to  notice  two  early  forms  of  navigational  instruments 
intended  for  the  measurement  of  celestial  angular  altitudes,  namely  the  cross-staff, 
and  the  Davis  quadrant. 

The  Cross-staff  or  Fore-staff.  Gravity  controlled  instruments  such  as  the  astro- 
labe may  sometimes  be  less  convenient  than  a  simpler  device  if  the  line  of  the  horizon 
is  easily  visible.  For  example,  in  the  Fore-staff,  a  cross  piece  sliding  on  the  main 
bar  could  be  made  to  subtend  an  angle  at  the  eye  equal  to  that  between  the  horizon 
and  the  sun,  or  the  instrument  could  be  used  for  "back"  observations  in  a  manner 
which  will  he  clear  from  Figs.  3  a  and  3  h.  This  instrument  originated  during  the 
15th  century  and  its  use  persisted  till  the  adoption  of  the  sextant. 
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The  Davis  Quadrant.  Invented  in  a.d.  1590  by  Capt.  Davis,  this  instrument 
(Fig.  4)  is  on  somewhat  more  elaborate  lines.  There  are  two  arcs  with  a  common 
centre  in  the  line  on  the  horizon  vane  A ;  the  shadow  vane  B  moves  on  the  arc  with 
shorter  radius,  and  it  can  be  set  at  any  convenient  angle  less  than  the  altitude  to 
be  measured.  The  sight  vane  C  moves  on  the  larger  arc,  and  has  to  be  adjusted  so 
that  the  shadow  or  spot  of  light  cast  by  the  sun  from  the  shadow  vane  is  seen  on 
the  line  of  the  horizon  vane  at  the  moment  when  the  horizon  is  seen  through  the 
aperture  of  the  horizon  vane,  the  observation  being  made  through  C. 

The  Log  line.  While  discussing  nautical  instruments  it  may  be  mentioned  that 
the  log  line  was  first  used  in  1570,  being  invented  by  Humphrey  Cole,  a  mathe- 
matical instrument  maker  well  known  about  that  time. 


Fig.  4.   The  Davis  Quadrant. 

Instyuinents  of  the  16th  and  ijth  Centuries. 

The  instruments  so  far  discussed  are  all  of  early  types  which  were  in  common 
use  with  little  change  for  long  periods.  It  will  be  of  interest  now  to  glance  at  the 
surveying  instruments  in  vogue  at  the  end  of  the  17th  century,  when  great  changes 
were  at  hand.  An  early  Theodolite  (a.d.  1610)  with  a  10"  circle  (Fig.  5)  shows  clearly 
its  descent  from  the  astrolabe.  It  can  be  suspended  from  the  ring  or  mounted  on 
a  stand,  and  carries  an  alidade  with  open  sights.  A  surveying  semicircle  or 
graphometer  by  Deens  of  Vienna  (a.d.  1682)  can  be  adapted  by  a  ball  and  socket 
joint  for  the  measurement  of  angles  in  any  plane.  It  has  two  long  swinging  arms 
carrj'ing  the  sights,  but  no  compass. 

A  surveying  semicircle  or  clinometer  by  Kohler  of  Dresden  (a.d.  1663)  and 
a  9"  circumferentor  are  also  interesting  examples  of  attempts  after  originality  in 
design. 

In  the  year  1571  a  theodolite  or  theodolitus  (Fig.  6)  had  been  constructed  by 
Leonard  Digges  and  subsequently  described  by  his  son  Thomas (U),  who  used  the 
word  theodolite  (of  uncertain  derivation)  for  the  first  time.  The  instrument  pos- 
sessed a  complete  horizontal  circle  and  a  vertical  semicircle  with  sights  on  its 
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straight  edge.  Inclinations  of  the  sighting  line  to  the  vertical  were  read  by  means 
of  a  plummet.  Laussedat(2i?)  gives  a  cut  showing  an  English  theodolite  of  this 
type,  but  the  instrument  is  a  ven,-  uncommon  one  and,  though  it  was  undoubtedly 
the  forerunner  of  a  much  later  type  of  instrument,  the  older  types  such  as  described 


KCAUoMHttjK^ 


Fig.  5.    Early  Theodolite,  10'. 

above  were  more  commonly  used  in  surveying  for  more  tiian  one  liundred  years 
afterwards. 

A  fair  amount  of  literature  dealing  with  tlie  surveying  methods  of  this  period 
is  available.  Rathborne,  the  author  of  one  treatise (17),  was  also  the  originator  of 
Rathborne's  chain,  many  years  in  use  for  base  measurements.  Leaving  the  theodo- 
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lite  we  turn  to  an  interesting  early  "level"  consisting  of  a  heavy  tube  with  a  slit 
at  one  end  and  a  corresponding  horizontal  cross-wire  at  the  other.  The  tube  is 
suspended  centrally  by  a  thread  so  that  the  slit  and  cross-wire  mark  the  horizontal. 
The  case  is  a  box  of  wood  provided  with  windows  for  making  observations. 

T/ie  Plane  Table.  This  held  an  important  place.  Its  use  is  particularly  described 
in  Sebastian  LeClerc's  Traite  de  Geometrie,  and  it  was  apparently  often  used  in 
a  vertical  plane  in  a  manner  reminiscent  of  the  "pin"  method  of  ray  tracing. 
Leybourne,  writing  in  1653,  prefers  the  plane  table  to  any  other  instrument. 

The  Compass.  For  lack  of  space  the  development  of  the  compass  cannot  be 
adequately  discussed.  It  must  suffice  to  say  that  the  secret  of  the  lodestone  was 
probably  communicated  to  the  Arabs  by  the  Chinese,  although  the  Greeks  were 
also  well  acquainted  with  magnetism.  The  magnetic  needle  came  into  use  for  Euro- 
pean navigation  about  the  year  A.D.  1200,  and  then  consisted  of  a  needle  supported 


Fig.  6.    Digges'  Theodolite,  A.D.  1571. 

by  two  floating  tubes.  By  the  end  of  the  i6th  century  it  was  in  general  use,  and  a 
print  of  this  period  shows  a  marine  compass  bearing  a  pivoted  needle.  The  grapho- 
meters  of  the  17th  century  frequently  carried  compass  needles. 

Telescopes.  At  the  end  of  the  i6th  century  we  are  on  the  threshold  of  great 
advances  in  the  construction  of  instruments.  Though  GaHleo  made  little  direct 
contribution  to  the  sciences  of  surveying  and  navigation,  his  quick  realization  of 
the  importance  of  Lippershey's  telescope  (a.d.  1609)  undoubtedly  brought  into 
prominence  an  invention  which  might  have  been  neglected  and  forgotten.  We 
have  to  thank  him  too  for  the  use  of  the  pendulum  and  escapement  in  a  clock, 
suggested  to  him  by  the  steady  swinging  of  a  lamp  in  the  Cathedral  of  Pisa,  and  the 
story  is  told  how  he  checked  its  isochronism  during  a  service  by  counting  his  pulse 
beats.  From  this  germ  grew  the  modern  chronometer,  by  no  means  the  least 
important  of  navigational  instruments.  Fig.  7  shows  a  very  ancient  clock  from  the 
Museo  de  Fisica  at  Florence,  constructed  on  Galileo's  principle. 
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The  Galilean  form  of  the  telescope  was  soon  followed  by  the  Keplerian  modi- 
fication, in  which  a  positive  eye  lens  is  employed.  About  1639  William  Gas- 
coigne(:iO.:3i)  employed  telescopes  with  cross- wires  as  optical  sights  in  graduated 
instruments,  but  his  death  at  JXIarston  Aloor  in  1644  caused  the  temporarj-  loss  of 
the  invention  as  well  as  of  the  eyepiece  micrometer  also  invented  by  him.  The 
telescopic  sight  was  again  proposed  by  Jean  Baptiste  Morin  somewhat  later,  and 
both  the  telescopic  sight  and  the  filar  micrometer  were  finally  re-invented  in  Paris 
about  1666  by  Picard  and  Auzout  respectively. 

The  telescopic  sight  had  by  no  means  the  unqualified  approval  of  astronomers 
when  first  introduced,  and  amongst  those  who  disapproved  was  Helvelius  of  Danzig 
(1611-1687)    who    maintained    a    controversy    on    this    point    with    Hooke.    The 


,  7.    Clock  constructfil  IVoni  .-i  design  du 
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(from  T\cho's  Mechanicti,  1602). 


astronomer  Halley  paid  a  visit (i^)  to  the  observatory'  of  Helvelius  specially  to 
test  the  possibility  of  the  high  precision  claimed  for  observations  made  with 
open  sights.  Such  precision,  however,  is  more  readily  understood  when  a  diagram 
(Fig.  S)  from  Tycho  Brahe's  Mcclmnica{V>)  is  consulted.  This  shows  one  form  of 
open  sight  for  setting  on  a  star;  the  eye  looks  through  the  slits  at  the  near  end  and 
the  star  had  just  to  be  visible  at  any  edge  of  the  square  disc  forming  the  fore-sight 
when  observing  through  the  corresponding  slit  in  the  back-sight. 

Jt  must  be  remembered  that  mathematical  theor}-  was  then  well  ahead  of  material 
realization.  Pedro  Nunez  (1492  1577),  professor  of  mathematics  at  Coimbra,  had 
proposed  the  "nonius"  for  taking  fractional  readings  on  a  divided  circle,  but  the 
device  due  to  Vernier,  published  at  Brussels  in  163 1,  was  found  to  be  much  more 
practical.    .A  similar  s\iggestion  had  been  made  by  Christopher  C'lavius  .some  years 
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before,  but  he  had  not  proposed  to  attach  a  permanently  divided  auxiliary  arc  to 
the  alidade. 

Bubble  Levels.  'I'he  astronomer  Picard,  previously  mentionetl,  applied  his  tele- 
scopic sight  to  several  instruments,  including  an  optical  level  in  which  the  direction 
of  the  vertical  was  fixed  by  a  long  plummet  swinging  in  a  case  for  the  prevention 
of  draughts.  It  was  not  until  near  the  end  of  the  17th  century  that  the  bubble  level 
was  proposed  by  Thevenot,  librarian  to  the  French  king.  Although  bubble  levels 
figure  in  the  catalogues  of  instrument  makers  about  the  year  1700,  they  were  not 
considered  to  be  very  accurate  until  the  process  of  internal  grinding  had  been 
introduced  by  Chezy  about  a.D.  1750.  The  theory  of  levelling,  however,  had  been 
worked  out  and  well  described  by  Picard  in  his  Traite  du  nivellement. 

Tacheometry.  In  the  year  1674  Gemininano  Montanari  used  a  hair  diaphragm 
in  the  focal  plane  of  a  telescope  for  the  measurement  of  terrestrial  distances  with 
the  aid  of  a  graduated  scale  or  stafl^.  The  necessary  constant  correction  was  pointed 
out  later  by  Reichenbach. 

Divided  Circles.  The  problem  of  the  graduation  of  circles  was  at  this  time  one 
of  a  geometrical  nature  involving  the  use  of  approximate  methods  and  continuous 
stepping  by  means  of  the  beam  compass.  The  arcs  were  therefore  made  of  radii  as 
great  as  possible  in  order  that  the  residual  errors  might  have  less  effect  on  the 
readings.  Abraham  Sharp  (1651-1742)  was  the  artist  who  divided  the  mural  arc 
for  Flamsteed  at  Greenwich  in  1676;  he  considerably  raised  the  standard  of  English 
instruments,  but  the  accurate  division  of  smaller  circles  was  still  difficult.  Graham 
divided  a  new  8-foot  quadrant  in  1725  and  further  improved  the  practice.  Some- 
what later  Sisson,  Adams,  and  other  expert  makers  began  to  produce  small  and 
accurate  circles,  excellently  exemplified  in  the  small  quadrant  by  Sisson  exhibited 
in  the  Museum,  but  the  year  1740  marks  the  origin  of  the  idea  of  the  dividing  engine 
in  the  machine  by  Hindley  of  York(t2),  intended  originally  for  the  cutting  of  the 
teeth  of  wheels  for  clockwork.  Before  the  end  of  the  century  a  similar  mechanism 
was  being  successfully  employed  for  circular  graduation.  Further  reference  will  be 
made  to  this  subject  when  discussing  Ramsden  and  his  work. 

Octants  and  Sextants.  Newton's  octant,  used  by  Halley,  was  undoubtedly  an 
anticipation  of  the  principle  described  by  Hadley(3i),  but  Newton's  instrument (3ti) 
was  not  described  (owing  to  Halley 's  death)  until  1742.  By  the  time  of  the  publica- 
tion in  1758  of  Edward  Stone's  translation  (22)  of  Bion's  Mathematical  Instrumentsc^ii), 
Iladley's  instrument  was  beginning  to  be  widely  employed  in  place  of  the  earlier 
Davis  quadrant.  Hooke  in  1664  and  Grandjean  in  1732  had  invented  reflecting 
forms  of  back-staff  but  these  had  not  fulfilled  the  condition  of  maintaining  the 
"coincidence"  while  the  instrument  moves. 

Several  representative  forms  of  the  sextant  are  found  in  the  Science  Museum. 
The  earliest  is  the  5]"  instrument  of  brass  (Fig.  9),  due  to  Sisson  and  dating  from 
about  .\.D.  1735.  It  has  a  diagonal  scale  for  taking  fractional  circle  readings.  A 
later  example  of  15"  radius  is  due  to  J.  L.  Martin ;  this  carries  a  vernier  reading  to 
minutes.  The  necessary  rigidity  of  the  frame  is  secured  by  the  use  of  two  plates 
riveted  together.  The  modern  solution  of  the  problem  of  rigidity  is  the  openwork 
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casting,  but,  failing  this,  the  use  of  wooden  frames  offered  many  advantages.  The 
scales  on  the  wooden  frames  were  often  engraved  on  ivor}-. 

The  reflecting  or  repeating  circle  (24)  with  opposite  verniers  offers  a  means  of 
overcoming  the  inaccuracy  due  to  eccentricity  encountered  in  ordinary  sextants. 
The  example  exhibited  in  the  Museum  is  due  to  Lenoir  of  Paris  and  dates  from  the 


Via.  I).    Sextant  .sj"  by  SIsson. 

end  of  the  i8th  centur).  By  this  device  also  it  is  possible  to  repeat  a  reading  over 
different  parts  of  the  graduation .  This  instrument  has  apparently  also  been  employed 
as  a  station  pointer  in  navigation. 

The  Artificial  Horizon.  In  connection  with  the  sextant  it  may  be  mentioned 
that  the  invention  of  the  artificial  horizon  is  supposed  to  have  originated  with  the 
elder  ().  .Adams  about  the  middle  of  the  iSth  century.  It  was  later  improved  by 
VV.  Jones,  and  one  of  his  instriunents  is  described  in  Adams'  (icomctrical  and 
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Graphical  Essays &').  The  instrument  exhibited  was  used  with  alcohol,  and  dates  from 
the  early  part  of  the  19th  century.  It  has  a  simple  trough  with  a  reversible  covering, 
the  windows  in  the  latter  being  perpendicular  to  the  average  paths  of  the  rays. 

The  General  Survey  Resumed.  Resuming  the  general  sur\'ey  we  are  found  con- 
sidering the  end  of  the  17th  centur}-.  Although  telescopic  sights  were  quickly 
applied  to  astronomical  quadrants  they  were  (apparently)  not  used  for  land  survey- 
ing operations  till  the  early  part  of  the  i8th  century,  and  even  then  the  older  type 


Fig.  10.   Altazimuth  Theodolite  by  .Sisson. 

of  instrument  persisted.  The  altazimuth  theodolite  by  J.  Sisson,  1725  (Fig.  10),  is 
one  of  the  earliest  theodolites  carrying  a  telescope.  It  posseses  a  4I"  horizontal 
circle  and  is  read  by  three  symmetrically  placed  verniers  to  6'.  The  vertical  arc 
gives  angles  of  elevation  or  depression  up  to  70°,  and  is  read  by  a  single  vernier. 
A  feature  common  to  many  instruments  of  the  period  is  the  use  of  pinion  wheels 
for  effecting  the  motion  of  the  parts.  Spirit  levels  are  employed  for  the  adjustment 
of  the  instrument;  there  are  four  levelling  screws,  and  a  compass  is  added.  It  is 
of  interest  to  note  that  the  use  of  conical  axes  probably  dates  from  this  period,  when 
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endeavours  were  being  made  to  make  instruments  more  compact  and  less  dependent 
for  the  accuracy  of  the  motion  on  the  sHding  contact  of  the  verniers  and  a  planed  circle. 

Amongst  other  early  theodolites  of  a  similar  type  exhibited  in  the  Museum  are 
to  be  noted  those  of  Cole  (a.d.  1750)  and  Adams.  Both  of  these  employ  telescopes 
and  have  four  levelling  screws. 

Stone  (22)  gives  an  interesting  comparison  between  British  and  French  theodo- 
lites of  this  period.  The  latter  type  is  employed  somewhat  after  the  manner  of  a  plane 
table;  circular  discs  of  card  can  be  slipped  into  the  instrument  and  the  direction  of 
various  stations  can  then  be  marked  off  with  the  aid  of  a  rule  rotating  with  the 
telescope. 

As  well  as  the  theodolite,  Sisson  made  a  level  furnished  with  a  telescope  and 
bubble.  The  level  was  further  improved  by  Thomas  Heath  in  an  example  of  1735. 

In  1757  John  Dollond  invented  the  achromatic  lens,  and  it  was  not  long  before 
Xevil  Maskelyne  (Astronomer  Royal)  fitted  an  achromatic  telescope  to  a  mural 
quadrant.  The  use  of  achromatic  lenses  was  retarded  by  a  heavy  excise  duty  levied, 
until  1845,  on  the  necessary  optical  glass. 

It  is  interesting  to  note  that  M.  de  la  Hire  had,  according  to  Bion,  suggested  the 
replacement  of  the  usual  fibres  or  webs  employed  for  cross-wires  in  telescopes  by 
fine  lines  lightly  ruled  on  a  glass  plate  with  a  diamond,  but  whether  we  are  to 
attribute  the  invention  to  him  or  to  Tobias  Mayer  (Gottingen),  who  in  1748  had 
employed  a  glass  plate  with  ink  lines  in  the  focal  plane  of  a  telescope,  or  to  Brander 
(1764-1773),  who  also  used  lines  ruled  with  a  diamond,  seems  somewhat  doubtful. 

The  production  of  suitable  brass  tubing  has  always  been  a  matter  of  importance 
in  instrument  work.  Tubes  were  first  made  by  bending  the  sheet  metal  round  a 
cylinder,  soldering  the  joint,  and  turning  down  the  exterior  of  the  tube  to  the  re- 
quired diameter.  It  was  probably  in  the  i8th  century  that  the  practice  of  drawing 
tubes  came  into  use.  The  soldered  or  brazed  tubes  were  placed  on  a  steel  rod 
(known  as  a  triblet  or  mandril)  of  the  same  diameter  as  the  required  interior  diameter 
of  the  tube.  The  tubes  were  then  drawn  on  the  mandril  through  holes  of  smaller 
and  smaller  diameter  till  the  required  size  was  obtained.  Joshua  Lover  Martin (I5) 
described  a  special  process  of  drawing  to  produce  plated  tubes,  but  it  is  not  clear 
whether  he  was  the  originator  of  the  ordinarj'  drawing  process.  In  a  theodoHte  of 
1760  by  Badderley  the  interior  of  the  tubes  does  not  suggest  the  smoothness  pro- 
duced on  the  draw  bench,  but  Martin's  tubes,  and  brass  work  generally,  attained 
a  considerable  excellence. 

Several  notable  figures  appear  at  the  end  of  the  i8th  century,  and  attention 
must  first  be  given  to  Ramsden.  His  celebrated  dividing  engine  was  described  by 
the  Hoard  of  J^ongitude  in  1777.  Although  the  earlier  forms  of  Ramsden's  theodo- 
lites show  little  difl^erence  in  arrangement  from  earlier  types,  their  finish  is  almost 
modern.  The  familiar  Ramsden  eyepiece  was  then  applied  to  the  micrometer 
microscope  as  a  means  of  taking  circle  readings.  Ramsden  may  have  worked  from 
the  idea  carried  out  by  J.  L.  Martin  in  1742,  in  which  a  cross-wire  actuated  by  a 
micrometer  screw  was  placed  in  the  focal  plane  of  a  microscope,  or  from  the  example 
of  Louville,  to  whom  Laussedat  attributes  the  use  in  1774  of  a  micrometer  for  read- 
ing the  circle.    (.See  also  Ref.  vs.^).)  This  micrometer  was  used  by  Ramsden  (1792) 


Surveying  &  Navigational  Instruments  from  the  Historical  Statidpoint  301 

in  his  celebrated  large  theodolite  (43)  (Fig.  11).  The  advances  made  by  Ramsden 
bring  the  design  of  the  theodolite  into  a  form  from  which  in  principle  it  has  not 
since  greatly  deviated.  Seventeen  years  after  the  erection  of  the  instrument  just 
mentioned,   Edward   Troughton   described  in   the   Philosophical  Transactions  his 


Fig.  1 1 .    Ram,sden's  large  Theodolite. 

original  method  of  dividing  a  circle,  and  an  even  more  valuable  method  (still  in 
use)  of  testing  the  graduations  when  made. 

A  repeating  altitude  and  azimuth  circle  by  the  brothers  Troughton  illustrates 
their  work  of  the  period  near  i8io.  This  is  also  preser\^ed  in  the  Museum  as  well  as 
a  small  7"  theodolite  which  is  singular  in  possessing  an  auxiliary'  telescope.  In  this 
small  instrument  also  the  vertical  circle  is  incomplete,  but  it  was  not  long  before 
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the  realization  ot  the  value  of  a  complete  vertical  circle  led  to  its  inclusion  in  instru- 
ments such  as  that  by  Car}-  (early  19th  century).  This  latter  is  of  a  "classical" 
form  which  is  capable  of  the  best  work ;  modern  improvements  have  been  chiefly 
to  adapt  the  instrument  for  the  exigencies  of  use  in  the  field.  The  treatise  by 
Hunaeus,  Die  geometrischen  Instrumente  (1864),  which  describes  the  instruments 
of  that  period  in  detail,  gives  the  reader  a  profound  impression  of  the  painstaking 
thoroughness  then  employed  in  the  construction  and  use  of  surveying  instruments. 

A  few  further  points  require  attention  and  mention  must  be  made  of  Porro. 
Born  at  Pignerol  in  i8oi,  this  Piedmontese  officer  showed  a  remarkable  talent  in 
optical  science,  and  the  invention  of  the  anallatic  lens  (described  in  his  paper 
La  Tacheometrie,  Turin,  1850)  is  only  one  of  the  fruits  of  his  genius.  It  may  be 
mentioned  that  at  the  beginning  of  the  century  the  telescopes  of  ordinan,-  tacheo- 
meters  were  not  sufficiently  good  to  read  the  staff'  directly,  so  the  setting  was  made 
on  a  diamond-shaped  target  sliding  on  the  staff"  and  adjusted  according  to  the  signals 
of  the  observer.  Such  a  staff  is  exhibited  in  the  Science  Museum,  but  this  method 
had  been  superseded  (through  the  improvement  of  the  telescope)  by  the  year  1835, 
thus  paving  the  way  for  the  work  of  Porro. 

In  the  middle  of  the  19th  century  initiative  in  instrument  design  had  passed 
to  some  extent  out  of  British  hands.  In  the  catalogue  to  the  Exhibition  of  1851 
we  read  "The  (sur\eying)  instruments  exhibited  in  the  British  portion  of  this 
section  are  few  in  number  and,  with  the  exception  of  those  by  Simms,  Dollond, 
Marryatt,  and  Yeates,  are  for  the  most  part  of  an  ordinary  kind — there  being  no 
improvement  nor  attempt  at  such  in  their  construction.  In  the  foreign  department 
it  is  otherwise.... In  (Germany  Breithaupt's  admirable  method  of  covering  the 
divisions  of  the  circle  by  a  thin  circular  plate  seems  to  be  generally  adopted  and 
commands  attention." 

Space  does  not  permit  of  a  discussion  of  the  development  of  instruments  since 
this  period,  but  it  is  a  pleasure  to  note  that  the  above  reproach  to  British  makers 
could  not  be  made  to-day.  The  critical  examination  of  instrument  design  inspired 
by  the  genius  of  Maxwell  (and  stimulated  by  the  suggestions  of  those  using  instru- 
ments) is  now  producing  marked  effects  and  the  study  of  instruments  is  perhaps 
attracting  a  little  more  attention.  It  seems  to  the  writer  that  there  are  two  outstand- 
ing needs;  first  that  the  scientific  user  of  instruments  should  study  his  instruments 
more  carefully,  and  second,  that  the  maker  should  conquer  a  certain  shyness  with 
respect  to  the  scientific  world  which,  though  overcome  during  tlic  recent  war, 
seems  again  to  be  threatening. 

My  thanks  are  due  to  the  director  of  the  Science  Museum,  Col.  H.  G. 
Lyons,  F.R.S.,  for  granting  the  facilities  necessary  for  exhibiting  many  instruments 
which  have  been  described  and  for  supplying  several  photographs  to  illustrate  the 
present  paper,  also  to  Mr  Thomas  Court  for  invaluable  assistance  and  advice  during 
the  work  of  preparation.  I  have  al.so  to  thank  Prof.  ¥.  J.  Cheshire,  C.B.E.,  and 
Mr  David  Ba.xandall  for  helpful  information  and  Prof.  (Jarliasso  of  Piorence  for 
the  photograph  of  Galileo's  clock. 
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EARLY  TELESCOPES  IN  THE  SCIENCE  MUSEUM, 
FROM  AN  HISTORICAL  STANDPOINT 

By  DAVID  BAXANDALL,  A.R.C.Sc,  F.R.A.S. 

Abridged  from  a  lecture  gh'cn  on  24//;  Mav,  1923. 

One  of  the  objects  of  this  series  of  lectures  is  to  bring  before  members  of  the  Society 
some  of  the  groups  of  optical  instruments  in  the  Science  Museum,  and  in  dealing 
with  the  telescope  I  have  selected  a  few  of  the  smaller  examples,  which  may  illustrate 
at  any  rate  some  of  the  points  of  interest  in  the  earlier  history  of  the  instrument. 

The  question  whether  Roger  Bacon  actually  understood  or  made  a  telescope 
has  been  much  discussed  by  many  eminent  writers  on  optics.  Molyneux,  for 
instance  {Dioptrica  Nova,  1692),  said  yes;  Dr  Robert  Smith  {Optics,  1738)  said  no. 
Bacon  does  tell  us  that  he  spent  a  lot  of  money  in  the  making  of  various  kinds  of 
instruments,  and  he  emphasized  the  importance  of  practical  work  going  hand  in 
hand  with  calculation  and  theory. 

I  le  certainly  did  write  as  follows  : 
...we  can  give  such  figures  to  transparent  bodies,  and  dispose  them  in  siuh  order  with  respect 
to  the  eye  and  the  objects,  that  the  rays  shall  be  refracted  and  bent  towards  any  place  we 
please,  so  that  we  shall  see  the  object  near  at  hand  or  at  any  distance  under  any  angle  we 
please.  And  thus  from  an  incredible  distance  we  may  read  the  smallest  letters.... 

From  this  and  other  statements  we  may  say  that  he  anticipated  that  such  an  instru- 
ment as  the  telescope  could  be  constructed.  A  few  years  ago  a  manuscript  in  cypher 
was  discovered,  and  the  key  to  the  cypher  was  found  out  by  Prof.  Romaine  Newbold 
of  Pennsylvania  University.  The  manuscript  was  stated  to  be  the  diary  of  Roger 
Bacon  during  the  latter  part  of  his  life,  and  it  was  said  that  it  contained  records  of 
astronomical  observations  which  could  only  have  been  made  with  a  telescope. 
I  have  not  seen  any  detailed  account  of  Prof.  Newbold 's  investigation,  and  cannot 
say  what  weight  might  be  given  to  this  evidence. 

Bacon  was  undoubtedly  familiar  with  some  of  the  properties  of  convex  lenses, 
and  a  little  before  the  time  of  his  death  such  lenses  were  first  fixed  in  pairs  on  frames 
so  that  they  could  be  held  before  the  eyes  to  assist  defective  sight.  This  application 
of  convex  lenses  is  due  to  Armati  of  Florence.  The  trade  of  spectacle-making  was 
thus  founded,  and  in  the  next  three  centuries  many  thousands  of  convex  spectacle 
lenses  must  have  been  ground  and  polished,  but  it  was  not  until  about  the  beginning 
of  the  sixteenth  century  that  concave  spectacle  lenses  were  first  introduced. 

The  first  mention  of  glass  mirrors,  covered  at  the  back  with  tin  or  leaii  foil,  is 
in  a  treatise  on  optics  written  about  1279  by  John  Peckham  (known  also  as  Pisani), 
an  English  Franciscan  monk  who  taught  at  Oxford,  Paris  and  Rome,  and  died  in 
1292.   He  refers  also  to  mirrors  of  iron,  steel  and  polished  marble. 
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In  1 55 1  Robert  Recorde  in  his  Pathewaic  to  knowledge,  the  first  printed  book  on 
applied  geometry  written  in  English,  states: 

...many  thynges  seme  impossible  to  bee  doen,  which  by  arte  niaie  verie  well  bee  wrought. 
And  when  thei  bee  wrought,  and  the  reason  thereof  not  understande,  then  sale  the  vulgare 
people,  that  those  thynges  are  dooen  by  Negromancie.  And  hereof  came  it  that  Frier  Bacon 
was  accompted  so  greate  a  Negromancier,  whiche  never  used  that  arte  (by  any  conjecture 
that  I  can  finde)  but  was  in  Geometric,  and  other  IMathematicall  sciences  so  experte,  that 
lie  could  doe  by  them  suche  thynges,  as  were  wonderfull  in  the  sight  of  moste  people. 

Great  taike  there  is  of  a  glasse  that  he  made  in  Oxforde,  in  whiche  men  might  se  thinges 
that  wer  doen  in  other  places,  and  that  was  iudged  to  bee  doen  by  power  of  evill  spirites. 
Hut  I  knowe  the  reason  of  it  to  bee  good  and  natural!,  and  to  be  wrought  by  Geometrie  (sith 
perspective  is  a  parte  of  it)  and  to  stande  as  well  with  reason,  as  to  see  your  face  in  common 
glasse. 

Porta  {Magia  Naturalis,  155S)  also  refers  to  concave  and  convex  lenses  and  says 
that  if  "you  know  how  to  combine  them,  you  will  see  both  distant  and  near  objects 
larger  than  they  would  otherwise  appear,  and  very  distinct." 

In  the  preface  to  the  book  Pantametria,  written  before  1570  by  Leonard  Digges 
and  published  in  1571,  his  son  Thomas  Digges  says: 

...my  father  by  his  continual  paynfull  practises,  assisted  with  demonstrations  Mathematicall , 
was  able,  and  sundrie  times  hath  by  proportionall  Glasses  duely  situate  in  convenient  angles, 
not  onely  discovered  things  farre  off,  redd  letters,  numbred  peeces  of  money  with  the  very 
coyne  and  superscription  thereof,  cast  by  some  of  his  freends  of  purpose  uppon  Downes 
in  open  fieldes,  but  also  seven  myles  of  declared  what  hath  been  doon  at  that  instante  in 
private  places.... 

Later  on  in  the  book,  the  following  passages  appear: 

But  marveylouse  are  the  conclusions  that  may  be  perfourmed  by  glasses  concave  and  convex, 
of  circulare  and  parabolicall  fourmes,  using  for  multiplication  of  beames  sometime  the  ayde 
of  glasses  transparent,  whiche  by  fraction  should  unite  or  dissipate  the  images  or  figures 
presented  by  the  reflection  of  other. ...But  of  these  conclusions  I  minde  not  here  to  intreate, 
having  at  large  in  a  volume  by  itselfe  opened  the  miraculous  effects  of  perspective  glasses. 

The  volume  referred  to  was  probably  never  printed,  but  if  the  original  manu- 
script is  still  in  existence  and  could  be  found,  it  would  be  an  intensely  interesting 
record . 

Dr  John  Dee  in  his  preface  to  Henry  Billingsley's  Elements  of  Euclid,  1570, 
says  that  a  captain  of  foot  or  horsemen 

may  wonderfully  help  himself  by  perspective  Glasses;  In  which  (I  trust)  our  posterity  will 
prove  more  skillful  and  expert,  and  to  greater  purposes,  than  in  these  days,  can  (almost)  be 
credited  to  be  possible. 

A  little  later,  he  refers  to  a  "marvellous  glasse": 

...if  you.  being  (alone)  neer  a  certain  Glasse,  proffer  with  dagger  or  sword,  to  foyne  at  the 
glasse,  you  shall  suddenly  be  moved  to  give  back  (in  manner)  by  reason  of  an  Image  appearing 
in  the  air,  between  you  and  the  glasse,  with  like  hand,  sword  or  dagger,  &  with  like  quick- 
nesse  foyning  at  your  very  eye,  likewise  as  you  doe  at  the  glasse. 

This  "glasse"  was  a  large  concave  mirror,  and  Dee  states  that  one  is  to  be  seen 
in  London. 
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But  the  most  important  record  of  this  period  is  that  of  WilUam  Bourne.  His 
Treatise  on  the  properties  and  qualities  of  Glasses  for  Optical  Purposes,  which  remained 
unpuhHshed  until  1839  (HalHwell's  Rara  Mathematica),  was  written  at  the  request 
of  Sir  WiUiam  Cecil,  Baron  of  Burghley,  to  whom  it  is  dedicated.  It  is  not  dated, 
but  from  a  reference  which  he  gives  to  a  book  of  his  published  previously  it  was 
written  almost  certainly  in  1585.  The  value  of  this  treatise  lies  in  the  fact  that 
Bourne,  evidently  at  Burghley 's  request,  put  down  all  that  he  knew  of  the  subject, 
and  was  not  afraid  to  indicate  clearly  to  what  extent  his  knowledge  was  limited. 
He  describes  plain  mirrors — "well  polysshed  and  smoothe  and  well  foyled  on  the 
back  syde":  convex  mirrors  of  glass  to  show  the  face  small — "and  for  to  have  yt 
shewe  very  smalle,  then  let  yt  be  made  half  a  globe,  or  boawle,  as  small  as  a  Tennys 
balle,  and  so  the  foylle  layde  on  the  concave  or  hollow  syde":  cylindrical  convex 
mirrors  and  mirrors  of  varying  curvature  in  different  diametral  planes:  concave 
mirrors  up  to  a  "yearde  broade" — and  "these  sortes  of  glasses  ys-very  necessary 
for  perspective ;  for  that  yt  maketh  a  large  beame,  whereby  that  a  small  thinge  may 
be  scene,  at  a  greate  distance  from  you ;  and  especially  to  be  amplified  by  the  ayde 
of  other  glasses,"  &c. 

He  then  describes  the  making  of  double-convex  lenses,  "called  perspective 
glasses,"  including  the  smaller  sort  "commonly  called  spectacle  glasses."  They 
are  ground  upon  a  concave  tool  of  iron ;  the  glass  is  cemented  to  a  small  block  and 
ground  by  hand  until  it  is  smooth,  thin  at  the  edges  and  thick  in  the  middle. 

And  now  allso  in  lyke  manner  for  to  make  a  glasse  for  perspective,  for  to  beholde,  and  see 
any  thinge,  that  ys  of  greate  distance  from  vow,  which  ys  very  necessary :  for  to  viewe  an 
army  of  men,  or  any  castle,  or  forte,  or  such  other  lyke  causes.  Then  they  must  prepare  very 
cleare,  and  white  Glasse  that  may  bee  rounde,  and  beare  a  foote  in  diameter:  as  fyne  and 
white  Vennys  Glasse.  And  the  larger,  the  better:  and  also  3't  must  bee  of  a  good  thicknes, 
and  then  yt  must  bee  grounde  vppon  a  toole  fitt  for  the  purpose.  Beynge  sett  fyrst  vppon  a 
syman  block,  and  firste,  grj'nde  on  the  one  syde,  and  then  on  ye  other  syde,  vntill  that  the 
sydes  bee  very  thynn,  and  the  middle  thicke.  And  for  that  yf  the  glasse  bee  very  thicke, 
then  yt  will  hynder  the  sighte.  Therefore  yt  must  bee  grounde  vntill  that  the  myddle  thereof 
bee  not  above  a  quarter  of  an  ynche  in  thickness:  and  the  sydes  or  edges  very  thynne,  and 
so  polysshed  or  cleared.  And  so  sette  in  a  frame  meete  for  the  purpose  for  use;  so  that  yt 
may  not  be  broken. 

The  "three  marvellous  operacyons,  or  qualitj^es"  of  the  glass  are  next  dealt  with. 

(i)  at  some  assigned,  or  appoynted  distance,  accordinge  vnto  the  grynding  of  the  Glasse, 
both  in  his  diameter,  and  thicknes  in  the  middle,  and  thinnes  towards  the  sydes.  That 
(beholdinge  anything  thorowe  the  glasse)  yt  shall  make  the  best  perspective  beame;  So  that 
the  thinge  that  yow  doo  see  thorowe  shall  seenie  very  large  and  greate:  and  more  perfitter 
with  all. 

(2)  standing  further  from  the  glasse  yow  shall  disccriie  nothinge  thorowe  the  glasse:  But 
like  a  myst,  or  water:  And  at  that  distance  ys  the  burninge  beame,  when  that  yow  do  holde 
yt  so  that  the  sunne  beames  dothe  pearce  thorowe  yt. 

(3)  yf  that  yow  do  stande  further  from  the  glasse,  and  beholde  any  thinge  thorowe  the 
glasse,  I'hen  you  shall  see  yt  reversed  and  turned  the  contrary  way,  as  before  ys  declared. 
Then  he  confesses  that  his  purse  will  not  allow  him  to  investigate  thoroughly,  but 
says  that  there  are  others  more  fortunate,  especially  Dee  and  Thomas  Digges,  who 
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have  read  more  authors,  are  wealthy,  and  have  more  leisure  to  practise  these  matters. 
But  he  himself  is  convinced  that  with  the  proper  combination  of  the  double  convex 
lens  with  the  concave  mirror  it  is  likely  that  a  small  thing  may  be  seen  at  a  very 
great  distance. 

So  that  those  things  that  Mr  Thomas  Digges  hathe  written  that  his  father  hathe  done,  may 
bee  accomplisshed  very  well,  withowte  any  dovvbte  of  the  matter:  But  that  the  greatest 
impediment  ys,  that  yow  can  not  beholde,  and  see,  hut  the  smaller  quantity  at  a  tyme. 

In  other  words,  the  field  of  view  is  very  small. 

I  have  quoted  Bourne  at  some  length,  because  I  think  that  this  12-inch  double 
convex  perspective  glass  of  some  15  feet  focal  length  described  by  him  should  take 
a  prominent  place  in  the  history  of  the  evolution  of  the  telescope.  Bourne's  eye 
was  evidently  hypermetropic;  a  normal  or  a  short-sighted  eye  would  be  placed 
outside  the  focus  to  give  telescopic  vision,  and  would  see  the  image  inverted. 

In  this  same  year,  1585,  Thomas  Harriot  (i  560-1 621)  was  sent  by  Sir  Walter 
Raleigh  as  a  surveyor  with  Sir  Richard  Grenville's  expedition  to  Virginia.  At  the 
end  of  the  following  year  he  returned  to  England  and  wrote  A  Brief  and  True  Report 
of  the  new-found  Land  of  Virginia,  published  in  1588,  in  which  he  states : 
Most  things  they  sawe  with  us,  as  Mathematical!  instruments,  sea  Compasses,  the  vertue  of 
the  loadstone  in  draw  ing  yron,  a  perspective  glasse  whereby  was  shewed  many  strange  sights, 
burning  glasses,  wild  firewoorkes,  gunnes,  bookes,  writing  and  reading,  spring-clockes  that 
seeme  to  goe  of  themselves,  and  many  other  things  that  wee  had... 

which  excited  the  interest  of  the  Indians. 

The  well-known  story  of  the  accidental  invention  of  the  telescope  by  the  two 
Dutch  children  has  many  versions,  and  one  cannot  say  which  is  correct.  In  different 
versions  the  invention  is  attributed  to  the  children,  the  apprentices  of  one  spectacle- 
maker  or  another,  or  to  the  spectacle-maker  himself.  The  weathercock  on  the 
church  steeple  is  sometimes  seen  upright  and  sometimes  upside  down.  A  great  deal 
of  labour  has  been  spent  by  historians  of  the  telescope  to  get  at  the  real  facts,  with 
regard  to  the  inventor  and  the  exact  date  of  the  invention. 

The  plan  (Fig.  i)  is  from  a  book  {Oorspronkelijke  stiikken  betreffende  de  Uitrin- 
ding  der  Verrekijkers  binnen  de  stad  Middelburg,  by  De  Kanter,  1835)  in  Mr  Court's 
librarv'.  It  shows  the  market  square  at  Middelburg  in  Zeeland  at  the  beginning  of 
the  seventeenth  centurj';  5  is  a  church  having  no  doubt  a  weathercock  on  its  spire. 
In  1 59 1  William  Boreel  was  born  in  the  house  at  «;  c  is  a  shop  occupied  by  a 
spectacle-maker  named  Hans  Jansen ;  rf  is  a  shop  occupied  by  a  spectacle-maker 
named  John  Lippershey.  Lippershey's  shop  was  as  shown  close  up  to  the  entrance 
to  the  church,  indicated  by  the  dotted  lines.  Jansen  had  a  son  Zacharias;  Boreel 
and  Zacharias  when  boys  were  playmates  together. 

In  1619  Boreel  was  ambassador  in  England  and  in  later  life  became  ambassador 
of  the  Dutch  States  at  the  court  of  France.  In  1655  he  searched  out  all  persons  who 
were  old  enough  to  have  known  Jansen  and  Lippershey  well  enough  to  make  their 
evidence  of  value — chiefly  old  spectacle-makers  of  Middelburg  or  relatives  of  one 
or  the  other  spectacle-maker.  He  brought  them  before  the  town  magistrate  and 
their  evidence  was  written  down  and  signed  on  oath.  The  whole  evidence  is  given 
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in  the  book  De  zero  telescopii  inventore,  written  in  1655  by  the  French  physician 
Pierre  Borel.  As  may  be  expected,  much  of  it  is  vague,  and  various  contradictory- 
dates  are  given.  The  son  of  Zacharias  Jansen,  for  instance,  who  was  52  years  old 
in  1655,  says  that  his  father  Zacharias  was  the  first  inventor  of  the  telescope,  in 
1590  "as  he  had  often  been  told,"  that  the  longest  telescope  made  at  that  time  did 
not  exceed  in  length  fifteen  or  sixteen  inches,  which  was  the  length  till  1618,  when 
he  and  his  father  invented  the  longer  telescope  used  at  night  to  look  at  the  moon 
and  stars.  It  was  chiefly  on  this  evidence  that  Borel  attributed  the  invention  to 
Jansen. 


Hut  van  Swindcn  about  a  hundred  years  ago  fouml  amongst  tlie  Dutch  state 
papers  certain  documents  which  established  quite  definitely  tiie  following:  On 
the  2nd  of  October,  160S,  Hans  Lippershey,  a  native  of  Wczel,  a  spectacle-maker  of 
Middelburg  in  Zeeland,  was  actually  in  possession  of  the  invention' of  telescopes 
and  had  made  at  least  one  example ;  on  the  17th  of  October,  1608,  Jacob  Adriaansz, 
sometimes  called  Metius,  of  Alkmaar  in  Holland  also  was  in  possession  of  the  art  of 
making  telescopes,  and  he  actually  made  those  instruments ;  but  either  from  disgust 
or  some  other  reason  he  afterwards  concealed  his  invention.  Lippershey  used  rock 
or  mountain  crystal  in  the  construction  of  telescopes,  and  made  binocular  telescopes. 
There  is  little  reason  to  believe  that  either  Hans  Jansen  or  his  son  Zacharias  invented 
the  telescope.   {See  Dr  Moll's  papers  mjotini.  Roy.  Inst.  vol.  i,  183 1.) 

The  circumstances  under  which  Galileo  made  his  first  telescope  are  given  very 
fully  by  fJalileo  himself.   In  June  1609  while  in  Venice  he  heard  that  "a  Dutchman 
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had  presented  Count  Maurice  of  Nassau  with  a  glass,  by  means  of  which  things 
far  away  appeared  just  as  clearly  as  if  they  were  quite  close  at  hand — nor  was  any 
detail  whatever  added."  He  returned  at  once  to  his  laboratory  at  Padua  and  in 
trying  to  get  at  the  optical  construction  of  the  instrument  he  reasoned  as  follows: 

this  instrument  must  either  consist  of  one  glass,  or  more  than  one;  it  cannot  be  of  one  alone, 
because  its  figure  must  be  either  concave  or  convex  or  comprised  between  two  parallel 
superficies,  but  neither  of  these  shapes  alters  in  the  least  the  objects  seen,  although  increasing 
or  diminishing  them ;  for  it  is  true  that  the  concave  glass  diminishes,  and  that  the  convex 
one  increases  them ;  but  both  show  them  very  indistinctly,  and  hence  one  glass  is  not  sufficient 
to  produce  the  effect.  Passing  on  to  two  glasses,  and  knowing  that  the  glass  of  parallel 
superficies  has  no  effect  at  all,  I  concluded  that  the  desired  result  could  not  possibly  follow 
by  adding  this  one  to  the  other  two.  I  therefore  restricted  my  experiments  to  combinations 
of  the  other  two  glasses;  and  I  saw  how  this  brought  me  to  the  result  I  desired. 

In  stating  that  one  convex  glass  is  not  sufficient  for  telescopic  vision,  Galileo 
was  wrong,  as  we  have  seen.  However,  on  the  day  after  his  return  he  made  his 
first  telescope  by  fixing  a  plano-convex  and  a  plano-concave  spectacle  lens  in  a 
leaden  organ  pipe  a  few  inches  long.  It  gave  a  linear  magnification  of  three.  Six 
days  afterwards  he  had  completed  a  better  one  which  he  took  to  Venice,  "when 
so  great  a  marvel  attracted  the  attention  of  almost  all  the  principal  gentlemen  of 
that  republic." 

Though  the  information  he  had  received  at  Venice  had  certainly  turned  his 
thoughts  to  the  subject,  Galileo  held  that  this  in  no  way  made  the  invention  easier 
(and  he  certainly  claimed  it  as  an  invention).  But  the  important  point  is  that  he 
not  only  improved  the  manufacture  of  the  instrument  so  much,  but  that  he  applied 
it  to  astronomical  discovery  with  such  wonderful  effect.  Many  of  the  telescopes 
which  he  made  were  presented  to  various  persons  in  his  own  and  other  countries, 
including  one  which  was  sent  to  Professor  Wallis  in  London.  Galileo  kept  to  himself 
his  method  of  grinding  and  polishing,  and  it  was  not  until  his  eyesight  began  to  fail 
that  he  imparted  this  knowledge  to  Mariani  (commonly  called  II  Tordo),  one  of 
whose  telescopes  was  also  shown  in  the  Science  Museum  in  1876.  About  1637 
Fontana  of  Naples  began  to  make  good  telescopes,  and  after  Galileo's  death  his 
pupil  Torricelli  also  improved  the  manufacture  considerably. 

Fine  examples  of  telescopes  by  these  and  other  famous  Italian  artists  were 
exhibited  in  Room  26  on  the  ground  floor  at  the  north  end  of  the  Western  Galleries* 
of  the  Science  Museum  at  the  Loan  Collection  of  Scientific  Apparatus  in  1876. 

Fig.  2,  which  is  from  a  photograph  taken  in  the  Museum  in  1876,  shows  the 
object  glass,  a  little  over  ij  inches  in  diameter,  with  which  Galileo  discovered  the 
satellites  of  Jupiter  on  the  loth  or  nth  of  January,  1610,  and  first  saw  sunspots 
in  November,  1610.  Having  been  broken,  it  was  presented  by  Viviani  to  Prince 
Leopold  of  Medici,  who  had  it  mounted  in  the  ornamental  frame  shown. 

Of  the  two  telescopes,  one  is  about  4  feet  long,  with  an  object  glass  2  inches  in 
diameter  and  a  plano-concave  eye  lens  nearly  an  inch  in  diameter.  This  instrument 
was  used  in  his  most  important  observations.  The  other  is  about  3  feet  long,  with 

*  These  Galleries  are  being  cleared  (October,  1923)  to  make  room  for  the  Imperial  War  Museum. 
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an  object  glass  ij  inches  in  diameter,  and  a  double  concave  eye  glass  \  inch  in 
diameter.  The  instruments  are  preserved  in  the  Museo  di  Fisica  at  Florence. 

In  England  Thomas  Harriot,  Sir  Christopher  Heydon,  Sir  William  Lower  and 
others  were  very  early  (1609-10)  in  possession  of  examples  of  the  Dutch  "trunk," 
"perspective,"  or  "cylinder,"  as  the  telescope  was  then  called,  and  were  using 
them  for  astronomical  purposes.  The  type  of  instrument  and  mounting  in  use 
during  the  next  twenty  or  thirty  years  is  well  shown  in  Scheiner's  Rosa  L'rsina,  1630. 

The  telescope  with  the  convex  eye  lens,  first  suggested  by  Kepler  in  161 1,  did 
not  come  into  any  extensive  use  until  it  was  described  in  this  book.  The  inversion 
of  the  image  made  it  unsuitable  for  terrestrial  purposes,  but  its  larger  field  of  view, 
in  spite  of  its  relatively  inferior  definition  as  compared  with  the  Dutch  or  Galilean, 
telescopes,  gave  it  the  important  advantage  of  allowing  an  object  to  be  more  easily 


found  and  kept  in  view.  Moreover  Galileo,  with  all  his  genius  and  application,  had 
not  been  able  to  get  beyond  a  magnifying  power  of  33.  In  very  low  magnifying 
powers,  the  Galilean,  from  its  relative  shortness,  its  simple  construction,  and  its 
erect  image,  remained  a  very  iisctul  jiocket  iiistruiuent  lor  two  centuries,  ;nul  is, 
of  course,  still  made. 

In  tlie  Court  Collection  in  the  Museum  there  are  many  fine  examples  of  the 
monocular  (iaiilean  opera  glass,  which  was  inatie  in  large  numbers  during  the 
eighteenth  and  early  nineteenth  centuries. 

.\  second  convex  eye  lens  was  afterwartis  adtled  lo  the  simple  Kepkrian  tele- 
scope described  by  Schciner,  forming  a  two-lens  eyepiece  which  gave  an  erect  image, 
but  at  the  expense  of  good  definition.  Rheita  obtained  better  results  by  adding 
a    third    double-convex    lens,   forming  a   three-lens   terrestrial   eyepiece   which 
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remained  the  standard  construction  for   many  years   for  the  smaller   refracting 
telescopes. 

Descartes'  book  on  dioptrics,  published  in  1A37,  was  read  by  all  interested  in 
the  improvement  of  the  telescope.  His  treatment  of  spherical  aberration  and  his 
suggestion  that  this  could  be  reduced  or  removed  by  giving  hyperbolical  or  elliptical 
figures  to  the  lens  surfaces  led  to  many  attempts  being  made  to  produce  such  figures 
in  practice,  but  without  any  successful  results. 

On  Sunday,  24  November,  1639,  Jeremiah  Horrox  made  his  famous  observation 
of  the  transit  of  Venus.  This  young  minister  was  one  of  a  small  group  of  enthusiastic 
astronomers  in  the  north  of  England,  another  member  being 
William  Gascoigne,  to  whom  we  owe  two  of  the  greatest 
improvements,  viz.  the  application  of  telescopic  sights,  and 
the  invention  of  the  micrometer.  From  the  following  passage 
in  a  letter  of  Gascoigne  to  William  Oughtred  in  1641, 
illustrated  by  Gascoigne's  own  diagrams,  one  of  which  is 
shown  in  Fig.  3,  it  appears  that  the  thread  of  the  first  tele- 
scopic sight  was  placed  in  position  in  the  tube  of  Gascoigne's 
telescope  by  a  spider. 

This  is  that  admirable  secret,  which,  as  all  other  things,  appeared 
when  it  pleased  the  All  Disposer,  at  whose  direction  a  spider's  line 
drawn  in  an  opened  case  could  first  give  me  by  its  perfect  apparition, 
when  I  was  with  two  convexes  trying  experiments  about  the  sun, 
the  unexpected  knowledge.  Presently,  placing  my  eye  some  little 
nearer  x  than  m,  I  perceived  that  the  apparition  was  not  so  punctual  in 
the  eye  as  on  the  table,  although  I  had  diminished  Zk  answerable  to 
the  augmentation  by  the  eye... and  therefore  resolved  that  if  I  tried 
ab  like  a  spectacle,  and  placed  a  thread  where  that  glass  would  best 
discern  it,  and  then  joining  both  glasses,  and  fitting  their  distance  for 
any  object,  I  should  see  this  at  any  part  that  I  did  direct  it  to.  And  so 
I  found  it  (if  you  please  to  try  it,  the  convex  of  a  perspective  and  a  good  convex  spectacle 
glass  will  let  you  fully  see  it),  which  the  next  night's  trial  confirmed  strangely  accurate  and 
ready  for  finding  the  altitude  of  any  small  star. 

In  Gascoigne's  micrometer  the  parallel  bars  were  moved  in  contrary  directions 
by  means  of  a  right  and  left  handed  screw  of  fine  pitch,  the  number  of  revolutions 
being  registered  by  a  scale,  and  the  parts  of  revolutions  by  a  micrometer  head 
divided  into  100  parts.  In  the  five  or  six  years  before  he  was  killed  in  battle  at 
Marston  jMoor  (2nd  July,  1644),  he  made  many  astronomical  observations  with  a 
degree  of  accuracy  in  advance  of  anything  performed  by  any  other  astronomer  of  the 
time.  He  was  one  of  the  first  to  use  the  Keplerian  combination,  and  to  point  out 
the  great  advantage  of  its  larger  field  of  view.  In  the  above  letter  he  says  that  "This 
glass  in  all  astronomical  uses  is  preferable"  to  the  Galilean  as  "it  may  be  contrived 
to  admit  into  the  eye  at  once  i'',  2°,  3°  or  more." 

Gascoigne  was  an  assiduous  ray-tracer,  and  William  Molyneux  in  his  Dioptrica 
Nova,  1692, says: 

...the  Geometrical  Method  of  calculating  a  Ray's  Progress,  which  in  many  particulars  is  so 
amply  delivered  hereafter,  is  wholly  new,  and  never  before  publish'd.    And  for  the  first 
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Intimation  thereof,  I  must  acknowledg  my  self  obliged  to  my  worthy  Friend  Mr  Flamstead. 
Astron.  Leg.  who  had  it  from  some  unpublished  Papers  of  Mr  Gascoignes. 

About  1650  Christian  Huygens  and  his  brother  Constantine  began  to  make 
telescopes.  By  1659  they  had  made  an  object  glass  of  23  feet  focus  and  2\  inches 
aperture,  which  was  the  first  instrument  to  reveal  the  true  form  of  Saturn's  ring. 
The  eyepiece  of  t\vo  lenses  invented  by  Huygens  was  a  most  important  contribution 
towards  the  improvement  of  the  telescope.  Its  large  sharp  field  and  its  freedom  from 
colour  defects  make  it  still  the  favourite  type  of  eyepiece  for  many  purposes.  Later 
Huygens  made  object  glasses  up  to  210  feet  focus,  and  other  artists,  Auzout, 
Divini,  Campani,  Reeves,  and  Cock  also  made  these  object  glasses  of  great  focal 
length  in  order  to  obtain  increased  magnifying  power  and  to  keep  down  aberrational 
effects. 

A  good  idea  of  the  construction  of  the  refracting  telescope  and  its  mounting 
from  1630-73  may  be  obtained  from  Hevelius's  Selenographia,  1647,  and  Machinae 
Celestis,  1673.  Towards  the  end  of  this  period  it  was  realized  that  the  refracting 
telescope  of  relatively  high  magnifying  power  was  getting  too  long  to  be  manageable 
except  by  an  enormous  amount  of  trouble.  Robert  Hooke  in  1668  {Description  of 
Helioscopes,  1676)  suggested  splitting  up  the  long  convergent  beam  from  the  object 
glass  into  three  or  more  lengths  by  means  of  reflections  backwards  and  forwards 
from  plane  mirrors  fixed  at  the  ends  of  a  wider  telescope  case — on  the  same  principle 
as  that  adopted  later  in  the  prismatic  field  glass.  This,  he  says, 

would  be  of  exceeding  great  use  in  all  manner  of  Perspectives  and  Telescopes,  if  we  could  find 
a  good  material  that  would  make  the  Reflections  very  strong  and  full,  And  that  would  not  be 
subject  to  lose  its  Figure,  which  all  our  specular  Metals  are  ver}'  apt  to  do;  for,  by  it,  't  would 
be  possible  to  contract  the  Tubes  for  long  Glasses  into  very  short  lengths,  and  so  make  them 
of  easie  use  and  manage. 

The  real  solution  of  the  problem  came  in  1663  with  the  publication  of  James 
Gregory's  Optica  Promota,  in  which  he  described  the  form  of  reflecting  telescope 
which  has  since  borne  his  name.  Theoretically  the  design  was  almost  perfect,  giving 
an  erect  image  with  direct  view,  but  the  difiiculties  of  giving  a  true  parabolic  figure 
to  the  larger  mirror  delayed  its  construction  as  a  serviceable  working  instrument  for 
more  than  half  a  century.  Gregory  came  from  Aberdeen  to  London  and  with  the 
assistance  of  Reeves  and  Cock  made  a  few  attempts  to  construct  the  instrument 
as  designed.  Writing  about  this  ten  years  later,  Gregory  states: 

...anything  I  did  deser\es  not  the  name  of  a  trial,  seeing  that  Mr  Rive  and  Mr  Cox  both  know 
that  the  great  speculum  was  polished  only  with  a  cloth  and  putty.  Neither,  the  truth  is, 
thought  I  it  worth  the  pains,  at  that  time,  to  be  serious  about  further  inquiry  in  that  business. 

Then,  in  1666,  came  Newton's  investigation  of  the  nature  of  colour  and  his 
experiment  which,  as  was  discovered  long  afterwards  by  John  Dollond,  must  have 
been  incomplete.  Newton  concluded  that  "all  refracting  substances  diverged  the 
prismatic  colours  in  a  constant  proportion  to  their  mean  refraction,"  that "  refraction 
could  not  be  produced  without  colour,"  and  that  therefore  "no  improvement  could 
be  expected  from  the  refracting  telescope."  Finding  by  experiment  that  all  colours 
were  reflected  according  to  the  same  law,  he  constructed  a  reflecting  telescope 
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about  6  inches  long,  with  a  spherical  mirror  a  little  more  than  an  inch  in  diameter, 
a  small  plane  mirror  inclined  at  45"  to  the  axis  of  the  tube,  and  a  plano-convex 
eye  lens  of  about  ^  inch  focal  length,  giving  a  magnification  of  about  40.  Though 
its  performance  was  not  very  good,  Newton  was  convinced  that  with  better  materials 
and  better  workmanship,  a  6-feet  reflector  might  be  made  which  would  perform 
as  well  as  a  60  or  loo-feet  refractor. 


A 


Fig.  4 

Shortly  after\vards  he  made  a  better  example,  which  attracted  a  good  deal  of 
attention  at  Cambridge  and  later,  in  1671,  was  shown  to  the  King  in  London,  and 
was  tested  by  Moray,  Neale,  Wren,  and  Hooke.  This  instrument  is  still  preserved 
by  the  Royal  Society. 

Cassegrain  in  1672  suggested  the  substitution  of  a  small  convex  mirror  for  the 
small  concave  in  Gregory's  form. 

During  the  half-century  1672  to  1722  the  manufacture  of  the  reflecting  telescope 
was  not  taken  up,  but  many  refractors  of  the  shorter  focal  lengths  were  made  by 
our  London  opticians.  Richard  Reeves,  who  had  been  at  work  as  early  as  1641, 
John  Reeves,  Christopher  Cock,  John  Yar\vell,  John  Marshall,  Joseph  Howe, 
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Ralph  Sterrop,  James  Wilson,  Edward  Scarlett,  John  Mann  and  others  turned  out 
verj-  good  work  in  considerable  quantity  during  this  period.  Marshall  introduced 
the  method  of  working  more  than  one  lens  on  the  tool  at  the  same  time. 

The  Museum  Collections  include  the  early  Italian  telescope  shown  in  Fig.  4, 
which  was  presented  by  the  Hon.  F.  G.  Hamilton  Russell.  The  object  glass  is 
I- 1  inches  in  diameter,  5  feet  focal  length ;  it  has  a  three-lens  eyepiece  giving  magnifi- 
cation 28  with  field  0-8^.  There  are  a  "28-foote  object  glass"  by  John  Reeves,  a 
i5j-feet  object  glass  by  Scarlett;  and  several  long  focus  telescopes  in  the  Court 
Collection,  including  one  example  with  two  object  glasses  of  ig  inches  diameter, 
one  marked  "Day"  and  the  other  "Night,"  of  focal  length  10  and  11-5  feet 
respectively.   Some  other  smaller  examples  are  shown  in  Fig.  5. 
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/J,  fl.C,  and  Dare  from  Mr  Court's  Collection.  .\\\  five  examples  have  the  tliree-lens 
terrestrial  eyepiece.  In  D  and  E  the  two  erecting  lenses  are  mounted  in  a  separate 
cell,  removable  when  more  illinnination  is  required,  or  for  astronomical  purposes. 
Returning  to  the  reflecting  telescope,  we  find  that  John  Iladley,  after  several 
years'  work,  succeeded  in  1721  in  giving  an  ap|iroximately  true  paraboloidal  figure 
to  concave  mirrors.  The  Newtonian  telescope  with  6-inch  mirror  of  focal  length 
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5  feet  2\  inches,  which  he  made  and  presented  to  the  Royal  Society,  is  described 
in  detail  in  the  Phil.  Trans,  of  1723.  It  was  tested  by  Pound  and  Bradley,  who  found 
that  it  performed  as  well  as  the  123-feet  object  glass  which  Huygens  had  made  and 
presented  to  the  Society. 

The  methods  employed  by  Hadley  and  Molyneux  were  communicated  to 
Hawksbee,  Scarlett  and  other  London  opticians  and  before  long  the  production  of 
the  smaller  reflecting  telescopes  was  taken  up  by  the  trade.  Fig.  6  shows  a  small 
example  by  Edward  Scarlett.  The  eyepiece  gives  a  magnification  of  36,  with  field 
0-5''.  The  stand  is  of  the  type  figured  in  Smith's  Optics,  1738.  Scarlett,  who  learnt 
his  trade  with  Christopher  Cock,  died  about  1743,  and  was  succeeded  in  business 
by  his  son  Edward . 
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There  are  other  examples  of  the  Gregorian  telescope  in  the  Museum,  made 
by  the  leading  opticians  such  as  George  Adams,  John  Cuff,  Benjamin  Martin, 
Jesse  Ramsden,  Edward  Nairne  and  others.  These  are  chiefly  from  Mr  Court's 
Collection. 

It  was  James  Short  who  brought  the  art  of  figuring  mirrors  a  further  stage 
forward.  In  his  first  attempts  the  mirrors  were  of  glass,  but  he  very  soon  gave  this 
up  and  devoted  all  his  time  to  the  manufacture  of  Gregorian  telescopes  with  metallic 
specula.  He  started  this  work  in  Edinburgh  in  1732  and  in  1739  came  to  London, 
and  before  his  death  in  1768  he  had  made  about  fourteen  hundred  examples.  That 
shown  in  I-lg.  7  belongs  to  the  Museum.  The  large  mirror  is  2|  inches  in  diameter, 
with  a  focal  length  of  9-6  inches.  There  are  two  other  larger  examples  in  the  Museum, 
one  of  which  is  the  property  of  the  Royal  Society.  The  mirror  is  4I  inches  in  diameter, 
has  a  focal  length  of  2  feet,  and  the  tube  is  supported  on  an  altazimuth  stand  with 
fine  adjustments;  it  is  provided  with  a  Dollond  double  object  glass  micrometer. 
This  instrument  was  used  in  the  1769  Transit  of  Venus  expedition.  The  other 
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has  a  9-inch  mirror,  a  focal  length  of  4  feet,  and  is  supported  on  an  equatorial 
stand. 

The  numbers  which  Short  engraved  on  the  tubes  of  his  telescopes  have  puzzled 
many  people.  The  instrument  in  Fig.  7,  for  instance,  is  engraved :  ^^^^  =  9'6. 
From  an  examination  of  a  series  of  his  telescopes,  including  a  few  dated  examples, 
it  would  appear  that  the  numerator  is  the  rotation  number  of  the  instrument  of 
that  particular  size  (i.e.  focal  length  or  diameter  of  mirror),  the  denominator  is  the 
number  of  telescopes  made  up  to  date,  and  the  third  number  gives  the  focal  length 
in  inches. 

Fig.  8  shows  another  interesting  example  in  the  Court  Collection.  It  was  made 
by  Benjamin  Martin  about  1760  and  has  a  3-inch  mirror  of  14  inches  focal  length. 
It  is  mounted  on  a  substantial  tripod  stand 
with  levelling  screws  and  two  levels,  and  is 
provided  with  slow  motions  in  altitude  and 
azimuth.  It  is  engraved:  "The  Gift  of  the 
Hon.  Thos.  Hancock  of  Boston  to  Harvard 
College,  Cambridge."  Some  years  ago  Mr 
Court  was  in  correspondence  with  the  late 
Prof.  Pickering,  who  looked  up  the  original 
minutes  at  Harvard,  and  found  that  the  in- 
strument was  presented  a  little  before  6th 
April,  1761,  and  that  it  was  used  in  New- 
foundland by  Mr  Winthrop,  the  professor 
of  mathematics  at  the  College,  to  observe 
the  transit  of  Venus  on  6th  June,  1761. 
Mr  Winthrop  {Phil.  Trans.  1764)  says:  "I 
viewed  the  sun  with  great  attention  in  the 
Reflector  both  on  the  5th  and  6th  of  June 
in  hopes  to  find  a  satellite  of  Venus,  but 
in  vain."  Mr  Court  has  arranged  that  the 
instrument  shall  be  returned  to  Harvard  Col- 
lege after  exhibition  in  the  Science  Museum. 

The  first  achromatic  object  glass  was 
made  by  George  Bass  in  1733  for  Chester 
Moor  Hall.  Bass  was  born  about  1692  and 
died  about  1768;  his  shop  was  near  the  Fleet 

Ditch,  in  the  Bridewell  Precincts.  Chester  Moor  Hall  never  published  his  in- 
vention, and  though  a  few  achromatic  lenses  were  made  by  Bass  and  one  or  two 
other  opticians,  it  was  not  until  John  Dollond  had  carried  out  his  brilliant  research 
{Phil.  Trans.  1758)  that  the  construction  of  the  double  achromatic  lens  on  exact 
scientific  principles  became  possible.  Dollond  had  joined  his  son  Peter  as  an  optician 
in  1752,  and  died  in  1761.  There  are  in  the  Museum  examples  of  the  achromatic 
telescope  made  by  John  Dollond  &  Son  before  1761,  and  by  Peter  Dollond  later. 
That  shown  in  Fig.  9,  which  is  the  property  of  Mr  F.  M.  Nelson,  was  made 
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during  the  period  1758-1761.    Its  4-inch  object  glass,  working  at //30,  is  well 
corrected  and  gives  a  good  image.    Other  smaller  examples  are  shown  in  Fig.  10. 

D  is  an  original  set  of  three  prisms  made  by  Dollond  to  demonstrate  the  principle 
of  the  achromatic  lens.  A,C,  D,  and  G  are  from  the  Court  Collection,  and  B  belongs 
to  Mr  F.  W.  Longbottom.  E  and  /'  are  of  the  Galilean  construction;  F  has  a 
multiple  eyepiece  (with  four  powers)  of  the  type  invented  by  John  Marshall  about 
1693.  A,  B,  C,  and  G  all  have  the  five-lens  eyepiece  devised  by  John  Dollond 
{Phil.  Trans.  1753),  but  subsequently  discarded  for  the  four-lens  type.    Of  Peter 


Fig.  9 

Dollond's  larger  work,  the  telescope  of  the  5-feet  equatorial  in  the  Museum 
forms  a  good  example.  The  brass  work  and  divided  circles  were  by  Edward 
Troughton.  It  was  completed  in  1797  for  Captain  Huddart,  and  was  used  by 
Herschel  and  South  from  1821  to  1823  in  their  measurements  of  380  double  and 
triple  stars  {Phil.  Trans.  1824).  The  object  glass  has  a  diameter  of  4J  inches  and 
was  worked  at  3!  inches.  The  ordinary'  power  employed  was  133  with  a  field 
of  20',  but  68,  116,  240,  303, and  381  were  occasionally  used,  and  in  a  few  cases, 
578. 
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Sir  William  Herschel's  record  as  instrument  maker  is  best  given  in  his  own  words. 
In  his  description  of  the  4c-feet  telescope  {Phil.  Trans.  1795)  he  states: 

When  I  resided  at  Bath  I  had  long  been  acquainted  with  the  theory  of  optics  and  mechanics, 
and  wanted  only  that  experience  which  is  so  necessary-  in  the  practical  part  of  these  sciences. 
This  I  acquired  by  degrees  at  that  place,  where  in  my  leisure  hours,  by  way  of  amusement, 
I  made  for  myself  several  2-feet,  5-feet,  7-feet,  lo-feet,  and  20-feet  Nezvtonian  telescopes; 
besides  others  of  the  Gregorian  form,  of  8  inches,  12  inches,  18  inches,  2  feet,  3  feet,  5  feet, 
and  10  feet  focal  length.  My  way  of  doing  these  instruments  at  that  time,  when  the  direct 
method  of  giving  the  figure  of  any  of  the  conic  sections  to  specula  was  still  unknown  to  me, 
was,  to  have  many  mirrors  of  each  sort  cast,  and  to  finish  them  all  as  well  as  I  could;  then 
to  select  by  trial  the  best  of  them,  which  I  preser\ed ;  the  rest  were  put  by  to  be  repolished. 
In  this  manner  I  made  not  less  than  200,  7-feet;  150,  lo-feet;  and  about  80,  20-feet  mirrors; 
not  to  mention  those  of  the  Gregorian  form,  or  of  the  construction  of  Dr  Smith's  reflecting 
microscope,  of  which  I  also  made  a  great  number. 

My  mechanical  amusements  went  hand  in  hand  with  the  optical  ones.  The  number  of 
stands  I  in\ented  for  these  telescopes  it  would  not  be  easy  to  assign.  I  contrived  and  delineated 
them  of  different  forms,  and  executed  the  most  promising  of  the  designs.  To  these  labours 
we  owe  my  7-feet  Newtonian  telescope-stand  which  was  brought  to  its  present  convenient 
construction  about  17  years  ago. 
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The  7-fcet  Newtonian  by  Sir  William  Herschel,  shown  in  Fig.  11,  belongs  to 
the  Museum.  It  is  said  to  be  the  instrument  with  which  he  discovered  the  planet 
Uranus  on  the  13th  March,  1781.  The  original  polishing  machine  made  and  used 


Fii;.  1 1 


by  Herschel  for  the  6-inch  mirrors  of  his  7-feet  Newtonians  is  also  in  the  Museum, 
lent  by  the  Rev.  Sir  J.  C.  W.  Herschel. 

The  enormous  progress  made  in  the  construction  of  telescopes  during  the  last 
140  years,  and  the  wonderful  results  obtained,  of  which  Sir  Frank  Dyson  gave  such 
an  entrancing  account  a  short  time  ago  in  his  presidential  address  to  this  Society, 
may  to  some  extent  be  suggested  by  Figs.  12  and  13.    Fig.  12  is  from  the  first 
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permanent  photographic  negative  ever  produced,  which  was  made  by  Sir  John 
Herschel  in  1839,  a  few  months  after  the  invention  of  the  daguerreotype  process. 
It  shows  the  mounting  of  his  father's  40-feet  reflector  at  Slough,  and  was  taken  just 
before  the  mounting  was  dismantled.  The  original  glass  negative  was  presented  to 
the  Museum  by  the  Rev.  Sir  J.  C.  W.  Herschel.  Fig.  13  shows  the  Rosse  6-feet 
speculum  in  the  Museum  with  Prof.  G.  E.  Hale  of  Mount  Wilson  Observatory. 
The  speculum,  with  its  flat,  eyepieces,  grinding  and  polishing  tools,  was  presented 
to  the  Museum  by  the  Earl  of  Rosse. 


Fig.  13 

I  have  to  thank  Col.  H.  G.  Lyons,  Director  of  the  Science  Museum,  for  per- 
mission to  bring  the  instruments  from  the  Museum  for  exhibition  at  the  lecture, 
and  for  the  loan  of  lantern  slides  and  photographs.  My  thanks  are  also  due  to  the 
Rev.  Sir  J.  C.  W.  Herschel,  Mr  Thomas  H.  Court,  Mr  Edward  M.  Nelson,  and 
Mr  F.  W.  Longbottom  for  permission  to  exhibit  their  valuable  instruments  which 
are  on  loan  in  the  Museum.  To  Mr  Court  1  am  much  indebted  for  kind  assistance 
in  many  ways. 
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THE  PRIMARY  AND   SECONDARY   IMAGE  CURVES 

FORMED  BY  A  THIN  ACHROMATIC  OBJECT  GLASS 

WITH  THE  OBJECT  PLANE  AT  INFINITY 

By  E.  WILFRED  TAYLOR 

(Messrs  Cooke,  Troughton  and  Simms,  Ltd.,  York.) 

MS.  received,  i$th  March,  1923.   Read  and  discussed,  i\thjune,  1923. 

ABSTRACT.  The  shapes  of  the  primary  and  secondary  image  curves  formed  by  a  thin 
simple  lens  of  an  object  plane  at  infinity  are  well  known,  and  can  be  readily  determined. 
The  object  of  this  paper  is  to  show  that  the  image  curves  in  the  case  of  a  double  object 
glass  of  ordinary  thickness,  and  with  the  inner  curves  approximately  in  contact,  correspond 
very  closely  to  those  of  a  simple  lens  of  the  same  power,  and  are  only  very  slightly  affected 
by  the  use  of  different  glasses. 


In  the  case  of  contact  object  glasses  without  stops,  the  oblique  astigmatism  and 
field  curvature  depend  almost  entirely  on  the  power  of  the  object  glass  as  a  whole. 
The  majority  of  object  glasses  in  general  use  are  corrected  to  give  freedom  from 
spherical  aberration  when  the  incident  pencils  are  parallel,  and  although  the  actual 
field  may  not  be  large  owing  to  the  presence  of  coma,  it  is  well  known  that  the  image 
cur%-es  are  concave  to  the  object  glass.  If  the  actual  field  is  large,  and  the  image 
cur\-es  coincide  with  cross-wires  on  the  optic  axis,  they  will  fall  short  of  the  plane 
of  the  cross-wires  at  the  edge  of  the  field.  In  such  a  case  the  best  that  can  be  done 
is  either  to  overcorrect  the  eyepiece  and  compromise  between  the  image  curves 
and  the  plane  of  the  cross-wires,  in  order  that  both  the  image  and  the  cross-wires 
may  be  reasonably  in  focus  at  the  same  time,  or  to  reduce  the  discrepancy  by  flat- 
tening the  image  curves  if  this  be  possible. 

The  exact  determination  of  the  primary  and  secondary  image  curves  by  ray 
tracing  is  laborious,  and  it  has  been  decided  to  avoid  this  method  if  possible.  The 
practical  determination  of  the  image  curves  by  direct  measurement  is  only  prac- 
ticable with  an  object  glass  in  which  the  sine  condition  is  so  completely  fulfilled  that 
the  focal  lines  remain  sharp  and  well  defined  at  considerable  obliquity,  and  such 
an  object  glass  has  been  carefully  measured.  Particulars  of  this  achromatic  object 
glass  (No.  i)  are  as  follows: 

Positive  lens  of  medium  barium  crown  fxu  =  1-5736.     '^ =  57-6 

E.F.L.  =  3-543. 

Negative  lens  of  light  flint  ^u  =  1-6039.     ^~^ =  377 

E.F.L.  =  5-391. 
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The  equivalent  focal  length  of  the  combination  is  io-o6  ins.  and  the  aperture 
1-75  ins.   The  glass  centre  thicknesses  are  -30  and  -15  in.  respectively. 

For  the  purposes  of  measurement  this  object  glass  was  mounted  on  a  horizontal 
graduated  table,  and  the  back  principal  point  of  the  objective  was  brought  directly 
over  the  centre  of  rotation.  The  angular  rotation  of  the  turntable  was  read  by  means 
of  a  vernier  reading  to  30  seconds.  The  graduated  table  was  mounted  on  an  optical 
bench  and  the  aperture  of  the  object  glass  was  filled  with  a  parallel  beam  of  light 
from  a  large  collimator  with  an  artificial  star  at  the  focus.  The  image  was  received 
by  an  eyepiece  also  mounted  on  the  optical  bench,  and  it  was  found  possible  to 
obtain  quite  definite  readings  of  the  positions  of  the  focal  lines  until  the  obliquity 
was  so  great  that  the  aperture  of  the  objective  had  almost  disappeared.  The  object 
glass  was  finally  adjusted  so  that  equal  obliquities  in  either  direction  gave  similar 
readings,  and  in  plotting  the  curve  the  mean  of  these  two  readings  was  taken.  The 
distances  from  the  centre  of  rotation  to  the  focal  lines  were  measured  in  inches. 
Measurements  of  the  primar}^  focal  line  were  made  up  to  an  obliquity  of  70°  when 
it  was  only  just  clear  of  the  back  surface  of  the  objective  and  would  thereafter  have 
fallen  within  the  thickness  of  the  lenses.  .Measurements  of  the  secondary  focal  line 
were  made  up  to  77!^  when  the  thicknesses  of  the  lenses  almost  masked  the  aperture. 

The  corresponding  distances  were  then  calculated,  using  Coddington's  formulae 
as  given  on  page  127  of  Mr  Dennis  Taylor's  System  of  Applied  Optics.  These 
formulae  are  strictly  accurate  where  the  cfi'ective  aperture  and  thicknesses  are 
reduced  to  vanishing  quantities. 

Coddington's  formula  for  the  secondary  focal  line  is 

I       /    cos  4>'        \    I       I N  ,1 

--  [n         J  -  I  1-  -    cos  9^  - 

?'       \'    cos  <f>         I    r      SI         ^       w 

and  for  the  primary  focal  line 


where  zc  is  the  oblique  distance  from  the  radiant  point  to  the  lens  centre ;  v  is  the 
oblique  distance  from  the  lens  centre  to  the  conjugate  focal  point  {v  10  for  the 
second  element);  ^  is  the  angle  of  obliquity;  ^'  is  the  angle  of  obliquity  of  the 
principal  ray  after  refraction  such  that  sin  </i  =  /x  sin  ^';  r  is  the  radius  of  the  first 
surface;  and  s  is  the  radius  of  the  second  surface. 

As  these  formulae  take  account  of  the  power  of  the  lens  only  and  not  its  shape, 
it  is  evident  that  the  image  curves  of  a  thin  object  glass  fulfilling  thb  sine  condition 
will  not  differ  from  one  of  a  different  type  made  of  the  same  glass  and  of  similar 
power,  provided  that  the  inner  surfaces  are  in  contact  or  nearly  so.  A  coma-free 
object  glass  was  only  chosen  for  purpose  of  measurement  because  of  the  ease  with 
which  measurements  of  the  focal  lines  could  be  made. 

In  the  following  table  the  measured  oblicjue  distances  aiui  the  ()b!i(|ue  ilistanccs 
as  given  by  the  formulae  are  tabulated,  and  the  corresponding  curves  arc  plotted  in 
the  figure.  The  first  column  gives  the  angles  of  obliquity,  the  second  and  third 
the  measured  oblique  distances  to  the  primary  and  secondary  focal  lines,  and  the 
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fourth  and  fifth  the  calculated  oblique  distances  to  the  primary  and  secondary 
focal  lines. 


Measured 

Calculated 

4- 

Primary 

Secondary 

Primary 

Secondary 

0° 

io-o6 

1006 

10-04 

1004 

S 

997 

1006 

996 

10 

967 

1000 

965 

994 

15 

924 

9-87 

918 

20 

«S9 

972 

8-53 

9-68 

25 

781 

944 

7-77 

— 

3° 

6-99 

926 

6-88 

917 

35 

607 

8-93 

598 

40 

519 

864 

502 

856 

45 

428 

8-24 

409 

8-17 

5° 

3  44 

7-90 

3-22 

55 

2-66 

745 

2-43 

— 

60 

200 

7-07 

1-74 

698 

65 

142 

6-63 

117 

— 

70 

103 

6-21 

■72 

616 

75 

579 

■38 

— 

— 

— 

530 

85 

— 

•04 

90 

~ 

~ 

° 

4-57 

of  Field  in  Primary  and  Secondarj'  Planes  of  a  Coma-free  Object  Glass. 
1006  inches.   Determined  by  Observation  o,  by  Calculation   •; . 


It  will  be  seen  that  in  spite  of  the  decrease  in  power  due  to  the  thickness  of  the 
lenses,  and  the  fact  that  the  principal  ray  does  not  meet  with  central  oblique  re- 
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fraction  at  the  flint  lens,  the  measured  distances  correspond  verj'  closely  to  the 
calculated  distances  in  which  infinitely  thin  lenses  are  assumed.  The  radii  of  the 
image  cur\-es  as  calculated  for  lo^  on  either  side  of  the  optical  axis  are  2-825  and 
6- 10,  while  the  measured  radii  are  2-85  and  6-05  in  primary  and  secondary  planes 
respectively. 

As  the  measured  and  calculated  results  correspond  so  closely,  further  calculations 
were  made  for  objectives  of  the  same  power  but  composed  of  different  glasses.  The 
two  chosen  as  most  typical  were  composed  of  the  following  glasses. 

No.  2  objective: 

Positive  lens,  borosilicate  crown: 


Negative  lens,  extra  dense  flint : 

No.  3  objective. 
Positive  lens,  ordinary  crown : 


HD  =  1-5089. 


IXD  =  1-6489. 


=  63-5.      E.F.L.  =  4-717. 


fljj  =--   1-5166. 

Negative  lens,  dense  flint 
fin  =  1-6132. 


60-56. 


3-919- 


6-430. 


-=  36-92.       E.F.L. 
f^C-flF 

In  the  following  table  the  calculated  oblique  distances  for  the  three  objectives 
considered  are  given : 


Primary 

Secondary 

<p 

No.  I 

No.  2 

No.  3 

No.  I 

No.  2 

No.  3 

M.B.C.  and 

B.S.C.  and 

O.C.  and 

M.B.C.  and 

B.S.C.  and 

O.C.  and 

L.F. 

E.D.F. 

D.F. 

L.F. 

E.D.F. 

D.F. 

0° 

10-04 

10-04 

1004 

10-04 

10-04 

1004 

10 

9-646 

9-646 

9-60 

9-940 

9-936 

9-901 

20 

tm 

ttr. 

8-47S 

9682 

9-615 

9597 

30 

6-803 

9-174 

9083 

9076 

40 

S-02S 

4-931 

4-923 

8-560 
7800 

8-407 

8-380 

so 

3-225 

3-134 

3132 

7596 

7596 

60 

"•745 

1-670 

I -670 

6983 

6678 

6667 

70 

-720 

■673 

•67s 

6-158 

5-757 

5-767 

80 

-160 

•.48 

-.48 

5-304 

4892 

4-900 

90 

0 

0 

4567 

4-1 10 

4-124 

These  figures  correspond  approximately  to  the  following  radii  of  the  image 
curves  near  the  axis:  in  primary  planes  2-82,  2-82  and  2-70  ins.,  and  in  secondary 
planes  6- 10,  5-90  and  5-90  ins.  It  should  be  noted  that  in  each  case  the  secondary 
curve  forms  the  circumference  of  an  incomplete  circle,  witii  its  centre  situated  on 
the  optical  axis. 


Image  Curves  formed  by  a  Thin  Achromatic  Object  Glass        325 

It  is  evident  that  the  shapes  of  the  image  cun'es  are  only  very  slightly  affected 
by  the  design  of  an  object  glass  when  the  inner  surfaces  are  in  contact,  and  that 
only  slight  modifications  are  due  to  the  differences  in  the  optical  characteristics 
and  the  consequent  alteration  in  the  ratios  of  the  powers  of  the  component  lenses. 
The  radius  of  the  primary  curve  is  always  about  -275  of  the  focal  length  and  that 
of  the  secondar}-  curve  about  -60  of  the  focal  length. 

If  in  an  objective  the  inside  curves  depart  far  from  contact,  leaving  a  wide  air  gap 
at  the  centre  or  edge,  the  formulae  we  have  used  no  longer  apply,  and  the  image 
cunes  can  be  varied.  On  page  164  of  vol.  11  of  Steinheil  and  Voit's  Applied  Optics 
(as  translated  by  Dr  James  Weir  French)  the  mean  image  curves  of  six  different 
types  of  object  glasses  are  given.  These  curves  lie  midway  between  the  primary  and 
secondan,'  image  curves  and  are  obtained  by  ray  tracing.  In  some  cases  they  are 
concave  to  the  lens  and  in  others  convex,  and  the  natural  inference  is  that  an  object 
glass  can  be  designed  so  that  the  mean  image  curve  is  flat,  if  the  inner  surfaces  no 
longer  approximate  to  contact  curves.  Such  an  object  glass  necessarily  departs 
very  far  from  the  sine  condition  and  the  primary  and  secondary  image  curves 
depart  widely  from  the  mean  curve  as  they  recede  from  the  axis  and  consequently 
the  oblique  image  is  marred  by  violent  astigmatism  and  coma.  For  this  reason  the 
types  of  object  glasses  in  general  use  do  not  widely  depart  from  the  sine  condition 
and  have  inner  surfaces  which  are  approximately  in  contact.  Under  these  cir- 
cumstances the  image  curves  will  always  approximate  closely  to  -275  F  and  -60  F 
for  the  primary  and  secondary  curves  respectively. 

DISCUSSION 

Mr  P.  F.  Everitt:  I  hope  the  author  will  extend  his  results  by  giving  corre- 
sponding measurements  for  an  objective  with  the  flint  lens  leading.  It  is  supposed 
that  in  this  construction  the  curvature  and  astigmatism  are  very  slightly,  but  still 
measurably,  less  than  when  the  glasses  are  arranged  in  the  reverse  order. 

Mr  T.  Smith:  The  author  has  found  over  as  large  a  field  as  78°  from  the  axis 
that  observation  gives  for  an  aperture  oi  f/^-j  the  same  loci  as  those  derived  by 
theory  for  a  small  aperture.  The  rational  algebraic  expression  for  the  secondary 
locus  in  the  case  of  two  lenses  is  of  the  sixth  order,  but  in  fact  it  varies  very  slightly 
from  that  for  a  single  lens,  a  sphere.  The  primary  surface  in  either  case  can  be 
derived  conveniently  by  a  geometrical  construction  from  the  secondary  surface. 
All  these  results  are  of  importance  in  the  proper  development  of  analytical  methods 
for  lens  design. 

Mr  Taylor:  I  hope  later  to  follow  out  Mr  Everitt's  suggestions,  and  to  obtain 
corresponding  results  with  the  flint  lens  leading,  when  I  believe,  as  he  suggests, 
that  the  curvature  and  astigmatism  will  be  only  slightly  aflPected. 

Mr  Smith's  remarks  are  noted  with  interest,  and  the  fact  that  it  is  only  really 
necessary  to  determine  by  measurement  the  secondary  locus,  from  which  the 
primary  can  be  derived,  is  thoroughly  appreciated. 

Optical  XXIV  23 
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A  NEW  FORM  OF  BAI.LOON  THEODOLITE 
By  T.  F.  CONNOLLY,  M.Sc. 

(Inspector  of  Scientific  Supplies,  India  Store  Department.) 

MS.  received,  z^th  April,  1923.    Read  and  discussed,  i^tJi  June,  1923. 

The  present  communication  calls  attention  to  a  new  design  of  theodolite  primarily 
for  the  observation  of  drifting  balloons.  In  such  observations  it  is  desired  to  follow 
as  closely  and  consecutively  as  possible  the  movements  of  the  balloon  and  to  note 
periodically  the  time  and  the  simultaneous  altitude  and  azimuth  observed. 

The  design  meets  more  specially  the  conditions  in  the  Indian  Meteorological 
Service,  but  modifications  would  bring  it  into  line  with  varied  requirements.  This 
Service  has  in  the  past  used  instruments  of  roughly  two  different  types : 

(a)  Vernier  reading  instruments  such  as  those  originally  made  by  Bunge  with 
large  and  easily  read  circles. 

(b)  Instruments  on  which  degrees  were  read  on  each  circle  and  parts  were 
taken  from  graduated  drums  solid  with  the  driving  worms. 

Of  these  tj-pes  the  former  was  found  preferable  in  view  of  its  greater  simplicity. 
Later  instruments  had  become  over  elaborate  for  the  purpose  in  hand. 

The  problem  of  re-design  arose  with  a  strong  urging  towards  simplification. 
The  conditions  of  use  and  the  accuracy  required  were  given  but  otherwise  con- 
siderable latitude  was  allowed.  The  conditions  set  by  India  among  other  points 
involved  essentially  using  two  observers  and  did  not  require  an  accuracy  in  the 
final  reading  greater  than  one-tenth  of  a  degree  for  each  circle.  The  present  instru- 
ment in  meeting  these  conditions  introduces  some  features  which  are  believed  to 
be  novel  and  may  be  of  interest  to  the  members  of  the  Society. 

The  telescope  is  of  the  coude  form  with  a  graticule  fixed  at  the  infinity  focus  of 
the  object  glass.  The  eyepiece  only  is  adjustable  for  focus,  being  moved  by  a 
standard  six  start  thread.  A  pentagonal  prism  is  used  for  the  elbow  so  that  slight 
displacements  do  not  affect  adjustments. 

The  circles  are  5  inches  in  diameter  to  the  reading  edges  and  are  divided  to 
single  degrees  only.  The  telescope  movements  are  actuated  by  worms  and  worm 
wheels  which  can  be  thrown  out  of  gear  at  will. 

The  method  of  reading  the  circles  is  due  to  the  author  and  is  believed  to  be 
new.  The  horizontal  and  vertical  circles  are  brought  together  in  such  a  way  that 
a  single  index  serves  for  reading  both.  A  large  field  achromatic  magnifier  is  so 
arranged  that  a  "stand  off"  view  is  secured.  The  magnification  is  such  that  the 
necessary  readings  and  estimations  are  easily  made. 

It  will  be  seen  from  I-'igs.  i  and  2  that  one  observer  follows  the  object  while 
the  second  is  occupied  exclusively  and  continuously  with  time  and  with  circle 
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readings.  The  usual  vernier  has  been  aboHshed  and  replaced  by  a  single  index. 
Estimations  of  the  degree  intervals  are  made  on  each  circle  to  one-tenth  of  a  degree. 
The  author's  first  idea  was  to  graduate  the  horizontal  circle  so  that  readings  on 
both  circles  could  be  taken  in  the  same  vertical  plane.  It  was  however  decided  to 
make  use  of  stock  parts  with  a  bevel  on  the  horizontal  circle.  The  readings  were 
again  made  planar  by  the  device  of  "dishing"  the  vertical  circle  which  is  due  to 
Mr  Simms  Wilson  of  Messrs  Cooke,  Troughton  and  Simms,  Ltd.,  the  makers  of 
the  original  instrument. 


Fig.  I  Fig.  2 

It  will  be  seen  that  by  the  transference  of  the  vertical  circle  to  the  eyepiece  side 
the  instrument  could  be  used  very  conveniently  by  one  observer  only,  though  of 
course  the  continuity  of  observation  would  not  be  so  great  as  with  two  observers. 
It  is  thought  that  the  method  of  single  reading  position  for  both  theodolite 
circles  may  have  more  extended  use  than  that  mentioned  above,  more  especially 
in  the  case  of  small  compact  instruments  for  mining,  mountain,  or  exploration 
work.  From  this  point  of  view  the  author  suggests  that  a  4  inch  instrument,  coude 
type,  with  a  single  microscope  {not  micrometer)  used  to  read  contiguous  circles  to 
an  accuracy  to  one  minute  of  arc  or  less  might  well  be  made  as  an  experiment.  It 
would  be  a  distinct  innovation  and  if  the  technical  troubles  were  overcome  might 
have  a  successful  future. 

It  is  suggested  that  if  instruments  using  a  single  reading  for  both  circles  are 
constructed  they  be  described,  in  view  of  their  origin,  as  of  India  Store  Department 
(I.S.D.)  pattern. 
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I\Iy  thanks  are  due  to  the  Director  General  of  Stores,  India  Store  Department, 
for  his  kindly  interest  and  permission  to  publish. 

Since  this  paper  was  written  it  has  been  pointed  out  to  me  by  Major  Henrici 
that  a  somewhat  similar  instrument  has  already  been  described  by  Dr  Fuss*.  This 
instrument,  which  is  of  an  elaborate  nature,  is  designed  for  the  continuous  photo- 
graphic recording  of  circle  readings.  Each  circle  has  its  own  vernier  but  the  circles 
are  so  arranged  that  a  photograph  of  the  reading  parts  of  both  circles  with  their 
verniers  appears  on  the  same  photographic  film.  I  am  glad  to  call  attention  to  this, 
but  consider  that  the  instrument  described  in  the  present  paper  has  still  some 
elements  of  noveltv. 


DISCUSSION 

Air  F.  C.  Watts :  As  only  one  reader  is  fitted,  the  instrument  cannot  be  checked 
in  the  field  if  centering  error  is  suspected.  When  readings  to  i  minute  are  involved, 
this  might  not  prove  acceptable. 

Mr  P.  F.  Everitt:  In  such  a  case  as  Mr  Watts  mentions  an  N.P.L.  Certificate 
would  be  a  satisfactory  guarantee  that  such  errors  are  not  present. 

Major  E.  O.  Henrici:  Two  verniers  could  be  fitted  without  difficulty,  as  in  the 
instrument  described  by  Fuss. 

Mr  T.  Smith:  I  think  that  more  consideration  sliould  be  given  to  the  staff  of 
the  National  Physical  Laboratory  who  are  asked  to  test  such  instruments.  Scientific 
instruments  should  be  readily  tested  for  the  determination  of  all  imperfections  of 
manufacture  affecting  their  use.  Readings  should  be  given  by  the  instrument  and 
not  guessed. 

Mr  Connolly:  The  instrument  described  has  no  opposed  index  by  which  circle 
centering  can  be  tested.  Sextants  reading  down  to  lo  seconds  of  arc  necessarily 
suffer  from  the  same  limitation  -yet  they  give  world-wide  satisfaction.  'I'he 
omission,  in  the  interest  of  simplicity,  is  a  virtue  in  an  instrument  reading  to 
i/io  degree. 

The  more  accurate  theodolite  suggested  would  be  fitted  with  an  index  to  check 
centering  though  single  reading  is  intended  in  use.   The  virtues  imagined  for  this 
instrument  are  portability,  compactness,  and  great  facility  of  reading. 
•  Z.f.  Imtrk.Ai  (1921)  2S1. 
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Photography  as  a  Scientific  Implement  (Applied  Physics  Series).  Pp.  viii  +  549 ; 
numerous  figures  and  plates.  (London:  Blackie  &  Son,  Ltd,  1923.)  Price,  30^.  net. 

The  title  of  this  book — which  forms  one  of  the  Volumes  of  an  "Apphed  Physics" 
series — indicates  that  the  purpose  is  to  present  to  the  reader  an  account  of  the  uses  of 
Photography  "as  a  scientific  implement."  The  editor  has  chosen  for  his  authors  workers 
of  undoubted  abihty  in  the  fields  of  discussion  and  in  some  instances  the  writers  deal  with 
applications  of  photography  which  they  themselves  have  largely  developed. 

In  the  excellent  "Note  by  the  Publishers"  it  is  stated  that: 

"The  convenience,  rapidity,  and  exactness  of  photographic  methods  have  established 
photography  firmly  as  a  necessary  aid  to  research  in,  for  example,  astronomy,  surveying, 
aeronautical  obser\'ation,  microscopy,  metallurgy,  engineering,  and  physics." 

This  is  the  "argument"  for  the  book  and  it  appears  to  the  reviewer  that  in  such  a 
work  only  an  outline  of  the  broad  principles  of  photography  as  directly  affecting  an 
understanding  of  the  practice  likely  to  be  adopted  need  be  given.  Judged  by  this  criterion 
there  is  much  matter  included  that  might  well  have  been  eliminated  and  its  place  taken  by 
information  more  directly  germane  to  the  title.  In  these  days  of  high  cost  in  book  pro- 
duction any  matter  relating  to  the  history  of  photography  might  be  omitted  from  a  work 
of  this  character,  for  the  information  given  is  all  contained  in  accessible  literature  and, 
moreover,  none  of  the  information  set  forth  in  this  respect  is  in  any  way  helpful  to  those 
who  use  photography  as  a  scientific  implement  and  the  last  thing  that  an  investigator 
desiring  to  employ  photography  as  an  aid  in  his  research  would  be  interested  in,  would 
be  the  history  of  the  subject.  If  matter  only  appropriate  to  the  title  were  admitted  the 
excellent  article  on  "Photography  Applied  to  Printing"  would  find  no  place,  for  printing 
is  a  craft  and  the  methods  detailed  are  purely  specialized  and  are  never  practised  by  other 
than  professional  workers.  The  article  on  "Colour  Photography"  might,  in  a  work  of 
the  avowed  aim,  have  been  written  from  another  aspect,  viz.  that  of  the  man  who,  desiring 
records  in  colour  of  some  phenomenon  occurring  in  an  investigation  in  which  he  is 
engaged,  seeks  explanation  as  to  how  far  and  in  what  manner  his  desire  may — under 
present  conditions — be  satisfied.  It  is  not  easy  to  see  why  two  articles — occupying  a 
considerable  proportion  of  the  book — on  photographic  optics  of  a  purely  theoretical 
character  should  be  included  in  a  work  of  this  character,  valuable  and  interesting  though 
they  be.  One  of  the  authors  refers  to  the  article  of  the  other  as  "  The  optics  of  the  camera" 
and  to  his  own  as  giving  "a  short  account  of  the  more  important  optical  phenomena." 
We  think  that  Professor  Conrady  covers  the  ground — although  the  article  is  out  of  place 
— and  that  the  other  contribution  is  redundant. 

It  appears  to  the  reviewer  that  the  editor  has  somewhat  lost  his  way  in  the  selection 
and  editing  of  the  matter  for  this  volume,  but  to  say  this  is  not  to  diminish  in  the  least 
the  undoubted  excellence  of  much  of  the  substance  that  is  included. 

It  must  be  said  in  all  consideration  that  it  is  indeed  exceedingly  difficult  to  produce 
a  work  of  this  kind  which  shall  be  an  entire  satisfaction  unless  the  editor  himself  be  a 
practitioner  of  wide  practical  experience  who  can  keep  his  contributors  to  a  strict  programme 
which  itself  has  been  rigidly  elaborated.  Ideas  diff'er  as  to  what  is  valuable  and  what  is 
important  and  in  consequence  individual  treatments  diflfer.  In  this  book,  for  example, 
one  contributor  writes  a  plain  practical  ardcle  upon  an  important  subject  in  engineering 
of  such  a  character  that  anyone  having  a  reasonable  knowledge  of  photography  could 
apply  his  knowledge  to  the  particular  subject  and  obtain  results.    Another  writes  on  a 
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problem  of  value  in  jurisprudence,  detailing  results,  but  without  any  real  guide  to  practice, 
even  in  outline,  to  one  troubled  with  the  study  of  a  possible  forgery,  whilst  a  third  deals 
with  the  technics  of  kinematography  as  if  it  were  purely  a  matter  of  apparatus,  com- 
mencing with  this  informative  sentence : 

"The  kinematographic  industn,-  depends  for  its  existence  upon  the  application  of 
scientific  laws  and  principles.  Chemistry,  optics,  and  mechanics  govern  all  its  branches, 
both  in  the  production  of  its  material  and  in  the  presentation  of  its  effects." 

Mter  that  the  reader  might  reasonably  look  for  some  explanation  of  these  particular 
principles  and  their  hearing  upon  the  problem  at  issue,  but  he  will  look  in  vain.  There 
is  no  uniformity  of  method.  The  articles  are  in  the  main  good,  often  very  good — it  is 
simply  a  case  of  the  editorial  duty  having  been  inappropriately  performed. 

A\Tiat  should  be  the  plan  of  a  work  of  the  character  indicated  in  the  publishers'  "  Note  "? 
Granted  the  immense  value  of  photography  as  a  recording  agent  and  the  variety  in  the 
phenomena  that  occur  in  the  different  kinds  of  investigation  in  which  men  and  women  are 
to-day  engaged,  which  it  may  be  desired  to  record  in  an  impersonal  and  unbiassed  manner, 
a  work  of  this  kind,  it  is  submitted,  should  indicate  the  methods  available  and  their 
limitations  and  should  give  as  fully  as  possible  examples  of  the  application  of  these 
methods  in  typical  pieces  of  research.  It  should  be  remembered  that  in  spite  of  the  widely 
diffused  practice  of  photography  the  knowledge  of  real  photography,  its  methods  and 
minutiae,  and  the  care  required  to  produce  a  reasonably  good  result  where  fidelity  to  the 
appearance  sought  to  be  recorded  is  concerned,  are  possessed  by  a  relatively  small  number 
of  workers.  The  very  simplicity  of  the  popular  method  is  apt  to  blind  even  ordinary 
painstaking  investigators  to  the  fact  that  photography  is  in  reality  a  serious  branch  of 
technology-.  In  the  volume  under  consideration  many  of  the  articles  are  contributions 
which  would  be  more  in  place  in  an  advanced  treatise  on  photography,  but  they  are  not 
suitable  to  a  work  which  seeks  to  demonstrate  the  uses  of  photography  to  those  presumably 
— and  they  will  be  in  the  majority — whose  interest  in  photography  lies  only  in  the  fact 
that  it  may  be  immediately  useful  in  a  piece  of  experimental  work.  For  in  the  main  the 
technique  of  photography  when  the  craft  is  used  as  an  instrument  by  the  scientific  in- 
vestigator is  simple.  Let  him  understand  the  elementary  principles  of  the  formation  of 
images,  the  nature  and  differences  of  the  various  kinds  of  sensitive  surface,  the  principles 
of  exposure  and  development,  the  simple  methods  of  printing  and  he  will  have  the 
knowledge  requisite.  This  information  is  already  contained  in  several  manuals  easily 
available  and  its  possession  should  be  assumed.  But  the  specialist  work,  a  work  of  the  aim 
of  the  one  under  review,  should  contain  more  precise  information  as  to  application.  It 
might  commence  with  a  demonstration  of  the  vast  untruth  underlying  the  popular  fallacy 
that  "photography  cannot  lie"  and  the  various  ways  in  which  the  camera  may  be  made 
to  tell  untruths,  a  reasonable  explanation  of  the  influence  of  the  lighting  of  the  object 
(particularly  addressed  to  geologists,  physiologists,  anatomists  and  all  those  who  seek 
to  portray  plastic  objects)  and  a  plain  and  simple  account  of  the  nature  of  the  dry  plate 
and  its  varieties  and  how  the  variations  affect  the  character  of  the  final  photograph.  This, 
we  submit,  should  be  the  basis  upon  which  the  specialized  information  should  be  founded. 
How  verj'  much  such  a  work  is  needed  is  shown  by  an  examination  of  many  of  the  photo- 
graphs which  arc  employed  to  illustrate  communications  of  a  scientific  nature,  which  are 
seldom  what  they  should  be. 

As  examples  of  the  kind  of  article  which  we  think  does  come  rightly  within  the  scope 
of  the  title  of  this  volume,  we  may  instance  the  ".Application  of  Photography  in  Physics" 
and  "Photography  in  the  Engineering  and  Metallurgical  Industries"  which  are  models 
in  the  way  of  helpful  writing.  Similarly,  the  clear  and  simple  statement  of  the  methods 
of  photography  from  aircraft  as  given  by  Squadron  Leader  Laws,  who,  by  vast  experience, 
is  well  able  to  speak  on  this  subject,  and,  as  an  accompaniment  to  his  article,  the  plain 
and  accurate  statement  of  the  position  of  photographic  surveying  from  the  able  pen  of 


Review  33  r 

Colonel  Winterhottom  are  valuable  and  should  serve  to  correct  some  of  the  misconceptions 
which  have  arisen  with  respect  to  the  use  of  photography  in  map-making. 

Of  the  articles  on  the  purely  photographic  aspect  the  relatively  lengthy  monograph 
on  the  "Theory  of  the  Photographic  Process  and  Methods,"  by  Dr  Sheppard,  is  an 
admirable  statement  of  the  present  position  of  photography  in  respect  to  fundamentals 
and,  though  in  our  opinion  it  is  out  of  place,  it  is,  as  a  contribution,  by  far  the  most 
valuable  article  in  the  volume.  Its  perusal  should  be  a  source  of  pleasure  and  profit  to 
all  who  take  a  deep  interest  in  photography,  the  more  so  as  the  author  has  here  exercised 
admirable  restraint  in  avoiding  the  use  of  esoteric  terms  which  are  apt  needlessly  to 
increase  the  difficulty  of  an  already  difficult  subject. 

The  book  is  well  printed,  the  half-tone  illustrations  being  particularly  well  done, 
the  index  is  reasonablv  full,  and  the  binding  of  the  volume  is  pleasant. 

C.  \V.  G. 


ABSTRACTS  OF  PATENT  SPECIFICATIONS 

1 9635 1.   Alexander,  F.  H.  Sextants. 

An  artificial  horizon  for  sextants  is  constituted  by  a  datum  fine  carried  by  a  pendulum 
clinometer.  The  latter  includes  a  long  period  pendulum  and  a  short  period  pendulum 
mounted  on  a  common  spindle,  and  acting  on  each  other  through  a  magnetic  couple. 

196876.   Tw^man,  F.  Optical  Reflectors. 

Optically  flat  films  of  celluloid,  rubber,  etc.,  suitable  for  use  as  reflectors  in  instruments 
such  as  chromoscopes,  are  prepared  as  follows.  A  solution  of  the  material  is  applied  to 
the  prepared  surface  of  a  base,  such  as  a  thin  plate  of  rock  salt,  and  spread  into  a  thin 
film  by  centrifugal  action.  When  dry,  the  film  is  secured  to  a  permanent  carrier,  and  the 
original  base  dissolved  away. 

196890*.  Gillet  et  Fils.  Colour  Filters. 

A  filter  for  use  in  matching  colours  under  artificial  light  consists  of  two  receptacles, 
one  of  which  contains  a  solution  of  a  salt  such  as  acetate  of  nickel,  and  the  other  a  solution 
of  sulphate  of  copper. 

196916*.    Poivilliers,  G.  J.  Surveying. 

In  an  apparatus  for  plotting  contour  lines  from  a  pair  of  photographs  taken  obliquely, 
observations  are  made  through  a  binocular  telescope  so  mounted  that  the  line  of  sight  is 
always  in  one  vertical  plane.  The  component  photographs  are  set  to  the  required  contour 
line  by  tilting  about  a  horizontal  axis,  and  are  rotated  aljout  a  vertical  axis  for  drawing  the 
contour. 

196948.   Taylor,  W.  and  another.  Optical  Apparatus. 

A  set  of  optical  and  mechanical  elements — lenses,  tubes,  stand  parts  and  fittings — 
are  designed  to  serve  for  the  making  up  of  a  number  of  optical  instruments,  such  as  a 
microscope,  telescope,  sextant,  range-finder,  etc.,  for  the  purposes  of  demonstration  or 
laboratorj'  instruction. 

•  Specification  published  before  acceptance. 


332  Abstracts  of  Patent  Specifications 

i973°7*-   Zeiss,  C.  Surveying  Instruments. 

A  compass  needle  is  fixed  within  the  horizontal  graduated  circle  of  a  theodolite,  in 
such  a  way  that  it  is  visible  in  the  reading  microscope  when  the  instrument  is  turned  into 
the  meridian.  The  optical  system  is  such  that  readings  of  both  sides  of  the  horizontal 
and  vertical  circles  can  be  taken  in  a  single  evepiece. 

197425.    Barr  and  Stroud,  Ltd,  and  another.  Rangefinders. 

Provision  is  made  for  the  production  of  a  relative  movement  between  the  separating 
line  of  the  eyepiece  system  and  the  image  of  the  target,  without  moving  the  main  tube. 
The  eyepiece  may  be  slightly  rotated  around  the  axis  of  the  tube,  or  lens  or  prism  elements 
may  be  adjusted  in  a  position  between  the  objectives  and  the  eyepiece. 

198472.   Taylor,  W.,  and  others.  Polishing  Glass. 

The  specification  describes  a  modification  of  a  previous  apparatus  (Patent  No.  126489), 
in  which  the  supply  of  abrasive  and  lubricant  is  automatically  controlled  by  the  adhesion 
of  the  pad  to  the  work.  It  is  now  adapted  to  operate  under  conditions  which  sometimes 
arise  with  felt  polishers,  when  the  friction  increases  with  the  supply  of  liquid,  or  liquid 
and  abrasive. 

198497.   Gordon,  J.  W.  Photo-Surveying. 

A  photograph  is  taken  with  a  known  lens,  pointed  in  a  known  direction.  The  prime 
meridian  and  horizon  lines  are  then  identified  by  the  recognition  of  a  suitable  number  of 
points,  and  the  photograph  is  laid  down  upon  a  plotting  table  in  accordance  with  these 
lines.  A  true  plan  is  then  plotted  by  locating  various  points  by  calculation,  by  reference 
to  a  perspective  diagram,  or  by  mechanical  means.  To  obtain  contours,  two  photographs 
are  taken  from  different  points,  with  the  same  compass  bearing. 

198667*.  Zeiss,  C.  Sight-Testing  Apparatus. 

An  objective  measurement  of  the  degree  of  abnormality  of  the  eye  of  the  patient  is 
made  by  the  observer  setting  cross-wiies  into  coincidence  with  the  position  of  the  image 
of  an  illuminated  aperture  formed  after  reflection  from  the  retina  of  the  subject.  A  measure- 
ment of  astigmatism  can  be  obtained  by  taking  a  setting  in  two  different  directions. 

199715*.   Zeiss,  C.  Pyrometers,  &c. 

The  radiation  from  a  hot  body  is  broken  up  by  an  adjustable  prism  system  into  two 
parts,  which  are  used  by  the  two  eyes  in  observing  relatively  moving  marks.  A  reading  of 
the  temperature  is  given  by  the  setting  of  the  prism  system  which  makes  the  relative  motion 
appear  rectilinear. 

200002.   Potter,  A.  Surveying  Instruments. 

Relates  to  a  number  of  applications  of  right-angled  triangular  prisms  in  connection 
with  sighting-devices,  some  of  which  are  laid  directly  upon  a  fiduciary  line,  and  others  at 
definite  angles  thereto.  Somewhat  similar  arrangements  are  employed  in  connection  with 
clinometers. 

R.  J.  T. 

•  .Specification  published  before  acceptance. 
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PROCEEDINGS 

AT  THE 

MEETINGS  OF  THE  OPTICAL  SOCIETY 
1923-24 

iith  October,  1923 
Meeting  held  at  the  Imperial  College  of  Science. 

Mr  T.  Smith,  M.A.,  Vice-President,  in  the  Chair. 

It  was  announced  that  Professor  J.  P.  C.  Southall  and  Mr  F.  E.  Wright  had  been 
elected  Fellows  of  the  Society  by  the  Council. 

The  following  papers  were  read : 

"Notes  on  the  Elementary  Algebraic  Theory  of  a  Class  of  Photographic  Objectives." 
By  E.  T.  Hanson,  B.A. 

"A  General  Survey  of  the  Thin  Double  Lens."  By  T.  Smith,  M.A.,  F.Inst.P. 

"New  Types  of  Levelling  Instruments  using  Reversible  Bubbles."  By  T.  F.  Con- 
nolly, M.Sc. 

2-]th  November,  1923 
Meeting  held  at  the  Imperial  College  of  Science. 

Emeritus  Professor  Archibald  Barr,  F.R.S.,  President,  in  the  Chair. 

The  death  of  Dr  Alexander  Gleichen  was  announced. 

The  Thomas  Young  Oration  was  delivered  by  Professor  M.  von  Rohr  on  the  subject 
"  Contributions  to  the  History  of  the  Spectacle  Trade  from  the  Earliest  Times  to  Thomas 
Young's  Appearance." 

Professor  M.  von  Rohr  presented  to  the  Society  ten  copies  of  his  translation  into 
German  of  the  two  papers  by  Thomas  Young  "On  the  Mechanism  of  the  Eye"  and 
"On  Vision." 

iT^th  December,  1923 
Meeting  held  at  the  Imperial  College  of  Science. 

Sir  Frank  Dyson,  F.R.S.,  Vice-President,  in  the  Chair. 

Messrs  T.  F.  Connolly  and  E.  F.  Fincham  were  elected  Hon.  Auditors  for  the  Society's 
accounts  for  the  year  1923. 

The  following  papers  were  read : 

"The  Primary  and  Secondary  Constant  Magnification  Surfaces  of  Thin  Lenses." 
By  T.  Smith,  M.A.,  F.Inst.P. 

"A  Suggested  Standard  Trial  Case  and  Simplification  in  Ophthalmic  Policy."  By 
W.  SwAiNE,  B.Sc.  (Read  by  Mr  H.  H.  Emsley). 

Mr  B.  K.  Johnson  exhibited  an  Optical  Revolution-Counter 
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2nd  and  ^^d  January,  1924 

Fourteenth  Annual  Exhibition  of  Electrical,  Optical,  and  other  Physical 
Apparatus  held  at  the  Imperial  College  of  Science,  jointly  with  the  Physical 
Society  of  London. 

The  following  discourses  were  given : 

"The  Heape  and  Grjlls  Rapid  Cinema  Machine."   By  Mr  H.  B.  Grylls. 

"The  Nature  and  Artificial  Production  of  Human  Speech  (Vowel  Sounds)."  By 
Sir  Richard  Paget,  Bart. 

10th  January,  1924 

Meeting  held  at  the  Imperial  College  of  Science. 

Mr  R.  S.  Whipple,  M.I.E.E.,  Vice-President,  in  the  Chair. 

The  following  papers  were  read  : 

"The  Relation  between  Aperture,  Axial  Thickness,  and  Form  for  a  Single  Lens." 
By  T.  Smith,  M.A.,  F.Inst.P. 

"The  Determination  of  Aberrations,  as  expressed  in  Geometrical  Optics,  from  the 
Indications  of  the  Hilger  Interferometer."   By  J.  W.  Perry. 

Mr  D.wio  B.\XAND.\LL,  A.R.C.S.,  F.R.A.S.,  described  Replicas  of  Two  Galileo 
Telescopes,  which  were  exhibited  by  the  kind  permission  of  Col.  H.  G.  Lyons,  F.R.S., 
Director  of  the  Science  Museum. 

14//J  February,  1924 
Annual  General  Meeting  held  at  the  Imperial  College  of  Science. 

Mr  T.  Smith,  M.A.,  Vice-President,  in  the  Chair. 
The  Hon.  Secretarj-  presented  the  Annual  Report*  of  the  Council,  which  was  approved. 
The  Treasurer's  Reportf  and  Balance  Sheet|  were  presented  by  the  Hon.  Treasurer, 
and  were  approved. 

The  Chairman  read  the  list  of  persons  nominated  by  the  Council  for  office  in  the 
year  1924-25  and  declared  all  these  duly  elected  as  no  other  nominations  had  been 
received. 

President:  Emeritus  Prof.  Archibald  Barr. 

Vice-Presidents:  Sir  Frank  Dyson,  Mr  T.  Smith,  Instr.-Comdr.  T.  V.  Baker. 

Business  Secretary:  Prof.  Ala.n  Pollard. 

Papers  Secretary:  Mr  F.  F.  S.  Bryson. 

Treasurer:  Major  E.  O.  Henrici. 

Librarian:  Mr  J.  H.  Sutcliffe. 

Editor:  Dr  John  S.  Anderson. 

Council: 
Already  serving:  I^lccted,  February,  1924: 

Dr  John  S.  Anderson      Mr  P.  F.  Everitt.  Mr  W.  H.  Couns. 

-Mr  \V.  M.  Brett.  Dr  J.  W.  French.  Mr  A.  H.  Emerson. 

Prof.  F.  J.  Cheshire.         Miss  L.  M.  Gh.lman.  Mr  J.  Guild. 

.Mr  R.  W.  Ciir-:sHiRE.         Dr  L.  C.  Martin.  Instr.-Lt.-Comdr.  N.  Lancji.ands 

Mr  H.  H.  Emsley.  Mr  A.  Whitwell.  Mr  F.  C.  Watts. 

Votes  of  thanks  to  the  retiring  Officers  and  Members  of  Council,  to  the  Hon.  .Auditors, 
and  to  the  Governors  of  the  Imperial  College,  with  Prof.  Callcndar,  for  the  vise  of  the 
College  for  the  meetings  of  the  Society  were  unanimously  passed. 

•  Sec  p.  ix.  +  See  p.  xi.  t  See  p.  xii. 
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14/A  February,  1924 
Meeting  held  at  the  Imperial  College  of  Science. 

Mr  T.  Smith,  M.A.,  Vice-President,  in  the  Chair. 
The  following  papers  were  read: 

"The  Addition  of  Aberrations."   By  T.  Smith,  M.A.,  F.Inst.P. 

"The  Choice  of  Wave-lengths  for  Achromatism  in  Telescopes."  By  Lt.-Col.  J.  W. 
GiFFORD,  F.R.A.S. 

"A  New  Form  of  Corneal  Microscope  with  Combined  Slit  Lamp  Illuminating 
Device."   By  E.  F.  Fincham. 

Mr  David  B.\.\andall,  A.R.C.S.,  F.R.A.S.,  described  the  Circular  Dividing  Engine 
of  Edward  Troughton,  1793,  which  was  exhibited  by  the  kind  permission  of  Messrs 
Cooke,  Troughton  &  Simms,  Ltd.,  and  of  Col.  H.  G.  Lyons,  F.R.S.,  Director  of  the 
Science  Museum. 

13//?  March,  1924 
Meeting  held  at  the  Imperial  College  of  Science. 

Professor  F.  J.  Cheshire,  C.B.E.,  in  the  Chair. 
The  following  papers  were  read : 

"  Study  of  the  Significance  of  the  Foucault  Knife-edge  Test  when  applieti  to  Re- 
fracting Systems."   By  Miss  H.  G.  Conrady,  A.R.C.S. 

"The  Measurement  of  Chromatic  Aberration  on  the  Hilger  Lens  Testing  Inter- 
ferometer."  By  L.  C.  Martin,  D.Sc,  A.R.C.S.,  F.R.A.S.,  and  R.  Kingslake. 

"A  Reflecting  Spherometer."   By  B.  K.  Johnson. 

"Note  on  a  Convenient  Bench  for  Testing  Telescope  Object  Glasses."  By  L.  C. 
Martin,  D.Sc,  A.R.C.S.,  F.R.A.S. 

It  was  announced  that  the  Council  of  the  Physical  Society  of  London  had  extended 
to  all  Fellows  and  Members  of  the  Optical  Society  a  hearty  invitation  to  the  Jubilee 
Celebrations  to  be  held  on  the  20th,  21st,  and  22nd  March. 

Experimental  demonstrations  and  exhibits  of  apparatus  were  given  in  the  laboratories 
of  the  Optical  Engineering  Department  of  the  Imperial  College  of  Science. 

loth  April,  1924 
Meeting  held  at  the  Imperial  College  of  Science. 

Mr  T.  Smith,  M.A.,  Vice-President,  in  the  Chair. 
The  death  of  Mr  James  P.  Petherick  was  announced. 
The  following  papers  were  read : 

"The  Feasibility  of  Cinema  Projection  from  a  Continuously  Moving  Film."  By 
H.  Dennis  Taylor. 

"A  New  Perfectly  Anallatic  Internal  Focussing  Telescope."  By  E.  Wilfred  Taylor 
(Read  by  Mr  T.  Smith). 
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8th  May,  1924 
Meeting  held  at  the  Imperial  College  of  Science. 

Mr  T.  Smith,  M.A.,  Vice-President,  in  the  Chair. 
The  follo\\ing  papers  were  read : 

"The  Preparation  of  Coppered  Glass  Mirrors."   By  E.  A.  H.  French. 
"The  Taylor-Hobson  F,2  Anastigmat."  By  H.  W.  Lee,  B.A.  (Read  by  Mr  T.  Smith). 
"A  Reference  System  for  Priman,-  .\berrations."   By  T.  Smith,  M.A.,  F.Inst.P. 

i2th  June,  1924 
Meeting  held  at  the  Imperial  College  of  Science. 

Mr  T.  Smith,  M.A.,  Vice-President,  in  the  Chair. 
The  following  papers  were  read : 

"A  Wide-angle  Stereoscope  and  a  Wide-angle  View-finder."    By  Col.  L.  E.  W.  van 
Alb.\d.\. 

"Binocular  Vision  and  the  Stereoscopic  Sense."   By  R.  J.  Trump,  B.A.,  B.Sc. 
".A.  General  Solution  of  the  First  Order  Aberrational  Equations."    By  T.  Smith, 
M.A.,  F.Inst.P. 
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REPORT  OF  THE  COUNCIL  TO  THE  ANNUAL  MEETING 
OF  MEMBERS,  14th  FEBRUARY,  1924 

THE  COUNCIL  of  the  Optical  Society  presents  the  following  Report  for  the 
year  ending  31st  December,  1923: 

Nine  Ordinar}-  Meetings  of  the  Society  took  place  during  the  year,  which  were 
held  at  the  Imperial  College  of  Science  and  Technology  by  permission  of  the 
Governors  and  Professor  Callendar,  to  whom  the  thanks  and  appreciation  of  the 
Society  are  due. 

The  meeting  of  8th  February  was  distinguished  by  the  Presidential  Address 
delivered  by  Sir  Frank  Dyson,  M.A.,  D.Sc,  LL.D.,  F.R.S.,on  "  Large  Telescopes," 
which  was  received  by  a  considerable  attendance  of  members  with  great  interest. 

At  the  meeting  on  27th  November  Professor  M.  von  Rohr  delivered  the  Thomas 
Young  Oration  on  the  subject,  "Contributions  to  the  History  of  the  Spectacle 
Trade  from  the  Earliest  Times  to  Thomas  Young's  Appearance."  In  honour  of 
the  occasion  Professor  von  Rohr  presented  to  the  Society  copies  of  his  translation 
into  German  of  the  two  papers  by  Thomas  Young  "  On  the  Mechanism  of  the  Eye," 
and  "  On  Vision,"  for  which  Professor  von  Rohr  received  the  thanks  of  the  Society. 

On  26th  April  members  paid  a  visit  to  the  factory  of  The  Hadley  Company  at 
Surbiton  with  much  interest  and  appreciation. 

By  invitation  from  the  Astronomer  Royal  a  visit  was  paid  to  the  Royal  Observa- 
tory, Greenwich,  on  9th  June  and  the  thanks  of  the  Society  are  due  to  Sir  Frank 
Dyson  and  his  staff  for  their  hospitality  and  interesting  demonstrations. 

In  conjunction  with  the  Physical  Society  of  London,  the  Thirteenth  Annual 
Exhibition  of  Electrical,  Optical  and  other  Physical  Apparatus  was  held  at  the 
Imperial  College  of  Science  and  Technology  on  3rd  and  4th  January,  and  as  in 
previous  years  was  largely  attended. 

During  the  year  members  were  invited  by  the  Board  of  the  Institute  of  Physics 
to  the  series  of  lectures  on  "Physics  in  Industry  "  which  have  been  introduced  with 
such  success,  and  the  thanks  of  the  Society  are  due  to  the  Board  for  their  courtesy. 

The  Illuminating  Engineering  Society  invited  representatives  of  the  Optical 
Society  to  take  part  in  a  discussion  on  the  "Projection  of  Light"  which  was  held 
at  the  Royal  Society  of  Arts  on  20th  February.  Instructor-Commander  T.  Y. 
Baker,  Mr  J.  Guild,  and  Dr  L.  C.  Martin  represented  the  Society  on  this  occasion. 

In  the  early  part  of  the  year  the  Society  was  invited  by  the  Conjoint  Board  of 
Scientific  Societies  to  be  represented  on  the  General  Council  of  Honour  of  the 
International  Air  Congress  which  was  held  in  London  during  June  and,  on  the 
invitation  of  the  Council,  Mr  A.  C.  W.  Aldis  represented  the  Society  in  this  capacity. 
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l\Ir  R.  S.  Whipple  has  continued  to  represent  the  Society  on  the  National 
Committee  for  Physics  and  on  the  Conjoint  Board  of  Scientific  Societies  up  to  its 
dissolution  in  April,  while  Mr  J.  Guild  has  continued  to  represent  the  Society  on 
the  Board  of  the  Institute  of  Physics. 

Of  the  special  series  of  meetings  originally  initiated  for  the  purpose  of  bringing 
into  wider  recognition  the  valuable  and  unique  collections  of  optical  apparatus  at 
the  South  Kensington  Museum,  the  fourth  was  held  on  25th  January  when 
Mr  Wilfred  E.  L.  Day  gave  a  lecture  on  "The  Birth  of  Cinematography  and  its 
Antecedents."  The  lecture  was  illustrated  by  a  large  number  of  "magic"  lantern 
slides  and  apparatus  of  historic  interest,  together  with  a  number  of  historical  books, 
amongst  which  were  several  lent  by  Mr  T.  Court.  The  fifth  lecture  of  the  series 
was  delivered  on  22nd  March  by  Dr  L.  C.  Martin  on  "  Surveying  and  Navigational 
Instruments  from  the  Historical  Standpoint."  The  sixth  lecture  was  delivered  on 
24th  May,  when  Mr  David  Baxandall  discoursed  on  "Early  Telescopes  in  the 
Science  Museum  from  an  Historical  Standpoint."  Both  these  lectures  were 
illustrated  by  many  historical  instruments  taken  from  the  Museum.  The  thanks 
of  the  Society  are  due  to  Colonel  H.  G.  Lyons,  F.R.S.,  Director  of  the  Science 
Museum,  for  the  loan  of  valuable  instruments  which  illustrated  these  lectures. 

It  has  been  decided  that  in  future  Ordinary  Meetings  of  the  Society  may  be 
held  occasionally  at  5  p.m.  instead  of  7.30  p.m.  when  such  meetings  are  devoted 
to  papers  of  a  purely  scientific  or  mathematical  nature  not  likely  to  be  of  direct 
interest  to  trade  members. 

LIBRARY 

The  following  books  have  been  received  during  1923: 

British  Scientific  Instrument  Research  Association.    Fourth  Annual  Report  for  the 

year  1921-22. 
Sprechsaal-Kalendar  fiir  die  Keramischen  Glas-  iind  verwandten  Indus trien,  1923. 
Generalised  Linear  Perspective.   By  J.  W.  Gordon. 
Advanced  Practical  Physics  for  Students.    By  B.  L.  Worsnop,  B.Sc,  and  II.    T. 

Flint,  M.Sc,  Ph.D. 
Mirrors,  Prisms  and  Lenses.    A  te.xtbook  of  Geometrical  Optics.    By  J.vmes  P.  C. 

SOUTHALL. 

Photography  as  a  Scientific  Implement.   (Applied  Physics  Series.) 

Les  Applications  des  Interferences  Lumineuses.    By  Ch.  Fabry. 

La  Lumiere  Monochromatique ,  sa  Production  et  son  Emploi  en  Optique  Pratique. 

By  Ch.  Fabry. 
Penrose's  Annual:  The  Process  Year  Book,  Vol.  26.    Edited  bv  William  Gamblk, 

F.R.P.S.,  F.O.S. 

No  additions  have  been  made  to  the  journals  now  regularly  rcceivcii,  the  list 
of  which  is  given  in  the  Report  of  the  Council  for  the  year  ending  31st  December, 
1922. 
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Members  possessing  valuable  Optical  Works  are  invited  to  follow  the  example 
of  others  who  have  submitted  lists  of  their  private  libraries  for  consultation  in  the 
Library  at  lo,  Clifford's  Inn,  Fleet  Street,  E.C.4,  and  have  expressed  their  willing- 
ness to  loan  out  any  work  upon  request  by  the  Librarian,  Mr  J.  H.  Sutcliffe. 
The  Library  will  take  full  responsibility  for  any  work  while  on  loan. 


MEMBERSHIP 

During  the  year  the  Fellowship  was  conferred  upon  six  members.  Sixteen 
new  Members  were  elected,  of  whom  five  are  Corporate  Members.  Three  names 
were  removed  from  the  list  under  Rule  IX,  18  resignations  were  tendered,  and 
two  members  died.  There  is,  therefore,  a  decrease  of  seven  in  the  membership 
of  the  Society,  leaving  the  number  of  members  on  ist  January,  1924,  as  follows: 

Honorary  Fellows        .          .          .          .          .          .  10 

Fellows      ........  loi 

Fellows  non-resident  in  British  Isles       ...  9 

Members 148 

Corporate  Members     ......  8 

Members  non-resident  in  British  Isles   ...  24 

Corporate  Member  non-resident  in  British  Isles      .  i 

Student  Members        ......  2 

Total         ...  303 


TREASURER'S  REPORT  FOR  THE  YEAR  1923 

The  receipts  for  the  year  are  within  1,2  of  those  of  last  year,  but  as  they  include 
£^2  on  account  of  Life  Compositions  there  is  a  falling  off  in  the  true  income  of 
about  1,^0,  almost  entirely  due  to  smaller  receipts  from  sales  of  publications.  This 
falling  off  is  to  some  extent  due  to  the  fact  that  it  was  only  possible  to  issue  Nos.  4 
and  5  of  Volume  XXIV  of  the  Transactions  just  before  Christmas,  so  that  there 
have  been  no  sales  of  these  numbers  apart  from  subscribers  to  the  volume. 

The  expenditure  is  about  £1"]^  less  than  last  year,  the  principal  reduction  being 
one  of  j^i  10  in  the  cost  of  printing  and  distributing  the  Transactions.  The  net  result 
is  a  balance  of  income  over  expenditure  of  ^i??-  lo^-  ^h^-  The  Society  is  thus  in 
a  healthy  financial  position. 

The  books  and  manuscripts  of  the  Society  are  insured  against  fire  with  the 
Guardian  Assurance  Co.,  Ltd.,  for  the  sum  of  £300,  but  no  credit  has  been  taken 
for  their  value  in  the  Balance  Sheet,  or  for  subscriptions  in  arrears. 

E.  O.  Henrici, 

Hon.  Treasurer. 
5//1  January,  1924. 


INCOME  AND  EXPENDITURE  ACCOUNT  FOR 
YEAR  ENDING  31st  DECEMBER,   1923 


EXPENDITURE 


To  Printing  and  stationery 

Clerical  assistance  .... 

Postage 

Sundries 

Advertising 

Physical  Society— share  of  exhibition 

expenses 

Thomas  Young  Oration 
Life  composition  account     . 
Balance — income  over  expenditure     . 


543 
102 
34 


■1  3 
9  4i 
1   9 


0  0 
10  4} 


INCOME 

£  s.  d. 
By  Subscriptions : 

Fellows,  arrears      .        .            22  1  0 

for  1923    .                   301  7  0 

Members,  arrears   .        .            43  1  0 

for  1923          .           29.5  1   0 

Corporate  members,  arrears        3  3  0 

for  1923   20  14  O 

Students  for  1923  .                       4  14  6 

Entrance  fees          .        .            14  14  O 

710  15  G 
Less  rebate  to  members  of  the 

Institute  of  Physics        .  13     4  4 


Life  compositions 42     0  0 

Sales  of  publications 149     0  8 

Advertisements  in  Transactions,  less  ex- 
penses         38   10  1 

Interest  on  investments  and  deposit        .  16  18  10 


£944     0     9 


BALANCE  SHEET  AT  31st  DECEMBER,  19-23 


LIABILITIES 
£ 


To  Sundrj'  Creditors: 

Printing  .... 
Advertisements 
Clerical  assistance 

Accumulated  Funds: 

Balance  31st  Dec.  1922 
Plus    income    over    ex- 
penditure   . 

Life  composition  fund 


d. 

2:i  0  9 
13  1  0 
13     2  6 


ASSETS 

By  Sundry  Debtors  (advertisements) 
Cash  at  Bank  (current  account)    . 
,,  (deposit  account)    . 

Petty  cash  in  hand         .... 

Investments  at  cost*: 

£1(K)  Grand  Trunk  Western  Railway 

4  "o  1st  Mortgage  Gold  Bonds  . 
£300  5  %  War  Stock  1929/47       . 


I 

s. 

d. 

57 

4 

0 

102 

2 

9 

200 

0 

0 

5 

5 

9  J 

98 

10 

0 

474     1   OJ 
42     0  0 


/;7«5 


Mem.   Value  of  Investments,  market 
price,  31st  Dec.  1923  is  £378.  lOj.  0</. 


We,  the  undersigned  Auditors  elected  at  the  General  Meeting  held  on  13th  December,  1923,  do  hereby 
certify  that  we  have  examined  the  above  accounts  and  do  find  them  correct. 

T.  F.  Connolly. 

E.  F.  FiNCHAM. 

Hon.  Auditors. 


E.  O.  HENRICI. 

lion.  Treasurer. 


Will  January,  1921. 


TRANSACTIONS    OF 
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OPTICAL    SOCIETY 
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NOTES  ON  THE  ELEMENTARY  ALGEBRAIC  THEORY 
OF  A  CLASS  OF  PHOTOGRAPHIC  OBJECTIVES 

By  E.  T.  HANSON,  B.A. 

MS.  received,  zSthJufy,  1923.  Read  and  discussed,  nth  October,  1923. 

ABSTRACT.  After  a  short  discussion  of  the  general  theory  of  the  first  order  aberrations 
in  a  system  of  thin  lenses,  the  equations  expressing  the  absence  of  Seidel's  first  four 
aberrations  in  an  objective  consisting  of  two  thin  systems  of  lenses,  separated  bv  an  interval, 
are  formed.  When  each  of  the  two  thin  systems  consists  of  only  two  lenses,  the  equations 
can  be  put  in  a  form  which  admits  of  an  elegant  graphical  solution,  regard  being  paid  to 
the  necessity  of  obtaining  a  solution  in  which  no  one  of  the  lens  curvatures  exceeds  a 
certain  limit. 


Introduction. 

The  application  of  the  theor}-  of  the  first  order  aberrations  to  the  direct  com- 
putation of  an  optical  system  is  limited  to  a  few  simple  cases.  The  most  satisfactory 
application  refers  to  photographic  objectives.  The  design  of  a  system  which  will 
satisfy  the  theory,  while  meeting  practical  requirements,  is  not  easy.  This  investi- 
gation endeavours  to  present  a  purely  graphical  method  of  arriving  at  the  design 
of  an  objective  which  will  satisfy  Seidel's  first  four  conditions.  These  are  the 
conditions  for  absence  of  spherical  aberration,  coma,  astigmatism,  and  curvature 
of  the  field.  The  condition  for  achromatism  is  also  taken  into  account. 

It  is  given  as  an  example  of  a  graphical  solution  which  is  believed  to  be  new, 
and  with  the  hope  that  it  may  suggest  further  applications. 

It  does  not  seem  to  have  been  noticed  that  the  equations  can  be  put  in  a  very 
simple  form  when  the  objective  considered  consists  of  tw-o  thin  systems  of  lenses 
separated  by  an  interval,  thus  making  the  mathematical  treatment  more  elegant 
than  in  its  usual  presentation. 
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In  the  following  notes  is  first  given  the  proof  of  the  general  form  which  the 
equations  take,  ^^'hen  each  of  the  two  thin  systems  consists  of  two  single  lenses, 
the  method  is  useful  in  that  it  quickly  shows  up  cases  when  a  solution  fails.  It  has 
been  of  some  interest  to  investigate  a  number  of  cases,  and  to  follow  the  trans- 
formations to  a  case  which  is  eminently  suitable  from  a  practical  standpoint. 

General  Theory. 

In  the  following  application  of  the  first  order  theor\'  to  photographic  objectives 
all  the  lenses  will  be  assumed  to  possess  the  same  refractive  index  though  they  may 
differ  in  dispersive  power.  An  extension  of  the  method  to  cases  in  which  the 
refractive  index  is  not  the  same  throughout  is  given  at  the  end  of  the  paper. 

The  conditions  for  absence  of  the  four  aberrations,  curvature  of  the  field, 
astigmatism,  coma,  and  spherical  aberration,  for  all  positions  of  the  stop,  can  be 
written  as  follows*: 

5  (Spherical  aberration)  =  Si^/j/F,      =  o", 
C  (Coma)  =  J:H*j\-EJ^,  =  o  | 

As  (Astigmatism)  =  S///y/£'/F,=  o  I 

K  (Cur\'ature)  =  S/o^Kj  =  o] 

The  notation  requires  explanation.  Consider  that  portion  of  a  paraxial  ray 
which  is  incident  upon  the  sth  surface.  If  this  ray  is  incident  at  a  distance  h,  from 
the  optical  axis,  then 

//,  =  /«,///,. 

Let  n„  «/  be  the  refractive  indices  in  front  of  and  behind  the  sth  surface  respec- 
tively. Let  p,  be  the  reciprocal  of  the  radius,  and  co,  the  reciprocal  of  the  distance 
from  the  surface  at  which  the  ray  cuts  the  axis.  Then 

j\  (the  zero  invariant)  =  «,  (p^  —  oij. 

Let  — ,  -       ---  K,   and    — ,,  -     „  =  A,. 

Wj       «,  n,  -      «/ 

Then  ^»  -  p, <<,,-/< A,. 

If  t^  (q  <  s)  be  the  distance  between  the  qi\\  and  the  (</       i)th  surfaces,  then 

9-8-1  /  , 


.(I). 


Consider  an  optical  system  comprising  a  number  of  co-axial  members  separated 
by  finite  intervals,  each  member  being  a  thin  system  of  lenses.  Let  the  members 
be  numbered  in  succession  from  the  front  i  to  /),  />  being  the  last  member.  Let  the 
interval  separating  the  (/)  i)th  and  the  p\h  members  be  /.  Denote  that  part  of 
the  system  comprising  the  first  {p       i)  members  by  A,  and  the /)th  member  hy  B. 

•  See  Southall's  Priticiplet  of  Geometrical  Optics,  2nd  ed.  p.  466;  the  first  four  of  equations  356, 
when  equated  to  zero,  arc  equivalent  to  (1):  or  Whittakcr's  Theory  of  Optical  Instruments,  p.  44. 
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Let 

the  summation  being  taken  over  the  first  (/>  —  i)  members.  Then,  if  s  now  denote 
a  surface  in  B, 

/r  _  T'  _L         1 '- 

Let  T=T,  +  tlH„^,H^, 

and  let  ^i ,  Q ,  As^  be  the  coefficients  of  spherical  aberration,  coma,  and  astigmatism 
respectively  for  ^.  Let  S.^,  C^  be  the  coefficients  of  spherical  aberration  and  coma 
for  5. 

Now,  if  Petzval's  condition  for  absence  of  curvature  is  satisfied  and  if  the 
refractive  index  is  uniform  throughout, 

SF,  for  S  =  -  SF,  for  A, 

if  r  denote  a  surface  in  A. 

On  the  left-hand  side  the  summation  is  taken  over  the  pth.  member  only,  and 
on  the  right-hand  side  it  is  taken  over  the  first  {p  —  i)  members  only. 

Let,  therefore, 

.4^1  -  SF,  for^  =  «!, 

so  that  flj  belongs  only  to  A. 

Then,  for  the  removal  of  spherical  aberration,  coma,  and  astigmatism, 

Ci  +  HJ'TS^  +  ///Q  =  o       i  (2). 

fl,  +  H.'^T-S.  +  2///rC2  =  o) 

//p  is,  of  course,  common  to  every  surface  in  the  pth  member.  From  these  equations 
can  be  obtained 

so  that  a  solution  is  possible  only  if 

Ci'-  —  «!  5"!  >  o. 
If  A  consists  of  a  single  thin  system  of  lenses, 

«!  =  o   and    T  =  tjH, 

where  H  refers  to,  and  is  common  to,  every  surface  of  member  B.   Introduce  a 
variable  quantity  d,  then  equations  (2)  reduce  to 
.SV^2//Ci  =  o) 

(3)- 

-C,  +       e  =  o) 
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These  equations  are  equivalent  to  the  general  equations  for  the  removal  of 
Seidel's  first  three  image  defects  in  an  objective  consisting  of  two  thin  systems  of 
lenses  separated  by  an  inter\'al,  the  refractive  index  being  taken  as  uniform  and 
the  simple  condition  being  satisfied  for  removal  of  the  Petzval  curvature. 

If  the  focal  length  of  the  back  member  be  taken  as  unit  of  length,  then  that  of 
the  front  member  is  equal  to  —  i,  distances  being  positive  when  measured  in  the 
direction  of  the  incident  light.   In  this  case 

H=i+t. 

The  Solution  of  the  Equations. 

If  the  surfaces  of  a  thin  lens  be  designated  by  the  numbers  i  and  2,  and  if  ^2 
be  the  reciprocal  of  the  focal  length,  then 

Pi-r  F„  =  <f>2  and  ;i  -j.,  =  4,Jk.,. 

Let  tuj'  be  the  reciprocal  of  the  second  conjugate  focal  length  and  let  S  and  C  be 
respectively  the  coefficients  of  spherical  aberration  and  coma. 
Then  the  following  abbreviations  are  useful : 

J  n  n 

~      3n  +  2'  ~      M  +  I  ' 


2  (w  -  i)  (3n  +  2) '     '      n  -  I ' 

where  n  is  the  refractive  index. 

Let  Oa ,  c^  and  h^  be  defined  as  follows  : 

Ci^q^i-tnoiA  (4). 

The  equations  for  S  and  C  tiun  become 

and  mCI<f>i=J2  +  c^  i  

An  interesting  alternative  expression  for  the  splierical  alu-rration  of  a  thin  lens  is 

so  that  if  a  thin  lens  is  corrected  for  coma, 

It  will  be  seen  from  (4)  that  a  simple  set  of  charts  will  greatly  facilitate  the 
calculation  of  a.^,  c^,  and  therefore  h,  in  any  particular  case.  I'or  if  ^^  andoj^' 
be  measured  along  rectangular  co-ordinates,  the  curves  Wj  const,  and  c^  =  const, 
are  simply  two  families  of  parallel  straight  lines.   For  the  purpose  of  the  immediate 
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problem,  the  value  of«  taken  was  i-6.  Against  each  line  of  one  family  the  values  of 
a.y  and  a,-  were  marked.  Against  each  line  of  the  other  family  the  values  of  c,  and 
AVj  were  marked.  Two  such  charts  were  constructed  and  proved  very  useful. 

They  are  convenient  in  giving  quickly  certain  quantities  which  are  independent 
of  the  coflexure  of  the  lens,  when  a  number  of  cases  have  to  be  considered  numeri- 
cally. Returning  now  to  the  objective  consisting  of  two  thin  systems  of  lenses 
separated  by  an  interval,  let  the  numerals,  2,  4,  6,  8,  etc.  represent  each  lens  in 
succession  from  the  front  throughout  the  whole  objective.  The  following  notation 
is  useful : 

It  is  to  be  understood  that,  for  all  the  component  lenses  of  member  A,  g  and  <fi 
are  defined  by  the  equations 

-       ^    L\ 

^~       fm\  (6), 

and  4,  =  H-m6    J 

and  that,  for  all  the  component  lenses  of  member  B, 

^-Ht-m\  (7). 

and  ip  =  '«^       J 

Omitting  suffixg s  for  the  present,  define  /,  /3,  and  a  as  follows : 

J  =j+a+g, 

^  =  c-a-g, 

a  =  b  +  2gp+  g\ 
Equations  (3)  mav  now  be  written 

-^(-^^  +  «)-°l  (8).' 

These  represent  four  equations  since  the  summations  are  taken  only  over  one  member 
at  a  time,  keeping  (6)  and  (7)  in  mind.   Write 
S^a  =  M, 
e.g.  if  there  are  three  lenses  in  A, 

Write  14^  =  N. 

Then,  if  each  member  now  consist  of  two  thin  lenses,  the  first  equation  of  (3) 
represents  an  ellipse  or  hyperbola  referred  to  rectangular  axes /a  and  Jj,  the  squares 
of  whose  semi-axes  are  equal  to  -  Mjc^.^  and  -  M/^4.  If  ^2  arid  (p^  are  of  the 
same  sign  the  curve  is  an  ellipse;  if  of  opposite  sign  a  hyperbola. 

The  third  equation  of  (3)  represents  a  straight  line  referred  to  the  same  axes, 
whose  intercepts  on  the  axes  are 

i4>-N)l<f>2  and   {>P-N)/i>,. 
The  results  for  the  second  and  fourth  of  equations  (3)  referred  to  axes  J^  and  /g 
are  precisely  similar. 
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If  a  system  be  given  in  which  the  ^'s  and  t  are  known,  the  whole  problem  is 
solved  by  choosing  the  value  of  (?,  which  is  a  parameter  of  the  straight  lines  only, 
in  such  a  way  that  the  intersections  of  the  straight  lines  with  their  corresponding 
ellipses  or  hyperbolas  fall  within  rectangles  bounded  by  the  limits  which  are  per- 
missible in  the  values  of  the  J's,  which  are  linear  functions  of  the  coflexures.  All 
the  parameters  are  quickly  calculated,  for,  the  ratios  <f>J4>2  and  ^g/^e  being  known, 
the  values  of  M  and  A'  are  readily  determined  by  the  use  of  the  charts. 

There  is  no  advantage  in  endeavouring  to  treat  the  problem  generally  any 
further,  but  the  restrictions  will  be  made  as  few  as  possible. 

It  is  convenient  to  make  one  postulate,  namely  that  there  is  a  numerical  relation- 
ship between  the  back  focal  length  and  the  diameter  D  of  the  aperture.  This  ratio 
UgjD  will  be  taken  as  6. 

From  practical  considerations,  if  reasonable  field  of  view  is  required,  t/D  should 
not  be  greater  than  unity. 

Let /be  the  focal  length  of  member  B,  which  is  positive.  Then  —/is  the  focal 
length  of  member  A.  The  following  equations  are  satisfied  (remembering  that 
'"=^/")=  W~co,=  llf, 

<-:  =  - 1//, 
"4'  =  "5  +  ^ 

It  is  easily  seen  from  this  equation  that,  if  tjD  is  restricted  to  values  less  than  i , 
fjD  (the  positive  value  only  being  admissible)  is  restricted  to  values  less  than  2. 
But  fjD  cannot  be  made  much  less  than  2,  otherwise  the  assumptions,  upon  which 
the  whole  theory  rests,  will  be  contravened. 

The  value  chosen  for///)  is  171,  whence  t/D  =  -68.  This  makes  ///=  -4.  If 
/is  unity,  as  previously,  then  /  =  -4. 

The  relative  focal  lengths  of  the  lenses  composing  the  two  members  are  so  far 
arbitrary,  being  subject  to  the  Petzval  condition  that  the  sum  of  the  powers  of  those 
composing  member  A  is  equal  to  -  i,  and  of  those  composing  B  +  i.  Now  these 
focal  lengths  require  to  be  known  before  the  graphical  method  can  be  applied. 
There  is  not  much  to  guide  the  choosing  of  them  except  that  imposed  by  the  con- 
dition for  achromatism.  A  number  of  cases  have  been  graphically  investigated. 

For  this  purpose  the  unit  has  been  altered,  the  separation  t  being  now  unit  of 
length,  which  makes  <f)  =  i//^  -4. 

Case  (a).   In  this  case 

^2  —  'I'i  ~  —  '2   and  <^«  =  <^8  =  +  "2. 
The  constants  being  readily  evaluated  with  the  use  of  the  charts,  the  equations  to 
be  satisfied  are 


j^' !  yr   (I-02)- 
J.    J*  -  -1-58 

y«  1  y.    1-33 1 5<^ 


y.  .,-y.    -.-ss-.o^  
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The  limits  to  the  coflexures  of  the  lenses  are  set  b)-  the  coiuiition  that  no  radius 
must  be  less  than  1-25.   On  this  understanding 

y.,  may  lie  between  —  -29  and 


■40 

■55 


•91; 
[•06; 
•80; 
•65- 


When  referred  to  axes  J.^  and  /,,  the  first  of  equations  (9)  represents  a  circle, 
and  the  second  a  family  of  parallel  straight  lines.  The  third  and  fourth  have  the 
same  representation  referred  to  axes  /eand  J^.    In  Fig.  i  one  of  the  limits  between 


which  0  may  lie  is  found  by  drawing  one  of  the  family  of  straight  lines  {a)  tangent 
to  that  portion  of  the  circle  which  lies  within  the  coflexure  rectangle.  It  is  obvious 
from  the  figure  that  the  other  limit  of  6  is  found  by  drawing  one  of  the  family  {b) 
through  the  point  Z),  where  the  circle  intersects  the  line  representing  the  lower 
limit  for  Jj  given  above.  Between  the  tangent  and  the  parallel  line  through  C, 
where  /.^  has  its  upper  limiting  value,  there  are  two  possible  solutions. 

Corresponding  to  a  and  b  for  member  A  are  the  lines  «'  and  b'  for  member  B. 
In  this  case  it  is  evident  that  one  or  more  of  the  lenses  must  be  near  its  limit  of 
coflexure.    Furthermore,  the  requirement  of  achromatism  necessitates  the  use  of 
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glasses  of  widely  different  dispersive  powers.  Taking  this  case  as  a  starting  point, 
the  result  of  increasing  both  <f)^  and  ^4  in  absolute  magnitude  will  be  investigated. 
The  result  of  decreasing  them  can  be  carried  out  in  an  exactly  similar  way,  so  that 
all  possible  cases  will  be  included. 

Considering  <^g  first,  the  circle  becomes  an  ellipse  which  changes  to  a  hyperbola 
as  ^g  passes  through  the  value  -4.  It  is  interesting  to  note  that  the  vanishing  of  the 
discriminant  is  given  by  the  equation 

i-iyo^g^  +  -027^8"  -  •200<;i8  -  -053  =  o. 

This  has  a  root  for  ^g  =  -5,  which  is  the  only  root  of  any  value.  For  exactly  this 
value  of  <^8  the  hyperbola  reduces  to  two  straight  lines,  so  that  all  solutions  for 
member  B  are  real.  As  these  changes  take  place,  the  cofiexure  rectangle  moves 
down  towards  the  lower  right-hand  quadrant,  as  in  Fig.  2,  one  of  the  straight  lines 
in  the  final  position  lying  well  within  it. 


Case  (/;).   In  thi 


Fig.  2. 


•2  as  before,  and  <^6  =  —  t,  i^g 


The  lines  a',  b'  (Ing.  2),  which  correspond  to  a,  h  (Fig.  i),  lie  a  long  way  beyond 
the  rectangle,  so  that  no  practical  solution  can  be  obtained. 

Considering  now  the  result  of  increasing  1^4,  the  vanishinu  of  tlio  discriminant 
leads  to  nothing  useful.  The  coflexure  rectangle  moves  up  into  the  top  left-hand 
quadrant.  .\s  </).,  approaches  the  value  -  -6,  a  branch  of  the  hyperbola  passes  well 
within  the  rectangle.  It  is  now  only  necessary  that  a  suitable  value  of  0  can  be  found. 

Case  {c).  This  is  shown  in  Fig.  3.  The  ordinates  in  this  figure  have  been  increased 
in  the  ratios  \/|^4/<^2  |  and  \/\  (f>J<f>a  \  respectively.   In  this  case 


•2,    <f>.x 


■6,   4>o 


•I,    and   f^s  -  -1-  -5. 

The  limits  of  0  are  given  by  the  lines  a'  aiul  //.  To  tiiese  correspond  the  lines 
a  and  b.    W  U  be  now  given  the  \aliie    -  -69,  the  lines  c  and  c'  arc  obtained.  These 
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cut  the  two  curves  in  P  and  P',  which  both  lie  well  within  their  respective  rect- 
angles. The  solution  is  now  complete  in  every  respect,  and  the  coflexures  of  the 
lenses  are  given  directly  by  the  co-ordinates  of  P  and  P'.  It  may  be  noticed  that 
this  system  is  very  easily  achromatized  with  glasses  of  almost  exactly  the  same  re- 
tractive index.  The  <f>'s  may  now  be  varied  slowly  in  any  way  desired,  and  the  altera- 
tions in  the  J's  are  easily  followed  upon  the  figures. 


Fig-  3- 

With  the  help  of  Fig.  3  it  is  now  easy  to  calculate  the  radii  of  all  the  eight 
surfaces.  With  6  =  -  -69,  remembering  that  the  separation  of  the  two  thin  systems 
is  the  unit  of  the  length,  they  are  from  the  front 


rj  = 

+ 

2-94 

'•z^ 

- 

16-67 

rs- 

- 

179 

>'i  = 

+ 

1-56. 

rs  =  -  270, 
r«  =  -  5-88, 
r,=  +  1-89, 
rs=  -2-13. 
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Fig.  4  gives  a  diagram  of  the  objective.  This  diagram  is  obviously  only  approxi- 
mate, since  in  the  theor\'  the  thicknesses  of  the  component  lenses  have  been  neg- 
lected. The  aperture  has  been  reduced  in  the  ratio  of  4  to  5  approximately,  in  order 
to  make  it  possible  to  place  the  components  of  each  thin  system  closer  to  one  another. 
The  field  of  view  is  accordingly  somewhat  more  restricted. 

It  is  interesting  to  note  that  the  third  lens  from  the  front  is  of  great  focal  length, 
and  has  accordingly  little  effect  upon  the  aberrations.  It  can,  therefore,  be  dis- 
pensed with,  and  all  the  conditions  can  be  satisfied  by  making  small  modifications 
in  the  three  remaining  lenses.  It  is  remarkable  that  a  three-lens  objective  can  be 
obtained  in  which  all  the  surface  curvatures  lie  within  the  prescribed  limits. 


Extension  of  the  Method  to  Cases  in  which  the  Refractive  Index  is 
not  the  same  throughout. 

It  has  been  assumed  in  the  foregoing  theory  that  the  index  of  refraction  is 
uniform  throughout.  A  difference  in  refractive  index  can,  however,  be  allowed 
for  in  the  follinving  manner.  When  it  is  uniform  throughout  it  has  been  shown  that 


-  So,., 


•), 


but  quite  generally  in  a  system  of  thin  lenses 

SF,-  {<!>, +  <!>,+ ). 

In  the  general  case 


^P^Xs  - 


'^4   + 


+  „{<i>2 +  <(>*  + ) 


^'\* 


In 


■(10), 


where  n  is  the  lowest  refractive  index  and  An  the  greatest  ditference.  In  this  case 
one  of  the  coefficients  of  the  f/)'s  in  the  square  brackets  is  unity  ami  all  the  others 
are  less  than  unity.   Hence,  if 

<k   '■  <f>i   i    o, 

the  last  lint  of  (10)  is  equal  to 

An    ,, 
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where  e  is  positive  and  less  than  unity  and  (/>'  is  the  sum  of  the  powers  of  all  the 
positive  lenses,  e  is  usually  considerably  less  than-  unity,  for  it  is  the  difference  of 
two  positive  ratios  each  of  which  is  less  than  unity.  The  assumption,  therefore,  that 

(^2  f  </)4  f   is  equal  to  zero  in  the  general  case  is  ver\'  nearly  equivalent  to  the 

condition  for  absence  of  the  Petzval  curvature,  unless  (/>'  is  large.  This  does  not, 
however,  occur  in  practice.  The  foregoing  graphical  method  may,  therefore, 
be  used  in  the  general  case  when  the  refractive  indices  are  different,  but  before  it 
can  be  applied  the  indices  must  be  allotted  to  each  lens,  and  the  charts,  which  have 
been  described,  must  be  amplified  so  that  a.,  and  c.^  can  be  read  off  for  a  range  of 
refractive  indices. 

Summary. 

The  type  of  photographic  objective  particularly  considered  consists  of  two  thin 
systems  of  lenses  separated  by  an  interval.  Each  system  comprises  two  lenses. 
The  objects  attained  in  the  paper  are : 

(i)  The  formulation  of  equations  equivalent  to  those  which  satisfy  Seidel's 
first  four  conditions  in  such  a  way  that  they  may  be  suitable  for  graphical  solution. 

(2)  The  construction  of  simple  charts  which  enable  a  number  of  cases  to  be 
rapidly  adapted  to  immediate  graphical  treatment. 

(3)  The  adaptation  of  the  graphical  method  in  such  a  manner  that  it  may  be 
readily  seen  when  solutions  of  practical  value  can  be  obtained. 


DISCUSSION. 

Comdr.  T.  Y.  Baker:  It  is  interesting  to  note  that  of  recent  years  there  has  been 
a  change  in  the  manner  in  which  optical  first  order  aberrations  are  dealt  with.  It 
is  not  very  long  ago  that  one  might  have  searched  in  vain  through  optical  Hterature 
for  any  reasoned  method  that  could  be  used  to  treat  aberrations  from  the  designer's 
point  of  view.  There  were  plenty  of  formulae  for  the  aberrations  in  terms  of  image 
and  stop  positions  and  lens  shapes,  but  no  clue  to  the  means  whereby  the  suitable 
values  could  be  found  for  coflexures  in  order  to  eliminate  aberrations  from  the 
complete  system. 

Recently  there  have  been  papers  by  Mr  Smith  on  this  special  point  and  there 
is  now-  Mr  Hanson's  paper  treating  from  the  same  aspect  the  design  of  a  class  of 
photographic  objectives.  The  graphical  method  that  Mr  Hanson  employs  is 
convenient  and  satisfactory-.  Obviously,  since  first  order  aberrations  alone  are 
dealt  with,  a  high  degree  of  accuracy  is  not  essential,  for  modifications  of  lens 
shapes  must  subsequently  be  made  to  correct  the  higher  aberrations.  The  method 
of  solution  is  especially  valuable  in  that  it  is  evident  immediately  to  the  eye 
whether  the  solutions  obtained  give  lens  shapes  of  practicable  form. 

It  is  to  be  hoped  that  these  recent  papers  will  stimulate  other  authors  to  put 
forward  papers  of  a  similar  character. 
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Mr  T.  Smith :  Mr  Hanson's  paper  is  an  important  contribution  to  the  Hterature 
on  the  design  of  optical  systems,  and,  owing  to  the  more  direct  appeal  inherent  in 
a  graphical  method  of  treating  mathematical  problems,  it  will  doubtless  be  highly 
and  widely  appreciated,  especially  perhaps  by  those  who  find  a  concise  algebraic 
discussion  somewhat  difficult  to  follow.  The  limitation  of  the  problem  by  the 
insertion  of  reasonable  limits  is  a  consideration  of  practical,  almost  indeed  of 
commercial,  rather  than  of  theoretical,  importance;  and  those  engaged  on  lens 
design  in  industn,-  should  appreciate  the  importance  of  a  method  which  shows 
without  much  labour  whether  an  acceptable  solution  along  particular  lines  is 
feasible.  In  deriving  the  construction  the  equations  to  be  satisfied  have  been 
simplified  in  a  manner  which  seems  to  depend  upon  the  type  of  system  considered. 
It  would  be  interesting  to  know  whether  the  method  can  be  applied  as  readily  to 
systems  in  which  some  of  these  special  conditions  are  not  satisfied,  for  instance, 
a  system  in  which  the  sum  of  all  the  powers  is  not  zero  or  approximately  zero.  It 
should  be  obser\ed  that  the  condition  for  the  removal  of  distortion,  the  last  of 
von  Seidel's  conditions,  had  not  been  considered,  and  with  this  particular  solution 
it  seemed  necessary  to  leave  it  to  take  care  of  itself.  As  the  image  is  otherwise  fully 
corrected,  it  is  useless  to  attempt  to  control  distortion  by  placing  a  stop  in  a 
particular  position.  The  insertion  of  this  distortion  condition  in  a  system  consisting 
of  a  positive  and  a  negative  component  well  separated  from  one  another  may  easily 
prove  to  be  undesirable  practice. 

Mr  Hanson :  I  can  do  little  more  than  thank  Commander  Baker  and  Mr  Smith 
for  their  appreciative  remarks.  It  is  not  easy  to  treat  the  design  of  optical  systems 
in  a  general  manner,  and  to  deduce  results  that  are  of  practical  application.  Under 
the  circumstances  I  have  been  able  to  deal  only  with  a  very  restricted  system,  having 
always  in  view  the  practical  and  perhaps,  according  to  Mr  Smith,  the  commercial 
aspect.  I  have  not  had  the  opportunity  to  consider  the  application  of  the  method 
to  systems  in  which  the  special  conditions  are  not  satisfied,  but  I  think  that  it 
might  be  applied  to  systems  in  which  the  Petzval  condition  is  only  approximately 
realized.  With  regard  to  the  removal  of  distortion  it  will  be  noted  that  with  four 
lenses  there  is  an  infinite  number,  within  limits,  of  cases  in  which  the  first  four 
conditions  are  satisfied.  A  number  of  these  cases  can  be  readily  obtained  from  the 
graphs.  The  distortion  condition  may  be  difficult  to  satisfy  if  the  Petzval  condition 
is  exactly  satisfied,  so  that  the  extension  to  other  systems,  as  suggested  by  Mr  Smith, 
would  be  useful.  Hut,  as  it  stands,  it  will  not  entail  much  more  than  a  consideration 
of  a  few  cases  to  find  those  mf)difications  which  will  tend  to  a  system  approaching 
a  realization  of  Seidel's  fifth  condition,  provided  that  in  each  case  some  method  of 
calculating  the  distortion  be  employed. 
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ABSTRACT.  The  shapes  of  the  lenses  and  the  types  of  glass  suitable  for  the  construction 
of  an  objective  free  from  all  first  order  aberrations  in  a  primary  plane  for  an  infinitely 
distant  object  are  found  on  the  assumption  that  the  system  is  composed  of  two  separated 
thin  lenses,  each  of  which  consists  of  glasses  cemented  together.  The  analysis  indicates 
that  "old"  achromats  should  be  used  for  both  component  lenses,  a  conclusion  not  in 
accordance  with  modern  practice. 


In  an  earlier  paper*  general  formulae  have  been  given  showing  the  conditions 
appropriate  for  the  several  lenses  of  a  system  to  enable  the  entire  instrument  to 
satisfy  assigned  aberrational  conditions.  The  simplest  systems,  consisting  of  a 
number  of  thin  lenses  in  contact,  are  mathematically  equivalent  to  a  thin  lens,  and 
some  of  their  aberrations  are  not  under  the  control  of  the  designer.  The  ne.xt 
simplest  type  of  system  is  obtained  by  placing  two  sets  of  grouped  thin  lenses  at 
an  appreciable  distance  apart.  The  equations  of  the  earlier  paper  are  immediately 
applicable  to  such  a  system,  which  is  of  interest  as  the  idealized  prototype  of  many 
modern  photographic  objectives.  The  information  derivable  from  the  theory, 
notwithstanding  all  the  deficiencies  inherent  in  a  treatment  which  considers  only 
first  order  aberrations,  will  be  generally  recognized  as  of  prime  importance. 

It  is  not  necessary  to  introduce  the  powers  of  the  lenses  specifically  into  the 
equations,  the  important  quantities  being  the  ratios  the  separation  between  the 
lenses  bears  to  their  focal  lengths.  Denote  these  by  i  —  a^  and  i  -  a.^  for  the  first 
and  second  lenses  respectively.  Then  the  Petzval  coefficient  m  for  the  whole  system 
is  expressed  in  terms  of  those  of  the  components  by 

(i  —  OjOa)  m  =  {1  —  Hj)  raj  +  (i  —  ftj)  njo. 
It  is  convenient  to  denote  by  W  the  value  of 

(I  -  «i)  (I  +  \^i)  +  (i  -  «2)  (J  +  1^2)- 
Following  the  notation  of  the  previous  paper  as  modified  in  the  footnote  on 
p.  176,  it  is  seen  at  once  that  the  aberrations  of  zero  order  are  not  independent, 
but  satisfy  the  relation 
(A„ ,  Ai ,  A. ,  A3 ,  A,$  I  -  o^G,  -  1  +  a.^S)-  («,  -  G,  S  -  a^f  ~  W  {i  -  a,a.^  {S  -  Oy. 


*  "The  Distribution  of  Corrective  Duties  in  Optical  Instruments,"  Trans.  Opt.  Soc.  24  (1922- 
23)  168. 
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This  relation  merely  amounts  to  the  statement  that  the  spherical  aberration  of  the 
stop  centre  is  determined  by  the  state  of  correction  of  the  main  image. 

In  consequence  of  this  relation  it  is  desirable  to  eliminate  the  stop  aberration 
Z)(,  from  the  remaining  equations  by  identifying  one  of  the  arbitrary  magnifications 
with  G.  The  equations  giving  the  conditions  for  the  separate  components  are  then 

^~_  ^  (O,  O,  I  +h^i,-  ft  ,  71^2,  O)"  (I  +  «i,  I  -  «i)^-'' 

+  \~Jl";  (o.  o.  2  +  3^2.  -  iS,,  y,$2,  o)*-"  (I  +  CC„  -  I  +  «.,)" 

-  ";r„^  (o,  o,  i  +  k^„-  ft,  yi]l2,  o)"^^  (I  +  «,,  I  -  «i)^- 

-  ""  ~-p  (o,  o,  J  +  iTD„-  ft,  y,$2,  oy--  (I  +  a,,  -  I  +  fc,)"^^ 

=  ,-„  ^  ,,.3  (A,,  A.,,  A3,  A,]3i  I  -  G«„,  5«.,  -  i)"  («,  -G,S~  «l)'"^ 

where  ^  assumes  the  four  values  o,  i,  2,  3.  The  various  terms  on  the  left  side 
obviously  refer  to  the  aberrations  of  one  of  the  components,  with  a  stop  in  contact 
with  it,  for  an  object  or  image  in  coincidence  with  the  other  component.  The 
equations  are  readily  put  into  a  form  in  which  only  one  of  these  expressions  appears. 
On  the  right  S  is  of  course  a  dummy  and  any  value  can  be  given  to  it ;  this  is  easily 
seen  by  assuming  all  aberrations  to  be  removed  for  magnification  G,  when  S  occurs 
in  the  numerator  only  in  the  factor  {S  -  Gy  which  cancels  with  the  denominator. 
The  four  equations  are  then 

(1  -  Goj)  (i  -  «i)-  {ft  -  (2  -1   w,)  A,}  +  («!  -  G)  {zW  -i   a,  -  «2) 

+  .^  _^-^j3  (A ,  D, ,D,,D,^i-  Gcu, ,  Set.,  -  I )  (a,  -G,S~  a,)-  =  0, 

(«,  -  G)  (I  -  «o)-  {ft  +  (2  +  tn,)  A^  ^   {i-Ga^){-2W+a,-  a.^ 

^  {S  -  Gf  (A,  A,  O3,  /->4$i  -  Go.,,  So.,  -  lY  K  -G,S-  a,)  =  o. 

(I  -  GX)  (I  -  u,Y  {yi  -  4/3,  A,  •  (3  I-  zm,)  A,'}  r  2  («,  -  G)  (i  -  «.)■  {i^i  -  r^iA,} 

~  {S  -  Gf  (^'  "^=  •  ^^  •  ^*^"'  -G,S-  a,f  -=  o, 

(«,  -  G)  ( I  -  u,y  {y,  +  4ft^,  t  (3  +  zm,)  A^'}  -2(1-  Git,)  ( i  -  «,,)-  {ft  h  w^^} 

'^■^-Gf  ^'^•"'^^'  '^''  '^'^'  ~  ^"■"  '''"•^  ~  '^'  '  °' 

where  >J.-'-^"',    A.,       '    ^  "\ 

I  —  a,  I  —  «.^ 

An  interesting  field  in  which  to  apply  these  equations  is  that  in  which  the  lens 
is  corrected  for  aberrations  in  a  primary  plane  for  an  infinitely  distant  object,  so 
that  the  values  to  be  inserted  in  the  equations  are 

G      D,      D,      D3  -  D,      o. 
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For  the  purpose  of  a  preliminary  survey  it  is  reasonable  to  put  ro,  =  raj  =  0-7, 
this  being  roughly  equivalent  to  the  assumption  that  each  component  thin  lens  will 
be  achromatic  and  constructed  of  normal  glasses  of  the  older  types.  Denoting  this 
common  value  for  the  moment  by  10,  the  working  equations  can  be  put  into  the 
convenient  form 


n 


^^ZA 


H/'i^3A)(A-A)(i-;_3' 


3H 

y2  + A 


=  2^3^  +  H^2-3^2)(A  +  A)(l 


ihere 


P  _  4  _         2  («i  -  G)  p  ^_   yj    :        2  (i  -  Ga^) 

^^-^^      (I -Go,)  (I -a,)'    "^^  ^^'^K-G)  (!-«,)• 

The  possibility  of  separating  the  factor  3  +  cu  is  to  be  expected,  as  the  only 
condition  imposed,  besides  those  attainable  in  a  single  thin  lens,  is  the  flattening 
of  the  primarj-  focal  surface,  the  curvature  of  which  in  each  component  is  repre- 
sented by  this  factor.  When  G  =  o,Pi=  i,  so  that  the  first  two  equations  are  linear 
expressions  for  the  determination  of  a^  when  Ui,  j8j ,  yj  are  given.  The  third  and 
fourth  equations  become  respectively  linear  and  quadratic  equations  for  P,  on 
substituting  for  Cj ,  making 

(p,  -  ^,)  (i  + ; :  2  =  k  {P2  (A +3)  + A- 1}. 

After  P2  is  found,  a^  is  derived  from 

^  I  +A.i 

Alternatively  Pj  may  be  assumed  and  A2  found  from  the  equations. 

In  this  way  diagrams  may  be  constructed  showing  curves  for  which  Pi,yi,  ^2 ,  y^ 
have  constant  values  in  the  ajo,  plane.  The  values  of  /S^  and  jSj  specify  the  shapes 
of  the  unit  surfaces  of  the  components,  and  y^  and  yj  their  spherical  aberrations 
when  used  at  magnification  —  i .  The  results  represented  in  this  way  indicate  how 
the  aberrations  of  general  thin  components  must  be  arranged  to  enable  the  cur\^ature 
of  the  primary  focal  surface  to  be  removed  in  addition  to  the  corrections  which  are 
possible  in  a  single  thin  system.  For  practical  purposes  the  (Sj  and  p.,  curves  give 
the  shapes  of  the  component  lenses,  and  it  is  desirable  to  construct  two  other 
diagrams  giving  the  values  of 

y-(i+2a.)(^-|-J'=r,say, 
for  the  separate  components  as  an  indication  of  the  kinds  of  glass  which  should  be 
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employed  if  cemented  components  are  to  be  used.  Diagrams  for  the  selection  of 
suitable  glasses  when  F  is  given  have  been  previously  described*. 

It  will  suffice  here  to  say  that  in  a  cemented  doublet  of  glasses  which  give 
simultaneous  correction  for  spherical  aberration  and  coma  for  a  distant  object, 
as  when  a  medium  barium  crown  and  a  dense  flint  are  used,  F  is  approximately  0-35. 
As  the  refractive  index  of  the  crown  glass  falls  F  also  falls.  With  a  hard  crown  and 
dense  flint  such  values  as  —  5  to  —  10  are  obtainable.  With  a  soft  crown  or  light 
flint  F  rapidly  tends  to  large  negative  values.  On  the  other  hand  large  positive 
values  for  F.are  obtained  if  the  index  of  the  crown  component  exceeds  that  of  the 
flint,  extreme  values  with  given  indices  occurring  when  the  powers  of  the  com- 
ponents are  large  in  comparison  with  that  of  the  combined  lens.  To  use  terms 
frequently  employed  in  discussions  of  the  principles  governing  the  construction 
of  anastigmatic  lenses,  the  "old"  achromats  are  characterized  by  small  positive 
or  by  negative  values  of  F,  the  "new"  achromats  by  large  positive  values. 

Two  regions  of  the  charts  are  of  special  interest,  that  in  which  both  a^  and  «, 
are  less  than  unit}-,  the  system  consisting  of  two  separated  positive  lenses,  and  that 
in  which  «,  is  less  and  o.^  greater  than  unity,  the  system  being  of  the  telephoto  type. 
In  the  former  region  the  Petzval  condition  cannot  be  satisfied,  and  the  field  under 
the  conditions  assumed  may  not  be  corrected  in  the  most  advantageous  manner. 
It  may  however  be  noted  that  it  corresponds  to  the  type  of  correction  aimed  at 
by  Mr  Dennis  Taylor  in  a  wide  angle  anastigmat  lens.  With  lenses  of  this  type, 
when  the  separation  tends  to  be  small,  at  least  one  component  inclines  to  an 
extreme  form.  In  general  the  front  component  should  be  an  old  achromat,  and  the 
tendency  on  the  whole  is  for  it  to  assume  a  form  convex  to  the  incident  light.  'Fhere 
is,  however,  a  region  where  the  front  component  is  of  distinctly  less  power  than  the 
back,  in  which  the  front  lens  is  decidedly  concave  to  the  incident  light.  In  this 
region  the  back  lens  exhibits  a  less  pronounced  tendency  to  concavity  to  the 
oncoming  light.  'Fhese  cases,  as  it  happens,  are  not  of  practical  importance  as  the 
curvatures  of  the  surfaces  are  greater  than  with  other  constructions.  Of  greater 
significance  is  the  fact  that  with  components  of  about  equal  power  the  curvatures 
w  ill  be  great  unless  the  separation  is  at  least  a  quarter  of  the  focal  length  of  the  single 
component;  both  components  should  present  their  more  convex  aspect  to  the 
incident  light,  and  the  convexity  of  the  front  lens  should  exceed  that  of  the  back 
unless  the  separation  of  these  lenses  is  greater  than  half  of  their  focal  lengths.  A 
result  with  which  modern  practice  is  in  conflict  is  that  the  back  component,  like 
the  front,  should  be  an  old  achromat.  We  are  thus  faced  with  the  alternatives 
that  either  modern  practice  is  wrong  or  that  unsuitable  conditions  have  been  laiil 
down.  It  is  difficult  to  believe  that  the  theory  of  two  thin  objectives  is  inapplicable 
to  many  types  of  photographic  objective  though  it  will  be  observed  that  this  theory 
implies  comparative  neglect  of  the  Fetzval  condition.  The  subject  requires  niucii 
fuller  examination  than  is  possible  in  a  broad  survey  of  the  kind  here  attempted 
before  the  reasons  for  this  conflict  beuvecn  theory  and  practice  can  be  fully  under- 
stood. 

•    Trtim.  Opt.  Soc.  ly  liyiS)  i6g. 
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In  passing  it  may  be  remarked  that  Rudolph's  principle  of  the  opposed  signs 
of  cemented  surfaces  in  many  cases  amounts  merely  to  the  earlier  rule  of  combining 
a  new  and  an  old  achromat.  On  general  considerations  it  is  to  be  anticipated  that 
Rudolph's  principle  can  have  no  strict  mathematical  foundation  affecting  aberra- 
tions of  the  first  order,  for  the  same  j8  and  y  for  any  thin  lens  are  attainable  with  two 
lens  shapes  by  reversing  the  lens,  the  power  of  the  cemented  surface  tending  in  the 
one  case  towards  positive,  in  the  other  towards  negative  values.  Moreover,  in  some 
of  the  best  corrected  lenses  it  appears  difficult  to  find  features  consistent  with  any 
reasonable  generalization  of  Rudolph's  principle.  On  these  grounds  it  seems  per- 
missible to  offer  the  suggestion  that  it  should  rank  as  a  guide  to  the  designer  in  his 
first  choice  of  systems  for  detailed  consideration,  the  systems  which  it  recommends 
being  advantageous  for  manufacturing  rather  than  for  mathematical  reasons. 

The  class  of  telephoto  objectives  must  now  receive  some  little  attention,  par- 
ticularly in  the  region  in  which  the  Petzval  condition  is  approximately  satisfied. 
There  is  here  less  room  for  doubt  than  in  the  previous  case  that  the  conditions 
imposed  approximate  with  fair  precision  to  those  which  a  real  system  should  satisfy. 
Probably  the  insistence  on  the  correction  for  distortion  represents  the  most  doubtful 
factor  in  comparing  these  theoretical  results  with  existing  constructions.  The 
diagrams  indicate  that  the  front  lens  should  be  decidedly  convex  to  the  incident 
light,  and  should  be  constructed  from  the  ordinary  silicate  glasses,  thus  being  an 
old  achromat.  On  the  other  hand,  remembering  that  the  rear  lens  is  of  negative 
sign,  the  chart  giving  ^o  shows  that  this  lens  must  be  concave  to  the  incident  light, 
the  cur\es  being  decidedly  bold.  The  F  for  this  lens  is  also  in  all  cases  a  large 
negative  number,  so  that  it  must  be  composed  of  the  older  glasses  with  a  limited 
difference  between  their  dispersions.  Thus  here  as  in  the  previous  case  the  barium 
glasses  used  for  new  achromats  appear  to  be  out  of  place  in  cemented  components. 

Other  charts  of  interest  besides  those  used  for  the  purposes  of  the  foregoing 
discussion  may  be  constructed  with  advantage.  Chief  among  these  are  those  which 
show  the  changes  necessary  in  Pi,  yi,  jS.,,  y,  when  each  of  the  aberrations  D^,  D.^, 
Z).j ,  Dj  in  turn  is  made  equal  to  unity.  Since  the  equations  are  linear  in  these  variables 
such  a  set  of  charts  is  sufficient  to  enable  the  necessary  changes  in  the  construction 
of  the  system  to  be  read  off  directly,  whatever  aberrational  conditions  are  imposed. 
As  a  rule  it  is  simplest  to  construct  these  for  5  =  i,  the  reduction  of  any  conditions 
to  this  form  being  carried  out  by  means  of  the  transformation  equations  given  in 
an  earlier  paper*. 

*  "The  Changes  in  Aberrations  when  the  Object  and  Stop  are  moved,"  Trans.  Opt.  Snc.  23 
(1921-22)  311. 
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Fig.  7.   Curves  for  constant  values  of  r,.  Fig.  8.   Curves  for  constant  values  of  r, 


\ 

0 

1 

(  V 

V 

# 

^ 

^^^5:^^ 

i 

Curves  for  ft  -(82  =  0  marked 
Curves  for  /Sj  +  ^8= o  marked 


Explanation  of  the  Figures. 

Each  point  on  the  diagram  represents  a  lens  of  definite  Gaussian  construction,  the 
scales  of  co-ordinates  from  which  the  construction  may  be  read  off  being  given  on  the 
left  side  and  bottom  of  Fig.  i .  For  clearness  these  co-ordinates  have  been  omitted  from 
the  other  figures.   The  reference  frame  is  the  same  for  all  the  diagrams. 

Photographic  lenses  composed  of  two  converging  components  are  represented  by 
points  lying  within  the  bottom  left-hand  square  of  each  diagram,  both  «i  and  a.^  lying 
within  the  limits  o  and  i.  If  the  components  are  of  equal  power,  the  lens  is  represented 
by  a  point  on  the  diagonal  «]  =  o-j,  those  members  in  which  the  separation  tends  to  be 
small  compared  with  the  focal  length  lying  nearer  to  «j  =  «2  =  i>  those  in  which  it  is 
large  nearer  to  aj  =  Oj  =  o.  Lenses  represented  by  points  lying  above  and  to  the  left 
of  this  diagonal  have  the  front  component  of  smaller  power  than  the  back,  while  the 
contrary  is  the  case  when  the  points  lie  below  and  to  the  right  of  the  diagonal.  Points 
in  the  four  upper  right-hand  squares  have  both  components  negative,  and  the  combination 
is  also  negative.  The  remaining  two  upper  squares  on  the  left  contain  points  representing 
lenses  with  the  front  component  negative  and  the  back  positive,  while  points  in  the  central 
and  right-hand  squares  of  the  bottom  row  have  the  front  component  positive  and  the 
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back  negative,  and  thus  include  telephoto  lenses.  Of  the  last-mentioned  four  squares, 
only  part  of  the  area  represents  combinations  of  positive  power,  the  boundary  being  the 
central  thick  curve  of  Fig.  i.  This  boundary  appears  again  in  Fig.  2  as  the  curve  for 
which  the  Petzval  coefficient  is  infinitely  great.  In  this  and  the  subsequent  diagrams  the 
lines  representing  zero  and  infinite  values  of  the  quantity  depicted  are  shown  by  thicker 
lines  than  those  representing  other  values.  The  coefficient  jSj  plotted  in  Fig.  3,  when 
multiplied  by  k^,  the  power  of  the  front  component,  gives  the  sum  of  the  curvatures  of 
the  unit  surfaces  necessary  in  this  component  to  produce  an  image  in  the  complete  lens 
corrected  for  an  object  at  infinity.  Fig.  4  shows  corresponding  curves  for  jS., ,  the  coefficient 
for  the  second  lens.  These  values  are  realized  by  making  the  component  lenses  more  or 
less  convex  or  concave  to  the  incident  light,  an  increase  in  the  value  of  /3  in  a  positive 
component  being  secured  by  making  its  surfaces  more  convex  to  the  incident  light.  If 
the  component  is  reversed,  the  value  of  j3  changes  to  —  ^. 

Figs.  5  and  6  give  respectively  for  the  front  and  back  components  the  amount  of 
spherical  aberration  necessary  when  the  component  is  used  at  magnification  —  i,  positive 
values  representing  under-correction.  Portions  of  some  of  these  curves  are  omitted  to 
avoid  confusion  where  their  general  position  is  obvious.  From  Figs.  3  to  6  are  derived 
the  values  of  Fj  and  T.^  shown  in  Figs.  7  and  8,  these  being  constants,  independent  of  the 
precise  shape  of  the  lens,  which  serve  to  show  from  what  glasses  the  components  should 
be  constructed.  Fig.  g  shows  the  curves  F,  =  Fj,  that  is,  the  locus  of  points  representing 
systems  which  may  be  constructed  from  cemented  lenses  of  the  same  glasses  in  each 
component.  One  branch  corresponds  to  lenses  of  very  small  power,  and  the  other  shows 
that  in  a  system  of  this  type  built  from  two  positive  components  the  back  should  be  more 
powerful  than  the  front.  In  the  regions  between  the  curves  which  are  shaped  like  the  bowl 
and  base  of  a  wine  glass  Fj  exceeds  F, ,  showing  that  here  the  crown  glass  of  higher  refractive 
index  should  be  in  the  front  component  if  both  are  achromatized  by  the  use  of  the  same 
flint  glass.  Fig.  10  shows  the  curves  /3,  (  ^o  =^  °>  corresponding  to  the  oppositely  curved 
symmetrical  and  hemi-symmetrical  lenses  so  largely  used  in  the  past,  and  also  the  curves 
^,  —  /Sj  =  o,  corresponding  to  constructions  which  have  rarely,  if  ever,  been  employed. 
In  considering  this  and  any  other  ^  diagram  it  must  be  remembered  that  the  shape  is 
specified  in  relation  to  the  power  of  the  lens,  so  that  a  positive  j3  corresponds  in  the  case 
of  a  positive  lens  to  the  presentation  of  a  convex  aspect  to  the  incident  light,  and  with 
a  negative  lens  a  concave  aspect.  It  may  be  inferred  from  these  curves  that  in  objectives 
approaching  the  .symmetrical  type  the  front  component  should  generally  be  rather  more 
pronounced  in  its  curvature  than  the  back. 

By  taking  these  charts  in  combination  we  see  that  it  is  possible  to  produce  a  corrected 
system  having  two  similar  cemented  components  made  from  the  same  glasses  of  approxi- 
mately the  shape  required  for  the  correction  of  coma  in  the  single  component  with  an 
object  at  infinity.   The  approximate  position  is  given  by 

5        8         9        10/ 

and  these  values  suggest  the  use  of  the  system  in  the  reverse  direction  as  a  microscope 
objective  rather  than  as  a  photographic  lens.  There  is  no  other  useful  st)lution  having 
these  properties.  This  example  illustrates  the  way  in  which  such  a  set  of  diagrams,  drawn 
on  tracing  paper  and  superposed,  can  be  made  to  yield  immediately,  without  any  special 
calculations,  the  complete  series  of  approximate  solutions  of  any  optical  problem  involving 
the  removal  of  first  order  aberrations  from  a  system  of  two  separated  lenses. 
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ABSTRACT.  The  paper  tlescribes  the  properties  of  reversible  bubbles  which  can  be 
used  both  graduated  and  ungraduated.  Making  use  of  certain  of  such  properties,  it  can 
be  shown  how  a  true  level  can  be  obtained  as  the  mean  of  two  observations  from  a  single 
station  in  an  extremely  simple  manner. 

The  theorj'  is  then  applied  to  the  design  of  various  types  of  "self-adjusting"  levels. 
A  series  of  actual  levels,  following  the  author's  theory  and  specially  made  for  the  paper, 
are  illustrated. 

\  specification  for  an  ideal  level,  using  the  same  theory,  is  given. 

The  application  of  a  reversible  bubble  to  the  adjustment  of  a  collimator  is  also  dealt 
with. 


It  is  thought  that  it  may  be  of  value  to  call  attention  to  some  uses  of  a  reversible 
bubble,  especially  in  connection  with  the  adjustments  of  levelling  instruments, 
theodolites  and  collimators.  An  accurate  reversible  bubble  secures  certain  unique 
advantages  in  the  determination  of  "true  level"  but  its  employment  seems  to  have 
been  restricted  for  no  very  good  reason. 

Properties  of  the  Theoretical  Bubble. 

Theoretically  in  its  simplest  form  the  bubble  may  be  ungraduated  and  consist 
essentially  of  an  internally  barrel-shaped  glass  container  which  holds  a  suitable 
liquid  and  encloses  an  "air  bell."  The  sections  of  the  surfaces  are  arcs  of  circles 
and  they  are  symmetrical  with  respect  to  one  another  and  to  an  intermediate  line 
which  may  be  called  the  axis*.  In  any  gravitational  field,  with  the  bubble  axis 
approximately  horizontal,  the  "air  bell"  takes  up  a  definite  position  in  relation  to 
the  upper  curved  surface  of  the  tube.  It  is  clear  that  rotation  of  the  bubble  about 
its  axis  of  symmetrv^  (or  an  axis  parallel  to  it),  will  not  cause  displacement  of  the 
"air  bell"  whatever  its  position  may  be  (Fig.  i).  It  follows,  therefore,  that  by 
making  use  of  such  a  property  the  direction  of  this  axis  may  be  found  or,  as  is  usual 
in  practice,  a  mechanical  axis  parallel  to  it  can  be  determined.  No  information, 
however,  is  given  by  this  as  to  the  tilt  of  the  axes  concerned  relative  to  the  gravita- 

*  The  axis  of  the  bubble  may  be  defined  as  the  line  which  lies  midway  between  the  upper  and 
lower  curved  surfaces  and  at  right  angles  to  the  line  joining  the  centres  of  curvature  of  the  surface 
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tional  field.  If,  however,  the  bubble  tube  is  calibrated  for  the  level  position  (repre- 
sented by  arrows  in  Fig.  2)  and  the  rotation  round  the  bubble  axis  is  made  with 
the  "air  bell"  in  this  level  position  a  critical  condition  is  established.  Conse- 
quently, if  in  the  prescribed  conditions  the  "air  bell"  is  not  displaced  relative  to 
the  obsen-er,  the  axis  of  rotation  must  be  truly  level.  If  the  mechanical  axis  include 
an  optical  system  which  is  in  colHmation,  a  true  level  sight  is  obtained.  In  this 
case  all  three  axes,  viz.  bubble,  mechanical  and  collimation,  are  either  parallel  or 
coincident  and  all  of  them  are  truly  level.  So  far  as  is  knowTi  an  instrument  pos- 
sessing the  practical  equivalent  of  the  above  properties  has  never  had  its  properties 
fully  exploited. 


\         I 


The  Reversible  Bubble  of  the  Zeiss  Level. 

An  outstanding  practical  application  of  a  bubble  somewhat  similar  to  the  above 
occurs  in  that  remarkable  instrument,  the  Zeiss  level.  Here  the  partial  accuracy  of 
the  bubble  plays  a  very-  subtle  part  which  is  either  overlooked  or  taken  for  granted 
in  the  literature  of  the  subject.  True  level  is  obtained  with  the  Zeiss  instrument 
as  the  mean  of  four  separate  observ^ations.  The  result  is  remarkably  independent 
of  imperfections  either  in  the  bubble  reading  system  or  in  the  bubble  itself. 

When,  however,  the  length  of  the  "air  bell"  used  for  the  initial  setting  varies, 
as  it  will  in  the  course  of  work  owing  to  changes  of  temperature,  coincidences  in 
the  prism  reader  will  not  be  preserved  unless  the  change  is  symmetrical  with  respect 
to  the  centre  of  the  "air  bell."  This  means  that  each  worked  surface  of  the  bubble 
must  be  of  uniform  curvature. 

It  is  remarkable  that  such  uniformity  is  the  only  element  of  geometrical  accuracy 
which  is  essential  in  normal  practical  use.  In  fact,  if  the  Zeiss  reversible  bubble  be 
looked  upon  as  two  separate  bubbles,  it  is  not  essential  that  they  be  of  the  same 
sensitivity;  moreover,  their  "axes"  may  make  any  angle  with  one  another,  either 
in  the  horizontal  or  vertical  planes.  This  latitude  is  of  course  of  practical  value  in 
simplifying  manufacture,  but  it  necessitates  four  independent  observations,  the 
calculation  of  a  mean,  and  an  instrument  setting  to  tlic  caicuiatetl  value,  before  a 
truly  level  instrument  is  obtained. 

Reverting  now  to  the  first  mentioned  ideal  bubble  in  association  with  mechanical 
and  optical  axes,  it  will  be  seen  that  the  practical  equivalent  of  the  theory  would  be 
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the  use  of  a  telescopic  system  with  adjustable  graticule,  rotating  in  bearings,  to 
which  a  bubble  as  described  is  attached.  Calibration  of  the  bubble  for  the  true 
level  position  could  be  made,  in  conjunction  with  a  standard  collimator,  by  using 
a  workshop  fixture  equivalent  to  the  mechanical  and  optical  system  which  will 
finally  carr>-  the  bubble.  It  will  be  obvious  that  this  practical  embodiment  of  the 
theory-  represents  a  "self-adjusting"  level.  Its  accuracy  will  depend  on  how  closely 
theory  can  be  carried  out  in  practice. 

The  Requirements  of  a  Practical  Bubble. 

So  far  as  is  known,  no  instrument  has  ever  been  constructed  to  utilize  fully 
the  symmetry  and  co-ordinated  accuracy  of  the  theoretical  bubble  above  described. 
It  is  indeed  not  clear  whether  any  attempt  has  ever  been  made  previously  to  produce 
a  reversible  bubble  with  a  double-sided  symmetrj'  of  high  accuracy,  though  in  the 
catalogue  of  A.  Pessler  and  Son,  Saxony,  reversible  bubbles  are  described  as  having 
"  two  equal  parts  exactly  opposite  to  each  other."  These  bubbles  are  catalogued  with 
sensitivities  down  to  2  seconds  of  arc  per  millimetre. 

In  point  of  fact  reversible  bubbles  as  used  in  the  Zeiss  level,  as  made  by  both 
Zeiss  and  Cooke,  Troughton  and  Simms,  have  been  tested  and  found  to  be  of  the 
full  symmetrical  accuracy  necessary  for  the  level  described  by  the  author.  This  high 
quality  is  in  these  cases  gratuitous,  for  it  is  not  essential  to  the  theory  of  the  adjust- 
ments of  the  instrument.  Even  if  the  upper  and  lower  curved  surfaces  be  slightly 
decentered  with  respect  to  one  another,  a  centre  can  always  be  found  (unless  the 
defect  is  extreme)  and  the  equivalent  of  a  perfect  bubble  realized.  The  problem  is 
similar  to  that  involving  decentered  surfaces  in  a  lens. 

For  the  sake  of  setting  a  specific  concrete  problem  the  author  formulates  a 
specification  for  a  high  grade  reversible  bubble  and  hopes  that  its  commercial  pro- 
duction will  be  tackled  generally.  The  sensitivity  of  the  bubble  required  would  be 
about  5  seconds  of  arc  per  millimetre.  Both  the  accuracy  of  the  bubble  "run" 
and  the  symmetn,-  should  be  as  high  as  possible  and  should  be  certainly  within 
=  1-0  second  of  arc.  The  bubble  should  be  so  calibrated  that,  with  its  axis  hori- 
zontal, it  indicates  true  level.  Reversible  bubbles  of  lower  grade  can  of  course  be 
produced  more  easily  and  in  fact  are  now  commercial  propositions  with  a  number  of 
firms. 

The  Theoretical  Level. 

The  ideal  self-adjusting  level  aimed  at  by  the  author  would  have  its  practical 
counterpart  in  an  instrument  having  the  fully  symmetrical  graduated  bubble 
specified  above  and  adapted  for  use  with  a  practically  perfect  Zeiss  prism  reading 
system.  As  already  pointed  out,  the  Zeiss  level  bubble  is  ungraduated  and  for  quite 
good  reasons.  The  author  suggests  that  if  any  such  bubble,  which  in  instruments 
as  made  by  either  Zeiss  or  Cooke,  Troughton  and  Simms  is  already  of  sufficient 
accuracy,  be  assumed  to  be  quite  symmetrical  and  be  calibrated  for  the  level 
position  on  one  side  only,  the  level  without  further  change  could  be  used  in  a  new 
way.  The  prism  device  is  first  adjusted  to  give  coincidence  of  the  bubble  gradua- 
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tions  for  the  two  ends.  The  bubble  is  then  adjusted  wth  respect  to  the  telescope 
so  that  on  rotation  there  is  no  alteration  in  a  bubble  coincidence  setting.  When  this 
is  done,  with  a  telescope  in  collimation,  a  true  level  is  found. 

This  method  of  obtaining  a  true  horizontal  direction  depends  only  on  instru- 
ment constants  and  involves,  outside  the  instrument,  no  apparatus  of  any  kind. 
Any  fixed  object  in  the  field  of  view  will  serve  to  adjust  telescope  collimation.  Dia- 
phragm adjusting  screws  and  full  bubble  adjustments  are  essential.    Once  the 


adjustment  is  made,  however,  it  can  be  checked  by  the  simple  operation  of  a  semi- 
rotation.  It  will  be  seen  that  such  a  level  is  a  complete  embodiment  of  the  theory 
first  set  out  and  that,  when  in  adjustment,  with  all  axes  level,  it  corresponds  to 
Fig.  2. 

With  the  ideal  bubble  as  shown,  and  still  using  a  high  grade  Zeiss  prism  reading 
device,  level  can  be  obtained  also  as  the  mean  of  two  observations  on  a  single 
graduated  staff.  The  telescope  is  first  approximately  levelled.  The  prism  device  is 
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then  adjusted  to  the  graduations  and  the  telescope  tilted  by  the  gradienter  screw 
until  bubble  coincidence  is  obtained  (Fig.  3  (a)).  A  staff  reading  of  the  telescope 
setting  is  then  made.  The  usual  semi-rotation  is  given  to  the  telescope  and  bubble 
system  (Fig.  3  (b)),  and  a  bubble  coincidence  is  again  secured  (Fig.  3  (r)).  A  second 
staff  reading  follows.  The  mean  reading  represents  true  level.  The  bubble  is  then 
set  to  coincidence,  with  the  telescope  aligned  on  this  mean  reading  and  an  adjusted 
instrument  is  secured. 

It  is  of  considerable  practical  importance  to  note  that,  for  a  level  as  specified 
and  used  as  described,  exact  collimation  of  the  telescope  and  perfect  adjustment 
of  the  bubble  with  respect  to  the  telescope  are  not  essential.  It  would  indeed  seem 
possible  to  eliminate  collimation  adjustment  and  to  make  the  bubble  a  fixture  with 
respect  to  the  telescope,  the  only  condition  being  that  the  range  of  movement  of 
the  prism  reader  must  be  sufficient  to  take  up  imperfections  in  collimation  and 
bubble  telescope  alignment.  Such  an  instrument  should  attain  a  very  high  standard 
of  stability  and  permanence  in  adjustment. 

Though  the  elimination  of  adjustments  might  be  aimed  at,  probably  in  practice 
it  would  be  found  necessarv'  to  supply  them.  They  should,  however,  be  made  so 
solid  and  should  be  so  protected  that  they  would  only  be  needed  after  misuse  or 
damage  to  the  instrument.  It  will  be  clear  that  the  practical  instrument  at  which 
the  author  is  aiming  would  be  extremely  robust  and  would  yet  possess  the  property 
of  being  "self-adjusting"  from  a  single  station  with  a  minimum  of  trouble. 

A  levelling  instrument  with  a  reversible  bubble  as  specified  and  a  prism  reading 
system  of  equivalent  accuracy,  used  according  to  the  preceding  theory,  is  con- 
siderably more  simple  in  use  than  the  present  Zeiss  level  and  yet  is  designed  to  do 
everjthing  of  which  a  Zeiss  level  is  capable.  On  account  of  its  simplicity  it  could 
be  adjusted  more  quickly  and  should  be  more  solid  and  lasting.  The  necessity  of 
end  to  end  reversal  is  eliminated  and  the  extra  objective,  essential  in  the  Zeiss 
telescope,  is  not  required. 

A  Practical  Application  of  the  Theory. 

For  a  practical  level  of  lower  grade  less  accurate  elements  could  be  used.  The 
mechanical  and  optical  parts  of  the  specification  for  the  present  "Precise"  level 
of  the  India  Store  Department  could  be  employed.  A  reversible  bubble  having  a 
sensitivity  represented  by  40  seconds  of  arc  per  tenth  inch  and  reversing  with  such 
accuracy  as  to  be  within  the  thickness  of  the  etched  graduations  (approximately 
i  2  seconds  of  arc)  is  obtainable  commercially.  The  combination  of  these  elements 
with  a  well-made  Zeiss  prism  reader  represents  a  practical  embodiment  of  the 
theory.  Such  a  specification  represents  fair  co-ordinated  accuracy.  The  accuracy 
of  setting  of  the  bubble  attained  by  means  of  a  Zeiss  prism  reader  greatly  exceeds 
that  of  a  20-second  bubble  read  in  the  ordinary  way  or  with  the  bubble  ends  read 
against  the  graduations.  The  error  of  setting  may  be  taken  as  being  from  i  to  2 
seconds  of  arc.  This,  though  of  the  same  order  of  magnitude,  exceeds  the  resolving 
power  of  the  telescope  (3  seconds  of  arc  approximately)  in  conjunction  with  which 
the  bubble  is  employed.  The  accuracy  of  reversal  of  the  bubble,  which  is  such  as  to 
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be  within  the  thickness  of  the  etched  graduation  (say  ±  2  seconds  of  arc)  completes 
the  co-ordination.  Fig.  4  represents  such  a  level  which  has  been  constructed  for 
the  author  by  Messrs  E.  R.  Watts. 

It  will  be  noted  that  variations  due  to  temperature,  zchich  do  not  disturb  bubble 
coincidence  in  a  prism  reader,  have  been  neglected  in  the  whole  of  the  above  discus- 
sion. In  order  to  neglect  temperature  in  this  way  it  is  essential  to  have  uniform 
curvature  for  each  bubble  surface.  This  condition  is  essential,  as  in  the  case  of  the 


Fig- 4 

Zeiss  level,  and  indeed  applies  to  all  bubbles  in  practical  use  whose  length  varies 
with  temperature  and  to  all  bubbles  without  exception  when  used  for  difference 
readings.  The  condition,  however,  is  not  a  stringent  one  as  any  decent  commercial 
bubble  meets  the  requirements. 

Levels  wade  to  a  Simplified  Theory. 

It  is  not,  however,  always  necessary  to  insist  on  the  condition  of  symmetiT  for 
certain  types  of  instruments.  If  a  bubble  lacking  this  accuracy  is  independently 
calibrated  on  both  surfaces  it  is  capable  of  reproducing  the  level  position  when  the 
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bubble  ends  remain  in  coincidence  with  the  related  fiducial  marks  after  rotation 
into  positions  180°  apart.  Messrs  VV.  F.  Stanley  appear  to  have  broken  ground  with 
a  very  interesting  level  depending  on  this  fact.  In  this  level,  which  in  a  modified 
form  is  described  later,  it  will  be  noted  that,  though  performing  similar  functions, 
the  bubble  has  not  the  complete  accuracy  of  the  ideal  bubble  first  mentioned  and 
should  be  distinguished  clearly  from  it. 

After  discussing  an  early  draft  of  the  present  paper  with  the  author,  Messrs  E.  R. 
Watts  have  constructed  a  level  (Fig.  5)  on  this  principle  of  independent  calibration, 
but  using  their  patented  "  Constant "  bubble.  Owing  to  the  constancy  of  the  bubble 


length  one  end  only  of  the  bubble  need  be  read  and  pointers  indicating  bubble  ends 
180°  apart  are  sufficient  for  adjustment  and  setting.  The  constancy  of  the  end  setting 
also  allows  of  a  very  convenient  method  of  prism  reading  and  this  has  been  adopted 
by  the  firm. 

We  can  now  consider  the  use  of  a  reversible  bubble,  each  side  of  which  is  inde- 
pendently graduated,  in  conjunction  with  a  Zeiss  prism  reading  system  of  average 
accuracy.  The  method  employed  in  obtaining  true  level  does  not  difl^er  greatly  from 
that  already  described  for  an  ideal  bubble  graduated  on  one  side  only.  The  prism 
reader  is  first  set  to  the  upper  bubble  graduations.  A  bubble  coincidence  is  then 
made  and  a  staff  obser\'ation  obtained.  After  rotation  the  prism  reader  is  then  re-set 
to  the  lower  graduations.  Coincidence  setting  for  bubble  then  follows  and  a  second 
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staff  obsenation  is  secured.  A  true  level  is  obtained  as  a  mean  of  the  staff  observa- 
tions, exactly  as  before.  A  "practical"  level  as  outlined  above  obviously  appro.\i- 
matesmoreandmoreclosely  to  the  "ideal"  as  the  standard  of  manufacture  is  raised. 

The  method  of  marking  the  bubble,  devised  and  recommended  by  the  author 
for  use  with  the  Zeiss  prism  reader,  applies  to  any  reversible  bubble,  whether  it  be 
perfectly  symmetrical  or  not.  The  upper  surface  is  marked  with  two  long  fine  lines 
indicating  bubble  ends.  The  under  surface  has  two  similar  marks  but  shorter  and 
set  inwards  as  though  for  the  ends  of  a  shorter  "air  bell."  The  prism  reader  can  be 
set  for  coincidence  of  either  pair.  If  the  bubble  and  prism  system  are  accurate,  both 
coincidences  are  made  at  the  same  time  and  so  re-setting  on  rotation  is  not  necessary. 
Fig.  6  shows  the  graduations  on  the  bubble  and  the  appearance  in  the  prism  reader 
when  this  is  in  adjustment  with  a  bubble  which  is  symmetrical  to  within  the  thick- 
ness of  the  etched  lines.  The  larger  line  represents  the  coincidence  of  the  upper 
markings  and  the  shorter  line  that  of  the  lower. 

After  experience  with  several  levels,  the  author  does  not  recommend  a  bubble 
which  requires  the  prism  reader  to  be  re-set  on  rotation.  The  necessary  symmetry 
in  the  bubble  can  be  obtained  by  good  work.  In  this  case  one  setting  against 
graduations  is  all  that  is  necessan,'.  This  corresponds  exactly  to  the  early  theory. 


Kig.  6. 
General  Specification  fur  a  Reversible  Bubble  Level. 

The  following  outline  specification  for  a  levelling  instrument  which  is  "self- 
adjusting"  and  capable  of  the  highest  accuracy  is  offered.  In  its  highest  form  it 
demands  the  bubble  and  prism  system  as  formulated,  but  in  its  less  accurate  form 
it  is  obtainable  at  once  with  elements  of  normal  commercial  standard.  In  the  latter 
form  it  meets  all  usual  requirements  as  to  accuracy.  The  instrument  would  include: 

(i)  A  large  aperture  internal  focussing  telescope  without  reversible  optics; 

(a)  mounted  so  as  to  be  capable  of  a  half  rotation  and 

(b)  tilted  by  a  micrometer  differential  scivw ,  or  equixiiltnt  device,  for  fine 
subtense  readings. 

(2)  A  certified  reversible  bubble  graduated  on  one  or  both  sides  of  either  the 
"constant"  or  ordinary  type. 

(3)  A  prism  device  with  movable  prism  system,  the  present  Zeiss  device  or  its 
equivalent,  for  reading  the  bubble. 

(4)  An  ordinary  tribranch  and  toe  screw,  or  some  ball  and  socket  quick  setting 
system,  for  approximate  adjustment  checked  by  a  "T"  or  "L"  bubble. 

Where  the  highest  accuracy  is  aimed  at,  the  parts  should  be  in  steel. 
The  above  combination  of  elements  is  believed  to  be  quite  new  ami  the  resulting 
level  should  prove  to  be  of  universal  value. 
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Some  Specially  Produced  Levels. 

So  far  the  paper  has  been  concerned  with  theory  and  with  suggestions  for 
practical  levels.  The  matter  has  not  been  left  in  this  stage.  All  the  chief  makers  of 
surveying  instruments  in  this  country  have  been  interested  in  the  matter  and  various 
types  of  levels  using  graduated  reversible  bubbles  have  been  constructed.  In  every 
case  the  instruments  have  been  made  specially  for  this  present  paper. 

Four  distinct  practical  types  have  been  evolved.  In  all  of  them  it  has  been  found 
desirable  to  graduate  independently  both  sides  of  the  bubble,  using  a  workshop 
fixture  which  gives  rotation  through  a  standard  interval  of  180°.  When  a  suitable 
and  accurate  fixture  is  employed,  such  calibration  may  be  taken  as  being  a  factory 
routine  job. 

The  optical  and  mechanical  design  of  all  types  has  been  based  on  the  existing 
specification  for  a  "Precise"  level  as  used  by  the  India  Store  Department.  This 
represents  an  internal  focussing  level  of  eleven  inches  equivalent  focal  length,  with 
an  aperture  of  1-65  inches  and  a  magnification  of  between  28  and  32  diameters. 
The  gradientcr  device  employed  is  a  differential  screw,  or  its  equivalent,  giving 
for  one  complete  turn  of  the  drum  an  interval  of  one  part  in  one  thousand.  With 
a  drum  divided  into  50  parts  numbered  as  100  the  unit  reading  will  therefore  be 
one  part  in  100,000  or  approximately  2  seconds  of  arc. 

It  has  often  been  stated  that  the  ideal  level  should  aim  merely  at  simplicity  and 
sturdiness.  It  is  argued  that  it  is  preferable  to  achieve  the  permanent  retention  of 
adjustments  rather  than  easy  adjustability.  I  concur  in  large  measure  with  this 
opinion.  The  India  Store  Department  specification,  which  has  been  adopted  as  the 
basis  for  the  new  level,  was  drawn  up,  in  fact,  from  this  point  of  view. 

A  further  practical  question  will  then  arise  as  to  what  sacrifice  of  simplicity  is 
permissible  or  what  other  sacrifice  may  be  made  in  order  to  secure  a  "  self-adjusting  " 
instrument. 

In  every  level  made  to  illustrate  this  paper  the  original  simplicity  and  sturdiness 
of  the  telescope  and  bubble  system  have  been  retained  unimpaired.  Efforts  indeed 
have  been  made  to  increase  them.  The  new  levels,  therefore,  are  no  less  sturdy  and 
stable  than  their  predecessors.  The  sole  essential  change  made  is  in  the  provision 
of  a  bearing  on  which  the  telescope  and  bubble  system  can  rotate.  It  will  be  realized 
that  the  addition  causes  little  interference  with  retention  of  adjustment  and  it  is 
not  considered  too  high  a  price  to  pay  for  the  ease  of  adjustment  which  it  secures. 

This  mechanical  change  from  the  non-adjustable  type,  in  conjunction  with  the 
use  of  a  reversible  bubble  needing  two  observations  only,  has  resulted  in  the  pro- 
duction of  a  "self-adjusting"  level  which  is  the  simplest  so  far  obtained. 

It  is  hoped  that  levels  of  this  type  may  have  a  successful  future. 

Levels  by  Messrs  W.  Ottway  and  Co.,  Ltd. 

The  most  straightforward  embodiment  of  the  principle  is  shown  in  the  level 
produced  by  Messrs  W.  Ottway  and  Co.,  Ltd.  (Fig.  7).  The  bubble,  which  is 
independently  graduated  on  two  sides,  is  read  by  a  mirror  reflecting  device  in  the 
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usual  way.  When,  with  a  telescope  in  coUimation,  the  bubble  remains  in  the  centre 
of  its  run,  after  rotation,  adjustment  has  been  secured.  Variations  of  temperature 
do  not  interfere  with  a  bubble  setting. 

Several  factors  militate  against  work  of  high  precision  with  such  a  method  of 
reading.  The  position  of  each  extremity  of  the  bubble  is  estimated  only  as  to  its 
position  between  neighbouring  graduations.  The  position  of  the  opposite  end  is 
similarly  obtained  and  an  eye  balance  is  struck  to  obtain  a  setting.  This  apparently 
simple  operation  involves,  therefore,  two  estimations  and  a  final  balance,  this  last 
necessitating  a  movement  of  the  eye  from  end  to  end  of  the  bubble. 


FiK.  7. 


A  further  error  may  arise  from  tlie  fact  tiiat  tlic  "aii'  IkII  "  ends  and  the  gradua- 
tions are  separated  in  plane  by  the  tliickness  of  the  glass.  There  is  therefore  the 
possibility  of  parallax  for  each  end.  Also  from  any  one  position  of  viewing,  a  dif- 
ferential parallax  as  between  the  end  readings  is  not  merely  possible  but  is  inevitable. 
It  is  clear,  therefore,  that  there  are  many  sources  of  small  errors  ami  a  mirror 
reflector  is  not  recommended  for  a  level  of  great  accuracy. 

In  spite  of  these  defects,  which  apply  to  the  vast  majority  of  levels  as  actually 
made,  such  an  instrument  meets  average  needs  in  a  simple  way. 

A  detail  of  some  interest  in  connection  with  this  instrument  is  the  use  of  steel 
for  the  telescope  body  and  bearing.  There  can  be  no  question  that  this  change  from 
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current  British  practice  allows  of  a  neater  and  stronger  mechanical  design.  With 
careful  finish  the  risk  of  corrosion,  either  external  or  internal,  is  negligible. 

The  use  of  steel  has,  however,  what  may  be  considered  the  defect  of  preventing 
the  use  of  a  magnetic  compass  as  an  adjunct  to  the  level.  From  the  author's  point 
of  view  such  an  accessory  could  be  dispensed  with  without  regret,  its  place  being 
taken  satisfactorily  in  nearly  every  case  by  a  graduated  circle.  Any  magnetic  work 
necessar}'  could  be  done  by  means  of  an  independent  prismatic  compass  with  con- 
siderably higher  accuracy  than  is  possible  with  the  small  compasses  usually  attached 
to  levels. 

The  accuracy  of  a  level  compass  when  it  is  new  will  certainly  not  exceed  ±  \°, 
which  is  about  one  part  in  120.  The  resolving  power  of  the  level  telescope,  the  unit 
gradienter  reading,  and  the  accuracy  with  which  the  bubble  can  be  read  are  all  of 
the  order  of  one  part  in  100,000.  The  conjunction  of  an  accessory  which  is  sensitive 
to  one  in  120  with  an  instrument  of  such  refinement  always  strikes  the  author  as 
the  redtictio  ad  absurdum  of  co-ordinated  accuracy. 

The  level  could,  however,  be  made,  if  required,  in  non-magnetic  material  and 
thus  permit  of  the  use  of  a  compass. 

Levels  hy  Messrs  Cooke,  Troughton  and  Simms,  Ltd. 

The  level  produced  by  this  firm  is  a  modification  of  their  well-known  precise 
level  which  is  to  India  Store  Department  specification.  The  rotation  is  a  single 
collar  which  is  dust  and  moisture  proof.  The  bubble  reading  is  by  the  firm's  patent 
speculum  mirror.  This  device  has  the  advantage  of  reducing  the  apparent  size  of 
the  bubble,  thus  minimizing  the  eye  movement  necessary  for  estimation,  and  it 
reduces  differential  parallax  to  a  negligible  amount.  The  instrument  is  shown  in 
Fig.  8. 

This  firm  has  also  graduated  the  bubble  in  one  of  their  Zeiss  pattern  levels. 
The  bubble  is  of  high  symmetry  and,  used  in  the  level  according  to  the  author's 
theory,  gives,  with  great  accuracy,  the  results  expected. 

Level  by  Messrs  E.  R.  Watts  and  Son,  Ltd. 

The  next  level  incorporates  essentially  the  patented  "Constant"  bubble  of 
Messrs  E.  R.  Watts.  Because  of  its  property  of  not  changing  length  with  tempera- 
ture one  end  only  of  the  "  air  bell "  is  set  at  a  fiducial  mark.  It  is  obviously  not  essen- 
tial to  trouble  about  the  opposite  end.  Bubble  reading,  as  compared  with  a  simple 
mirror  reflector  system,  is  therefore  simplified  in  two  ways,  viz.  (a)  one  end  only 
needs  attention,  and  (b)  the  setting  is  to  a  line  and  not  by  estimation  of  position 
between  marks.  The  difficulty  as  to  parallax  in  the  observations  is  not,  however, 
avoided.  In  the  use  of  the  level  alternate  ends  of  the  reversible  bubble  are  read  by 
means  of  prism  reflectors  (Fig.  5).  Each  setting  is  made  by  bringing  the  "air  bell" 
ends  up  to  the  middle  fiducial  lines.  The  construction  of  the  instrument  is  neat  and 
the  observations  are  very  conveniently  made. 

The  setting  to  a  fine,  though  apparently  a  very  simple  operation,  is  found  to  give 
rise  to  diflFerences  in  observation  with  diff'erent  observers.   Settings  may  be  "  fine  " 
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or  "full "  in  various  degrees  depending  on  the  individual,  who  is  presumably  aiming 
at  a  tangent  setting. 

It  is  of  interest  to  note  in  passing  that  if  the  bubble  length  were  subject  to  a 
secular  change  the  determination  of  level  would  not  be  affected,  the  errors  of  the 
two  essential  fundamental  observations  being  equal  and  opposite  in  sign. 

In  both  this  level  and  those  previously  described  the  bubble  when  being  adjusted 
is  pulled  to  the  "level"  position  by  means  of  the  usual  antagonizing  screws.  Such 
screws  are  found  to  be  very  troublesome  in  the  field.  The  adjustment  after  a  short 


Fig.  8. 

time  is  found  to  be  changed,  due  perhaps  to  strain  and  elastic  give  in  the  metal.  It 
is  necessary  in  practice  to  operate  with  extreme  care  and  for  safety  to  check  after 
the  lapse  of  an  hour  or  so.  This  defect  is  overcome  in  the  author's  level  described 
later. 

As  a  minor  point  of  design,  attention  is  called  to  the  fact  that  in  this  level  the 
usual  circular  bubble  for  rough  setting  up  has  been  replaced,  at  the  author's  sug- 
gestion, by  two  small  bubbles  at  right  angles  to  one  another.  This  appears  to  give 
more  convenient  and  quicker  setting  when  using  the  ordinary  three-screw  adjust- 
ment. 
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Level  by  Messrs  W.  F.  Stanley  and  Co.,  Ltd. 

The  level  due  to  Messrs  W.  F.  Stanley  and  Co.  introduces  a  new  patent  method 
of  reading  the  bubble,  which  is  similar  to  the  Zeiss  prism  device.  A  side  view  of  the 
level  is  seen  in  Fig.  9.  Here  again  the  bubble  is  graduated  independently  on  both 
sides,  while  the  reading  is  made  by  two  fixed  prism  reading  systems.  Attention  is 
called  to  the  compass  and  its  optical  reading  device  (not  shown  in  the  figure). 

A  further  level,  embodying  two  fixed  plain  mirror  reflectors,  has  also  been 
constructed  liy  tlie  firm.   This  is  a  neat  and  straightforward  instrument. 


Fig.  9. 
The  Author's  Level  zvith  Zeiss  Prism  Reader. 

The  last  level  embodies  the  author's  original  suggestions.  It  consists  essentially 
of  a  standard  India  Store  Department  level  with  the  Zeiss  patent  prism  reading 
device  used  in  conjunction  with  a  reversible  bubble  as  already  described. 

This  prism  reading  system  is  considered  to  be  quite  definitely  the  best  method 
of  bubble  reading  yet  devised.  It  practically  eliminates  parallax  and  "personal 
equation  "  from  bubble  setting.  As  previously  stated  in  this  paper,  the  estimated 
accuracy  of  setting  is  from  three  to  four  times  as  great  as  that  for  a  bubble  of  equal 
sensitivity  read  from  one  end  only. 

After  obtaining  level,  the  final  adjustment  is  made  by  sliding  the  prism  box. 
This  is  a  smooth  operation  and  involves  no  elastic  metal  strain  such  as  is  usual 
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with  adjusting  screws.  The  bubble  antagonizing  screws,  though  supplied,  are  for 
rough  preliminar)-  adjustment  only  and  would  rarely  be  required  with  a  level  as 
designed. 

Once  the  difficulties  of  manufacture  of  the  bubble  and  prism  system  are  over- 
come and  their  accuracy  tested  and  certified,  the  user  has  nothing  to  worry  over. 
The  setting  of  the  bubble  is  easy  and  certain  and  the  operations  are  of  extreme 
simplicity. 

The  level,  made  by  Messrs  E.  R.  Watts,  is  shown  in  Fig.  4.  A  provisional 
patent  for  the  instrument  has  been  taken  out  by  the  author. 

Adjustment  of  a  Collimator  zcitli  a  Reversible  Bubble. 

Attention  may  be  called  to  a  further  use  for  a  reversible  bubble  in  connection 
with  the  adjustment  of  collimators.  The  usual  method  consists  in  treating  the  colli- 
mator as  a  Y  level.  With  rotation  and  reversal  in  open  Y's  in  the  usual  way  a  level 
can  be  found  either  with  or  without  the  use  of  an  auxiliary  striding  level.  The 
accuracy,  however,  depends  essentially  on  the  equality  of  the  diameters  of  the 
telescope  bearings.  By  the  use  of  the  fully  graduated  reversible  bubble  the  need 
for  the  end-to-end  change  is  eliminated  and  the  necessary  rotation  can  be  made 
in  covered  bearings,  which  have  obvious  advantages  where  accuracy  and  perma- 
nence are  required. 

It  would  seem  desirable,  if  reversible  bubbles  as  recommended  were  produced, 
that  each  be  accompanied  by  a  certificate  of  accuracy  from  some  standard  authority 
such  as  the  National  Physical  Laboratory. 

I  am  indebted  to  Major  E.  O.  Henrici,  R.E.,  for  verj-  helpful  suggestions  and 
to  his  papers  on  "Spirit  Levels"*  and  "Precise  Levelling"!  vvhich  have  been  con- 
sulted with  advantage.  My  thanks  are  also  due  to  Mr  E.  H.  Coumbe  of  the  India 
Store  Department  for  assistance  rendered  in  preparing  the  paper.  To  the  various 
firms  who  have  made  levels  specially  for  the  meeting  I  tender  my  felicitations  on 
the  results  obtained,  and  I  wish  them  success. 


.Xl'PHXDIX. 

Effect  of  temperature  on  a  Zeiss  prism  reader. 

To  ascertain  the  range  of  temperature  through  which  the  prism  bubble-reader 
is  usable,  the  instruments  A  and  B  were  placed  on  a  grid  in  an  asbestos-lined  oven, 
heated  by  electricity.  Bubble  settings  were  made,  the  temperatures  noted,  and  the 
apparent  position  of  coincidence  in  the  field  of  view  of  the  prism  reader  ascertained. 
A  temporary  scale  o  to  10  was  used  to  define  the  positions  of  setting.  The  following 
results  were  obtained : 

•   Trans.  Opt.  Soc.  20  (ic;i8-i9)  45. 
t  Proc.  Inst.  Civ.  Eng.  vol.  209,  part  i. 
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Temperature 

Series 

Level 

F. 

Position  of  setting 

(■) 

A 

72 

6s 

80 

7-S 

118 

Out  of  field  of  view 

(2) 

A 

75 

S 

88 

6 

"S 

10  (just  in  view) 

(3) 

B 

IS 

35 

94 

3-8 

114 

5 

127 

7 

140 

9 

The  thermometer  was  kept  in  contact  with  the  bubble  of  the  instrument. 
The  duration  of  the  test  was  about  one  hour  for  each  instrument,  the  rise  of 
temperature  being  gradual  throughout. 

The  upper  temperature  limit  for  the  practical  use  of  the  better  instrument  is, 
therefore,  about  140°  F. 

The  instruments  were  also  subjected  to  a  cold  test.  By  the  kindness  of  the 
Union  Cold  Storage  Co.,  use  was  made  of  one  of  their  cold  store-rooms.  The 
instruments  were  set  up  in  a  dry  cold  room  and  in  both  cases  the  setting  remained 
well  in  the  field  of  view  for  temperatures  about  13°  F. 

It  will,  therefore,  be  seen  that  a  well-made  Zeiss  prism  reader  is  independent 
of  temperature  changes  within  the  limits  of  13°  and  140°  F. 


DISCUSSION. 

Major  E.  O.  Henrici:  The  author  is  to  be  congratulated  on  having  proposed 
and  worked  out  an  application  of  the  reversible  bubble  to  the  engineer's  level, 
and  showing  that  the  accuracy  of  the  bubble  tubes  commercially  obtainable  is 
sufficient  for  this  purpose.  The  question  whether  the  gain  in  the  ease  of  adjustment 
compensates  for  the  extra  co.st  of  the  instrument  as  compared  with  a  suitable  dumpy 
level  is  one  that  can  only  be  decided  by  the  user  according  to  the  circumstances  of 
his  work. 

In  the  most  precise  class  of  work  extreme  accuracy  of  adjustment  is  not  necessary, 
the  sights  must  for  other  reasons  be  of  equal  length,  or  nearly  so,  and  the  adjustment 
error  cancels  out.  In  this  case  it  is,  however,  important  to  set  the  bubble  with  a 
high  degree  of  constancy,  i.e.  the  bubble  must  be  sufficiently  sensitive,  and  be  easy 
to  set  accurately  to  its  marks ;  for  this  the  Zeiss  prism  device  is  the  best  I  have  come 
across. 

I  can,  however,  conceive  of  many  cases  where  it  would  be  of  value  to  be  sure 
that  the  mean  of  two  readings  is  free  from  adjustment  errors,  and  this  can  be  done 
with  most  if  not  all  of  the  instruments  exhibited.  I  was  particularly  struck  with  the 
adaptation  of  the  "constant"  bubble  to  an  instrument  embodying  the  author's 
ideas. 

With  a  mirror  viewer  for  the  bubble  the  user  must  be  careful  to  avoid  parallax 
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errors  in  setting  the  bubble;  these  errors  may  arise  in  all  the  instruments  ex- 
hibited, except  those  using  the  Zeiss  prism  device,  if  the  user  does  not  always  view 
the  bubble  from  the  same  position.  I  agree  with  the  author  that  the  Zeiss  level  is 
unnecessarily  complicated  and  therefore  expensive. 

Mr  G.  W.  Watts :  Reference  has  been  made  in  Mr  Connolly's  useful  paper  to 
precise  levels  being  fitted  with  a  magnetic  compass.  As  manufacturers,  we  have 
to  supply  one  when  ordered,  which  is  fairly  often,  so  we  have  designed  an  attachable 
one.  When  laying  off  horizontal  angles  it  is  obviously  better  to  depend  on  a 
graduated  circle  and  index,  and  levels  fitted  with  this  can  be  procured.  A  forgotten 
steel  rule  in  the  waistcoat  pocket  is  Uable  to  render  compass  readings  unreliable. 

As  regards  the  Zeiss  prism  reading  device  for  bubbles — there  is  no  doubt 
that  it  is  the  easiest  and  also  most  accurate  method,  but  there  are  one  or  two  things 
that  occur  to  me :  I  have  an  idea  that  when  used  in  extremes  of  heat  or  cold  the 
coincidence  looked  for  in  the  top  prism  may  have  disappeared  out  of  the  field  of 
view  to  the  right  or  left  respectively,  unless  the  prisms  are  made  sufficiently  large ; 
again,  being  a  proprietary  article  of  Messrs  Zeiss,  there  are  legal  restrictions  to  its 
promiscuous  manufacture  except,  of  course,  under  license  from  the  patentees; 
obviously  also  it  is  much  more  expensive  to  produce. 

Other  reflecting  bubble  reading  systems  have  been  said  to  possess  parallax; 
this  may  be  true  but,  if  the  instrument  has  been  well  designed,  parallax  is  not  very 
evident  with  an  ordinary  normal  view  of  the  bubble  and  it  occurs  to  me  that  it 
can  be  completely  remedied  by  marking — not  etching — the  reading  Hne  (a  single 
one  only  at  each  end  is  necessary  in  the  case  of  a  "constant"  bubble)  on  the  itiside 
of  the  glass  bubble  tube,  as  is  sometimes  done  now  in  circular  bubbles. 

Mr  S.  Weston:  I  am  \tvy  glad  that  Mr  Connolly  has  discovered  a  method  of 
levelling  which  promises  to  increase  the  utility  of  the  spirit  level,  and  may  stimulate 
the  efforts  which  are  being  made  to  further  its  accuracy. 

It  occurs  to  me  that,  in  the  case  of  bubbles  used  as  proposed  by  Mr  Connolly, 
tests  of  a  very  rigid  and  exhaustive  character  should  be  employed  before  the  spirit 
level  is  finally  mounted  on  the  instrument.  Such  tests  would,  of  course,  increase 
the  cost  of  production,  but  would  seem  necessary  in  view  of  the  extra  demands 
which  would  be  made  on  the  bubble. 

Mr  J.  W.  Atha:  I  wish  to  congratulate  Mr  Connolly  upcjn  the  excellence  of 
his  paper,  and  at  the  sam^  time  correct  his  statement  that  all  the  levels  exhibited 
were  specially  made  for  the  reading  of  his  paper.  The  Zeiss  instrument,  of  which 
he  has  spoken  so  highly,  is  a  No.  2  Standard  Level  and  was  not  constructed  specially, 
as  perhaps  may  have  been  conveyed  to  the  meeting  in  error.  I  wish,  however,  to 
thank  him  very  cordially  for  his  appreciative  remarks,  which  I  shall  have  pleasure 
in  conveying  to  Messrs  Zeiss,  Jena. 

Mr  Connolly:  I  am  glad  to  note  that  .Major  Ilcnrici,  whose  exceptional  ex- 
perience and  wide  knowledge  of  the  subject  I  cannot  prcteiul  to,  is  in  general 
agreement  with  the  views  expressed. 
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The  instruments  are  not  on  a  production  basis  as  yet  and  the  extra  cost  and 
difficuhy  of  manufacture,  though  demonstrably  small,  is  likely  to  be  over-estimated. 
I  am  hopeful  that  the  "user"  will  not  be  unduly  taxed  for  the  extra  convenience 
offered. 

Mr  Watts'  remarks  as  to  the  temperature  limits  within  which  a  Zeiss  prism 
reader  can  be  used  are  to  the  point.  The  temperature  limits  of  use  have  already 
been  investigated  by  myself.  From  the  appendix  it  will  be  seen  that  the  system 
was  usable  between  Umits  of  140°  F.  and  13°  F.  (19  degrees  of  frost). 

Mr  Watts'  suggestion  as  to  the  avoidance  of  parallax  is  interesting.  If  a  suitable 
permanent  mark  on  the  inside  of  the  bubble  tube  can  be  made,  a  very  great  im- 
provement will  have  been  effected  so  far  as  parallax  is  concerned.  Its  application 
will  not  be  limited  to  a  constant  bubble.  The  same  method  of  graduation  applied 
to  an  ordinar}'  bubble  would  be  of  high  value  if  successful. 

Mr  Weston's  criticisms  are  in  effect  quite  sound,  but  I  think  the  extra  cost  of 
the  tests  referred  to  has  been  exaggerated.  Apart  from  a  single  position  check  on 
exact  reversibility,  the  only  other  condition  involved  is  one  of  uniform  curvature 
for  the  ground  bubble  surfaces.  With  modern  methods  of  production  this  last 
condition  is  fulfilled  automatically,  just  as  it  is  for  spherical  surfaces  in  lens  work. 
Similarly  in  the  case  of  a  ball  bearing  of  high  precision  the  conditions  are  equality 
of  diameters  and  perfection  of  sphericity.  Yet  we  know  that  hardened  steel  balls 
of  uniform  diameter  and  amazingly  perfect  sphericity  are  produced  commercially 
at  "ten  a  penny."  Commercial  tests  of  the  reversible  bubble  would,  therefore, 
be  reduced  to  one  which  checked  the  exact  reversibilit}'  of  the  bubble. 

Mr  Atha  has  of  course  misunderstood  my  statement.  All  the  levels  shown,  with 
the  exception  of  the  Zeiss  level,  kindly  lent  by  Mr  Atha,  and  one  other  which  was 
specially  modified,  were  constructed  for  the  meeting. 

Being  engaged  in  the  daring  task  of  simplifying  and  therefore,  in  my  opinion, 
improving  the  Zeiss  level,  I  am  glad  to  record  my  high  opinion  of  its  theoretical 
and  practical  merits. 
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EXHIBIT  OF  AN  OPTICAL  REVOLUTION-COUNTER 

By  B.  K.  JOHNSON 

(Optical  Engineering  Department,  Imperial  College  of  Science  and  Technology.) 

13///  December,  1923. 

It  is  well  known  that  when  a  truncated  right-angled  prism  is  rotated  about  an 
axis  parallel  to  the  hypotenuse,  an  object  seen  through  the  prism  appears  to  rotate 
in  the  same  direction  at  twice  the  speed.  In  the  instrument  exhibited  this  principle 
has  been  utilized  in  order  to  enable  the  speed  of  a  rapidly-revolving  object,  such 
as  a  turbine  shaft,  to  be  measured  without  the  necessity  of  coupling  the  measuring 
device  directly  to  the  object.  The  instrument  consists  essentially  of  a  rotating  prism 
and  a  speed  indicator  geared  to  it.  The  speed  of  the  prism  is  adjusted  until,  on 
looking  through  the  prism,  the  rotating  object  appears  to  be  stationary.  The  speed 
of  the  object  can  then  be  read  off  on  the  indicator.  A  full  description  of  the 
instrument,  including  suggested  modifications,  such  as  the  use  of  two  prisms 
revolving  in  opposite  directions,  has  already  been  published*. 


DISCUSSION. 

Dr  J.  S.  Anderson:  Mr  Johnson's  application  of  the  well-known  principle  of 
the  rotating  prism  does  not  appear  to  be  new.  A  few  years  ago  Pritschow  wrote  a 
paperf  describing  various  applications  of  rotating  prisms  or  mirror  systems. 
According  to  him  an  instrument  built  up  on  this  principle  was  invented  by  Prof. 
M.  Thury  and  called  "le  cyclostat,"  while  Dr  D.  Thoma  employed  a  similar 
instrument,  called  a  "rotoscope"  (manufactured  by  Messrs  Voigtlander),  for  ob- 
serving the  stream  lines  in  turbines.  At  the  Royal  Society  Soiree  in  1922  Dr 
E.  II.  Rayner  exhibited  an  instrument;];  embodying  the  same  principle.  Such 
instruments  appear  to  have  been  used  not  so  nuich  for  the  measurement  of  speeds 
as  for  the  observation  of  fluctuations  from  the  steady  state. 

Mr  J.  Guild:  I  would  like  to  emphasize  Dr  Anderson's  remarks.  The  device 
has  been  familiar  to  me  since  towards  the  end  of  the  war  when  I  heard  it  suggested 
as  a  means  of  examining  rotating  parts. 

As  regards  the  proposed  use  for  measuring  turbine  speeds,  I  gather  from  Mr 
Johnson's  remarks  that  the  only  advantage  is  due  to  the  twofold,  or  possibly  four- 
fold, reduction  of  speed,  and  the  consequent  diminution  in  wear  and  tear  of  the 
tachometer.  Surely  the  obvious  remedy  here  is  to  gear  down  the  tachometer  so 
that  the  latter  is  working  at  a  suitable  rate.  Any  desired  speed  reduction  could  be 
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employed   without  introducing  an  optical   device  with  the  consecpient   need   of 
adjustment  before  a  reading  can  be  taken. 

Mr  Johnson:  In  replying  to  both  Dr  Anderson  and  Mr  Guild  I  would  like  to 
point  out  that,  although  the  principle  of  the  rotating  prism  may  not  be  new,  its 
application  for  counting  revolutions  (as  the  title  of  the  exhibit  implies)  appears  to 
be  of  a  novel  character;  and  further  the  idea  of  using  two  such  prisms  mounted 
in  optical  train  (and  made  to  revolve  in  opposite  directions)  does  not  seem  to  have 
been  previously  conceived.  Quite  apart,  however,  from  any  so-called  new  dis- 
coveries, the  carrying-out  in  practice  of  any  principle  is  a  very  different  matter  to 
suggestions  made  on  paper  and  it  is  with  this  point  in  view  that  the  exhibit  was 
made. 


REVIEWS 

Les  Applications  des  Interferences  Lumineuses.  By  Ch.  Fabry.  Pp.  160;  58  Figs. 
(Paris:  Published  by  the  Revue  d'Optique  theorique  et  instrumentale,  1923.) 
Price,  10  fr. 

It  is  doubtless  in  conscientious  fulfilment  of  his  duties  as  Directeur  General  del'Institut 
d'Optique  Theorique  et  Appliquee  that  the  author,  so  distinguished  for  many  new  and 
important  applications  of  the  interference  of  light,  has  written  this  book.  It  is  the  most 
complete,  indeed  the  only  even  approximately  complete,  summary  of  such  applications 
which  the  reviewer  has  yet  seen.  Michelson's  Light  Waves  and  Their  Uses,  published  in 
1902,  is  no  longer  an  adequate  presentation  of  the  subject — largely  owing  to  progress 
which  his  own  work  initiated,  and  the  present  book  is  therefore  much  needed.  Though 
one  may  a  little  grudge  the  time  Professor  Fabry  has  diverted  from  original  researches  to 
its  compilation,  it  is  a  book  which  no  one  but  he  or  Professor  Michelson  could  write 
with  like  authority. 

The  space  devotetl  by  the  author  to  his  own  work  is  considerable,  but  that  of  Michelson 
and  others  is  also  adequately  dealt  with.  The  presentation  has  the  clarity,  logical  pro- 
gression, and  completeness  which  one  has  learnt  to  expect  from  Professor  Fabry. 

Chapter  I  deals  with  the  general  nature  of  interference  of  light,  and  with  the  conditions 
and  instruments  for  producing  the  phenomenon.  The  first  part  of  Chapter  11  contains  an 
account  of  applications  to  the  measurement  of  small  displacements  or  small  deformations. 
The  second  part  of  Chapter  11  (pp.  79  to  95)  is  occupied  with  a  condensed,  but  (having 
in  mind  the  small  space  occupied)  very  complete  account  of  the  use  of  interference  in 
metrology,  and  particularly  to  the  determination  of  the  metre  in  wave  lengths  of  light  by 
IMichelson  and  by  the  author.  The  agreement  between  Michelson's  value,  determined  in 
1892-3,  and  that  obtained  by  Fabry  in  1912,  with  an  interferometer  of  different  principle 
and  construction,  forms  one  of  the  great  triumphs  of  scientific  measurement.  Michelson's 
value  of  the  wave  length  of  the  red  cadmium  line  was  0-64384722/11,  while  Fabry's  was 
0-64384696/x.  Allowing  for  the  probable  humidity  of  the  air  (not  taken  into  account  by 
Michelson)  and  for  a  slight  adjustment  proper  to  slightly  different  thermometric  scales 
employed,  the  two  determinations  become  almost  identical. 

Chapter  111  deals  (a  little  too  briefly)  with  "la  mesure  des  petits  angles,"  under  which 
placid  title  is  inckuletl  Michelson's  audacious  and  .successful  attempt  to  measure  stellar 
diameters. 
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Chapter  iv,  "Applications  a  la  Spectroscopic,"  consists  of  forty  pages,  not  one  of 
which  could  well  be  spared  in  setting  forth  this  important  section  of  interferometn,-. 

The  reviewer  has  noticed  only  one  mistake  (Fig.  55,  indicating  the  passage  of  light 
through  a  Michelson  echelon  in  the  direction  contrary  to  that  described  by  Michelson 
and  in  general  usage),  and  ver}'  little  indeed  to  which  exception  could  be  taken.  The  book 
is  likely  to  be  for  years  the  best  resume  of  this  important  subject. 

There  is  a  valuable  bibliography,  consisting  of  141  references,  though  not  all  of  them 
are  correct. 

F.T. 

La  Lumiere  Monochromatique  sa  Production  et  son  Emploi  en  Optique  Pratique. 
By  Ch.  Fabry.  Pp.  37;  16  Figs.  (Paris:  Published  by  the  Re\aie  d'Optique 
theorique  et  instrumentale,  1923.)   Price,  3  fr. 

This  useful  little  book  contains  comprehensive  information  relative  to  the  production 
of  monochromatic  light  for  the  purposes  of  technical  optics.  Very  little  is  contained  in 
it  that  is  not  also  contained  in  the  book  by  Professor  Fabr\'  published  in  the  same  series 
(Editions  de  la  Revue  d'Optique  theorique  et  instrumentale),  notice  of  which  appears 
above;  but  having  in  view  that  the  smaller  book  should  have  great  interest  for  many 
opticians  who  are  not  likely  to  be  concerned  with  the  more  complex  and  purely  scientific 
applications  of  interference,  the  collection  of  the  information  in  a  small  separate  hand- 
book is  probably  worth  while. 

The  book  contains  information  on  the  production  of  monochromatic  light  by  flames, 
vacuum  tubes  (including  mercury  vapour  lamp),  the  metallic  arc  and  spark,  and  also  by 
selection  from  white  light  of  a  monochromatic  region. 

In  the  section  devoted  to  applications  of  monochromatic  light  one  finds  interference 
by  thin  plates,  by  thick  plates,  and  interferential  methods  of  test  for  the  aberrations  of 
optical  elements.  Three  pages  only  are  devoted  to  the  employment  of  monochromatic 
light  in  the  study  of  optical  properties  of  substances;  and  it  is  an  unfortunate  omission 
that  there  is  no  bibliography  through  which  the  earnest  enquirer,  unfamiliar  with  the 
literature  on  the  subject,  might  find  further  information.  But  the  book  is  none  the  less 
one  that  should  be  in  the  hands  of  even,-  manufacturing  optician  who  wishes  to  keep  in 
touch  with  modern  methods  of  test  and  modern  applications  of  optics. 
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THE  THOMAS  YOUNG  ORATION: 

"CONTRIBUTIONS  TO  THE  HISTORY  OF  THE  SPECTACLE 

TRADE  FROM  THE  EARLIEST  TIMES  TO 

THOMAS  YOUNG'S  APPEARANCE" 

By  professor  M.  VON  ROHR 

Delivered,  zjtii  November,  1923 

It  is  a  special  honour  for  me  to  have  been  asked  to  deliver  the  Thomas  Young 
Oration  this  year,  the  one  hundred  and  fiftieth  after  his  birth.  The  subject  I  have 
chosen  bears  some  connection  with  Young's  work  in  physiological  optics. 

For  our  lecture  Thomas  Young  comes  before  our  mind's  eye  for  a  twofold 
reason :  in  the  first  place  because  he  constructed  his  improved  optometer  in  order 
to  facilitate  the  finding  of  the  correcting  glasses  for  ametropic  patients;  in  the 
second  because  he  not  only  mentioned  the  use  of  divided  (bifocal)  glasses  at  a 
ver)'  early  date,  but  was  the  first  to  apply  them  to  scientific  purposes. 

With  regard  to  the  astigmatism  of  the  eye,  he  certainly  discovered  and  measured 
this  fault,  but  did  not  try  to  correct  it  in  the  modem  manner:  the  scientific  treatment 
of  this  spectacle  problem  was  left  to  G.  B.  Airy's  genius,  as  the  whole  question  of 
astigmatic  glasses  becomes  important  in  the  19th  century  only. 

To-day  we  must  restrict  ourselves  to  our  historical  problem  and  deal  with 
spectacle  glasses  of  a  simpler  form.  In  order  to  obtain  a  clearer  view  of  the  contents 
I  have  divided  our  subject  into  six  coherent  parts.  At  the  end  of  the  paper  I  give 
the  sources  for  my  difl^erent  statements,  thus  helping  any  future  historian  of  our 
subject  to  ascertain  the  novelty  of  his  results,  and  I  wish  expressly  to  point  out 
every  hypothesis  I  shall  have  to  make. 

I.   Some  remarks  on  the  earlier  spectacle  history  (before  1500) 
Spectacle  glasses  have  evidently  been  developed  in  consequence  of  the  experi- 
ments with  lenses  in  general.    Unfortunately  our  knowledge  concerning  the  first 
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attempts  at  such  experiments  is  ver\'  slight,  as  the  most  important  workiD*  on 
optics  in  the  Greek  language,  the  otttiki]  TrpayfiaTeia  of  Claudius  Ptolemaeus 
(about  150  A.D.),  has  not  been  well  preserved  and  shows  a  gap  in  this  very  part;  it 
mentions,  however,  the  magnification  exerted  by  a  convex  surface  on  an  object 
lying  in  the  denser  medium  at  a  greater  distance  from  the  vertex  than  the  radius. 
But  as  the  Arab  optician (2)  Ibn  a!  Haitham  (the  Alhazen  of  the  Middle  Ages;  he 
died  in  1038  a.d.),  who  in  different  parts  of  his  book  shows  Ptolemaean  influence 
in  a  marked  manner,  knows  something  about  plano-convex  lenses  with  a  thickness 
greater  than  the  radius,  we  may  suppose,  not  without  reason,  that  such  knowledge 
was  really  of  Greek  and  especially  Ptolemaean  origin.  It  is  quite  possible  that  later 
on  such  clumsy  magnifiers  placed  on  a  minutely-written  manuscript  were  used  by 
weak-eyed  monks,  and  independently  at  different  places,  as  we  are  aware  that  a 
Latin  translation  of  Alhazen 's  work,  the  Opticae  Thesaurus,  was  well  known  in 
many  convents(2).  About  the  time  of  this  translation  (1266)  Roger  Bacon,  in  his 
Opus  Majusc-''),  treated  the  same  Alhazenic  problem  and  advised  taking  a  plano- 
convex lens  with  a  thickness  smaller  than  the  radius;  he  recommended  this  in 
order  to  help  old  and  weak-eyed  people.  Such  a  lens  was  made  of  crystal  or  glass 
and  it  was  to  be  used  resting  on  the  page,  the  letters  of  which  were  to  be  magnified. 
Thanks  mainly  to  R.  Greeff's  investigations (4,  o.  O),  we  are  now  aware  that  between 
1260  and  1284  German  mediaeval  poets  mentioned  at  least  in  three  different 
places  a  certain  optical  magnification  effected  by  lenses.  At  this  time  one  knew 
how  to  grind  crj'stals  in  such  a  way  that  they  magnified  small  characters,  if  placed 
on  the  manuscript.  As  in  the  third  quarter  of  the  13th  century  this  was  a  contrivance 
of  such  regular  occurrence  that  it  was  mentioned  in  poems  written  in  the  language 
of  the  country,  we  must  conclude  that  the  first  manufacture  of  these  lenses  is  to 
be  dated  back  considerably,  at  least  to  the  first  half  of  the  13th  century.  Such 
early  hints  of  the  optical  magnification  are  at  present  known  from  German  mediaeval 
poetr)'  only,  but  I  have  no  doubt  that  they  will  be  found  in  other  languages  as 
well,  if  sufficient  attention  be  given  to  this  fact.  At  one  place,  possibly  the  oldest 
reference  (J),  the  instrument  was  called  a  lichter  Spiegel,  i.e.  clear  lens.  It  is  possible 
that  in  other  surroundings  these  lenses  were  preferably  called  herylli  after  some 
natural  transparent  mineral  (berillus  =  jit]pvWos).  As  far  as  I  know,  this  expression 
gave  rise  to  the  Dutch  word  "den  Bril,"  and  it  migrated  to  Germany  as  "der  Brill." 
I  may  as  well  mention  that  I  have  found  an  explanation  of  the  French  word 
"besides";  it  appears  to  be  derived  from  the  same  root  and  the  older  form 
"bericles."  In  good  accordance  with  this,  G.  Albertotti  in  his  later  papers(") 
points  out  the  distinction  between  such  reading  glasses  and  the  spectacle  glasses 
proper.  Such  were  probably  Jield  to  the  eye  by  the  hand  and  took  their  name 
"oculare,"  "occhiale,"  from  the  eye.  We  must  therefore  look  upon  tlie  first  real 
spectacle-helps  as  one-eyed  glasses  with  a  handle,  and  fortunately  the  oldest  picture 
of  eye-glasses  (painted  at  Treviso  in  the  year  1352)  shows  this  form  together  with 
another,  in  which  the  handles  of  two  one-eyed  glasses  are  riveted  together. 

As  all  languages  spoken  in  countries  where  spectacles  were  applied  in  early 
•  The  small  numbers  in  the  text  refer  to  the  list  of  sources  and  references  at  the-  end. 
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times  show  the  pccuHarity  of  using  for  this  binocular  eye-help  a  word  in  the  plural 
number,  we  may  explain  this  as  some  relic  of  the  fact  that  two  single  eye-glasses 
had  to  be  combined  in  order  to  form  the  new  binocular  instrument.  This  must 
have  been  done  before  the  year  1352,  but  the  new  custom  had  not  then  totally 
replaced  the  old  one-eyed  form.  G.  Albertotti  is  of  opinion  that  spectacle  glasses 
proper  were  made  in  Venice  during  the  last  half  of  the  13th  century,  and  I  think 
this  likely  enough,  especially  as  the  valuable  material  of  Murano  glass  or  crystal 
was  near  at  hand.  In  R.  Greeff's  reprints  and  translations  (8,  9)  of  the  Venetian 
crystal-workers'  by-laws,  between  1284  and  1326,  expressions,  which  must  be 
translated  as  eye-glasses,  do  occur  in  different  places.  But  on  the  other  hand  the 
spectacle  makers  at  Venice  had  then  evidently  not  separated  themselves  from  the 
crystal-workers,  and  we  must  perhaps  infer  that  in  these  early  times  the  spectacle 
industry  was  not  yet  of  considerable  economic  moment.  The  fact  that  Dante 
(1265- 1 321)  in  his  poem  does  not  mention  spectacles  proper  and  their  use  is  in 
agreement  with  this  supposition,  although  we  know,  from  such  a  reliable  source 
as  Bernard  de  Gordon's  work,  the  Lilium  Medicinae,  of  1303,  of  their  application 
in  these  times. 

In  the  Netherlands  (Haarlem)  spectacles  (lo)  are  said  to  have  been  used  from 
the  beginning  of  the  14th  century,  and  as  later  on  we  know  of  a  well-developed 
spectacle  industry  in  the  Low  Countries,  we  may  infer  that  it  had  an  early  beginning. 
But,  unfortunately,  all  details  of  the  oldest  manufacture  are  conspicuous  by  their 
absence  both  in  Venice  and  in  the  Low  Countries,  and  we  are  compelled  to  form 
a  kind  of  image  from  casual  notes  and  from  pictures.  We  must  express  the  hope 
that  researches  and  studies  in  the  Venetian  and  Dutch  Archives  may  bring  to  light 
more  details  concerning  the  early  history  of  this  craft ;  and  our  hope  is  the  more 
confident,  as  in  the  last  years  our  knowledge  of  the  later  stages  of  the  spectacle 
industr}'  has  been  most  happily  enlarged  by  archival  studies,  as  we  soon  shall  see. 

Ver)'  probably  the  older  spectacles  were  of  collective  effect.  But  Nicolaus 
Cusanus  (1401-1464)  mentions  in  his  treatise,  De  Berylhai),  negative  lenses  as 
well.  If  R.  Greeff  is  correct  in  dating  this  publication  between  1430  and  1440,  we 
may  state  that  negative  spectacles  were  known  in  the  first  half  of  the  15th  century; 
they  will,  therefore,  have  been  made  somewhat  earlier. 

Our  present  very  defective  knowledge  of  these  oldest  spectacles  has  been 
derived  mostly  from  pictures,  and  it  is  only  natural  that  we  are  better  informed 
with  regard  to  the  mountings  than  with  regard  to  the  glasses.  The  above-mentioned 
riveted  spectacles  had  been  in  use  for  a  considerable  time,  undoubtedly  up  to  the 
beginning  of  the  i6th  century  and  in  a  less  conspicuous  form,  as  "hinged  spec- 
tacles," even  to  the  first  years  of  the  i8th  century.  In  any  case  such  an  instrument 
was  fastened  on  the  nose.  In  very  early  times,  however,  improvements  were  made, 
especially  in  two  directions,  towards  greater  ease  in  wearing  as  leather  spectacles, 
and  towards  a  more  elegant  appearance  as  bow-spectacles  (Biigelbrillen). 

The  former  must  have  been  very  widely  spread,  even  after  the  year  1500,  as  the 
greater  number  of  the  oldest  specimens  in  the  larger  collections  show  such  leather 
mountings  for  spectacles  of  the  first  half  of  the  i6th  century.  They  are  expressly 
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mentioned  in  the  by-laws  for  Regensburg  and  Paris.  In  J.  Amman's  picture  of 
1568(12)  the  spectacle  maker  is  represented  as  preparing  leather  mountings.  Daza 
de  Valdes  recommends  them  in  1623  to  his  Spanish  countn,'men  as  being  very 
easy  to  wear  although  of  a  rather  unbecoming  appearance.  In  the  old  English 
handbill  (13)  with  the  sign  of  Archimedes  and  the  three  golden  spectacles,  as 
F.  Morgan  printed  it  before  1744,  probably  retaining  a  much  older  form  of  sign, 
I  think  I  recognize  leather  mountings,  and  the  old  motto  written  on  them  "The 
Right  True,"  may  have  once  ser\'ed  to  warn  customers  against  more  elegant  but 
inferior  innovations.  We  may  infer  from  this  similarity  that  the  spectacle  industry 
on  this  side  of  the  .A.lps,  if  not  derived  from  a  common  origin,  grew  up  under  a 
certain  mutual  influence;  either  the  products  were  largely  imitated,  or  migrating 
journeymen  brought  the  art  of  one  place  to  the  other. 

The  more  elegant  and  lighter  bow-spectacles  are  depicted  on  different  portraits 
of  the  15th  centur)',  and  A.  v.  Pflugk(it)  is  able  to  give  other  evidence  of  such 
forms  of  Italian  origin  between  143 1  and  1446.  The  material  for  these  forms  seems 
to  have  been  preferably  horn  taken  from  the  horns  (not  hoofs)  of  oxen ;  if  they  were 
really  made  of  bone  at  first,  as  we  may  gather  from  difi^erent  old  sources,  the  craft 
on  this  side  of  the  Alps  seems  to  have  soon  discarded  it  in  favour  of  horn.  The 
precious  metals  were  used  in  spectacles  for  princes  and  nobles,  and  we  have  a 
French  list  of  references  (i5)  to  such  specimens,  compiled  in  1853.  For  the  time 
before  1500  it  contains  news  of  thirteen  such  costly  pieces;  three  of  them  are 
single  glasses.  Although  we  are  transgressing  on  the  time  boundaries  of  this  part 
of  our  lecture,  we  may  here  insert  A.  v.  Pflugk's  stor\'(Ti)  of  the  golden  spectacles 
made  for  August,  the  elector  of  Saxony  (1526-86).  Me  was  a  very  sumptuous 
prince  and  paid  50  Reichs-Thaler  (about  12  guineas)  for  a  Venetian  pair  of 
spectacles  with  gold  mountings.  It  will  interest  you  to  know  that  having  heard  of 
quadrilateral  spectacle  lenses  made  in  London  he  ordered  some  of  them;  and  when 
he  obtained  them  after  long  delay,  the  cost(i7)  for  "some  spectacle  lenses"  was 
12  Reichs-Thaler  (;£3),  to  which  5  Reichs-Thaler  {£,1.  5^.  (yd.)  were  to  be  added 
as  freight.  We  see  that  at  that  time  London  fashion  gave  quite  a  peculiar  shape  to 
special  spectacle  glasses,  and  that  the  price  was  amply  sufficient.  Unfortunately 
no  further  information  as  to  these  glasses  is  forthcoming. 

11.    The  development  of  the  spectacle  industry  in  South  (jcrmany's  Free  Towns 
during  the  ibth  century 

O.  llallauer(iH)  is  probably  right  in  supposing  that  spectacles  became  necessary 
for  a  greater  number  of  people — in  less  affluent  circumstances — only  after  the 
invention  of  printing,  in  other  words  after  1440.  If  we  accept  this  view,  we  have 
one  reason  more  for  the  rapid  ik-velopment  ot  the  spectacle  industry  in  South 
Germany  during  this  time. 

From  A.  v.  Pflugk's  writings (in)  we  know  that  tlie  first  spectacle  makers  are 
reported  from  Frankfurt  a.M.  in  1450,  from  Strasburg  in  1466,  and  from  Niirnberg 
in  1478,  that  is  more  than  150  years  after  mention  of  the  reading  glass  in  Manesse's 
collection.    As  in  all  these  instances  spectacles  are  invariably  designated  with  a 
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name  derived  from  the  word  beryl,  we  may  perhaps  infer  that  this  industry  made 
its  way  from  the  Netherlands  towards  the  East  and  the  South-East.  It  probably 
came  about  the  same  time  to  Regensburg  (Ratisbon),  although  we  have  no  earlier 
evidence  of  this  than  about  1560,  but  from  the  importance  of  the  Regensburg 
spectacle  industry  of  that  time  we  must  infer  an  earlier  beginning.  The  convenient 
situation  of  the  glass  factories  in  the  Bavarian  and  Bohemian  Forests  furnishes  an 
explanation  of  the  indubitable  fact  that  the  manufacture  of  spectacles  developed 
deep  and  lasting  roots  in  these  industrial  towns. 

As  far  back  as  1492  and  1495  we  are  acquainted  with  the  price  (20, 17)  of  spectacles 
bought  at  the  South  Bavarian  convent,  Tegernsee,  where  a  pair  of  negative  spectacles 
was  purchased  for  about  the  sum  of  7  farthings.  Although  we  are  not  expressly 
told  that  these  spectacles  came  to  Tegernsee  from  the  adjacent  Free  Towns,  we 
may  safely  assume  this,  as  in  consequence  of  the  difficulties  of  transport  in  those 
times  goods  of  such  cheapness  could  be  distributed  over  a  very  short  distance  only. 
Fortunately  our  knowledge  does  not  depend  on  such  casual  observations,  but 
we  have  here — otherwise  than  at  Venice  and  the  Netherlands — early  substantiated 
laws  and  by-laws  of  the  spectacle  makers'  guilds,  of  which  we  now  have  to  speak. 
A.  V.  Pflugk's  investigations  (21)  have  thrown  a  very  curious  light  on  an  old 
statute  found  recently  among  the  archives  of  Regensburg.  A  manuscript  copy, 
dating  between  1510  and  1520,  is  preserved  there  of  a  statute  not  belonging  to  a 
particular  city  but  to  a  community  of  towns.  The  text  is  written  in  the  dialect 
spoken  in  this  region,  and  the  fines  imposed  upon  transgressions  are  given  in 
Niirnberg  coin,  but  it  is  possible  that  we  have  before  us  the  translation  of  a  foreign 
and  (up  till  now)  unknown  original.  It  contains,  among  other  material,  laws  con- 
cerning the  time  of  apprenticeship,  the  master  pieces*,  the  number  of  journeymen 
and  apprentices,  the  prohibition  of  outside  and  unskilled  labour,  the  exacting  of 
good  and  conscientious  execution.  There  is  no  doubt  that  its  principal  object  was 
to  bring  all  the  different  masters  of  the  craft  under  exactly  the  same  conditions, 
so  that  especially  the  underselling  of  cheap  and  nasty  goods  was  heavily  punished. 
I  do  not  think  it  impossible  that  this  statute  also  came  from  the  Netherlands,  but 
have  no  evidence  of  this. 

In  any  case  the  craft  in  the  South  German  Free  Towns  seems  to  have  developed 
its  constitution  on  this  basis,  and  we  may  point  out  two  principal  directions,  one 
taken  at  Niirnberg,  the  other  at  Regensburg. 

At  Niirnberg  the  High  Council — an  aristocratic  governing  body — prohibited 
the  development  of  the  spectacle  makers'  union  into  a  free  or  sworn  guild  (ge- 
schworenes  Handwerk),  only  granting  them  the  lower  status  of  a  "closed  craft" 
(gesperrtes  Handwerk).  The  journeymen  of  such  a  craft  were  not  allowed  to  leave 
Niirnberg  in  order  to  extend  their  knowledge  by  working  at  other  places,  but  the 
council  tried  to  preserve  industries  of  this  kind  as  monopolies  to  Niirnberg  alone. 
We  cannot  wonder  that  such  journeymen  of  a  secondary  order  frequently  tried  to 
desert  and  to  settle  in  neighbouring  places  under  better  conditions.  The  laws  and 

•  The  term  "master  piece"  ("  Meisterstuck ")  was  used  to  designate  the  piece  of  work  carried 
out  by  a  workman  (Geselle)  to  enable  him  to  graduate  as  a  "master." 
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by-laws  of  Numberg(22)  relating  to  our  present  enquiry  are  to  be  found  in  the 
collection  (not  in  the  best  order)  of  the  different  decrees  issued  by  the  High 
Council.  In  order  to  form  a  judgment  concerning  the  value  and  tendency  of  the 
Niimberg  legislation  as  regards  the  spectacle  industr}%  it  has  been  necessary  to 
bring  all  these  decrees  under  different  headings  (23). 

At  Regensburg(24,a5)  we  find  the  masters  forming  a  free  guild  with  a  charter, 
written  about  the  middle  of  the  i6th  centurj'  and  quite  exemplary  as  regards  order 
and  system;  the  mounting  of  the  spectacles  has  been  especially  well  treated.  We 
shall  have  to  speak  of  this  part  presently. 

As  to  the  distribution  of  the  ready-made  goods,  we  must  infer  from  other 
countries  and  other  periods  that  it  fell  exclusively  to  pedlars.  We  may  suppose 
that  ver}'  early  some  designation  as  to  the  wearer's  age  was  attached  to  the  individual 
pair  of  spectacles.  In  the  case  of  the  Tegernsee  glasses  we  read  of  "young" 
spectacles.  Later  on  it  became  usual  simply  to  scratch  the  number  of  years  on  the 
margin,  as  we  are  told(2U)  by  the  Messinese  Abbot  Alaurolycus  (1494-1575)  that 
such  was  the  custom  in  the  time  of  his  youth,  which  brings  us  back  to  the  beginning 
of  the  1 6th  century.  This  custom  (according  to  which  stronger  collective  lenses 
were  called  older  lenses)  seems  to  have  taken  very  deep  root,  and  R.  Sutcliffe(27) 
has  preserved  a  remarkable  testimony  of  its  existence  in  England  as  late  as  during 
the  sixties  of  the  last  century.  That  this  system  had  its  practical  value  for  a  time 
so  remote  as  the  i6th  century  is  easily  understood,  as  the  pedlars,  who  sold  a 
quantity  of  other  goods  as  well,  cannot  be  supposed  to  have  been  gifted  with  any- 
thing but  indifferent  optical  insight.  In  such  a  way  the  spectacle  makers  scarcely 
ever  came  into  personal  touch  with  the  buyers.  We  cannot  but  deplore  this 
circumstance,  as  this  also  tended  to  the  development  of  a  large  manufacture  of 
uniform  unadaptable  spectacles. 

By  a  lucky  chance  we  know  of  a  pair  of  reading  spectacles  bought  by  the 
painter  Albrecht  Durer(28)  in  the  Low  Countries  in  1 520-1  for  about  g\  farthings, 
and  we  see  by  that  glimpse  into  the  otherwise  unknown  world  of  the  westerly 
craft  that  there  the  retail  prices  were  about  the  same  as  thirty  years  earlier  in 
Tegernsee. 

Turning  now  to  the  statute  (22),  we  must  point  out  that  the  old  undated  copy 
has  certainly  had  its  influence,  as  the  master  pieces  (consisting  of  two  horn  spec- 
tacles, one  pair  for  distance  and  one  for  near  sight,  in  perforated  work  of  different 
colour)  remained  practically  the  same  in  Niirnberg  up  to  1723.  Some  Regensburg 
influence  as  to  the  outer  form  is  to  be  noticed  in  the  course  of  more  than  two 
centuries,  but  these  master  pieces  were  of  a  somewhat  stereotyped  character,  in  no 
wise  connected  with  the  ordinary  day's  work.  Regarding  this  we  very  early  notice 
a  tendency  towards  the  division  of  labour:  as  soon  as  1507  there  were  special  glass 
workers  working  for  the  community  of  spectacle  makers;  later  on  we  distinguish 
Glasreiber,  i.e.  glass  grinders,  and  Stiickwerker,  i.e.  piece  workers.  We  may  here 
notice  that  the  grinding  process  (dry  grinding  on  stationary  tools)  was  executed  in 
the  old  manner,  that  afl^orded  imperfect  work  only,  being  at  the  same  time  very 
dangerous  for  the  workman. 
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The  decrees  in  their  proper  order  of  time  and  subject  provide  us  with  remark- 
able insight  into  the  daily  wants  of  this  craft :  the  fluctuations  of  trade  rendered 
conspicuous  by  restrictions  on  the  taking  of  apprentices,  the  difficulty  of  hindering 
journeymen  from  deserting,  Regensburg's  serious  competition,  the  equalization  of 
the  journeymen's  payment,  the  number  of  journeymen  and  helps;  all  these  are 
questions  which  had  to  be  brought  before  the  High  Council.  Some  of  them  are 
specially  important  for  our  present  subject,  for  example,  the  prices  of  the  goods  in 
the  year  1583 :  we  see  that  in  buying 

5  dozen  ordinary  leather  spectacles  the  price  was  4  farthings  a  pair, 
2       ,,      gilt  horn  spectacles  the  price  was  gi  farthings  a  pair, 

6  ,,      ordinary  horn  spectacles  the  price  was  3  farthings  a  pair, 
h      „      single  glasses  in  horn  the  price  was  3  farthings  a  piece. 

It  is  possible  that  in  the  last  case  the  glasses  had  sometimes  a  negative  focus. 
These  being  wholesale  prices,  the  pedlar  will  have  charged  more,  and  it  is  likely 
that  the  comparatively  great  difference  between  this  and  Diirer's  price — about 
3  farthings  as  against  ()\  in  his  case — is  to  be  accounted  for  by  the  retailer's  trouble. 


Fiij.  I.    Spectacle  frame  with  elastic  side  parts. 

Fig.  2.    Spectacle   frame  for   adapting  small   (strong)   lenses   to  wearers  with  comparatively  wide 

interocular  distances. 
Fig.  3.   Folding  hand  frames  (Weiser);  see  Fig.  6  for  method  of  holding  them. 

Spectacle  frames  of  Regensburg  manufacture  (about  1560);  all  taken  from  Refs.  (24)  and  (37). 

It  was  quite  different  at  Regensburg(24),  as  the  spectacle  makers  there  formed 
a  free  guild  and  developed  their  elaborate  laws,  probably  about  the  middle  of  the 
1 6th  century,  in  a  very  methodical  and  orderly  manner.  With  regard  to  the  master 
pieces,  the  old  prescriptions  of  the  perforated  spectacles  were  not  abolished,  but 
they  now  formed  but  the  twelfth  part  of  the  whole  task ;  the  would-be  master  had 
to  make  all  the  necessary  tools  for  the  different  spectacles  forming  the  master  piece 
as  well,  in  order  to  pass  his  e.xamination. 

The  description  of  the  master  pieces  is  very  minute,  and  we  find  some  elaborate 
directions,  with  copious  illustrations  besides,  from  which  we  may  form  a  favourable 
impression  of  the  exactness  and  gift  of  invention  of  the  Regensburg  workmen. 
Figs.  I,  2,  and  3  are  taken  from  this  illustrated  edition  and  they  will  show  you  the 
remarkable  result  with  which  they  had  succeeded  in  the  second  half  of  the  i6th 
century  in  increasing  the  elasticity  of  the  horn  mounting  in  order  to  adapt  to  the 
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nose  the  lighter  horn  frame  as  easily  as  the  clumsier  leather  frame.  Nose  spectacles 
were  then  distinguished  from  folding  hand  spectacles  (Weiser  =  clock-hands),  in 
which  the  fingers  holding  them  had  to  be  placed  at  the  front,  as  Fig.  6  will  show. 
There  were  also  aiming  spectacles  mounted  on  rifles  for  ametropic  marksmen. 

Bringing  all  the  designations  for  the  effect  of  the  glasses  together,  we  obtain 
from  the  Regensburg  by-laws  twelve  different  expressions,  of  which  six  may  have 
belonged  to  myopic  and  six  to  hypermetropic  wearers.  The  evaluation  in  numbers 
of  our  modern  system  was  not  possible ;  I  should  only  insist  m)  that  young  glasses 
meant  dispersive  and  old  glasses  collective  lenses,  and  that  the  idea  of  lessening 
the  effect  by  subtraction  and  heightening  it  by  addition  of  lenses  of  the  same 
sign  was  perfectly  familiar  to  the  old  workers.  I  have  only  once (29)  come  across 
something  like  a  numerical  value,  and  it  is  possible  that  this  number  refers  to  the 
diameter  of  the  grinding  bowl  measured  in  Regensburg  inches.  But,  as  these 
measurements  belonged  to  the  inner  service  of  the  factor)',  their  knowledge  does 
not  seem  to  have  been  laid  down  in  any  description  for  the  public  and  has  therefore 
become  lost  to  us. 

Most  widely  spread  were  weak  collective  lenses  for  distance  spectacles  used  by 
elderly  people,  and  the  old  craftsmen  seem  to  have  looked  upon  hypermetropia  in 
elderly  eyes  as  quite  the  average  state. 

The  rules  for  forming  the  perforated  spectacles  as  a  part  of  the  different  master 
pieces  were  laid  down  (-•->)  with  special  care,  clover  leaves,  acorns,  hearts  and  crown- 
lets  being  the  principal  forms  of  the  decoration,  as  you  will  see  in  Fig.  4,  taken 
from  the  additional  illustrated  directions  (and  reconstructed  from  them).  All  these 
details  surrounded  the  Regensburg  arms,  two  large  (St  Peter's)  keys  and  a  capital 
R.  A  Niirnberg  model  is  shown  in  Fig.  5.  In  a  later  chapter  we  shall  devote  some 
little  space  to  the  description  of  the  manner  in  which  Niirnberg  followed  the 
Regensburg  example  in  the  period  when  the  craft  there  became  more  and  more 
stereotj'ped. 

In  general  we  may  point  out  that  the  object  of  providing  cheap  spectacles  for 
extensive  circles  of  the  population  and  the  application  of  division  of  labour  to  that 
end  was  praiseworthy,  the  spectacle  industrj'  could  not  have  flourished  without 
such  a  safe  foundation.  But  it  is  to  be  deplored  that  no  steps  were  taken  for 
improving  the  old,  very  primitive  means  of  grinding  and  polishing. 

The  materials  for  the  spectacle  mountings  at  that  time  seem  to  have  been 
rather  exclusively  leather  and  horn.  J.  Amman's  woodcut(i-',  3i)  of  the  year  1568  of 
a  Niirnberg  master  at  his  work  (I' ig.  6)  principally  shows  leather  mountings  and  only 
one  horn  mounting  in  the  form  of  a  folding  handglass  (Weiser),  which  the  buyer 
is  trying  on  in  the  manner  spoken  of  above.  If  the  description  of  the  Ambras 
collection  mentions  metal-mounted  spectacles  of  German  origin  bought  towards 
the  end  of  the  i6th  century,  it  is  not  safe  to  contradict,  but  I  have  been  unable  to 
find  any  reference  to  such  mountings  in  books  or  writings  of  that  time.  They  were 
perhaps  rather  rare. 

The  master  signs*,  not  infrequently  found  on  old  leather  mountings,  have  been 

•  The  term  "master  si^n"  wa»  used  to  designate  a  stamp  lor  a  mark  or  brand  which  was  given 
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studied  (19)  with  the  greatest  diligence  by  A.  v.  Pflugk,  as  far  as  Niirnberg  craftsmen 
are  concerned.  Although  this  practice  was  universal  for  all  the  Free  Towns  and 
their  spectacle  industry  (necessarily  so  during  a  time  when  reading  was  not  in 
everybody's  power),  by  far  the  best  testimony  for  it  has  been  preserved  at  Nurnberg. 
There  the  general  custom  was  enforced  by  a  decree  and  has  been  observed  from 
1561  downwards,  but  I  shall  reserve  the  collection  of  such  signs  to  show  you  in  a 
later  part  of  this  lecture. 


Fig.  4.   Reconstructed  Regensburg  model ;  taken 
from  Ref.  (25). 
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Fig.  5.    Extant  NUmberg  model  (in  A.  v.  Pflugk's 

collection)  also  taken  from  Ref.  (25). 

Perforated  horn  frames  for  master  pieces. 


Fig.  6.    Niirnberg  master  at  his  daily  work; 
taken  from  Ref.  (12). 


III.  Limited  knowledge  regarding  the  Venetian  craft  in  this  period 

As  already  observed,  we  have  no  detailed  knowledge  as  to  the  development  of 
the  spectacle  industry  in  Venice,  although  its  early  appearance  admits  of  no  doubt. 
I  am  therefore  reduced  to  the  necessity  of  collecting  information  about  that  old 
centre  from  secondary  sources.  From  Maurolycus'  statement  referred  to  above 
we  may  infer  that  the  Venetian  craftsmen  used  to  designate  their  spectacle  lenses 
with  the  wearer's  age  at  least  as  soon  as  the  first  quarter  of  the  i6th  century. 

Corroboration  of  the  importance  of  this  industry  may  be  obtained  from  the 
Nurnberg  decrees;  since  1577  Venetian  spectacles  only (22)  were  allowed  to  be  sold 
by  pedlars  and  other  tradespeople  in  the  streets  of  Nurnberg,  whereas  in  that 
town  the  home  products  were  allowed  to  be  sold  at  the  respective  manufacturer's 
shop  only.   In  an  old  booklet  (32)  of  1592  we  read  of  a  small  pedlar  near  Frankfurt 

to  the  journeyman  after  he  had  passed  the  examination  and  paid  the  prescribed  fees  for  becoming 
a  master;  all  his  work  had  to  show  his  master  sign. 
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announcing  his  spectacles  as  specially  praiseworthy  as  being  of  Venetian  origin. 
They  must  have  been  therefore  of  a  low  price  comparable  with  that  already  cited 
for  the  Niimberg  and  Dutch  spectacles. 

If  we  tr}'  to  explain  the  reason  for  such  an  attitude  being  taken  by  the 
Niimberg  High  Council  towards  the  Venetian  merchandise,  we  think  we  may  find 
the  explanation  in  the  quality  of  the  Venetian  glass  (made  at  Murano,  near  Venice). 
As  this  glass  was  evidently  under  the  Venetian  government's  control,  and  as  it  was 
necessary-  for  some  of  the  spectacles  enumerated  in  the  Regensburg  description,  it 
was  of  great  importance  to  the  spectacle  industry  of  the  South  German  Free  Towns 
to  have  free  access  to  this  material,  and  for  this  reason  their  government  may  have 
dealt  so  amicably  with  the  Venetian  spectacles.  We  do  not  know  whether  the 
Niimberg  eye-glasses  were  similarly  treated  in  Venice ;  perhaps  not,  as  the  Bavarian 
or  Bohemian  glass  works  on  the  other  hand  were  not  controlled  by  the  Niimberg 
authorities.  That  the  Bavarian  glass  was  well  known  and  appreciated  in  Venice 
follows  from  different  and  independent  testimonies  of  about  this  time.  We  find  it 
mentioned  by  T.  Garzoni(:«)  in  1585,  by  J.  B.  Porta  in  the  second  edition  of  his 
Magia  Naturalis  in  1589,  and  by  H.  Sirturus(34)  in  1618.  According  to  Porta's 
statement,  it  is  not  improbable  that  there  was  at  that  time  a  regular  glass  trade 
across  the  Alps.  As  the  German  glass  was  blown  and  the  single  piece  rather  thin, 
it  was,  according  to  Sirturus,  preferably  used  for  dispersive  lenses.  On  the  other 
hand  there  are  technical  terms  in  the  Regensburg  statute  (2o)  from  which  we  may 
gather  that  the  Murano  glass  was  chosen  especially  on  account  of  its  thickness 
(Blocklinsen).   Pebble  was  also  used  at  Venice  at  least  so  far  back  as  1585. 

No  particulars  about  the  factor}-  conditions  in,  and  the  export  from,  Venice 
are  known  to  me  with  the  exception  of  the  two  notices  above  regarding  the  import 
into  Germany  during  the  i6th  century.  Our  knowledge  of  these  times  would  be 
much  advanced  if  official  documents  of  this  kind  should  turn  up  in  the  Venetian 
Archives.  For  the  present  we  must  suppose  that  the  countries  surrounding  the 
Mediterranean  ordered  eye-glasses  from  this  industrial  centre,  and  that  the  Spanish 
colonies  will  have  bought  spectacles  as  they  later  on  bought  Venetian  telescopes. 
Whether  the  signs,  mentioned  by  Garzoni,  of  "the  large  Eye-glass"  and  of  "the 
Angel "  were  master  signs  as  well  as  street  signs  is  not  known ;  we  have  at  present 
no  knowledge  of  Venetian  master  signs,  although  we  should  suppose,  that  such 
signs (S))  might  have  been  of  great  use  to  the  trade. 

For  our  subject,  however,  the  principal  importance  of  the  Venetian  craft  lies 
in  the  treatment  of  the  glasses,  especially  in  the  numbering.  From  (jarzoni's  short 
remarks  we  know  that  the  craft  was  able  to  measure  the  influence  of  the  glass 
material  on  the  power  of  the  ready-made  lens,  and  we  must  therefore  conclude 
that,  considering  the  time,  the  measuring  apparatus  was  of  remarkable  exactness. 
Further,  we  know  from  the  same  source  that  the  Venetian  craftsmen,  like  their 
South  German  colleagues,  were  aware  (25)  that  two  weak  lenses  added  together 
were  of  the  power  of  one  stronger  lens,  and  that  the  power  of  a  strong  one  could 
be  halved  by  subtraction  of  a  weak  lens.  Remembering  this,  it  does  not  seem 
impossible  that  the  Venetian  craftsmen  had  chosen  a  certain  lens  as  unit  and,  by 
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putting  two,  three,  four,  etc.,  such  units  behind  each  other,  had  developed  a  scale 
according  to  the  power  of  lenses.  If  our  supposition  be  correct,  they  had  founded 
a  similar  system  to  the  modern  one  accepted  in  1875  ^^^  international  use,  where 
the  lens  of  the  power 

i/im  =  I  dioptre 
is  the  unit.    Garzoni's  lens  numbers  may  be  grouped  in  such  a  way  and  his  unit 
was  perhaps  equal  to  o-6  d.    It  is  possible  that  the  power  of  any  given  lens  was 
determined  by  means  of  the  magnification  (or  diminution)  exercised  on  a  certain 
measuring  mark. 

Such  a  system  is  indeed  known  to  us  from  a  book  published  somewhat  later, 
that  is  in  1623,  when  a  Spanish  author,  B.  Daza  de  Valdes,  describes  it.  In  the 
French  translation  (su),  the  only  version  of  it  I  know,  he  made  some  mistakes  as 
regards  the  use  of  the  measuring  scales,  and  I  am  therefore  of  opinion  that  he  had 
perhaps  not  invented  but  only  taken  over  this  system.  Taking  into  account  the  close 
connections  then  existing  between  Spain  and  Italy,  I  do  not  think  the  hypothesis 
too  bold  that  Daza's  system  was  worked  out  on  the  basis  laid  down  by  the  old 
Venetian  factories  and  their  experience  of  300  years  or  more.  Further  I  should 
not  consider  it  impossible  that  such  a  system  was  brought  over  the  Alps  as  well 
and  served  as  means  for  distinguishing  the  twelve  different  steps  or  distinctions  in 
use  at  Regensburg.   But  I  have  no  evidence  of  this. 

In  any  case  we  must  credit  the  old  Venetian  craftsmen  with  a  good  knowledge 
of  the  requirements  of  an  optician,  especially  when  we  take  into  account  the  long 
duration  of  their  experience.  I  may  mention  here  that  M.  A.  de  Dominis,  whose 
optical  treatise  was  published  in  161 1  in  Venice,  evidently  knew  something  of  the 
best  forms  of  spectacle  glasses.  He  distinguished  plano-convex  and  plano-concave 
lenses  and  conscientiously  put  the  spherical  surface  of  the  collecting  glasses  towards 
the  object,  of  the  dispersive  lenses  towards  the  eye. 

As  Daza  de  Valdes  in  1623  gives  the  same  rule,  and  as  in  the  surviving  Niirnberg 
master  pieces  between  1608  and  1721  the  plano-convex  glasses  are  placed  in 
accordance  with  it,  we  shall  not  be  far  wrong  if  we  credit  the  Venetian  craftsmen 
with  this  knowledge,  although  it  is  an  hypothesis  only.  Perhaps  we  could  point  to 
the  clever  and  active  exploitation  of  the  Dutch  telescope  in  Venice  in  order  to  make 
the  above  supposition  more  allowable. 

Venetian  practice  in  mounting  spectacles  remains,  as  far  as  our  knowledge  goes, 
decidedly  behind  that  of  the  Regensburg  craft.  If  Garzoni  was  not  misinformed 
by  his  instructor,  the  Venetian  spectacles  were  mounted  in  bone  mountings  in 
1585,  whereas  in  the  respective  countries  on  this  side  of  the  Alps  bone  had  been 
extensively  replaced  by  leather  and  horn,  and  the  metal  mounting  was  in  progress. 

IV.    The  spectacle  development  in  Spain 

Even  somewhat  before  Garzoni's  book,  that  is  to  say  during  the  lifetime  of 

August,  the  elector  of  Saxony  (who  died  in  1585),  we  hear  of  a  kind  of  spectacles, 

at  the  same  time  expensive  and  comfortable,  which  were  made  (I6)  for  this  sumptuous 

prince  by  a  Spaniard.  Such  a  single  notice  has  not  much  weight,  as  it  might  be  the 
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tale  of  the  remarkable  dexterity  of  some  special  artisan,  but  soon  after  the  testimonies 
multiply,  and  we  must  suppose  that  spectacles  were  specially  valued  in  Spain. 
Preserving  chronological  sequence,  we  may  point  out  that  the  renowned  painter 
El  Greco  (Domenico  Theotokopuli,  born  between  1545  and  1550,  died  1614)  in 
1596  painted  the  Spanish  Cardinal  Nino  de  Guevara  with  large  nose-spectacles 
held  by  threads  on  the  ears.  Evidently  this  high  clerical  dignitarj-  used  to  wear 
his  glasses  continually.  It  may  have  been  about  the  same  time  that  Spanish-Italian 
Jesuits  as  missionaries  in  the  far  East  introduced  these  thread-spectacles  even  into 
China,  teaching  the  Chinese  their  manufacture.  The  fact  itself  has  been  related  in 
an  historical  treatise  written  by  Jesuits  about  a  centur}'  later.  That  these  spectacles, 
which  may  have  been  the  form  best  adapted  to  Mongolian  faces,  were  and  remained 
popular  in  China,  cannot  be  doubted :  quite  a  number  of  travellers  bore  testimony(37) 
to  this  from  the  beginning  of  the  19th  centur}'  onwards,  although  they  did  not 
know  anything  of  the  above  development.  The  Chinese  have  improved  upon  the 
old  Spanish  form  by  adding  a  front  rest  to  it,  and  it  seems  that  this  improvement 
has  also  been  accepted  in  Japan. 

Quite  an  explicit  paragraph  about  the  Spanish  custom  of  wearing  glasses  in 
public  has  been  written  by  the  above-mentioned  Hieronymus  Sirturus,  a  Milanese. 
The  few  details  that  are  as  yet  known  about  his  life  shall  be  given  here  according 
to  R.  Greeff(38).  We  learn  from  this  source  of  three  books  written  by  him:  the 
first  published  in  1614  on  public  law  and  similar  subjects,  the  second  published  in 
i6i8  on  optical  matters,  especially  the  telescope,  and  the  third  published  in  1638 
as  a  memoir  in  Italian,  dedicated  to  G.  Baita.  Every  one  of  these  was  printed  in 
Frankfurt  a.M.  According  to  Count  C.  A.  Manzini(39),  Sirturus  seems  to  have 
been  still  alive  in  the  spring  of  1660.  He  himself  mentions  having  published  the 
plan  for  his  optical  book  as  early  as  1612,  having  travelled  between  1609  and  161 1 
in  order  to  collect  knowledge  with  regard  to  the  Dutch  telescope  patented  in  the 
autumn  of  1608.  Supposing  him  to  have  been  twenty  years  old  in  1609,  we  conclude 
that  he  probably  lived  from  1589  to  1660,  a  period  which  is  by  no  means  impossible. 
This  somewhat  mysterious  personage  tells  us  that  at  his  time  spectacles  were 
immensely  popular  in  Spain,  as  spectacle  wearers  were  supposed  to  look  more 
important  and  dignified.  The  weakest  number  of  collective  glasses  bore  the  Spanish 
designation  vista  commun  even  in  Italy;  it  seems  to  have  had  a  power  of  1-5  D. 
Sirturus  mentions  having  made  the  personal  acquaintance  of  the  man  who  intro- 
duced the  art  of  spectacle  making  into  Spain.  If  that  be  really  the  case,  it  had  a 
remarkably  quick  growth  in  that  countrj'.  In  his  time,  so  he  was  infonned,  Barcelona 
was  the  place  where  the  Spanish  spectacles  were  made. 

In  agreement  with  many  statements  made  by  Sirturus  arc  the  remarks  of  a 
Spanish  author  of  nearly  the  same  time,  the  licentiate  B.  Daza  do  Valdes,  whose 
book  appeared  in  1^)23  in  Seville;  my  knowledge  of  it  is  ilerived  from  the  French 
translation  (36),  finished  in  1627,  which  was  published  2^)5  years  later  by  G.  Albertotti. 
Here  we  find  the  first  treatise  on  spectacles  in  a  modern  language,  and  it  serves  as 
one  of  the  strongest  proofs  imaginable  for  the  high  value  attached  to  its  subject  in 
Spain,  as  no  other  country  at  that  time  showed  sufficient  interest  in  spectacles  to 
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bring  out  a  similar  hook.  In  two  different  places(3o,  3i)  I  have  written  about  Daza's 
optical  knowledge,  but  even  if  my  supposition  of  Italian  influence  be  correct,  the 
fact  of  such  an  interest  in  eye-glasses  remains  none  the  less  noteworthy.  The 
practical  man,  by  whom  Daza  de  Valdes  was  informed,  must  have  had  quite  a 
remarkable  knowledge:  anisometropia,  hypermetropia  between  4  and  5  D,  pro- 
tecting glasses  in  meniscus  form,  impression  of  coldness  in  touching  pebble  lenses, 
collective  lenses  with  sharp  rims,  and  other  things  were  known  to  him.  As  he 
mentions  spectacles  "  attachees  avec  des  agraphes  aux  oreilles,"  there  is  a  possibility 
of  his  having  recommended  ear-spectacles  as  early  as  1623.  A  notice  by 
P.  Pansier  (JO)  is  in  good  accordance,  when  he  says  that  he  saw  in  the  Peiresc 
collection  (time  about  1629)  the  drawing  of  an  old  Spaniard  wearing  spectacles  of 
such  a  kind.  I  myself  have  of  course  not  seen  these  objects  in  the  Peiresc  collection 
in  Paris,  but  I  mention  them  here,  as  perhaps  someone  in  my  audience  may  have 
occasion  to  look  up  this  source  of  Pansier's  and  report  more  fully  about  it. 


Fig.  7.    Medal  showini;  the  Marquis  d'Astorga  with  nose-spectacles;  taken  from  Ref.  (41). 

As  places  with  spectacle  manufacture  Daza  de  Valdes  mentions  Madrid ,  Lisbon 
and  Seville,  especially  the  last,  where  an  export  trade  of  spectacles  with  the  colonies 
was  established.   He  does  not  speak  of  Barcelona. 

That  the  spectacles  were  valued  even  in  the  highest  Spanish  circles  is  cor- 
roborated by  a  report (15)  reprinted  in  J.  Rouyer's  book.  This  report  was  written  in 
1645  by  Mme  d'Aulnoy,  a  lady  of  the  French  court,  about  her  impressions  at  the 
Spanish  court.  As  at  that  time  spectacles  used  not  to  be  worn  in  good  Parisian 
society,  she  was  the  more  struck  by  the  difference  in  Spain.  She  especially  men- 
tioned spectacles  "attachees  aux  oreilles,"  but  we  do  not  know  whether  they  were 
ear-  or  thread-spectacles.  Opticians  ought  to  follow  up  traces  of  this  kind;  in 
consequence  of  the  general  impoverishment  such  investigations  are  hardly  possible 
in  the  Germany  of  to-day,  but  in  countries  where  the  conditions  for  scientific  work 
are  more  favourable  this  interesting  time  should  be  studied  somewhat  more.  The 
Spanish  predilection  for  spectacles  seems  to  have  subsisted  some  time :  A.  v.  Pflugk 
has  shown  (41)  that  such  a  high  dignitary  as  the  Viceroy  of  Naples  (A.  Alvarez, 
Marquis  d'Astorga,  1672-5)  used  to  wear  nose-spectacles  in  public;  he  is 
represented  in  a  picture  in  this  way,  and  there  is  also  a  medal  (Fig.  7)  showang 
him  with  his  nose-spectacles. 
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In  the  i8th  centun,',  however,  this  custom  seems  to  have  gradually  succumbed 
before  the  French  usage  of  concealing  the  ametropic  state  of  the  eyes  as  much  as 
possible.  When  ear-spectacles  appeared  again  between  1702  and  1714,  they  seem 
to  have  been  of  English  production.  We  are  still  uncertain  as  to  the  time  when 
nose-spectacles  (the  pince-nez  of  the  present  day)  were  re-introduced ;  I  have  been 
unable  to  trace  them  previous  to  1846. 

V.  Further  growth  and  gradual  decline  of  the  South  German  spectacle  factories 
in  the  lyth  and  iSth  centuries 

There  is  hardly  any  doubt  that  during  the  first  peaceful  eighteen  years  of  the 
17th  century  the  general  manufacture  of  spectacles  in  South  Germany  was  in  the 
same  state  as  already  described.  About  that  time  the  Niirnberg  craftsmen  intro- 
duced a  new  order  for  the  master  pieces,  built  up  on  Regensburg  influences,  and 
for  more  than  100  years  these  master  pieces  were  always  made  in  the  same  manner 
quite  apart  from  the  ordinar}'  work  of  the  day.  Such  an  important  invention  as  the 
Dutch  telescope  does  not  seem  to  have  extended  its  influence  to  the  spectacle 
makers  in  South  Germany,  probably  because  at  that  time  the  demand  could  not 
call  for  great  numbers  of  telescopes.  That  the  means  for  grinding  and  polishing 
were  not  improved,  we  may  gather  from  an  eyewitness.  H.  Sirturus  tells  us  that 
at  Regensburg  he  saw  two  boys  grinding  at  the  same  stationary  bowl  with  both 
hands.  In  this  way  four  weak  collective  lenses  were  finished  at  once.  But  such 
deterioration  showed  itself  to  the  eyes  of  this  obsen'er  in  other  places  of  spectacle 
manufacture  as  well :  he  mentions  having  seen  at  Rome  and  Venice  the  use  of  such 
sharp  polishing  means  as  aqua  fortis  in  order  to  save  time. 

The  Thirty  Years'  War,  under  which  Niirnberg  as  well  as  Regensburg  suff"ered 
so  much,  cannot  but  have  lowered  the  standard  of  execution,  and  we  must  expect 
a  comparatively  low  state  of  the  spectacle  manufacture  in  these  places  during  the 
second  part  of  the  17th  centurj.  The  free  guild  of  Regensburg  seems  to  have 
observed  the  old  order  as  much  as  possible,  and  a  lucky  chance  has  preserved  the 
testimonial  (12)  given  in  1686  to  an  apprentice  after  having  served  his  years  in  glass 
grinding  (Fig  8).  It  is  probable — though  strict  evidence  is  wanting — that  the 
Regensburg  craft  was  then  more  given  to  the  manufacture  of  telescopes,  the 
spectacle  manufacture  not  proving  sufficiently  remunerative  in  consequence  of 
the  Niirnberg  competition. 

The  conditions  in  the  Free  Town  of  Niirnberg  were  quite  different;  the  trade 
manufacture  was  further  developed,  but  only  in  the  direction  of  cheapness  and 
number  of  the  goods  turned  out.  As  the  times  were  bad,  the  masters  began  to 
lessen  the  status  of  the  journeymen  and  to  deveWp  small  factories  instead  of  the 
old  handwork  with  one  or  two  journeymen.  Their  situation  became  more  pre- 
carious; the  number  of  years  for  serving  as  apprentices  and  journeymen  before 
being  fit  for  the  last  examination  was  lengthened  in  1647  to  ten,  in  1672  to  twelve 
years.  Restrictions  with  regard  to  taking  in  apprentices  are  reported  for  the  years 
1655,  1672  and  1675. 

Nevertheless  this  hard  time  was  not  totally  devoid  of  progress;  its  direction, 


The  Thomas  Yoinii^  Oration 


,  i^-^^-f,.^!  t^iJ^J^ 


FiR.  8. 


Testimonial  (Lehrbrief)  given  to  nn  apprentice  in  i686  for  having  served  his  time;  taken 
from  Ref.  (42). 


Fig.  9.   Woodcut. 
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Fig.  1 1 .    A   collection   of   master 

signs,  mostly  of  Numberg  origin ; 

taken  from  Ref.  (19). 


Woodcut  and  copper  engraving  for  cards  glued  on  little 
boxes  containing  spectacles;  taken  from  Ref.  (19). 
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however,  did  not  point  to  a  higher  qualitj'  but  almost  alone  to  the  quantity  of  goods 
and  the  reduction  of  the  price. 

We  have  already  (in  Section  II)  drawn  attention  to  some  German  metal- 
mounted  spectacles  made  towards  the  end  of  the  i6th  centur}';  according  to 
pictures  of  that  period  this  kind  of  mounting  seems  to  have  been  much  in  use  in 
Holland.  Spectacles  in  such  mountings  appear  in  the  decrees  of  the  High  Council 
of  1675  in  NiJmberg  at  the  same  price  as  spectacles  in  leather  or  horn:  from  this 
equality  of  price  we  may  conclude  that  they  had  been  put  on  the  market  some  time 
before,  and  the  difficulties  of  the  manufacture  had  been  already  overcome. 
A.  v.  Pflugk's  investigations  (19)  have  shown  that  the  first  Niirnberg  metal-mounted 
spectacles  were  rather  clumsy,  the  mounting  being  hammered  by  hand,  and  the 
difficulties  of  putting  name,  sign,  and  town  on  the  mounting  could  not  then  be 
overcome.  For  this  reason,  probably,  the  craft  began  to  give  these  data  in  printed 
paper,  partly  on  cards  glued  on  little  boxes  (eine  Lade)  containing  six,  eight,  ten  or 
twelve  pairs  of  spectacles,  and  partly  on  longer  strips  for  wrapping  up  the  spectacles. 
In  the  earlier  time,  about  1640,  woodcuts  (Fig.  9)  were  employed  for  this  kind  of 
work;  later  on  copper  engravings  (Fig.  10)  were  preferred.  These  printed  papers 
were  retained,  even  when  the  industry  had  overcome  the  difficulty  and  was  able  to 
provide  the  metal  mounting  with  the  necessary  details.  The  boxes  before  mentioned 
were  an  innovation  that  had  its  bearing  on  the  trade  customs  as  well.  Whereas 
formerly  the  dozen  was  the  unit  for  the  merchant  buying  his  goods,  it  is  now  the 
box  (die  Lade),  and  at  first  the  number  of  boxes  for  a  Thaler  (then  3^.  ^d.)  was 
given,  later  on  the  price  in  Thalers  for  100  boxes;  so  we  see  from  the  price  list 
for  retailers  the  way  in  which  the  single  masters  of  the  craft  were  deposed  by  the 
owners  of  small  factories  working  with  division  of  labour.  The  price  for  the  single 
pair  of  spectacles  was  at  first  the  same  as  formerly,  about  3  farthings  for  the 
tradesman;  it  went  down  about  the  year  1741  to  zl  farthings;  but  about  the  year 
1773,  for  which  reliable  information («)  is  forthcoming,  renowned  factories  could 
realize  something  like  4  farthings  for  the  ordinary  pair. 

So  trifling  a  price  was  the  efl^ect  of  the  development  of  the  metal  mounting;  it 
seems  to  have  been  brought  about  in  sixty  years  or  so.  We  have  pointed  to  the 
fact  that  the  first  common  metal  mountings  were  hammered  by  hand ;  we  hear  that 
some  time  later (ii»)  the  flattening  of  the  brass  thread  and  its  grooving  was  effected 
by  mechanical  means  (Plattmiihle)  worked  by  water  power,  and  we  know  that  in 
the  end — after  1730 — the  pressing  part  was  so  improved  that  it  not  only  grooved 
the  flattened  thread  but  (as  Namen-  or  Musierwelle)  also  imprinted  on  it  the 
factory  name,  sign  (see  Fig.  11)  and  town.  The  thread  treated  in  this  way  was  bent 
around  the  glasses  in  such  a  manner  that  in  the  middle  a  part  remained  free  in  order 
to  eff'ect  the  pressure  on  the  nose,  whereas  the  two  mountings  proper  were  finished 
by  fastening  the  loose  ends  of  the  grooved  thread  with  the  finest  binding  thread. 
In  this  way  the  unknown  inventor  or  inventors  had  brought  the  mounting  to  a 
very  simple  and  easily-made  form,  that  could  be  sold  at  a  ver>'  low  price  at  home 
and  abroad  to  the  masses,  who  did  not  attach  great  value  to  the  exterior.  Doubtless 
the  solidity  and  adaptability,  as  developed  by  the  Regensburg  masters  in  the 


l^he  Thomas  Young  Oration  57 

different  forms  of  their  horn  mountings  for  nose-spectacles,  were  lost.  These 
quaUties  could  not  be  retained  with  such  a  striving  after  the  largest  numbers. 
And  in  the  time  of  such  development  the  Niirnberg  craft  retained  the  old  master 
pieces  according  to  the  necessities  of  15 10  or  1580,  not  realizing  that  the  funda- 
mentally altered  times  were  bringing  forward  important  questions  enough  with 
regard  to  the  cheap  spectacles!  Nevertheless  money  was  still  to  be  made  in  this 
way,  as  we  may  conclude  from  the  important  competition  in  the  neighbouring 
town  of  Fiirth.  In  this  place — it  belonged  to  three  different  political  powers — not 
even  the  rickety  and  rotten  barriers  preserved  in  Niirnberg  against  underselling 
competition  were  in  existence,  and  we  cannot  wonder  that  the  spectacle  prices  of 
the  Fiirth  industry  (introduced  there  about  the  year  1710  by  Giinert  brothers  and 
J.  E.  May)  remained  even  below(ii)  those  of  Niirnberg.  We  have  found  evidences 
enough  in  the  second  half  of  the  i8th  century  to  be  sure  of  our  statement.  The  old 
primitive  and  unwholesome  way  of  grinding  and  polishing  was  retained  and  the 
methods  of  putting  out  the  greatest  number  of  indifferent  glasses  were  developed 
with  diabolical  ingenuity.  We  find  it  asserted  in  letters  and  descriptions  of  that 
time  that  no  other  place  could  compete  with  Niirnberg-Fiirth  as  regards  the  pro- 
duction of  cheap  spectacles  for  the  masses.  Once  only  the  experiment  was  made 
according  to  a  premeditated  plan  to  introduce  this  kind  of  manufacture(t5)  to  the 
East  of  Germany,  to  Frankfurt  a.  Oder,  where  Frederick  the  Great  tried  to  found 
a  factory  for  cheap  spectacles.  The  experiment  absolutely  failed,  probably  because 
this  kind  of  work  could  only  be  effected  by  a  population  used  to  it  from  childhood. 

Such  cheap  spectacles  are  well  known  to  us;  the  different  collections  contain 
such  pieces,  preserved  in  rather  great  numbers.  Whoever  wishes  to  learn  more 
details  on  these  questions  must  be  referred  to  R.  Greeff  and  A.  v.  Pflugk.  The 
outward  appearance  of  this  kind  of  spectacles  was  not  bad :  the  brass  thread  was 
silvered  (leonischer  Draht)  and  contrasted  not  disagreeably  with  the  glasses  having 
a  green  tinge.   In  daily  use,  however,  the  thin  silvering  soon  disappeared. 

A  great  quantity  of  such  spectacles  was  sold  at  home  and  abroad  without 
difficulty,  as  they  were  extremely  cheap.  From  the  reliable  reports  of  the  Prussian 
counsellor  Trummer{i5)  we  know  that  a  pair  of  nose-spectacles  was  sold  in  1773 
by  the  pedlars  at  about  4J. ;  it  was  impossible  for  a  manufacturing  optician  to 
furnish  his  cheapest  goods  at  such  a  low  price.  I  remember  having  seen  the  value 
of  the  cheapest  nose-spectacles  in  London  fixed  at  that  time  at  i  shilling,  or  about 
three  times  the  money.  Two  different  points  may  be  mentioned  as  evidences  of  the 
fact  that  the  Niirnberg-Fiirth  industry  exported  their  goods  to  England  as  well. 

The  first  is  a  direct  evidence:  in  an  old  stone  cofiin(itj)  opened  about  1828  there 
was  found  a  pair  of  nose-spectacles  bearing  on  the  metal  rims  the  inscription: 
Jo.  Erhardt  May  Seel.  Erb.  Peter  Conrad  Weigel.  We  know  from  independent 
sources  that  P.  C.  Weigel  was  son-in-law  and  successor  to  J.  E.  May,  the  founder 
of  the  Fiirth  spectacle  industry,  and  as  it  seems  certain  that  the  rims  were  pressed 
on  the  improved  apparatus  (Namenwelle),  we  must  date  this  pair  at  a  year  later 
than  1730. 

The  second  example  we  take   from   Goldsmith's    Vicar  of  Wakefield,  where 
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Moses  gives  away  the  colt  for  a  gross  of  silver  ( !)  spectacles.  I  should  like  to  suppose 
that  here  South  German  spectacles  were  used  in  order  to  cheat  the  inexperienced 
boy,  as  the  spectacles  were  not  handed  over  by  an  optician  in  his  shop  but  by 
vagabonds  in  the  turmoil  of  a  fair.  It  is  quite  likely  that  Goldsmith  had  heard  of 
similar  cases,  and  the  whole  description,  with  the  copper  wire  thinly  silvered, 
agrees  wonderfully  well  with  the  knowledge  we  have  of  the  outward  appearance 
of  those  cheap  nose-spectacles.  I  may  add  another  instance  still:  when  Mc.\llister(47) 
in  1783  opened  his  store  in  Philadelphia  with  "a  bushel  basket  full  of  spectacles," 
we  must  conclude  that  they  w-ere  the  cheapest  factor}-ware,  as  no  optician  would 
speak  in  so  derogatory  a  manner  of  his  laboriously  finished  goods.  May  not  these 
have  been  Niimberg-Fiirth  goods  as  well? 

Direct  accounts  concerning  the  export  trade  of  the  factories  are  not  very 
numerous;  I  should  even  think  that  some  part  of  this  trade  was  done  by  middlemen 
without  knowledge  of  these  factories.  As  far  as  I  have  found  any  information, 
May's  and  his  successors'  spectacles  were  exported  to  England,  Austria  and  Italy; 
other  Fiirth  factories  sent  their  goods  to  Scandinavia  and  Finland.  This  fact  has 
been  corroborated  by  the  historical  studies  published  in  1914  by  P.  Wirzenius(48), 
who  generally  found  old  spectacles  of  German  (i.e.  Niirnberg-Furth)  origin  in 
northern  collections.  Concluding  these  evidences  of  the  Fiirth  trade,  I  may  cite  a 
sentence  of  later  date,  that  possibly  contains  correct  information:  "as  the  lenses 
were  good  as  well  as  cheap,  large  quantities  were  exported  to  England,  where  the 
glasses  were  taken  from  their  simple  mountings  and  mounted  anew." 

On  the  whole,  the  South  German  spectacle  factories  aimed  too  much  at  cheap- 
ness. They  have  certainly  helped  the  masses  of  many  European  countries  to  cheap 
eye-glasses,  and  in  so  far  we  may  mention  them  with  this  qualified  approval.  But 
as  they  were  decidedly  against  any  alteration  that  might  interfere  with  the  cheapest 
production,  the  quality  of  their  goods  could  not  nearly  be  compared  with  those 
brought  out  by  conscientious  opticians.  It  was  to  be  expected  that,  as  soon  as  a 
factory  was  established  in  Germany  with  new  and  advanced  methods  of  grinding 
and  polishing,  the  Niirnberg-Furth  factories  would  suffer  considerable  loss;  and 
indeed  this  industry  could  not  hold  its  own  in  the  face  of  the  competition  of  better 
governed  factories  in  the  19th  century. 

VI.    The  grwct/i  of  the  spectacle  grincling  optician 

The  beginning  of  the  17th  century  pretty  well  coincides  with  that  of  an  optical 
epoch,  that  is  to  say,  with  the  invention  of  the  Dutch  telescope  patented  in  1608. 
It  cannot  be  our  object  here  to  describe  the  general  impression  made  on  the  whole 
civilized  world  by  the  new  invention,  which  from  its  beginning  was  extensively 
used  for  military  purposes;  the  Italians  especially  seem  to  have  been  interested, 
whereas  at  present  we  do  not  know  anything  of  its  development  in  Holland.  In 
1618  busy  Sirturus  tells  of  comparatively  old  experiments  with  the  telescope  made 
by  him  and  his  friends,  and  the  reliable  Count  C.  A.  Manzini  gives  us  interesting 
details (3!))  regarding  the  steps  taken  in  Venice  in  connection  with  the  regular 
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construction  of  Dutch  telescopes  long  before  1660  and  the  trade  in  such  instruments. 
One  of  the  mirror  grinding  masters  in  Venice  taught  him  how  to  form  and  polish 
lenses,  and  he  pays  him  his  tribute  of  thanks  in  a  manner  honourable  to  both 
concerned. 

Evidently  the  new  problems  gave,  so  to  speak,  fresh  life  to  the  lens  grinding 
profession  and,  luckily  enough,  there  were  some  Italian  scientists  then  willing  to 
direct  their  energies  to  the  new  instrument;  we  shall  here  only  point  to  G.  Galilei, 
II.  Sirturus  and  C.  A.  Manzini.  Very  soon  the  inmates  of  different  monasteries 
were  interested  in  the  new  invention,  and  we  cannot  wonder  that  the  most  learned 
order,  the  Societas  Jesu,  took  their  share  in  this  development.  It  is  only  necessary  to 
mention  the  name  of  C.  Scheiner,  a  man  equally  important  as  optician,  physiologist 
and  astronomer,  in  order  to  show  that  the  Jesuits  then  possessed  scientific  members 
of  a  very  elevated  rank  indeed.  The  methods  for  grinding  and  polishing — as  the 
books  of  H.  Sirturus,  C.  A.  iVIanzini,  Z.  Traber,  J.  Zahn,  Cherubin  d'Orleans 
amongst  others  show — were  developed  scientifically  and  the  results  were  com- 
municated in  a  verj'  liberal  manner,  as  no  pecuniary  interests  were  in  question. 
.\s  these  books  were  written  in  Latin,  then  the  general  medium  for  scientific  com- 
munication, the  whole  discussion  was  held,  so  to  speak,  in  a  higher  sphere  and  far 
removed  from  the  daily  cares  of  the  nether  world  of  artisans  and  mechanics. 
I  should  especially  advise  those  of  my  hearers  who  are  able  to  understand  the  Latin 
of  the  17th  century  to  read  the  programme  (49)  of  the  Jesuit  Balthasar  Conrad 
(1599-1660).  Personally  I  know  of  few  opticians  who  could  have  conceived  the 
plan  of  an  optical  book  with  the  same  disinterestedness  and  with  the  same  purely 
scientific  aim. 

But  to  return  to  the  opticians  of  tiie  17th  century!  As  such  optically  interested 
monks  ground  lenses  and  adapted  them  —preferably  to  clerical  patients — they  kept 
an  obsen'ant  eye  on  the  people,  whose  sight  they  improved,  and  they  wrote  down 
their  clever  observations.  J.  Zahn  wrote  such  a  treatise  in  1686  in  a  very  successful 
way,  and  I  do  not  think  that  any  of  the  spectacle  books  in  the  i8th  century  were 
markedly  superior  to  Zahn's  chapter  on  eye-glasses.  I  willingly  agree  that  the 
books  of  C.  Hertel  in  1716,  of  M.  Thomin  in  1746,  and  of  G.  Adams  in  1786 — 
in  order  to  mention  a  remarkable  optician  of  each  of  the  three  nations  in  question 
— gave  more  details  occasionally,  but  I  do  not  think  that  they  were  of  a  decidedly 
superior  conception  to  that  of  this  old  monk. 

These  spectacle  adapting  monks  were  soon  replaced  by  the  group  of  artisans 
whom  to-day  we  call  opticians;  it  is  not  impossible  that  they  learned  a  good  deal 
from  these  clerics,  but  unfortunately  the  state  of  optical  history  does  not  allow  of 
giving  evidence  for  this. 

My  hearers  will  doubtless  be  interested  in  my  bringing  together  some  informa- 
tion as  to  the  designation  "optician"  which  is  universally  used  nowadays.  It  was 
not  so  formerly,  as,  for  instance,  J.  Kepler,  in  the  title  of  his  grand  book  containing 
the  foundations  of  modern  optical  knowledge,  uses  the  term  "opticus"  for  a  man 
versed  in  the  fabric  of  the  eye  in  the  sense  of  physiologists  who  specially  studied  the 
parts  of  the  eye  and  their  use.  By  a  happy  chance, and  with  the  valuable  help  rendered 

5—2 


6o 


M.  von  Rohr 


by  my  friend  Dr  Seitz,  I  was  able  to  buy  an  old  copper  engraving  (Fig.  12)  of  1635 
for  the  Zeiss  collection.  It  shows  the  bust  of  a  man  othenvise  unknown,  C.  Miiller 
of  Berlin,  who  was  Xotariiis  Piiblicus  et 
Electoris  BrandenbiogiciOpticus  at  that  place. 
This  man,  who  had  certainly  received  a 
university  education  as  a  law  student,  may 
have  had  a  hobby  for  optical  experiments 
and  curiosities.  Parading  it  before  the  Berlin 
court  of  that  time  he  obtained  the  court 
title  of  "Opticus,"  as  we  see  from  the 
engraving.  It  is  decidedly  coupled  with 
his  scientific  character  and  has  no  relation 
to  any  optical  trade.  Soon  aftenvards, 
however,  things  were  changed :  a  Capucine 
friar(50)  of  a  higher  rank,  Antonius  Maria 
Schyrlaeus  de  Rheita,  tells  us  in  1645  of  an 
artisan  G.  JNIattmiiller,  who  was  Sacr.  Caes. 
Maj.  Opticus,  and  of  another,]. Wisel,  whom 
he  describes  as  an  opticus  in  Augsburg. 

We  may  therefore  take  for  granted  that 
the  use  of  the  word  opticus  for  a  certain 
craftsman  was  quite  an  ordinary  thing 
for  scientific  men  writing  Latin  in  the 
middle  of  the  17th  century,  and  it  seems  that 
this  was  effected  at  least  for  some  parts  of  the  German  territory  by  the  intermediate 
step  of  a  court  designation.  In  1710  the  Coburg  schoolmaster  J.  M.  Conradi  uses  (51) 
the  word  Opticus  in  a  German  booklet  for  a  craftsman  as  a  matter  of  fact  not  requiring 
any  explanation.  With  regard  to  the  linguistic  use  of  the  French  term  "opticien" 
in  the  i8th  century  I  have  not  sufficient  knowledge  to  be  able  to  treat  it  at  greater 
length  before  you.  It  is,  however,  possible  that  it  was  in  general  use  sooner  than 
the  corresponding  word  "optician"  in  English.  Taking,  for  instance,  F.  Morgan's 
bilinguistic  handhiilii.t)  as  reproduced  in  the  ()f>tician  some  years  ago  (Fig.  13),  we 
notice  that  Morgan  described  himself  in  the  English  half  as  an  Optical,  Philosophical 
and  Mathematical  Instrument-maker,  whereas  in  the  French  half  he  uses  the  simple 
expression  opticien.  As  there  is  no  date  given  to  this  handbill,  we  must  try  to  date  it 
by  deduction  and  I  hope  to  do  so  in  this  way:  In  the  passage  before  the  last  but  one 
we  read  "Octants  de  Mons.  Iladley."  We  must  therefore  conclude  that  the  instru- 
ment-maker Iladley  was  then  alive,  and  his  London  colleague  Morgan  was  certainly 
able  to  know  that.  As  far  as  I  could  ascertain,  John  Iladley  brought  out  his 
quadrant  in  the  year  1731  and  died  in  February,  1744.  We  have  therefore  for  the 
date  of  this  handbill  an  uncertainty  of  thirteen  years,  but  we  may  suppose  that  a 
somewhat  longer  time  was  necessary  before  other  instrument-makers  advertised 
the  invention  of  one  of  their  competitors,  so  that  we  come  somewhat  nearer  to 
1744.   In  passing,  I  may  observe  that  we  can  place  this  F.  Morgan  in  the  company 
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of  the  nine  old  opticians  of  note,  whom  R.  B.  Prosser  enumerated  (52)  some  years 
ago  in  discussing  an  historical  document  of  optical  value.  There  we  find  Morgan 
residing  in  Car\'  Street,  whereas  in  the  handbill  he  gives  his  address  as  27,  Ludgate 
Street.  We  will,  however,  return  to  the  designation  "optician."  It  was  perhaps  not 
in  general  use  even  towards  the  end  of  the  i8th  century,  as  W.  C.  Wells,  a  London 
physician  and  scientist  of  great  insight  (sa),  uses  this  term  in  1792  almost  in  the 
same  sense  as  Kepler  188  years  before,  whereas  he  designates  the  spectacle  maker 
as  "artist."  It  may,  therefore,  be  advisable  to  look  up  the  old  designations  for 
artisans  ol  this  kind  in  order  to  ascertain  the  date  when  the  term  optician  comes 
into  everyday  use  in  the  English  language. 
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Fig.  13.   Morgan's  handbill  of  about  1740,  showing  spectacles  of  very  old  form;  taken  from  Ref.  (13). 
Compare  the  spectacles  of  1640  shown  in  Fig.  g. 

After  this  linguistic  digression  we  may  remark  that  about  the  year  1680  these 
craftsmen  (54)  seem  to  have  taken  up  the  regular  production  of  small  Dutch  tele- 
scopes under  the  name  of  "perspectives."  The  new  designation  perspective- 
makers  is  then  to  be  found  in  the  South  German  towns.  In  the  i8th  century  and 
especially  in  South  Germany  it  becomes  quite  a  regular  custom  for  artisans  of 
higher  repute  to  call  themselves  opticians  and  perspective  makers.  We  may  under- 
stand the  reason  from  a  custom  then  prevalent  in  the  higher  circles.  In  Mme 
Heymann's  book (55)  too  we  find  in  the  i8th  century  a  great  number  of  small 
perspectives,  mostly  with  tasteful  decoration,  French  etiquette  forbidding  the 
wearing  of  spectacles  in  good  society;  one  of  the  precarious  helps  allowed  to 
ametropic  people  was  the  stealthy  use  of  a  small  perspective  hidden  in  the  wearer's 
hand.  It  is  possible  that  this  custom  was  not  so  prevalent  in  England,  whereas  it 
seems  to  have  ruled  quite  despotically  in  good  Continental  society. 

With  regard  to  the  English  spectacle  industry,  we  have  already  pointed  out  in 
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the  first  part  of  this  lecture  that  it  must  have  existed,  aUhough  we  do  not  i^now 
many  particulars  besides  the  quadrilateral  forms  of  the  glasses  and  their  price. 
From  the  Charter  of  1629  we  see(5(j)  that  at  that  time  the  importation  of  spectacles 
was  quite  an  ordinary  thing,  and  it  was  the  privilege  of  the  guild  to  judge  (and  to 
condemn)  not  only  home  products  but  imported  goods  as  well.  The  severity  of 
the  judgment,  however,  seems  to  have  abated  considerably  during  the  i8th  century. 
The  guild's  charter  was  signed  in  1629  by  Charles  I.  The  guild  must  have  contained 
quite  a  considerable  multitude  of  fellows,  as  there  were  then  to  be  elected  one 
Master,  two  Wardens,  eight  Assistants,  and  one  Clerk.  The  by-laws  are  known  to 
me  only  in  so  far  as  L.  Laurance's  report  (■''•T)  of  them  goes.  We  here  find  restrictions 
regarding  the  number  of  journeymen  as  well  as  even  regarding  the  quantity  of  the 
ready-made  goods.  Purchased  glass  had  to  be  distributed  among  all  the  fellows  of 
the  guild,  another  custom  of  very  great  importance.  There  seems  to  have  been 
some  change  in  the  year  1739,  testified  by  the  alteration  of  the  Company's  Coat  of 
Arms.  W.  \\'olley  gave  some  description (■'.'•)  of  it,  and  from  that  time  optical 
instrument-makers  were  included.  I  am  not  in  a  position  to  say  whether  these 
could  only  be  elected  as  new  members,  or  whether  London's  spectacle  makers  in 
general  developed  themselves  into  opticians  in  the  above  wider  sense.  About  the 
beginning  of  the  i8th  century  we  find  that  form  of  spectacles  in  London  which 
to-day  bears  this  name  by  preference,  that  is  to  say  ear-spectacles.  M.  W.  Dunscombe 
has  shown  (59)  such  pieces,  formerly  belonging  to  his  grand  collection.  He  dated 
them  between  1702  and  1714,  and  an  authority  like  the  late  E.  Pergens  adopted  (OO) 
his  opinion.  I  can  point  to  a  comparatively  early  mention  of  such  spectacles  in 
R.  Smith's  Optics  of  1738,  but  I  am  sure  still  earlier  references  will  be  found,  if 
more  attention  is  directed  to  such  places.  We  must,  however,  wait  for  the  results 
of  the  investigation  on  Spanish  spectacle  inventions,  in  order  to  decide  whether 
the  London  ear-spectacles  were  a  real  invention  or  a  re-invention  only.  I  should 
think  that  these  spectacles  were  worn  in  public  as  well,  although  I  cannot  prove 
it.  In  any  case  London  opticians  improved  such  spectacle  mountings  with  an  eye 
to  easy  and  comfortable  wear,  and  the  pair  of  spectacles  with  deep  negative  glasses 
dug  from  the  ground  at  Bath  and  being  worn  about  1750  seems  to  allow  of  my 
supposition.  By  the  way,  it  would  be  interesting  to  know  whether  there  was  any 
public  discussion  about  the  time  of  the  new  custom  of  wearing  spectacles  in 
society.  From  the  corresponding  utterance  of  opinions  to  be  found  in  German 
books  and  newspapers  I  was  able  to  learn  diverse  details,  even  the  great  Goethe  con- 
tributing towards  my  knowledge  and  curiously  enough  declaring  himself  against 
the  continued  wearing  of  spectacles. 

Returning  to  the  old  opticians  whetlicr  they  were  designated  by  this  name 
or  not — it  is  quite  remarkable  how  many  different  instruments  they  sold.  J.  M. 
Dobler  of  Berlin(iii)  in  1719,  F.  Morgan  of  London{i:t)  before  1744,  M.  Thomin 
of  Paris(iS)  in  1746,  and  J.  F.  Mcyen  of  Dresden (03)  in  1747  have  left  lists  of  their 
wares,  and  it  is  in  every  case  quite  a  confusing  variety  of  objects.  In  Dobler's 
case  the  influence  of  Zahn  and  Sturm  is  not  to  be  denied:  he  at  least  depends  on 
scientific  workers. 
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If  we  now  try  to  form  a  more  exact  picture  of  these  old  opticians,  we  shall 
restrict  ourselves  mostly  to  London  masters.  This  will  be  not  only  more  interesting 
for  my  audience  but  also  more  reliable,  as  my  knowledge  of  these  old  craftsmen  is 
decidedly  the  most  developed  for  London.  As  to  the  Parisian  optical  masters  I  have 
a  more  intimate  knowledge  of  M.  Thomin  only,  and  in  Germany  these  men  were 
seriously  handicapped  by  the  want  of  a  great  capital  or  metropolis  and  also  by  the 
fact  of  so  many  retail  dealers  selling  spectacles  bought  in  large  quantities  from  the 
Niirnberg-Fiirth  factories.  It  was  quite  correct  that  the  exact  optician  of  the 
i8th  century  was  against  the  antiquated  and  imperfect  methods  of  grinding  and 
polishing  that  were  used  in  the  old  factories.  But,  unfortunately,  the  opticians 
seem  to  have  undervalued  other  and  more  useful  experience  coming  from  that 
quarter.  In  this  way  the  graduation  according  to  power  was  lost,  although  it  had 
been  in  use  with  the  Venetians,  as  I  think,  and  certainly  with  the  Spaniards. 
H.  Sirturus'  bad  example  was  universally  followed,  when  he  used  a  graduation 
according  to  the  length  of  the  radius  of  the  grinding  tool,  and  I  know  of  no  optician 
of  the  1 8th  century  from  Leutmann  to  Ramsden  who  used  any  other  than  this 
unpractical  scale.  Much  labour  was  to  be  lost  by  scientific  oculists  during  the 
sixties  of  the  19th  century,  before  in  1873  the  ground  was  ready  for  the  inter- 
national graduation  in  dioptres,  although  a  graduation  on  a  similar  basis  had 
apparently  been  in  use  before  1585.  To  give  another  instance  of  a  regression,  the 
knowledge  of  the  fact  that  plaao-convex  and  plano-concave  lenses  in  their  proper 
positions  were  preferable  to  lenses  with  equal  radii  was  widely  spread  at  the  end 
of  the  i6th  century,  as  I  tried  to  show  before;  but  such  a  well-instructed  optician 
as  M.  Thomin  denied  this  as  late  as  1746.  In  this  connection  I  should  like  to 
point  out  the  stubborn  confidence  shown  sixty  years  later  by  W.  Jones  (64)  in  the 
fight  with  his  great  adversary  W.  H.  Wollaston:  we  must  suppose  that  the  com- 
munity did  not  escape  the  danger  of  being  satisfied  with  their  limited  store  of 
mathematical  knowledge.  At  this  time  there  are  undoubtedly  some  pleasing 
exceptions,  and  I  wish  to  direct  your  attention  to  J.  G.  Leutmann  (1667-1736),  at 
first  a  parson  (IB)  in  Dabrun  near  Wittenberg  and  later  on  technical  Professor  in 
St  Petersburg,  who  as  early  as  1719  pointed  out  the  advantage  of  the  meniscus  lens 
for  negative  and  for  positive  powers.  Although  he  did  not  give  such  an  elaborate 
explanation  as  Wollaston  did  eighty-four  years  later,  his  lenses  appear  to  have  been 
rather  more  deeply  curved  than  the  glasses  made  in  1804  by  Dollond  under 
Wollaston's  patent.  But  even  the  limited  success  of  the  periscopic  glasses  was 
denied  to  Leutmann ;  the  opticians  of  his  time  did  not  act  upon  his  advice,  although 
his  little  book  of  the  year  1719  met  with  a  most  remarkable  sale,  its  fourth  edition 
being  printed  as  early  as  1728. 

As  in  the  beginning  of  the  17th  century  the  Venetian  opticians  improved  their 
methods  of  grinding  and  polishing  by  making  Dutch  telescopes,  so  the  London 
opticians  derived  150  years  later  a  remarkable  advantage  over  their  Continental 
colleagues  by  following  Dollond's  example  and  bringing  achromatic  telescope 
objectives  on  the  market.  The  grinding  and  polishing  of  several  surfaces  forming 
a  part  of  one  and  the  same  sphere  was  within  the  reach  of  every  craftsman  in 
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London,  as  testified  in  1813  by  Wollaston.  I  should  think  that  this  exact  and  useful 
method  had  been  developed  or  spread  in  connection  with  the  refinement  necessary 
for  the  new  objectives.  I  have  found  in  one  of  the  German  mercantile  dictionaries, 
printed  towards  the  beginning  of  the  19th  century,  a  statement  with  regard  to  the 
greater  accuracy  of  English  workmanship. 

In  the  second  half  of  the  i8th  century  the  London  optical  craft  must  have 
prospered  exceedingly  well.  E.  K.  Spiegelhalter  gave(*)  a  part  of  W.  Jones'  (of 
Wollaston  memorj')  list,  from  which  we  see  that  in  1799  the  best  double-jointed 
standard  gold  spectacles  (gold  case  included)  were  sold  at  16  guineas,  and  in  1813 
the  same  optician  still  offered  a  pair  at  12  guineas.  We  can  quite  understand  that 
the  prices  of  ordinary  spectacles  at  this  time  were  also  comparatively  high.  As  I 
have  no  prices  of  these  years  at  hand,  I  shall  cite  prices  of  a  time  not  far  advanced: 
in  April,  1804,  W.  Jones  charged  35.  bd.  for  ordinary'  spectacles  with  biconvex 
lenses  of  +  10  D,  and  W.  Kitchiner  in  1824  gives  (UT)  on  p.  10  the  price  of  is.  6d. 
(probably  with  weaker  lenses),  and  on  p.  120  after  Samuel  Pierce  (when.?)  zs.  In 
any  case  we  may  safely  assume  that  towards  the  end  of  the  1 8th  century  people  of 
restricted  means  were  tempted  to  buy  foreign  (South  German)  spectacles,  although 
they  were  not  nearly  so  well  finished  as  spectacles  from  reputed  London  houses. 
As  to  the  amount  of  spectacles  imported  I  have  no  detailed  knowledge  and 
do  not  think  it  probable  that  such  will  be  forthcoming;  details  of  these  old 
times  have  been  lost  to  such  an  extent  that  tljese  particulars  will  also  have 
vanished. 

Returning  once  more  to  the  London  opticians,  we  are  now  able  to  obtain  from 
the  Patent  Office's  publications  some  knowledge  as  to  their  principal  aims.  It  was 
not  so  in  those  times  when  patent  specifications  were  difficult  (08)  to  obtain.  You 
will  here  certainly  remember  Dickens'  biting  description  of  the  Circumlocution 
Office  in  Little  Dorrit.  It  is  only  after  the  change  effected  between  1852  and  1859 
that  the  old  English  patents  became  easily  accessible.  Taking  advantage  of  these 
descriptions,  and  using  at  the  same  time  other  printed  sources  as  well,  we  may 
say  that  J.  Ayscough  in  1750-2  directed  his  attention (Oi))  to  the  glass  material  for 
spectacles  and  also  to  their  joints,  in  1756  B.  Martin  to  the  centering  and  the 
diminution (70)  of  the  working  diameter  (visual  spectacles),  in  1783  A.  Smith  to 
spectacles  (71)  with  double  glasses,  which  idea  was  further  developed  in  1797  by 
J.  Richardson  working(72)  in  the  direction  of  mere  protecting  and  coloured  glasses. 
In  1783  W.  Storer  advertised  (7:t)  quite  small  (syllepsis-)  glasses,  also  very  ex- 
tensively imitated  at  that  time,  in  17S5  11.  Dixon  combined  glasses(7i),  a  kind 
of  telescopic  spectacles,  in  1789  (j.  Adams  folding  eye-glasses (7'))  for  binocular 
vision,  in  1797  D.  Adams  front  spectacles (7ti),  sometimes  erroneously  ascribed  to 
John  Herschel.  In  1799  W.  Gary  communicated  to  Thomas  Young  the  observation 
on  the  means  for  correcting  astigmatism  of  the  eye (77).  I  am  afraid  that  other 
innovations  have  escaped  my  researches,  but  a  certain  part  of  them,  I  am  sorry  to 
say,  will  be  lost  for  ever.  Some  of  these  inventions  were  not  really  new,  if  we 
apply  the  sharp  enquiry  used  by  a  motlern  patent  office,  Imt  they  all  gave  to  the 
opticians  of  that  time  a  considerable  self-resiHct  tluit     will  uroiindcil  on  the  wliole 
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— was  sometimes  apt  (for  instance,  in  the  discussion  between  Woilaston  and 
W.  Jones)  to  overreach  its  object. 

With  all  their  knowledge,  however,  these  craftsmen  were  not  easily  impressed, 
and  we  have  no  reason  to  suppose  that  opticians  or  oculists  of  that  time  were 
ready  to  make  use  of  Young's  great  discovery,  although  the  same  means  were  at 
their  disposal  as  those  with  which  J.  I.  Hawkins  in  1826  made  his  splendid  re- 
searches on  the  astigmatism  of  his  own  eyes.  We  shall  not  follow  up  the  history 
of  regular  spectacle  correction  for  astigmatic  eyes,  as  this  entirely  belongs  to  the 
second  half  of  the  19th  century:  so  far  ahead  was  Thomas  Young  with  regard  to 
his  contemporaries ! 

One  question  only  may  be  put  to  London  opticians  concerning  an  optical 
invention  of  the  i8th  century:  what  is  the  date  of  the  first  bifocal  spectacles? 
You  will  allow  me  to  state  some  exact  data. 


Fig.  14.   Split  multifocal  testing  lens  of  17 16,  showing  the  framing  of  "  divided"  glasses;  taken  from 
Ref.  (78). 

The  combination  of  two  divided  glasses  by  means  of  the  mounting  was  known 
to  C.  Hertel  in  1716,  as  shown(78)  by  Fig.  14.  In  1784-5  Benjamin  Franklin 
described  (7!))  his  spectacles  made  in  such  a  way.  As  far  as  I  know,  they  were  first 
accredited  to  him  in  1804  by  W.  Jones,  then  in  1806  by  J.  G.  A.  Chevallier(80). 
Later  on  this  knowledge  seems  to  have  been  forgotten  in  London,  as  W.  Kitchiner 
in  1824 — and  he  was  certainly  well  informed  in  spectacle  questions — ascribes  them 
to  Samuel  Pierce.  In  our  time  an  authority  like  W.  M.  Dunscombe  gives  the 
year  1760  as  the  date,  and  that  is  certainly  possible,  as  Franklin  was  then  in  his 
fifty-fourth  year  and  staying  in  London  as  well.  His  description  of  1784-5,  there- 
fore, may  have  been  of  an  invention  conceived  at  a  much  earlier  time.  Even  a 
recent  American  source (8I)  gives  1760  for  Franklin's  spectacles,  and  it  is  not 
impossible  that  Pierce  had  made  them  long  before  the  date  of  the  first  publication 
in  17S4-5.  In  such  a  case  they  were — although  not  published — in  public  use,  and 
some  credit  for  the  invention  ought  to  be  given  to  Pierce  as  well.  Can  anybody 
furnish  new  knowledge  on  this  topic.'' 
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Ladies  and  Gentlemen,  I  have  come  to  the  end  of  my  lecture  and  must  ask 
your  pardon  for  all  the  mistakes  and  unwonted  terms  that  remain  in  my  text  in 
spite  of  the  continual  grinding  and  polishing  exertions  kindly  imdertaken  by  my 
\mit. 

I  must  expect  that  some  of  my  hypotheses  will  be  amended,  modified  or  altered 
by  future  study;  nevertheless  as  working  helps  they  will  be,  I  hope,  of  some 
service.  I  have  taken  the  utmost  care  to  give  you  all  I  possess  in  the  way  of  sources 
at  this  time  in  connection  with  our  subject,  and  I  shall  close  with  the  hope  that  this 
lecture  will  help  in  stimulating  historical  spectacle  studies  and  throwing  thereby 
on  different  shadowy  periods  the  light  of  historical  discoveries. 
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senden  Darstellung.   Centr.  Ztg.f.  Opt.  u.  Mech.  43  (1922)  185-7,  206-8,  225-7.    [46] 

(24)  Neudurger,  S.  Die  Regensburger  Brillenmacherordnung.  Janus,  9  (1904)  94-102; 
MuLLER,  C.  Die  Regensburger  Brillenmacherordnung.  Deut.  Opt.  Wochschr.  7  (1921) 
720-6  (6  Figs.).     [46,  47] 

(25)  V.  RoHR,  M.  Optische  Bemerkungen  zur  Regensburger  Brillenmacherordnung  um 
1600.   Z.f.  ophth.  Opt.  8  (1920)  76-85,  97-103  (3  Figs.).     [46,  48,  49,  50] 

(26)  R.  D.  Francisci  Maurolyci  abbatis  Messaniensis  Mathematici  celeberrimi  Theore- 
mata  de  lumine,  et  umbra,  ad  perspectivam,  &  radiorum  incidentiam  facientia. 

Diaphanorum  partes  seu  libri  tres :  In  quorum  primo  de  perspicuis  corporibus :  in 
secundo  de  Iride:  in  tertio  de  organi  visualis  structura,  &  conspiciliorum  formis, 
agitur. 

Problemata  ad  perspectivam  &  Iridem  pertinentia. 

Hie  accesserunt  Christophori  Clauij  e  Societate  Jesu  notae,  asteriscis  inter  authoris 
demonstrationes  distinctae.  Adscriptis  ad  marginem  fundamentis,  quibus  omnia 
innituntur.    Pp.  (3)  -i-  94,  410. 

(Lugduni.   Apud  Bartholomeum  Vincentium,  M.DCXVH.)  Cum  Privilegio.    [46] 

(27)  SuTCLiFFE,  R.  A  plea  for  lesser  intervals  in  the  dioptric  scale.  Optician,  10  (1895-6) 
216.     [46] 

(28)  DiJRER,  Albrecht.  Tagebuch  der  Reise  in  die  Niederlande.  Pp.  95,  8vo;  8  Plates. 
(Leipzig:  Inselverlag,  no  date  given.)   Nr.  150,  p.  41.     [46] 

(29)  V.  RoHR,  M.   See  Centr.  Ztg.f.  Opt.  u.  Mech.  43  (1922)  67-8.     [48] 

(30)  Title  under  A.  v.  Pflugk  und  M.  v.  Rohr  (38)  in  Br.  a.  opt.  Instr.  240.     [48,  53] 
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(31)  V.  Rohr,  IM.  Ein  Versuch  zur  Ermittelung  der  optischen  Kenntnisse  der  Brillen- 
hersteller  um  das  Jahr  1600.   Z.f.  ophth.  Opt.  10  (1922)  1-8,  33-7  (3  Figs.).    [48,  53] 

{32)  Der  Frankfurter  Markt  oder  die  Frankfurter  Messe  von  Henricus  Stephanus  (Henry 
Estienne).  Im  Auftrage  der  Stadtischen  Historischen  Kommission  in  deutscher 
Obersetzung  herausgegeben  von  Dr  Julius  Ziehen.  Mit  13  Abbildungen  und  dem 
Marktschiff-Gedicht  vom  Jahre  1596  als  Anhang.  Xeue  Ausgabe.  Pp.  (2)  +  84,  8vo. 
(Frankfurt  am  Main:  Verlag  von  Moritz  Diester\veg,  1919.)     [49] 

(33)  La  Piazza  Vniversale  di  Tvtte  le  Professioni  del  Mondo,  e  nobili  et  ignobili.  Nvova- 
mente  formata,  e  posta  in  luce  da  Tomaso  Garzoni  de  Bagnacauallo. 

Al  sereniss™"  et  invittiss'""  Alfonso  secondo  da  Este  Duca  di  Ferrara  Con  Privilegio 
In  Venetia,  Appresso  Gio.  Battista  Somascho  MDLXXXV.    Pp.  (21)  -  932  +  (12),  410. 

[50] 

(34)  Title  under  H.  SiRTURUS  (z)  in  Br.  a.  opt.  Instr.  245.     [50] 

(35)  Greeff,  R.  Weitere  Erlasse  des  Rats  von  Venedig,  die  Zunft  der  Cristellarii  betreftend 
(1330  bis  1505).   Deut.  Opt.  Wochschr.  9  (1923)  loo-i.     [50] 

(36)  Title  under  G.  Albertotti  (i)  in  Bin.  Instr.  273.     [51,  52] 

(37)  Title  under  E.  BoCK  (/)  in  Br.  a.  opt.  Instr.  226.   See  pp.  4-5.     [47,  52] 

(38)  Greeff,  R.  Hieronymus  Sirturus.  Deiit.  Opt.  Wochschr.  4  (1919)  56.  [52]  See  also 
V.  Rohr,  M.  Hieronymus  Sirturus.  Bcmerkungen  zu  dem  GreefTschen  Aufsatze 
gleichen  Titels.   Ibid.  4  (1919)  no. 

(39)  Title  under  C.  A.  Manzini  (/)  in  Bin.  Instr.  290.  A  German  translation  of  The  Manu- 
facture of  Dutch  telescopes  in  Venice  is  to  be  found  in  Die  Natunviss.  8  (1920)  534. 
[52,  58]  See  also  v.  Rohr,  M.  Bausteine  zur  Geschichte  des  hollandischen  Fcmrohrs. 
Deut.  Opt.  Wochschr.  9  (1923)  396-400. 

(40)  Title  under  P.  Pansier  (/)  in  Br.  a.  opt.  Instr.  240.     [53] 

(41)  V.  Pflugk,  A.  ijber  Brillcnmiinzcn  und  Medaillen.  Graefes  Arch.  105(1921)688-707 
(i  Fig.  and  4  Plates).  (FucHS-Festschrift.)  Also  reprinted  v.  Pflugk,  A.  Brillenmiinzen 
und  Brillenmedaillen.  Pp.  (2)  +  20,  8vo;  i  Fig.  and  4  Plates.  (Halle  a.S.:  Riechmann 
&Co.,  1921.)     [53] 

(42)  V.  Rohr,  M.   Ein  alter  Regensburger  Lehrbrief.   Z./.  op/i//;.  O/)/.  9  (1921)  69-72  (Plate). 

[54-  SS] 

(43)  V.  Pflugk,  A.,  und  v.  Rohr,  M.  Einige  Berichtc  iiber  die  oberdeutschcn  Brillen- 
fabriken  aus  dem  Ende  des  18.  und  dem  Anfang  des  19.  Jahrhunderts.  Centr.  Ztg.f. 
Opt.  u.  Mech.  44  (1923)  123-4,  '34-5-     [56] 

(44)  V.  Rohr,  M.  Beitrag  zur  Geschichte  der  suddeutschen  Brillcnfabriken.  Z.  Deut.  Ges. 
f.  Mech.  u.  Opt.  (1917)  83-9.     [57] 

(45)  Title  under  M.  v.  Rohr  {24)  in  Br.  a.  opt.  Instr.  243.     [57] 

(46)  Spectacles  in  a  stone  coffin.   Optician,  19  (1900)  423.     [57] 

(47)  McAllister,  Francls  M.   Opt.  Journ.  and  R(i\  46  (i()2o)  11 57-S.     [58] 

(48)  Wirzenius,  P.   See  the  review  in  Z./.  o/>/(//j.  O/)/.  7  (1919)  68-9.     [58] 

(49)  P.  Gasparis  Schotti  Rcgiscuriani  e  Societate  Jesu,  Olim  in  Panonnitano  Siciliae, 
nunc  in  Herbipolitano  Franconiae  CJymnasio  ejusdem  Societatis  Jesu  Matheseos  Pro- 
fessoris,  Technica  Curiosa,  sive  Mirabilia  Artis,  Libris  XII.  Comprehcnsa;  Quibus 
varia  Experimenta,  variaquc  Tcchnasmata  Pncvmatica,  Hydraulica,  Hydrotcchnica, 
Mechanica,  Graphica,  Cyclometrica,  Chronometrica,  Automatica,  Cabalistica,  aliaquc 
Artis  arcana  ac  miracula,  rata,  curiosa,  ingeniosa,  magnamque  partem  nova  &  antehac 
inaudita,  eruditi  Orbis  utilitati,  delectationi,  disceptationique  proponuntur. 

Ad  Eminentissimum  S.  R.  I.  Principeni  Joannem  Philippum  Elector.  Mogunl. 

Cum  figuris  aeri  incisis,  &  Privilegio. 

Sumptibus  Johannis  Andreae  H:ndteri,  &  Wolfgangi  junioris  Haeredum.  Ex- 
cudebat  JoBiis  Hkrtz  Typographus  Ilerbipol.  Anno  M.DC.LXIV.  Prostant  Norim- 
bergac  apud  dictos  Endteros.   Pp.  (18)   t    1044  +  (8),  410.     [59] 
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On  pp.  854-6  we  find  B.  Conrad's  remarkable  programme  for  the  advancement 
of  the  telescope.   As  it  seems  to  be  totally  forRotten  I  reprint  it  in  its  original  form. 

Epistola  ad  omiies  Europae  mathematicos,  operis  teledioptrices  nuiitia,  missa  a  R.  P. 
Balthasare  Conrado  Societatis  jfESU.  Omnibus  Reverendis,  Praenobilibus,  Clarissimis, 
&  ipiovis  alio  tittdo  conspicuis  per  Europen  Mathematicis.  S.  P.  D.  Balthasar  Conradus 
S.I. 

Ut  quaedam  conferam  vobiscum,  Illustres  Animae,  pauca  ilia  quideni,  sed  quae 
momenti  ac  ponderis  in  totam  Rempublicam  nostram  Litterariam  maximi  esse  videantur, 
injectus  niihi  jam  pridem  nescio  quis  perurget  color.  Quocirca  non  temere  sperarim  fore, 
ut  quanta  major  vos  communis  tangit  cura  boni,  tanto  huic  meae  ad  vos  Epistolae  libentius 
otitim  e  sublimibus  illis  vestris  conceptibus  rescindatis. 

E.v  quo  ergo  primum  {nee  pauci  anni  sunt)  pernosse  coepi  Telescopium,  didicique  nee 
omnia  ejusdem  esse  notae  ac  bonitatis,  &  plurima  plurimum  a  summa  abesse  perfectione ; 
ingens  me  invasit  animus  ac  desiderium,  imo  &  spes,  eo  aliquando  deveniendi,  ut  eertam 
ac  infallibilem  assequerer  rationem,  ad  summam  deducendi  Telescopii  perfectionem.  Coepi 
itaque  pervulvere  inprimis  Authures,  quotquot  de  id  genus  Instrumento  nancisci  potui;  turn 
speculari  ipse,  &  multa  cum  animo  putare  meo;  tandemque  &  uperi  manum,  nee  leviter 
atit  oscitanter  adniovere,  &  varia,  quae  vel  ad  substantiam  ipsam  operis,  vel  ad  modum 
pertinent,  e.xperiri.  Sed  &  illico  difficultates  sese  undique  oggesserunt,  nee  paucae  eae 
numero,  nee  leves  superatu:  tot  certe,  ac  tantae,  ut  nisi  DEUS  eonstantiam  in  labore  paene 
ferream  eoncessisset,  non  mirum  fuisset,  si  millies  lii-^aa-irn  successum  desperassem.  Superavi 
tamen  tandem  cum  divina  gratia,  quae  se  opposuerant ,  difficultates  omnes;  eoqtie  artem 
perduxi,  ut  sequentia  problemata  praestare  possim: 

I.  Perfectam  superficiem  sphaericam,  sive  cavam  in  patinas,  sive  convexam  in 
globes  inducere;  idque  nee  negotio,  nee  sumptibus  adeo  magnis. 

II.  Vitra  perfecte  concavare  sphaerice,  aut  sphaerice  convexare. 

III.  Perfectissime  polire  superficiem  sphaericam  tam  cavam  quam  convexam,  sine 
periculo  figurae  vitiandae. 

IV.  Oblatae  cujuscunque  patinae  aut  globi  vitia,  etiam  occultissima.  statim 
detegere. 

V.  Infallibiliter  semper,  ex  materia  apta,  bonum  elaborare  Telescopium,  ad  quam- 
cunque  longitudinem. 

Quorum  problernatum  solutio  quanti  momenti  sit  in  rem  omnem  Mathematicam  & 
praecipue  Astronomiam ;  quin  &  in  usum  totius  generis  humani;  nemo  unus  Vobis  melius 
aestimaverit :  ut  proinde  longiore  earn  rem  Vobis  cireuitu  demonstrare  ac  depraedieare , 
minime  sit  neeessarium. 

Hane  autem  ego  mihi  seientiam  uti  haetenus,  nee  sine  ratione,  oeetdtam  habui,  ita  & 
imposterum  habere  potuissem;  vel  certe  ita  solum  propalare,  ut  extra  Societatem  nostram 
non  emanaret;  nisi  me  communis  boni  ratio  ad  alia  consilia  inclinasset.  Itaque  molior 
Opus  justum  ae  integrum,  quo  totam  hanc  artem  &  quidquid  de  Telescopio  did  aut  quaeri 
potest,  complectar;  planeque  ac  dilucide,  sine  tenebris,  omnem  quam  haetenus  ingenio 
qualicunque  demum,  experientia  indefessa,  &  sumptibus  non  modicis,  seientiam  in  hoc 
genere  conseeutus  sum,  aperiam. 

Quia  vero  unius  hominis  vix  est.  Opus  tam  omnibus  numeris  absolutum,  quam  &  res 
postulat  litteraria,  &  ipse  ego  desiderarem,  in  lucem  protrudere;  idea  aequum  plane 
videtur,  ut  Vos  etiam,  Illustres  animae,  vestras  quasi  symbolas  in  medium  conferatis. 
Quapropter  Vos  omnes  etiam  atque  etiam  rogo,  ut  si  quis  vestrum  in  hoe  genere  aliquid 
aut  invenit  ipse,  aut  aliunde  rescit,  idtra  ea  quae  vel  Sirturus,  vel  Scheinerus,  vel  Rheita, 
vel  Hevelius,  vel  Magnan,  vel  P.  Schottus,  vel  Borellus  prodidit,  aut  ego  promitto;  dignetur 
id  mecum  pro  suo  in  commune  bonum  studio  communicare.  Vicissim  bona  polliceor  fide,  ita 
me  ea  gratia,  ac  humanitate  usurum,  ut  nulli  quidquam  de  sua  laude  ac  nomine  deteratur. 
De  reliquo  radios  ego  vestros  radio  omniseii  Numinis  ex  animo  commendo,  in  dignas 
scientia  nostra,  &  aeternitate  speeulationes.  Valete,  &  favete.  Vratislaviae  17.  Julii 
1658. 

Vestrarum  DD. 

Servi4s'  in  Christo 

Balthasar  Conradus. 
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(50)  Ociilus  Enoch  et  Eliae  sive  Radius  Sidereomysticus  Pars  Prima  Authore  Antonio 
Maria  Sch^'RLAEO  de  Rheita  Ord.  Capucinorum  concionat.  et  Provinciae  Austriae  ac 
Bohemiae  Quondam  Praelectore.  Opus  Philosophis,  Astronomis,  &  rerum  coelestium 
aequis  aestimatoribus  non  tarn  utile  quam  iucundum:  Quo  omnium  Planetarum  vcri 
motus,  Stationes,  &  retrocessiones,  sine  uUis  epicyclis  &  aequantibus,  tam  in  Theoria 
Tychonica,  quam  Copemicana  compendiosissime  &  iucundissime  demonstrantur 
exhibenturque. 

Hy-pothesis  Tychonis  quoad  absolutam  veritatem  stabilitur  ac  facilior  ipsa  Coper- 
nicana  redditur,  reformatur  &  ad  simplicissimam  normam  &  fomiam  reducitur.  Hisce 
accesserunt  Novae  harmonicae  deteiminationes  molium  &  proportionum  Planetarum 
ad  invicem.  Item  plurimae  aliae  novitates  caelo  ab  auctore  deductae.  Probabilissima 
causa  fluxus  &  refluxus  Oceani.  Ratio  brevis  conficiendi  Telescopium  astronomicum. 
Et  ultimo  Planetologium  mechanicum  et  novum,  quo  paucissimis  rotis  veri  omnium 
Planetanim  motus  iucunde  exhiberi  queunt. 

Quia  delectasti  me  Domine  in  factura  tua:  &  in  operibus  manuum  tuaruni  exultabo. 
Ps.  91. 

Pp.  (24)  +  356;  2  Tables.  (Antverpiae:  Ex  officina  Typographica  Hieronyini 
Verdussii.   M.DC.XLV.)   Cum  Gratia  &  Privilegio.     [60] 

(51)  Title  under  J.  M.  Conr-^di  (i)  in  Bin.  Instr.  278.     [60] 

(52)  Pro.sser,  R.  B.   The  invention  of  the  achromatic  lens.   0/)//a(7H,  53  (1917)  203-5.    [61] 

(53)  Title  under  W.  Ch.  Weu.s(i)  in  Br.  a.  opt.  Instr.  248.  See  also  M.  v.  Rohr's  translation 
with  some  annotations:  Zwei  Aufsatze  von  W.  Ch.  Wells  (1757-1817)  (17.  xii.21). 
Z.f.  uphth.  Opt.  10  (1922)  12-25,  38-46,  68-80,  97-H4-     [61] 

(54)  ftur^e  "JlMiDeifung  btc  (Slcifor  311  f(^Iciffcn  unb  Perspective  3u3urid)tcii.  Xircsbcn,  5-  til)- 
9niett)c,  i6So.  Pp.  34 +  (6);  62  Figs. 

There  are  later  editions  of  1689  and  1741.  See  also  Centr.  Ztg.  f.  Opt.  u.  Mech. 
41  (1920)  362,  for  some  early  evidence  of  the  Perspektivmacher.     [61] 

(55)  Title  under  Madame  Alfred  Heym.\nn  (j)  in  Br.  a.  opt.  Instr.  235.     [61] 

(56)  Charter  of  the  spectacle  makers' company.   0/)/iV/««,  19  (1900)  198-201.     [62] 

(57)  Laurance,  L.  The  optical  craft  in  Great  Britain — past  and  present.  Optician,  25 
(1903)  "55-6,  160,  163-4.     [62] 

(58)  [Wooi.LEY,  S.  W.]  The  spectacle  makers'  company  and  its  examination.  Optician, 
16  (1898-9)  690,  692,  694,  698.  See  also  Description  of  the  common  seal  of  the 
worshipful  company  of  spectacle  makers  of  London.   Ibid.  13  (1897)  90  (F'ig.).     [62] 

(59)  Dunscombe,  M.  W.  On  the  evolution  of  eye-glasses  and  spectacles.  (Read  before  the 
Opt.  Soc.)   Optician.  45  (1912-13)  25-8  (163  Figs,  in  four  groups).     [62] 

(60)  Title  under  Ed.  Pergens  (*')  in  Br.  a.  opt.  Instr.  240.     [62] 

(61)  Geschaftsanzeige  eines  Berliner  Optikers  vor  170  Jahren.  Centr.  Ztg.f.  Opt.  u.  Mech. 
8  (1887)  154.     [62] 

(62)  Thomin,  [M.]  Instruction  sur  I'usage  des  lunettes  ou  conserves,  pour  toutes  sortes 
des  vues.  Marques  auxquelles  on  peut  connoitrc  si  les  vues  longues  ordinaires  ont 
besoin  de  conserves  ou  lunettes,  des  verres  convexes  qui  leur  conviennent,  et  des 
verres  concaves  qui  sont  propres  aux  vues  courtes.  M^thode  pour  se  conserver  la 
vue;  avec  une  dissertation  sur  ce  que  les  personnes  ag^es  la  recouvrent  quclque  fois 
dans  un  age  avanc6. 

Pp.  130,  i2mo.   (Paris:  CI.  Lamesle,  1746.)     [62] 

(63)  Title  under  J.  Fr.  Mey[en]  in  Br.  a.  opt.  Instr.  238.     [62] 

(64)  Title  under  W.  Jones  (/)  in  Br.  a.  opt.  Instr.  236.  See  also  M.  v.  Roiiu's  translation 
with  annotations  in  Cintr.  Ztg.  f.  Opt.  u.  Mech.  43  (1922)  449.     [63 ] 

(65)  3of).  fficorgc  Scutinantts  91ciic  "iliimcrttiiitgcii  Itom  (f)lQii=Sd)Ioirfcii  boriniicii  Iiio  rcd)tcii 
Machincn  bic  (5Ia[cr  biird)  Siilffc  brcpcr  iBctocfluiifjcn  ,111  iiiehrcror  i?ollfommoiihcit  311  briiigcn 
■CcsflIoid)cii  bic  !Bor3icl)un(i  bor  »ilbcr  burd)  I'olyhcdr:i  Ioid)t  311  miid)cii  ^ilicbit  (illorbniib  neiicu 
Optiid)cii  3iilti;iniicittcn  toic  fold)o  gcinad)t  iiiib  npplicirct,  niibcrc  nbn  nlllu'rcif  bcroiibti- 
oorbc[[crt  iDCtbcti. 

Pp.  (16)  +  96,  8vo;  21  Copperplates.   (Wittenberg:  Samuel  llan;uK  r,  1719.)     L63] 
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(66)  SpiEGELHALTER,  K.  K.   George  Adams.   Optician,  ig  (igoo)  zjs-     [64] 

(67)  Title  under  W.  Kitchiner  (/)  in  Br.  a.  opt.  Instr.  236.     [64] 

(68)  Zur  Feststellung  des  Publikationsdatum  britischer  und  anierikanischer  Patentschriften. 
Patbl.  13  (1889)  69-70,  77-8.     [64] 

(69)  Title  under  J.  Ayscough  (/,  2)  in  Br.  a.  opt.  Instr.  235.     [64] 

(70)  Title  under  B.  Martin  (i)  in  Br.  a.  opt.  Instr.  238.     [64] 

(71)  Title  under  A.  Smith  (/)  in  Br.  a.  opt.  Instr.  245.     [64] 

(72)  Title  under  J.  Richardson  (/)  in  Br.  a.  opt.  Instr.  242.     [64] 

(73)  Title  under  W.  Storer  (/)  in  Br.  a.  opt.  Instr.  246.     [64] 

(74)  Title  under  H.  Di.xoN  (/)  in  Br.  a.  opt.  Instr.  230.     [64] 

(75)  Title  under  G.  Adams  (i)  in  Br.  a.  opt.  Instr.  224.     [64] 

(76)  Title  under  D.  Adams  (/)  in  Br.  a.  opt.  Instr.  224.     [64] 
(yy)   Title  under  T.  Young  (r)  in  Br.  a.  opt.  Instr.  249.     [64] 

(78)  Title  under  Chr.  G.  Hertel  (j)  in  Br.  a.  opt.  Instr.  235.     [65] 

(79)  Title  under  B.  Franklin  (/)  in  Br.  a.  opt.  Instr.. 23 1.     [65] 

(80)  For  J.  G.  A.  Chevallier  see  p.  197  under  No.  15.     [65] 

(81)  Lenses,  their  history,  theory  and  manufacture.   Pp.  47  with  Illustrations.   (Rochester, 
r9o6.)     [65] 


72  M.  von  Rohr 


De  corporis  humani  viribus  conscrvatricibus  Dissertatio. 
Aiictore  Thoma  Young, 

Gottingae,  lo.  Chr.  Dieterich,  1796 
76  (2fo/)sm<i/l8vo. 
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[68]  VI.  \Thesh\  Lentis  cristallinae  in  homine 
fibrae  eodem  ordine  dispositae  sunt  quo  in  hove. 
VII.  Sententia  nuper  (242)  de  lentis  cristalli- 
nae usu  in  oculo  ad  diversas  rerum  viden- 
darum  distantias  accommodando  proposita,  neque 
nova  erat  (241)  neque  vera  vidctur  (243). 


The  above  is  copied  from  a  card  presented  liy  Professor  M.  von  Rohr  to  the  Optical 
Society  on  the  occasion  of  his  delivering  the  'I'hoinas  Young  Oration  on  27th  November, 
1923.  At  the  top  is  the  title  of  Thomas  Young's  Gottingen  dissertation.  In  the  middle 
are  photographic  copies  of  the  author's  dedication  to  Professor  Biittner  and  a  portion  of 
a  table  for  pronouncing  vowels  in  some  languages,  the  alterations  being  in  Thomas 
Young's  handwriting.  At  the  foot  are  the  titles  of  the  two  theses  \'I  and  VII.  The 
numbers  (241-3)  refer  to  the  author's  bibliograghy. 

Professor  von  Rohr  also  presented  to  the  Society  a  numlicr  of  reprints  of  a  trans- 
lation* into  German  which  he  recently  made  of  two  of  Thomas  Young's  publications. 
(A  few  copies  are  still  available;  application  shi)uUl  be  made  to  Professor  Alan  Pollard.) 
-Ed. 

•  "Zwci  .Ahhandlunuen  von  Thomas  Younp"  ("On  ihe  .Mechanism  of  tlic-  Kye"  and  "On 
Vision"),  /..f.  of>hlli.  Opl.  11  (1923)  102. 
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A  SUGGESTED  STAND.\RD  TRIAL  CASE  AND 
SIMPLIFICATION  IN  OPHTHALMIC  POLICY 

By  W.  SWAINE,  B.Sc. 

MS.  received,  22nd  November,  1923.   Read  and  discussed,  iT,th  December,  1923. 

ABSTRACT.  In  a  previous  paper  to  the  Society,  the  writer  gave  a  review  of  the  cumu- 
lative errors  arising  in  present-day  ophthahiiic  practice.  It  was  suggested  that  plano-fonn 
trial  lenses  should  supersede  the  existing  symmetrical  form.  The  object  of  the  present 
paper  is  to  describe  such  a  standard  trial  case  with  specified  thicknesses,  diameters, 
tolerances,  etc.,  which  will  introduce  minimum  confusion — actually  none — in  practice, 
will  materially  help  both  refractionist  and  manufacturer,  and  will  remove  the  uncertainty 
between  them.  Policy  of  simplification  and  economy  in  ophthalmic  manufacture  is  also 
suggested.  That  such  a  change  is  demanded  is  shown  by  the  papers  of  Mr  O.  P.  Raphael* 
and  the  writerf  and  the  discussions  on  the  same. 


General  Review. 


The  fundamental  idea  of  the  trial  case  is  the  estimation  of  a  refractive  error  by 
a  process  of  direct  substitution.  In  order  that  a  substituted  spectacle  lens  shall 
reproduce  the  trial  lens  as  far  as  distance  correction  is  concerned,  it  should  have 
the  same  back  vertex  power,  or,  in  the  correction  of  astigmatism,  the  difference 
of  the  back  vertex  powers  for  the  meridians  should  be  the  same.  It  is  necessary  to 
define  "  equally  effective  "  lenses  in  this  way  because  generally  the  form  of  the  spectacle 
lens  is  not  the  same  as  that  of  the  trial  lens.  On  the  other  hand  lenses  of  different 
forms  but  equal  back  vertex  power  are  not  equally  effective  in  near  vision.  For 
equivalence  in  near  vision  the  back  vertex  convergences  to  the  images  of  the  near 
objects  considered  must  be  equal.  Whilst  not  stated  in  these  terms  by  M.  Mayer, 
this  condition  will  be  called  the  Mayer  equivalence.  For  exact  equivalence  in  all 
respects  the  trial  lens  should  be  an  exact  replica  of  the  spectacle  lens  as  regards 
thickness  and  form.  This  policy  is  plainly  impossible,  but  it  will  be  shown  that  a 
piano-form  trial  case  can  be  constructed,  which  first  of  all  in  itself  constitutes  a 
compromise  satisfying  the  requirements  within  practical  limits  of  error  and  secondly 
can  be  employed  to  give  a  second  approximation  to  the  actual  form  of  lens  which 
may  be  required,  even  to  including  thickness  variations. 

As  the  question  is  inevitably  one  of  compromise,  a  trial  lens  should  conform 
in  shape  and  thickness  to  the  most  frequent  form  of  lens  used.  This  the  piano- 
form  does  exactly.  Thus  spectacle  forms  range  from  symmetrical  to  deep  meniscus 

*  O.  P.  Raphael,  "  Standards  of  Accuracy  for  Ophthalmic  Prescriptions."  Trans.  Opt.  Soc. 
24  (1922-23)  75. 

+  W.  Swaine,  "Paraxial  Actions  of  Ophthalmic  Lenses."   Ibid.  p.  79. 
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lenses  on  a  base  of,  say,  —  9-0  d.  Sphero-cylindrical  lenses  are  piano-form  in 
one  meridian  and  approximately  so  in  the  other.  The  existing  symmetrical  standard 
form  lies  at  the  opposite  extreme — both  in  positive  and  negative  lenses — to  the 
best-form  bending  towards  which  modem  practice  is  tending.  For  the  higher  power 
negatives  the  piano-form  is  accurately  best-form,  for  the  higher  power  positives 
the  actual  single  lens  best-form  is  only  approximate  whilst  the  piano-form,  besides 
being  a  very  substantial  compromise  in  that  direction,  is  the  form  generally 
prescribed. 

The  mechanical  construction  of  the  piano-form  is  particularly  favourable.  By 
placing  such  lenses  with  plane  faces  together,  useful  approximations  to  other  forms 
may  be  effected,  e.g.  symmetrical,  deep  menisci,  and  best-form.  This  particular 
obsen'ation  is  capable  of  important  development.  It  implies  that  a  refraction  test 
may  be  made  by  a  substitution  of  surfaces  instead  of  complete  lens  units.  In  other 
icords  the  test  is  effected  in  terms  of  the  units  of  the  manufacturer.  The  process  is 
more  fundamental  and  less  likely  to  produce  uncertainty  between  manufacturer 
and  refractionist.   It  simplifies  the  former's  problem. 

This  point  is  worthy  of  further  attention  with  regard  to  a  policy  of  numbering 
and  specification  of  constants.  The  existing  standards  are  numbered  so  that  equal 
and  opposite  numbers  neutralize,  a  policy  which  gives  within  the  prescribed  toler- 
ances a  vertex  numbering,  i.e.  a  symmetrical  lens  of  nominal  power  +  20-0  D. 
neutralizes  the  negative  marked  —  20-0  d  whilst  their  front  and  back  vertex  powers 
are  also  20-0  d.  The  act  of  neutralization  is  rapid  and  convenient  and  should  be 
retained  as  far  as  possible,  but  not  to  the  sacrifice  of  the  true  function  of  the  trial 
case  lens.  The  writer  does  not  consider  that  the  neutralizing  principle  need  be 
abandoned  although  it  requires  revision.  Originally  the  idea  of  neutralization  was 
summed  up  in  the  fallacious  argument  "that  lenses  which  neutralize  the  same  lens 
are  equivalent."  With  unsymmetrical  lenses  (incidentally  with  the  piano-form), 
the  back  vertex  powers  of  the  negatives  must  be  equal  and  opposite  to  the  front 
vertex  powers  of  the  positives  for  accurate  and  easy  neutralization,  when  their 
adjacent  surfaces  (vertices)  are  in  contact. 

If,  to  avoid  confusion  with  existing  markings,  both  positive  and  negative  lenses 
are  marked  according  to  their  back  vertex  powers,  equal  numbers  will  not  neutralize. 
Vice  versa,  a  neutralizing  numbering  of  unsymmetrical  lenses  is  incompatible  with 
the  existing  numbering.  From  a  theoretical  and  absolute  point  of  view,  it  is  ad- 
visable to  specify  the  back  vertex  powers  of  lenses  since  this  measures  the  constant 
of  the  eye  under  test — the  dioptral  expression  of  the  distance  of  the  tip  of  the  eye- 
lash from  the  far  point.  It  expresses  the  easily  measurable  back  focal  distance  of 
the  lens  itself.  It  will  not  violate  the  indications  of  vertex  focometers  or  lensometers. 
Many  manufacturers  have  already  spent  considerable  sums  of  money  in  producing 
various  forms  of  lenses  with  back  vertex  power  equal  to  the  standards.  These  and 
many  other  smaller  points  demand  a  back  vertex  numbering. 

To  retain,  however,  the  neutralizing  principle,  the  front  vertex  powers  of  the 
trial  case  lens  should  be  indicated  as  an  integral  part  of  the  case,  for  reasons  to  be 
described  in  more  detail  later.  A  double  designation  of  front  and  back  vertex  powers 


A  Standard  Trial  Case  y^ 

is  almost  unavoidable.  It  would  still  be  necessary  if  the  converse  marking  were 
adopted,  since  the  designation  of  neutralizing  or  front  vertex  power  violates  existing 
standards  and  does  not  represent  any  absolute  measure  conveniently.  Again,  the 
siniple  addition  rules  with  regard  to  powers  of  lens  combinations  in  a  trial  frame 
hold  more  strictly  with  a  back  vertex  numbering.  The  front  vertex  marking  only 
favours  the  combination  of  lenses  of  powers  which  are  nearly  equal  and  opposite. 

The  Trial  Case. 
Table  I  shows  the  constants  of  the  suggested  standard  piano-trial  case  lenses. 
They  are  based  on  the  ordinary  spectacle  glass  of  index  1-523.  The  suggested 
outside  diameter  of  28  mm.  (inclusive  of  rim  when  rimmed)  differs  considerably 
from  the  present  standard  of  38  mm.  This  is  not  for  the  purpose  of  reducing  central 
substance,  but  to  give  a  greater  latitude  in  the  lateral  displacement  of  trial  lenses 
before  a  patient's  eyes.  It  is  a  matter  of  experience  that  at  present  it  is  impossible 
with  existing  lenses  and  trial  frames  to  bring  the  lenses  close  enough  together  to 

Table  I.   Constants  of  Standard  Trial  Case. 

Spectacle  glass.         n„  =  1-523.         Standard  diameter,  28  mm. 
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test  the  effect  of  inward  decentration  of  lenses  in  cases  of  narrow  pupillary  distance 
or  to  get  them  close  to  the  eyes  in  cases  of  overhanging  eyebrows.  The  smaller 
diameter  also  aids  the  \'isual  examination  of  the  centration  during  a  test. 

Columns  A,  B  and  C  show  the  numbering  appearing  on  the  case.  Columns  A 
and  C  are  the  nominal  or  back  vertex  powers ;  Column  B  gives  the  neutralizing  or 
front  vertex  powers  which  should  be  recorded  opposite  the  corresponding  positive 
lenses.  It  will  be  evident  that  Columns  B  and  C  give  information  to  the  manu- 
facturer for  the  construction  of  the  lenses  or  to  the  person  who  w  ishes  to  check  the 
case  by  using  the  lens  measure.  The  standard  thickness  of  the  negatives  is  i  mm. 
with  a  tolerance  of  0-5  mm.  below  and  0-2  mm.  above.  Column  i  shows  the  standard 
and  maximum  thickness  of  the  corresponding  positive  lenses ;  Column  2  shows  the 
minimum  thickness  allowed. 

The  maximum  back  vertex  power  of  both  positive  and  negative  lenses  is  given 
in  Column  3.  The  minimum  powers  are  given  in  Columns  4  and  7  for  positive  and 
negative  lenses  respectively.  These  maxima  and  minima  are  based  on  the  following: 

Positives:  i  per  cent,  above,  3  per  cent,  below;  negatives:  i  per  cent,  above, 
2  per  cent,  below. 

The  tolerances  of  the  surface  powers  (and  therefore  of  the  front  vertex  or 
neutralizing  powers)  are  shown  in  Columns  5  and  6, being  based  on  i  per  cent. above, 
2  per  cent,  below  for  the  positive  lens.  The  same  for  the  negatives  are  shown  of 
course  in  Columns  3  and  7. 

The  limits  of  centration  are  those  of  the  existing  standards,  as  are  also  the  limits 
of  error  for  the  prisms.  The  writer  suggests  that  greater  care  be  exercised  by 
manufacturers  in  the  marking  of  the  base  apex  directions  and  cylinder  axes:  also 
that  the  tolerance  of  prism  along  the  cylinder  axis,  IMaddox  rod,  or  Groove  axis  be 
kept  below  0-2  prism  dioptre.  The  thickness  of  the  rim  which  may  overlap  the 
plane  face  of  the  lenses  should  not  exceed  0-2  mm.  Possibly  an  overlapping  rim 
can  be  avoided  because  of  the  considerable  edge  thickness  of  the  reduced  diameter 
lenses  whilst  retaining  central  substance. 

The  following  is  an  optical  justification  of  the  piano-form  of  lens. 

Thickm:.s.s  of  Positive  Lenses. 
The  suggested  standard  and  maximum  thicknesses  constitute  a  mean  of  the 
thicknesses  of  uncut  lenses  as  tabulated  by  the  American  Optical  Company.  Thus, 
in  the  catalogue  of  this  firm,  the  following  "standard  centre  thicknesses  of  uncut 
lenses"  for  "double  convex  (34  x  44mm.),  peris,  convex  (42  mm.  round  eye) 
and  sphero-cyl.  lenses  when  +  curve  predominates"  are  for  (-  i-o  d,  1-5  mm.; 
for  -1  5-0  D,  3  mm. ;  for  1  lo-o  u,  47  mm. ;  i-  15-0  D,  6-5  mm. ;  f  20-0  D,  8-8  mm. 
with  an  allowance  o-2  mm.  eacii  way.  For  rimless  lenses  these  thicknesses  are 
increased  04  mm.,  and  when  the  lenses  are  for  deep  meniscus  (—  6-o  D  base)  and 
47  mm.  round  eye  the  standard  and  rimless  thicknesses  are  each  increased  0-2  mm. 
The  average  of  these  thicknesses  for  the  above  series  of  lenses  are  respectively  i-8, 
3'3.  S"Oi  6-8,  and  9-1  mm.  The  suggested  standard  thicknesses  are  1-4,  3-0,  5-0, 
7-0,  and  90  mm.  respectively,  figures  which  in  addition  satisfy  the  theoretical 
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thicknesses  of  oo  eye  (40  mm.  large  diameter)  lenses  having  i  mm.  edge  thickness. 
It  will  be  observed,  however,  that  the  thicknesses  for  the  weaker  lenses  are  low.  Such 
lenses  will  be  used  frequently  in  combination  with  more  powerful  ones  both  in 
testing  and  neutralizing,  in  which  case  it  is  advisable  that  the  low  power  lens  should 
be  thin.  For  the  same  reason  the  minimum  tolerance  of  all  lenses  is  much  greater 
than  the  ma.ximum.  They  are  appreciably  larger  than  the  existing  standards,  and 
probably  in  the  extremely  high  power  positive  lenses  are  greater  than  would  obtain 
in  practice  in  the  usual  attempts  to  reduce  weight.  They  satisfy,  however,  the  mean 
thicknesses  of  the  medium  powers  more  frequently  used,  for  which  re-standardiza- 
tion is  particularly  required.  The  modern  tendency  to  provide  rimless  ware  with 
o  and  00  sizes  of  eye  demands  that  the  existing  standard  be  increased. 

Tolerances  of  Power. 

The  tolerances  of  back  vertex  power  of  the  negatives  are  closely  those  of  the 
existing  standards.  On  the  other  hand  the  positive  tolerances  differ— the  existing 
standards  allow  a  greater  above  error  than  below,  whilst  the  suggested  standard 
allows  the  reverse.  This  will  help  to  maintain  agreement  with  existing  trial  case 
markings  as  well  as  compensate  for  separations  of  combined  lenses.  The  tolerances 
do  not  violate  one  another;  thus  the  tolerance  of  back  vertex  power  is  not  exceeded 
by  taking  the  extreme  tolerances  of  surface  power  and  thickness. 

It  may  be  pointed  out  that,  with  the  data  supplied,  a  practitioner  can  test  the 
case  in  all  its  particulars  using  a  good  lens  measure  and  micrometer.  The  refractive 
index  may  be  easily  tested  with  a  Pulfrich  refractometer,  using  the  plane  contact 
face,  or  quite  conveniently  by  using  well-known  reflection  methods. 

Optical  Analysis. 
In  order  to  compare  the  trial  case  of  piano-form  lenses  with  that  consisting  of 
symmetrical  lenses,  certain  leading  powers  are  taken,  namely,  +  5-0,  +  lo-o,  +  15-0, 
and  +  20-0  D  back  vertex  power.  Using  the  thickness  prescribed  in  Table  I,  the 
front  surface  combining  power  is  calculated  for  symmetrical,  piano-,  —  6-o  deep 
meniscus,  and  -  9-0  deep  meniscus  lenses.  These  combining  powers  are  given  in 
Table  II. 


Table  II. 
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Neutralization. 
Using  the  data  of  Table  II,  the  front  vertex  powers  of  these  lenses  and  therefore 
their  neutralizing  powers  at  the  front  surface  are  calculated  in  Table  III. 
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Table  III.  Neutralizing  Powers  in  Dioptres. 
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Between  the  equi-  and  piano-forms  there  is  a  difference  of  neutralization  in  the 
caseof  the20-olensof-2-ii  D ;  between  the  equi  and  -  6-o  deep  meniscus  -  3-250. 
A  spectacle  lens  which  neutralizes  its  prescribed  power  will  overcorrect  roughly 
by  these  amounts  when  a  symmetrical  trial  lens  is  used. 

On  the  other  hand  if  the  piano-form  be  used,  and  it  is  more  than  likely  that  a 
piano-spectacle  of  these  higher  powers  would  be  used,  and  if  the  trial  case  of  piano- 
lenses  be  used  with  the  additional  information  permanently  attached  to  the  case 
describing  the  neutralizing  powers  (Column  B,  Table  I),  the  error  introduced 
averages  around  zero.  For  the  medium  powers  the  piano-neutralizing  powers  are 
intermediate  between  equi  and  —  6-o  d.m.  and  if  the  piano-figures  be  used,  whilst 
the  differences  exceed  slightly  the  tolerances  of  the  trial  lenses,  they  are  probably 
just  within  a  practicable  tolerance*.  They  constitute  a  substantial  control  at  least. 
These  remarks  apply  particularly  to  the  possible  user  of  the  case  who  does  not 
realize  fully  the  limitations  of  the  neutralizing  system. 

As  mentioned  previously,  it  is  this  problem  which  necessarily  involves  the 
greatest  compromise.  The  piano-form,  however,  allows  of  a  more  exact  alternative. 
The  deep  meniscus  form  of  the  required  spectacle  may  be  reproduced  by  combining 
pianos  as  already  described,  the  combination  being  used  in  the  trial  frame.  By 
neutralizing  this  combination  as  if  it  were  a  single  unit,  the  actual  spectacle  lens 
should  neutralize  the  same  lens.  "  Lenses  of  the  same  form  and  thickness  which 
neutralize  the  same  lens  have  equal  back  vertex  powers." 

There  is  another  practical   point  of  importance  which   favours  piano-form 
neutralizing  lenses.    Consider  the  contact  surfaces  of  neutralizing  lenses.    First 
consider  symmetrical  lenses  neutralizing  a  +  20-0  D ;  the  contact  curves  will  be : 
-f-  20.    Piano- :  —  8-94  against  4-  i7"89.    Difference :    894 

+  20.     —  6-0  D.M.:   —  8-37  against  +  22-54.    Difference:  14-17 
+  20.     -  9-0  D.M.:   -  8-10  against  +  24-76.    Difference:  i6-66 
Contrast  this  with  the  piano-form  negatives  which  neutralize : 

+  20.     Piano-:  -  17-89  against  +  17-89.    Difference:  o 

-!-  20.     —  6-oD.M.:    -  16-75  against  ^   22-54.    Difference: 
H   20.     -  9-0  n.M.:    -  i6-2i  against  +  24-76.    Difference: 
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.Since  the  differences  are  not  so  great,  there 

central  contact,  thus  aiding  neutralization. 

•  They  lie  within  the  tolerances  for  a  d.m.  (deep 
corresponding  minimum  practical  thickness. 


ill  be  a  relatively  greater  area  of 
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Neutralizing  pianos  with  pianos  is  actually  reducing  the  combination  to  a 
parallel  slab  of  glass  and  this  will  be  the  most  common  neutralizing  process. 

Thickness  Differences. 

The  tolerance  of  thickness  is  given  as  zero  above  and  at  maximum  power  05  mm. 
below  for  positive  lenses  whilst  for  the  negatives  the  limits  are  -  0-5  mm.  and 
+  0-2  mm. 

These  were  imposed  to  enable  lenses  to  be  combined  by  simply  adding  their 
back  vertex  powers  and  to  allow  for  separations.  Table  IV  shows  the  influence  of 
tliickness  on  the  back  vertex  power  and  may  also  be  used  to  find  the  necessary 
increase  of  combining  surface  power  of  the  positive  per  millimetre  decrease  of 
thickness.  Note  that  it  is  not  suggested  that,  if  this  combining  surface  be  so  modi- 
fied, the  trial  case  indications  of  Column  B,  Table  I — front  vertex  powers — should 
be  altered. 

T.\BLE  IV.  Difference  of  Power  in  Dioptres  per  millimetre  difference  of  thickness. 


Back  vertex 

Form 

power 

Equi- 

Plano- 

-  6 

-  9 

+     5 

•01 

•02 

•07 

■13 

+  10 

•02 

•06 

■18 

■24 

^  IS 

•04 
•06 

•13 

•3° 

•36 

+  20 

■21 

•42 

•59 

Combining  Lenses  and  Mayer  Equivalence. 

The  Mayer  equivalence  may  be  re-stated  in  the  following  words :  the  divergence 
of  an  object  is  not  accurately  additive  to  the  back  vertex  power  to  give  the  con- 
vergence to  the  image  for  different  forms  of  lenses.  There  is  an  extreme  difference 
between  symmetrical  positives  and  —  9-0  d.m.  whilst  the  piano-form  is  inter- 
mediate. In  a  precisely  similar  fashion  plus  and  minus  lenses  placed  immediately 
in  front  of  a  lens  in  a  trial  frame  are  not  strictly  additive,  either  with  a  front  vertex 
or  back  vertex  numbering.  Generally  an  additional  lens  is  weak  and  whilst  the 
front  vertex  powers  will  be  additive  the  error  incurred  by  using  a  back  vertex  num- 
bering is  fairly  small — is  not  negligible  in  a  range  of  forms  between  symmetrical 
and  deep  meniscus — and  may  be  neglected  between  the  suggested  piano-lenses 
and  deep  meniscus.  Lenses  applied  at  the  back  vertex  add  very  accurately  to  a 
back  vertex  equivalent  power,  particularly  for  the  weak  combining  spheres  or 
piano-cylinders  used  in  practice.  In  Table  V  is  given  what  I  describe  as  Effectivity 
Addition  per  Front  Dioptre  Addition ;  it  holds  for  weak  lenses  up  to  about  +  4 
or  -1-  5  placed  in  front  of  the  corresponding  lens  forms. 

Suppose  an  object  (actual  or  produced  by  a  negative  lens,  say  —  3-0,  placed  in 
a  parallel  beam)  to  be  3  d  in  front  of  a  +  20-0  D  back  vertex  power  lens.    If  the 
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Table  \.   Effective  Additions  per  Front  Dioptre  Addition 

Back  vertex 

Equi- 

Plano- 

-  60 

- 

90 

power 

+  1 

-I 

-  I 

+  1 

+ 1 

-I 

+     5 

+    lO 

+  IS 
+  20 

+  -02 

zt 

•15 

-  00 
•02 
•06 

■27 

-  -oi 
•OS 
•13 
•22 

+  ;°5 

i 

-  04 
•10 
•18 
•30 

+  06 
•14 
■27 
•40 

-  -OS 
■12 
•20 
■33 

lens  be  infinitely  thin,  the  image  would  lie  at  +  17-0  D  beyond.  Actually  in  the  case 
of  a  plano-convex  lens  it  would  lie  at  a  distance  of 

20-3-3    ■  -22  =  16-34  D. 
For  the  equi-form  it  would  be  at 

20  -  3  —  3  '■  'lO  =  1670  D. 
For  the  —  6  d.m.,  it  would  lie  at  i6io  D. 

The  differences  of  the  effectivity  additions  give  the  variations  from  the  Mayer 
equivalence  per  dioptre.  Thus  the  difference  betw.een  the  symmetrical  and  deep 
meniscus  -  9  base  ( f  20  lens)  is  •  10  -  -33  =  -  -23  per  dioptre  or  nearly  -  -700 
for  reading  distances.  This  is  beyond  a  permissible  allowance.  With  the  suggested 
piano-form  the  difference  only  amounts  to  -22  -  -33  =  —  -ii  D  per  dioptre  or 
—  -33  D  for  reading  distances.  Thus  the  piano-form,  halving  the  error  at  present 
accruing  with  symmetrical  standards,  brings  it  within  permissible  limits. 

^"ariations  in  the  case  of  negative  lenses  are  negligible  on  account  of  the  small 
thickness  and  restricted  tolerances. 

Trial  Frames. 

The  suggested  reduced  diameters  of  the  lenses  is  only  proposed  as  an  additional 
improvement.  Objection  may  be  raised  as  to  the  revolutionary  effect  in  relation  to 
the  construction  of  trial  frames  and  use  with  existing  frames  designed  to  receive 
38  mm.  diameter  lenses.  One  reason  has  already  been  advocated  for  this.  If  re- 
standardization  can  include  this  novelty,  the  new  frame  required  may  very  con- 
veniently introduce  new  features,  particularly  in  the  construction  of  the  bridge  to 
prevent  wobble  and  to  distribute  the  load.  Further,  since  the  plane  faces  of  the 
lenses  allow  closer  contact  and  do  not  bulge,  it  permits  of  a  re-design  with  regard 
to  cell  separations  if  a  cell  should  be  required  there  at  all.  The  plane  back  vertex 
of  the  positives  and  the  constant  central  thickness  allow  a  constant  position  of  all 
lenses  relative  to  their  mounts. 

Objection  may  be  raised  against  the  smaller  iliamctcr  lens  in  tiiat  neutralization 
may  be  rendered  more  difficult.  Hut  the  same  applies  to  lenses  which  arc  too  large 
and  the  writer  does  not  consider  it  important. 

Ophthalmic  Manufacture. 
It  has  come  to  the  writer's  knowledge  that  some  manufacturers  have  adopted 
methods  of  numbering  their  cur\ed  tools  to  suit  a  rather  temporary  practical 
convenience.   Thus  in  the  first  place  a  tool  is  described  as  the  tool  which  if  used 
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with  spectacle  glass  and  average  thickness  will  give  a  symmetrical  lens  of  power 
stipulated  by  the  tool. 

Thus  taking  Table  II,  a  tool  giving  an  actual  surface  power  of  +  970  would 
be  described  as  a  +  20  tool  since  if  used  to  make  a  symmetrical  lens  the  nominal 
power  of  the  lens  will  be  +  20.  Obviously  this  leads  to  unnecessary  multiplication 
of  deep  curve  tools  when  carried  to  a  designation  for  meniscus  and  piano-lenses. 
It  is  also  a  hopeless  proceeding  when  making  necessary  modifications  for  thickness. 
It  must  lead  to  confusion,  inaccuracy,  and  expense.  A  much  saner  proposal  would 
be  to  describe  the  tool  in  terms  of  the  power  of  the  surface  which  it  produces  when 
using  spectacle  glass.  The  employment  of  the  piano-case,  however,  means  using 
well-defined  surfaces,  considerably  limited  in  number,  for  all  forms  of  lenses.  In 
fact,  to  a  first  approximation,  the  spherical  and  cylindrical  tools  required  by  the 
manufacturer  are  those  given  in  Table  I.  If  thickness  modifications  are  made,  the 
adjustment  can  be  carried  out,  at  the  lower  power  surface,  by  increasing  slightly 
the  number  of  lower  power  tools,  instead  of  increasing  the  number  of  the  deeper 
curves.  AH  that  the  storekeeper  or  man  in  charge  of  the  tools  requires  is  Table  I 
which  therefore  contains  the  main  details  of  ophthalmic  manufacture.  If  it  be 
thought  worth  while  (the  writer  does  not  think  it  advisable),  surfacing  tools  could  be 
given  the  round  number  of  Columns  A  and  C  which  is  the  back  vertex  power  of 
the  piano-form  lens  produced.  The  absolute  powers  of  the  tool  would,  of  course, 
be  that  of  Columns  B  and  C.  This  last  policy  will  cause  the  minimum  of  derange- 
ment, and  will  straighten  out  the  difficulties  of  the  manufacturer.  The  time  has 
come  when  strict  adherence  to  base  curves  of  3,  6,  and  9  D  has  very  doubtful 
economic  advantages. 

Additional  Note.  Whilst  engaged  in  correcting  the  proof  of  this  paper,  an  article 
appeared  in  the  current  issue  (30th  Nov.  1923)  of  the  Optician  by  Mr  Whitwell: 
"On  the  Best  Form  of  Spectacle  Lens.  XXX.  Tolerances."  Mr  Whitwell  gives 
the  depth  of  focus  limits  imposed  by  the  Hooke-Helmholtz  one  minute  resolving 
power.  In  eflFect  the  equations  derived  by  Mr  Whitwell  are 

Tolerance  in  Power  =  ±  (-064  —  -ooiD)  for  a  distant  object 

=  ±  (-067  —  -ooiD)  for  an  object  3-00  away, 
in  which  D  is  the  vertex  power  of  the  correcting  lens.   These  formulae  give  the 
following  figures : 


Vertex 

Tolerance 

in  Dioptres 

power 

Distance 

Near 

+  20 

•044 

•047 

+  15 

•049 

•052 

•054 

•OS7 

+     5 

•059 

•062 

•063 

•066 

-     , 

•06s 

■068 

-     5 

•070 

•072 

•074 

■077 

-  IS 

■079 

•082 

-  20 

•08s 

■087 
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It  will  be  seen  that  these  tolerances  are  very  much  narrower  than  those  given  by 
the  writer  in  this  paper.  In  order  to  anticipate  possible  discussion  around  the  point, 
reasons  are  given  here  for  assuming  tolerances  which  are  proportional  to  the  powers 
of  the  lenses. 

Practical  experience  shows  that  the  higher  ametropic  defects  are  less  sensitive 
to  small  differences  of  power.  The  reasons  for  this  the  writer  can  only  surmise ; 
they  may  be  retinal  or  optical  in  origin.  Unfortunately  the  writer  has  no  figures  to 
back  up  this  obser\-ation  drawn  from  experience,  but  they  may  be  easily  obtained 
from  an  analysis  of  the  ordinar)^  visual  acuitv'  records  of  refractionists.  This  implies 
that  the  Hooke-Helmholtz  one  minute  resohing  power  does  not  hold  for  the  higher 
refractive  errors  corrected.  Indeed  the  writer  considers  that  such  resolution  is 
abnormal  even  for  normal  eyes  with  the  keenest  vision*.  The  writer  felt  that  the 
existing  standard  tolerances  were  based  on  such  considerations  and  did  not  feel  any 
justification  for  any  serious  modification. 

If  much  finer  tolerances  should  be  adopted  than  are  suggested  in  this  paper,  it 
will  most  likely  mean  the  abandonment  of  the  neutralizing  principle,  as  the  accuracy 
of  this  process  is  only  slightly  greater  than  the  tolerances. 

Then  again  there  are  the  more  controversial  technical  difficulties  of  manufacture 
and  sight-testing.  "Practical"  manufacturers  and  refractionists  are  likely  to  agree 
that  finer  limits  of  tolerance  are  unnecessary ;  the  writer  would  endorse  this  point 
of  view. 

In  conclusion  the  writer  wishes  to  emphasize  these  facts :  The  indivi'dual  errors 
arising  in  present-day  practice  are  mutually  cumulative  to  degrees  which  cannot  be 
ignored.  By  the  use  of  the  piano-form  case  these  cumulative  errors  are  absolutely 
controlled  with  no  violation  of  routine  practice. 


DISCUSSION 

Mr  A.  II.  Emerson:  I  am  here  to-night  in  a  dual  capacity,  as  a  manufacturer 
and  as  a  member  of  the  Standards  Committee  which,  under  the  Chairmanship  of 
Mr  Lionel  Laurance,  is  considering  and  has  nearly  completed  recommendations 
for  Standard  Trial  Lenses.  This  committee  includes  representatives  of  the  Whole- 
sale and  Manufacturing  Association  as  well  as  of  the  principal  Ophthalmic  Societies. 
I  ought  not  to  anticipate  the  findings  of  this  committee,  but  I  have  authority  for 
saying  how  glad  it  is  of  another  advocate  of  the  piano-form  and  of  a  smaller  lens, 
both  of  which  are  recommended  by  it.  The  committee  does  not  altogether  agree 
with  some  of  Mr  Swaine's  suggestions,  as  will  be  seen  when  the  report  is  published. 

\s  a  manufacturer  I  have  advocated  the  return  to  this  form  for  many  years 
now.  Our  investigation  into  this  matter  has  revealed  that  they  were  in  use,  as  early 
as,  if  not  before,  the  equi-curvcd  form. 

Mr  Swaine's  remarks  on  the  nomenclature  of  surface  grinding  tools  for  mass 

production  are  rather  amusing.   It  is  not  merely  a  question  of  an  infinite  number 

•  W.  Swaine,  "  Acuteness  of  Vision."  The  Optical  Initiate  in  Optician  (loth  Aug.  1923)1  P-  44^ 
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of  variations  but  of  providing  a  large  number  of  each.  I  can  call  to  mind  one  par- 
ticular sight  curve  of  which  we  use  at  Mill  Hill  many  more  than  one  hundred  tools. 
For  this  reason  alone  manufacturers  will  welcome  the  standardization  not  only  of 
trial  case  lenses  but  spectacle  lenses  in  general.  Anticipating  this,  we  have  provided 
for  and  are  ready  to  produce  guaranteed  plano-convex  and  plano-concave  lenses 
so  soon  as  the  people  of  this  country  desire  English  made  lenses. 

Mr  T.  F.  Connolly:  Chiefly  owing  to  the  fact  that  lenses  possess  thickness, 
a  consistent  and  suitable  nomenclature,  for  ophthalmic  and  manufacturing  purposes, 
for  powers  of  positive  and  negative  lenses  presents  difficulty.  The  author's  scheme 
appears  a  satisfactory  method  of  overcoming  this  difficulty.  Apart  from  changes 
in  the  standard  thicknesses  and  the  suggested  change  of  diameter,  two  elements 
in  the  proposals  are  of  special  importance.  The  first  is  the  use  of  plano-convex  and 
plano-concave  lenses  and  the  second  is  the  specification  of  both  front  and  back 
powers  for  the  positive  lenses. 

The  specification  of  the  India  Store  Department  for  trial  cases  already  presents 
plano-convex  and  plano-concave  lenses  on  a  neutralization  basis.  In  the  author's 
Table  I  the  Columns  B  and  C  would,  therefore,  according  to  this  specification,  be 
identical.  It  is  considered,  even  on  the  above  basis,  that  piano-lenses  are  an  improve- 
ment on  equi-lenses  and  the  change  is  in  the  direction  urged  by  Mr  Swaine  in 
the  present  paper.  The  equivalence  of  Columns  A  and  C,  as  suggested  in  the  paper, 
is  a  further  ophthalmic  improvement,  while  the  needs  of  the  manufacturer,  etc., 
are  met  by  Column  B.  In  fact  the  author's  suggestions,  if  adopted,  would  conform 
to  the  above  specification,  which  is  practically  only  concerned  with  powers  up  to 
8  D,  with  differences  amounting  only  to  the  tolerances  as  a  maximum.  If  the  author 
would  accept  metal  rims,  to  bring  the  diameter  of  his  lenses  up  to  the  standard, 
I  would  be  in  almost  complete  agreement.  Any  changes  in  the  standard  diameter 
of  the  lenses  should  be  adopted  only  after  very  careful  consideration  of  all  factors. 
Existing  trial  frames  take  38  mm.  lenses  and  so  "vested  interests"  necessitate  a 
"conservative"  attitude  in  this  matter. 

Mr  J.  Guild:  I  disagree  with  Mr  Connolly's  suggestion  that  the  lenses  should 
be  mounted  so  as  to  fit  existing  trial  frames.  One  of  the  chief  advantages  of  the 
smaller  size  lens  would  be  that  a  lighter  and  more  compact  frame  could  be  employed. 
Most  of  the  existing  frames  are  so  heavy  and  cumbersome  as  to  produce  serious 
discomfort  by  their  pressure  on  the  nose  and  the  strain  on  the  facial  muscles 
generally,  and  there  is  no  doubt  that  with  many  patients  these  abnormal  conditions 
appreciably  affect  the  vision  during  test.  I  hope  that  the  adoption  of  the  smaller 
lens  will  necessitate  the  re-design  of  frames  and  that  designers  will  remember 
that  these  frames  have  not  only  to  accommodate  lenses  but  have  to  be  worn  by 
patients  without  inducing  such  unusual  muscular  reactions  as,  possibly,  to  vitiate 
the  test. 

Mr  T.  Smith:  As  there  is  a  committee  sitting  which  some  of  us  now  hear  for 
the  first  time  from  Mr  Emerson  is  considering  the  standardization  of  trial  lenses, 
including  their  form  and  size,  it  is  right  to  point  out  that  this  Society  has  a  Standards 
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Committee  which  in  years  past  has  been  the  acknowledged  authority  on  this  subject 
in  this  country.  That  Committee  has  not  been  dissolved,  and  I  suggest  as  the 
proper  course  that  no  new  standards  should  be  proposed  for  adoption  here  until 
they  have  been  submitted  to  this  Optical  Society  Committee  and  their  views  have 
been  considered.  I  think  I  am  right  in  saying  that  the  question  of  lens  form  was 
very  carefully  considered  by  that  Committee,  who  fully  appreciated  the  advantages 
of  the  piano-form,  but  were  deterred  from  recommending  it  because  American 
practice  had  at  that  time  an  almost  overwhelming  influence  for  purely  economic 
reasons. 

The  present  proposal  is  different  from  previous  suggestions  using  lenses  of  this 
form  in  that  positives  and  negatives  of  the  same  denomination  do  not  neutralize 
when  their  cur\-ed  surfaces  are  in  contact.  This  special  feature  must  be  kept  in 
mind  or  it  may  lead  to  misunderstanding.  For  instance,  if  the  India  Stores  Depart- 
ment were  to  accept  trial  cases  made  according  to  Mr  Swaine's  scheme  and  also 
sets  with  plano-Ienses  on  any  of  the  bases  suggested  hitherto,  without  particularly 
calling  the  attention  of  the  users  in  India  to  the  distinction  between  them,  some  of 
their  correspondence  might  be  more  lively  than  polite. 

Mr  A.  Whitwell :  I  agree  mainly  with  what  Mr  Swaine  has  said  in  his  paper, 
but  there  are  one  or  two  small  points  which  I  should  like  to  discuss. 

I  agree  that  the  lenses  of  the  trial  case  should  be  plano-convex  or  plano-concave 
instead  of  double  convex  or  double  concave  as  they  are  at  present. 

I  also  agree  that  it  is  best  to  mark  or  number  the  lenses  with  the  back  vertex 
power,  that  is  the  power  as  measured  from  the  plane  face. 

If  in  addition  we  know  the  power  of  the  curved  surface,  which  is  of  course 
the  front  vertex  power,  then  we  also  know  the  Gauss  or  cardinal  power  and  we 

also  know  the  reduced  thickness       which  is  equal  to  the  difference  of  the  vertex 

powers  divided  by  their  product. 

D„.  -  D,., 


£>,,-    £>,,(' 1       '/)„)    or    '      %-„^ 


This  is  a  very  simple  formula  for  checking  the  axial  thicknesses  of  the  positive 
lenses. 

For  example,  from  Table  I,  if  we  take  the  back  vertex  power  to  be  40  and  the 
front  vertex  power  3-970,  the  thickness  should  be 

- — ^  =  -00287  "'"  2'9  mm. 

Mr  Swaine  gives  the  standard  thickness  as  2-6  mm.  This  difference  of  thickness, 
however,  only  makes  a  difference  in  the  power  of  one  unit  in  the  second  decimal 
place.  Taking  Mr  Swaine's  thickness  to  be  correct,  the  front  vertex  power  sht)uld 
be  3-98  instead  of  3-97. 

As  regards  the  thicknesses  of  the  positive  lenses  I  should  like  Mr  Swaine  to  have 
fixed  the  standard  thickness  by  a  definite  rule  instead  of  the  more  arbitrary  plan 
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he  has  adopted.  I  suggest  that  the  standard  thickness  should  be  that  corresponding 
to  a  definite  diameter  of  lens  of  the  same  power,  say  38  or  40  mm. 

In  my  view  the  tolerances  given  in  Columns  3-7  of  Table  I  are  too  large.  I  do 
not  know  sufficient  about  it  to  say  to  what  accuracy  in  power  a  trial  lens  can  be 
ground,  but  I  think  the  trial  lenses  should  be  made  as  accurately  as  possible. 

Mr  Swaine  says  "practical  experience  shows  that  the  higher  ametropic  defects 
are  less  sensitive  to  small  differences  of  power."  This  may  be  because  we  have  not 
at  present  sufficiently  accurate  tests.  It  may  be  that  some  day  some  one  will  come 
along  with  test  charts  or  with  some  method  of  testing  by  which  one  could  detect 
a  difference  of  power  say  of  -id  in  a  higher  power  spectacle  lens.  In  any  case 
ought  we  not  to  consider  a  trial  case  as  a  set  of  lenses  of  precision  which  should 
be  made  as  near  the  power  which  they  purport  to  be  as  they  can  be  made  with  due 
regard  to  cost? 

]\Ir  H.  H.  Emsley :  It  is  interesting  to  hear  from  Mr  Emerson  that  the  Standards 
Committee  of  which  he  is  a  member  has  been  considering  the  question  of  a  piano- 
lens  trial  case.  I  understood,  however,  that  they  were  not  dealing  with  anything 
fundamental,  but  only  with  mechanical  details  connected  with  ophthalmic  ware. 
I  would  like  also  to  point  out  that  the  trial  lens  suggested  in  this  paper  differs  in 
some  respects  from  that  recommended  by  Messrs  Lionel  Laurance  and  Oscar 
Wood  in  their  recent  articles  in  the  Optician. 

In  connection  with  Mr  Connolly's  remarks,  the  new  lenses  of  small  diameter 
can  be  mounted  in  large  rims  to  fit  existing  trial  frames ;  but  I  believe  Mr  Swaine 
recommends  the  adoption  of  a  newly  designed  trial  frame  which  will  allow  of  the 
necessary  adjustments  and  will  at  the  same  time  attempt  to  remedy  some  of  the 
mechanical  defects  of  most  existing  trial  frames,  which  are  not  what  they  might 
be.  Mr  Guild  appears  to  agree  with  the  last  phrase. 

There  is  the  type  of  frame  that  is  carried  on  a  bracket  fixed  to  the  wall  or  a 
stand  or  chair ;  frames  of  this  kind  do  not  appear  to  be  used  in  this  country,  perhaps 
because  of  the  uncertainty-  as  to  whether  the  patient  is  keeping  his  (or  her)  head 
steadily  in  position  against  the  stops  provided.  In  America,  I  have  been  informed, 
the  head  is  sometimes  shaped  in  some  way  to  the  frame. 

I  was  interested  to  hear  Mr  Smith  remark  that  the  decision  to  adopt  symmetrical 
trial  case  lenses  in  1908  by  the  Optical  Society's  Standard  Committee  (Trial  Case) 
was  influenced  by  the  weight  of  American  opinion.  The  ophthalmic  industry  of 
this  country  seems  to  have  been  so  influenced  for  a  long  time.  I  do  not  know  why 
this  should  be;  there  are  workers  over  here  whose  line  of  thought  is  equally  up-to- 
date  and  progressive,  if  not  more  so. 

Mr  Whitwell  may  of  course  be  quite  correct  in  stating  that  the  visual  acuity 
in  cases  of  high  ametropic  errors  may  be  found  to  be  more  sensitive  if  research 
were  carried  out  on  these  lines.  I  rather  think,  however,  that  Mr  Swaine 's  state- 
ment has  much  experience  of  his  own  behind  it. 
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Mr  Swaine  (communicated) :  The  reply  may  be  dealt  with  conveniently  under 
subject  headings : 

Standards  Committees  and  Standardization. 
(Messrs  Emerson,  Smith,  and  Emsley.) 

My  only  notification  of  the  existence  of  the  committee  of  which  Mr  Emerson 
is  a  member  was  a  small  paragraph  in  the  Optician  and  a  brief  reference  by 
Mr  Raphael  in  his  paper  to  this  Society  a  year  ago.  It  is  to  be  regretted  that  the 
public  have  not  been  made  more  fully  aware  of  the  scope  of  this  committee.  My 
own  opinion  is  that  a  committee  undertaking  a  wide  reconstruction  scheme,  in- 
volving, for  example,  a  decision  relating  to  the  re-design  of  trial  cases  should  be 
absolutely  representative  and  authoritative  and  preferably  international. 

I  am  interested  to  read  that  at  Mill  Hill  provision  has  been  made  for  the  produc- 
tion of  guaranteed  plano-convex  lenses.  I  am  sure  many  people  besides  myself  would 
like  to  know  precisely  on  what  numeration  basis  these  lenses  are  to  be  produced 
and  whether  the  back  vertex  power  of  the  present  day  symmetrical  standards  is 
reproduced  conveniently. 

Lack  of  information  around  such  important  matters  as  those  just  mentioned 
gives  rise  to  a  general  "liveliness,"  one  form  of  which  is  anticipated  by  Mr  Smith. 
One  finds,  for  example,  that  the  patient  returns  dissatisfied  to  his  ocuHst  who  in- 
forms the  optician ;  then  the  prescription  house  hears  something  about  it,  where- 
upon departments  fall  out  before  the  manufacturer  comes  in  for  his  share  of  the 
blame.  I  venture  to  suggest  that  the  possible  liveliness  pointed  out  by  Mr  Smith 
would  be  very  healthy  as  it  is  capable  of  so  easy  an  explanation.  Thus  Columns  A, 
B  and  C  of  Table  I  which  are  recorded  on  the  case  state  clearly  the  exact  numerical 
position.  The  influence  of  this  particular  observation  is  felt  in  all  the  stages  of 
spectacle  construction:  it  smooths  out  the  friction  which  arises  with  the  present 
symmetrical  standards  and  in  the  new  standards  does  not  introduce  new  difficulties 
with  regard  to  a  back  vertex  numbering.  For  example.  Column  B,  Table  I,  could 
very  well  be  pasted  in  the  cases  of  symmetrical  lenses  as  indicating  the  neutralizing 
lenses  for  piano-  and  deep  meniscus  lenses.  This  means  that  the  suggested  standard 
may  be  used  at  the  same  time  as  the  symmetrical  standards  already  in  active  use, 
which  latter  can  therefore  die  a  natural  death  whilst  the  new  piano-case  grows  up. 

With  Mr  Emsley  I  was  interested  to  hear  that  American  opinion  was  influential 
at  the  last  Standards  decision  and  from  a  hint  dropped  by  Mr  Raphael  it  appears 
that  America  only  is  being  consulted  by  the  committee  mentioned  by  Mr  Emerson. 
1  wonder  at  the  absence  of  any  reference  to  French  and  German  work. 

Form,  Thickness,  and  Numbering. 

(Messrs  Connolly,  Emerson,  and  Whitwell.) 

I  appreciate  the  general  agreement  on  the  question  of  lens  form.  Mr  Whitwell 

and  Mr  Connolly  agree  with  the  numbering.  I  can  only  surmise  that  Mr  Emerson's 

Committee  disagree  with  the  suggestions  made  here  on  thickness  or  numbering 

or  both. 
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The  Gowlland  case  of  piano-lenses  was  made  with  thin  lenses  mounted  in 
annuli  to  bring  the  diameter  to  the  standard  38  mm.  These  lenses  being  thin  give 
allowable  equal  back  and  front  vertex  powers  and  therefore  do  not  violate  the 
existing  standards,  either  as  regards  back  vertex  power  or  neutralization.  They  do 
not  correct  the  neutralizing  principle  when  applied  to  thick  lenses  and  they  do 
not  satisfy  the  Mayer  near  equivalence,  which  also  introduces  the  thickness  factor. 
Beyond  the  simple  question  of  form  they  offer  little  advantage  over  the  symmetrical 
form. 

If  thickness  compensating  devices  are  introduced  to  produce  a  gradation  of 
thickness  (rough  though  it  need  be),  the  resulting  solution  lends  itself  only  to  a 
front  vertex  or  neutralizing  numbering  with  surface  powers  more  or  less  integral. 
The  numbering  will  not  agree  with  the  existing  back  vertex  power  numbering. 
During  the  period  of  transition  two  incompatible  systems  will  be  in  use  with  con- 
sequent further  possibilities  of  confusion,  especially  if  the  system  is  not  universally 
adopted.  As  remarked  previously,  the  case  suggested  in  the  paper  is  not  open  to 
this  objection. 

In  reply  to  Mr  Whitwell  the  average  thicknesses  stipulated  may  be  calculated 
from 

/  =^  (-4  D  +  i)  mm., 

where  D  is  the  back  vertex  power.  As  mentioned  in  the  paper,  they  are  the  average 
of  the  A.  O.  Go's  lenses  as  stated  in  their  catalogue.  These  thicknesses  are  higher 
than  will  obtain  in  practice,  for  the  theoretical  thickness  of  lenses,  say  40  mm. 
in  diameter  and  i  mm.  edge  thickness,  is  given  by 

t  =  {-^.F  +  i)  mm., 

where  F  is  the  front  surface  power  of  the  piano-lens.  This  greater  thickness  was 
adopted  mainly  to  accommodate  the  influence  of  the  employment  of  deep  meniscus 
spectacle  lenses,  which  are  in  relatively  greater  use  than  the  symmetrical  type. 
Reference  to  Table  III  shows  that  the  front  vertex  power  {i.e.  neutraUzing  power) 
is  smaller  than  the  back  in  proportion  to  the  bending  and  to  the  thickness.  By 
choosing  thick  standards,  the  neutralizing  powers  are  a  practical  compromise 
between  the  practical  piano-  and  deep  meniscus  forms  (see  page  78). 

Lens  Diameter. 
(Messrs  Connolly,  Emerson,  Guild,  and  Emsley.) 

Whilst  there  is  a  general  agreement  on  the  suggested  reduction  of  diameter, 
as  Mr  Connolly  rightly  points  out,  "vested  interests"  must  receive  some  con- 
sideration. I  believe,  however,  that  the  question  is  capable  of  adjustment  to  the 
general  requirements.  I  suggest  that  a  pair  of  annular  adapters  be  provided  with 
the  case  which  will  receive  the  new  standard  lenses  whilst  employing  the  old  type 
of  trial  frame.  In  any  case  the  central  substance  allows  of  the  manufacture  of 
full  size  38  mm.  lenses,  or  alternatively,  metal  annuli  may  bring  the  diameter 
up  to  the  old  standard.    I  agree  with  Mr  Guild  that  many  modern  frames  are 
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instruments  of  torture,  in  addition  to  possessing  unavoidable  mechanical  weaknesses 
owTng  to  the  large  diameter  lens  in  use. 

Tolerances. 
(MrWhitivell.) 

I  agree  with  Mr  Whitwell's  main  contention  that  trial  lenses  should  be  as  precise 
as  is  practicable.  I  assume,  however,  that  cost  must  be  seriously  considered.  If 
we  therefore  extend  the  tolerances,  as  Mr  WhiUvell  does,  to  a  resolution  limit, 
we  may  then  observe  that  the  highest  power  of  a  positive  lens  or  the  lowest  negative 
limit  is  more  definitely  fixed  on  such  a  basis.  The  lower  positive  and  the  higher 
negative  limits  are  fixed  by  the  differences  of  accommodation  which  may  be  allowed. 
At  the  same  time  it  is  worth  recording  that  alleviation  or  prevention  of  harm  are 
the  primary  functions  of  a  correction,  whilst  the  securing  of  acute  vision  is  only 
secondary.  The  end  determination  of  the  corrective  lens  is  generally  influenced 
by  the  indications  of  other  tests,  muscle  balance,  latent  hyperopia,  etc.  The  writer 
had  not  experienced  any  inconvenience  from  the  tolerances  with  the  existing 
standards  and  consequently  had  chosen  them  as  a  basis  for  the  present  standard. 

If  cost  of  production  is  not  of  such  paramount  importance,  I  am  in  favour  of 
rather  narrower  limits.    Mr  Whitwell's  figures  could  then  be  adopted  as  being 
certainly  well  within  limits  of  ocular  resolution.  Alternatively,  the  writer  proposes 
that  the  Hooke-Helmholtz  one  minute  angle  may  be  superseded  as  follows : 
For  defects  i-o  to    50  ...    90  seconds  resolution 
,,       5-0  ,,  lo-o  ...  1 10        ,,  ,, 

,,     lo-o  ,,  200  ...  ii;o        ,,  ,, 
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THE  PRIMARY  AND  SECONDARY  CONSTANT 
MAGNIFICATION  SURFACES  OF  THIN  LENSES 

By  T.  smith,  M.A.,  F.Inst  .P. 

(Optics  Department,  National  Physical  Laboratory.) 

MS.  received,  26th  October,  1923.    Read,  i^l/i  December,  1923. 

ABSTRACT.  The  surfaces  of  constant  magnification  on  which  the  primary  and 
secondary  focal  lines  for  a  thin  lens  are  situated  form  families  of  similar  surfaces,  and  lie 
between  easily  constructed  surfaces  (spheres  for  the  secondary  surfaces)  determined  by  the 
power  of  the  lens  together  with  the  Petzval  sum  for  the  one  limit  and  the  sum  of  the  lens 
curvatures  for  the  other. 


Coddington's  equations  for  the  determination  of  primary  and  secondary  conjugate 
foci  when  light  is  refracted  at  a  single  surface  are 

n' V  cos- (f>' —  fxU' cos- <l>  =  K  ...(i) 

and  /x'F-/xt/=A'  ...(2) 

respectively,  where  ^  is  the  refractive  index  for  the  first  and  fx.'  for  the  second 
medium,  </>  and  </>'  are  the  angles  of  incidence  and  refraction  for  the  principal  ray, 
U  and  V  are  respectively  the  reciprocals  of  the  distances  of  the  secondary  object 
and  image  points  from  the  point  of  refraction — that  is,  the  curvatures  at  the  point 
of  refraction  of  the  incident  and  emergent  wave  fronts — and  U'  and  V  are  the 
corresponding  primary  quantities.  K,  the  refracting  power  associated  with  this 
ray,  is  given  by 

K  =  R  {fx' cos  <!>' —  fjL  cos  (/))  •••(3). 

where  R  is  the  curvature  of  the  refracting  surface,  and  0  and  </>'  obey  the  law  of 
refraction 

Ij.'  sin  (j>'  =  fj.  sin  (f>  •••(4)- 

If  instead  of  a  single  refraction  the  light  passes  through  a  number  of  surfaces  which 
are  sensibly  in  contact,  so  that  the  U  and  U'  of  one  surface  are  indistinguishable 
from  the  V  and  V  of  the  preceding  surface,  and  if  further  all  the  surfaces  are 
parallel  to  one  another  where  the  principal  ray  meets  them,  the  series  of  equations 
corresponding  to  (i)  and  (2)  yield  when  added  together  other  equations  of  the  same 
type,  the  fx,  </>,  U,  and  W  relating  to  the  first  medium  and  the  fx',  <f)',  V,  and  V 
to  the  last,  while  K  represents  the  sum  of  the  powers  of  the  individual  surfaces.  In 
the  most  important  case  the  refractive  indices  of  the  two  external  media  are  equal, 
and  are  given  the  conventional  value  unity.  If  >p  is  the  value  of  </>  for  this  medium, 
the  K  for  a  typical  surface  may  be  regarded  as  the  sum  of  R  (cos  >p  —  fx  cos  cfy)  and 
R  (/i'  cos  (f>'  —  cos  tji),  and  by  grouping  together  in  pairs  the  surfaces  separating 
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any  particular  medium  of  index  fi,  R  {fx  cos  4>  -  cos  t/t)  is  obtained  as  the  contri- 
bution to  K,  where  R  is  now  the  "total  curvature"  of  the  thin  lens  of  this  index. 
If  there  is  more  than  one  lens  of  the  same  material,  R  may  be  taken  as  the  sum  of 
the  total  cur\atures  of  all  lenses  of  the  one  glass,  and  A.'  is  obtained  by  summing 
the  contributions  for  every  kind  of  glass  present.  Since  it  is  only  the  sum  which 
enters  into  the  final  equation,  it  follows  that  for  given  object  surfaces  the  same 
image  surfaces  are  obtained  whatever  the  order  in  which  the  component  lenses  are 
arranged,  however  the  individual  glasses  may  be  divided  into  a  number  of  separate 
lenses  provided  the  total  power  of  each  kind  of  glass  remains  unaltered,  and  however 
the  shapes  of  any  or  of  all  the  components  may  be  changed.  In  particular  the 
curvature  and  astigmatism  in  the  images  formed  by  all  thin  achromatic  systems 
constructed  from  the  same  t\vo  glasses  will  be  identical. 

In  nearly  all  cases  the  conjugate  surfaces  of  most  interest  are  those  for  which 
there  is  a  constant  degree  of  magnification  or  minification.  If  the  magnification  is 
m  the  primary  and  secondary  surfaces  are  obviously  found  by  imposing  the 
conditions 

U  =  m  V,         U'  ==  m  V 

giving  U  =  U'  cos-  i/r  =  Ktnj{i  —  m) 

V      V  cos-  i/i  ^  A7(i   -  ///), 

showing  that  all  the  primar}'  surfaces  are  similar  to  one  another,  and  likewise  all 
the  secondary  surfaces.  The  primary  surfaces  are  deducible  from  the  secondary 
by  shortening  every  radius  vector  in  the  ratio  cos-  i/r  :  i  whatever  the  shape  of 
the  secondarv'  surfaces  may  be ;  this  enables  attention  to  be  focussed  on  one  of  these 
sets  only,  and  the  secondary'  is  chosen  because  these  surfaces  are  of  a  much  simpler 
shape  than  the  primary  surfaces.  It  may  be  noted  from  the  general  equations  that 
there  are  only  two  cases  in  which  the  primar}'  and  secondary-  surfaces  coincide: 
these  are  when  IJ,  V,  U',  and  V  are  infinite,  the  conjugate  surfaces  being  situated 
at  the  lens  and  the  magnification  being  unity;  and  where  (i)  and  (2)  are  derivable 
from  one  another  in  virtue  of  (4),  that  is  when  m  =  n/fj.'.  These  examples  corre- 
spond to  the  refracting  surface  itself  and  to  Young's  aplanatic  spheres  in  the  case 
of  a  single  spherical  refracting  surface,  and  become  coincident  with  one  another 
when  the  two  external  media  are  alike.  The  vanishing  of  the  astigmatism  to  the 
second  order  for  surfaces  through  the  point  of  refraction  involves  the  absence  of 
astigmatism  for  surfaces  in  general  in  this  neighbourhood. 

Since  all  the  surfaces  are  similar  to  one  another  it  is  sufticient  to  consider  a 
particular  example,  and  the  most  convenient  is  that  for  which  m  ^  o.  U  then 
vanishes,  that  is  to  say  the  object  is  at  infinity,  and  the  whole  of  the  surfaces  may 
be  deduced  from  the  particular  case  I '  =  A.'. 

Consider  first  the  case  in  which  the  system  consists  of  a  single  lens  of  refractive 
index  /x.  Since  AT  -  /?  (/x  cos  <(>  -  cos  ip)  and  /isin  <f)  =  sin  ip,  the  polar  equation 
of  the  surface  is 

V  -  p=^  ~ —  (cos  0  I   /x  cos  (f>), 
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where  v  is  the  distance  from  the  lens  vertex  to  the  image  surface  in  the  direction  ip, 
and /is  the  focal  length  of  the  lens,  so  that 


/ 


^Rifi-i). 


Now  from  Fig.  i  it  is  apparent  that  the  curve 

V  =  a  cos  <j)  +  b  cos  (f> 
represents  a  circle  of  radius  b  with  its  centre  at  (a,  o),  provided  the  condition 
a  sintp  ^  b  sin  <f) 


Fig.  I 


The  numbers  give  the  magnific 


is  satisfied.  Thus  in  the  case  of  a  single  thin  lens  the  secondary  focal  surfaces  are 
spheres  whose  centres  divide  the  axial  distance  between  the  lens  and  the  axial 
image  point  in  the  ratio  i  :  ;i,  or  if  ro  be  written  for  the  reciprocal  of  the  refractive 
index,  in  the  ratio  ro  :  i.  It  follows  that  the  curvature  of  the  image  surface  is 
-  (i  +  ro)  times  the  curvature  of  the  wave  surface  as  it  emerges  from  the  lens. 
A  series  of  these  surfaces  are  shown  in  section  in  Fig.  2  for  a  lens  of  refractive 
index  1-5. 
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When  there  are  lenses  of  various  kinds  of  glass  present,  the  surfaces  are  in 
general  less  simple  and  the  only  well  known  results  are  those  which  give  the  shape 
of  the  surfaces  in  the  immediate  neighbourhood  of  the  axis.  These  are  equivalent 
in  this  case  to  the  statement  that  the  factor  —  (i  +  ra)  still  applies  if  ro  for  the  com- 
plete system  is  calculated  from  the  formula 

the  summations  extending  over  all  the  lenses.  This  definition  may  be  regarded  as 
an  equation  for  finding  a  mean  velocity  of  the  light  in  traversing  the  system  of 
lenses,  and  the  Petz^'al  theorem  states  that  the  mean  so  derived  gives  the  cur\'ature 
of  the  image  surfaces  in  the  immediate  neighbourhood  of  the  axis.  Apart  from  this 
theorem  we  might  have  considered  other  alternatives  which  agree  with  the  exact 
result  for  a  single  lens.  For  instance,  we  might  have  investigated  a  mean 
"slowness"  or  refractive  index  given  by 

M  =     v^-  ■■•(6) 

and  compared  the  actual  image  surface  with  the  sphere  of  curvature  —  (i  +  /a"*) 
times  that  of  the  emergent  wave  surface.  The  actual  position  is  that  (5)  is  known 
to  be  correct  in  the  neighbourhood  of  the  axis  and  (6)  definitely  in  error.  Moreover 
Mr  Wilfred  Taylor*,  using  an  objective  free  from  spherical  aberration  and  coma, 
with  which  it  was  therefore  feasible  to  observe  the  surfaces  considered  in  theoretical 
investigations,  has  succeeded  in  showing  that  the  actual  surfaces  observed  lie  very 
close  to  the  sphere  constructed  according  to  (5)  and  the  derived  primary  surface. 
This  would  tend  to  support  the  view  that  (5)  is  in  general  a  reliable  formula  even 
for  very  large  angular  fields,  but  much  wider  verification  would  be  called  for  before 
this  result  could  be  accepted  as  a  safe  generalization.  It  is  here  proposed  to  limit 
the  problem  by  establishing  that  the  actual  surface  lies  between  the  two  spheres 
derived  from  the  expressions  (5)  and  (6). 

Let  the  reciprocals  of  the  chords  of  these  two  spheres  in  the  direction  i/r  be 
denoted  by  /  and  ]  respectively,  and  for  brevity  write  sin-  >j/  =  a.  Then  the 
equation  to  the  sphere  derived  from  the  mean  velocity  is 

/    ^  (i  -  w^a)^  -  ra  (i  -  a)* 
Skp  I  —  VJ 

and  that  from  the  mean  refractive  index  is 

J        (^--  -  a)i  -  (I  -  a)i 

while  the  real  surface  is  given  by 

V  =  S/?„  {(f,,^  -  «)i  -  (,  -  «)*}. 

•    Trails.  Opt.  Soc.  24  (1922-23)  321. 
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These  may  be  expanded  in  series  of  ascending  powers  of  a  giving 
V  =  SxTj,  ]i  +  Jarop  +  ia-TD„  (i  -1-  ro^  +  m,,-)  +  ... 


^^",,.f^\,i  a"  tD,  (i  +  ra,  +  ra^^  +  ...  +  ta,2"-*)  +  . 


'   2-'"-1k!(«-  i) 

g —  =  I    ~  kern  +  Ja^ra  (i  +  ra  +  ra-)  +  ... , 

while  /  is  derived  from  the  /  formula  by  putting  fi~^  for  m.  From  the  definition 
of  ro  it  follows  that 

f  -  /  =  S  ^r"  "^^,a"  {^K.m^r  (1  -I   m,  +  ...  +  ra/'-^) 
„„22-"-'  n!  («  -  i)!      ^      '^    '^  '^  *       ' 

-  w'{i  +  ra-  ...  +n3--"'-3)5:,<J. 
The  lowest  term  on  the  right  is  of  the  fourth  order  in  the  inclination,  indicating 
that  V  and  /  are  in  contact  near  the  axis,  as  is  required  by  the  Petzval  theorem.  As 
the  range  of  values  of  the  individual  ra's  is  small,  and  consequently  the  value  for 
the  complete  .lens  will  be  nearly  equal  to  that  for  a  component,  unless  the  com- 
position of  the  lens  is  of  an  extreme  character,  the  signs  of  all  the  terms  on  the  right 
will  tend  to  agree  with  that  of 

or  {Y.K^.Y.K^mJ'  -  i^K^w^fWlLK^ 

or  S/<„/<,(ra„  -  ra,)2/2/<-^, 

where  the  summation  is  taken  over  all  pairs  of  component  lenses.  In  achromatic 
lenses  this  sum  clearly  tends  to  be  negative,  as  is  seen  by  considering  a  doublet 
lens  as  a  simple  case  and  more  generally  by  comparing  it  with 

this  being  negative  as  individual  lenses  tend  to  be  at  least  as  powerful  as  the  achro- 
matic combination  constructed  from  them.  It  follows  that  /  is  greater  than  V,  or 
the  Petzval  theorem  gives  an  exaggerated  estimate  of  the  departure  of  the  image  from 
a  plane  in  the  outer  parts  of  the  field  of  view. 

Comparing  now  the  actual  surface  with  the  "slowness"  sphere, 

^-^  =„!,2^»-'«!V-i)!""  ^^""''^  ^"  '^  ^.  +  -  +  ^.^"-^) 

there  being  now  a  term  present  varying  as  the  second  power  of  the  inclination,  so 
that  this  sphere  does  not  give  the  correct  image  curvature  near  the  axis.  As  before 
the  signs  of  the  terms  in  general  will  follow  those  of  the  lowest  terms 

Write 

y,  =  .,  +  i?„     sothat     /.  =  ^=^. 
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Then 

=  SyptDj  (i  -  ra,)  -  I.j\w,.I.j\  (i  -  rap)/2;y, 

and  since  they's  agree  in  sign  with  the  /c's  it  follows  that  V  is  intermediate  in  magni- 
tude between  /  and  J.  In  other  words  the  secondar}'  surface  lies  entirely  between 
these  two  spheres.  As  these  spheres  do  not  differ  greatly  in  curvature  it  is  evident 
that  the  secondary  surface  does  not  depart  greatly  from  the  spherical  form  and  that 
the  Petzval  theorem  gives  a  reliable  guide  to  its  position  even  for  large  angles  of 
view.  The  primary  surface  lies  between  the  surfaces  constructed  by  reducing  the 
distances  of  these  spheres  from  the  lens  vertex  in  the  ratio  cos^  ip  :  i.  These  limiting 
surfaces  associated  with  the  primary  foci  are  not  of  course  symmetrical  with  respect 
to  a  transverse  plane,  but  they  both  touch  the  lens  on  the  axis. 

As  an  example,  consider  an  objective  constructed  from  a  positive  lens  of  power 
2-5  and  refractive  index  15  and  a  negative  lens  of  power  —  i"5  and  refractive  index 
1-6. 

1-5      1-6       '•'^ 
I      i;  —  2-1; 

-  =^ ^  =  -ynzg- 

M      7-5-4 


p  circle  representing  I'etzval  limit  for  secondary  foci. 

J  circle  representing  "slowness"  limit  for  secondary  foci. 

o  actual  points  on  secondary  surface. 

P  and  5  the  primary  focal  limits  correspondinK  to  />  and     respectively. 

C  the  circle  givini;  the  paraxial  curvature  of  P. 
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Fig.  3  shows  sections  of  these  spheres  and  of  the  corresponding  primary  surfaces 
together  with  points  on  the  actual  secondary  focal  surface  found  by  direct  calculation 
from  Coddington's  formula.  The  primary  points  lie  between  the  two  limiting 
surfaces  in  the  same  relative  position  as  the  secondary  points,  but  they  are  not 
marked  in  the  diagram  owing  to  the  smallness  of  the  separation  of  these  surfaces. 
Figures  for  a  number  of  rays  are  given  in  the  following  table. 


cosi^ 

/ 

V 

J 

(V-  D  io« 

{V-  J)  10' 

10 

10 

i-o 

i-o 

0 

0 

■9 

I  0778 

1-0776 

10760 

2 

16 

■8 

11663 

1-1658 

1-1623 

-       5 

35 

■7 

1-2676 

1-2660 

1-2604 

-     16 

56 

•6 

1-3836 

.-3802 

1-3723 

-     34 

79 

•5 

.•S168 

1-5103 

1-5 

-     6s 

103 

•4 

1-6698 

.-6585 

1-6458 

-  "3 

127 

•3 

1-8450 

1-8266 

1-8117 

-  184 

149 

•2 

2-0451 

2-0166 

2-0 

-285 

166 

•I 

2-2719 

22300 

2-2122 

-  419 

178 

0 

2-5268 

24677 

2-4495 

-  591 
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200488*.   Lenouvel,  L.  Testing  Optical  Systems. 

A  ruled  screen  is  placed  at  the  focal  plane  of  the  system,  and  a  superposed  image  is 
produced  by  reflecting  back  the  emergent  light.  Defects  in  performance  are  indicated 
by  various  types  of  distortion  effects  or  irregularities  in  the  pattern  observed  when  looking 
through  the  screen. 


Hac 


A.  D. 


Surveying  Instruments. 


200664. 

•  The  instrument  is  designed  for  laying  down  upon  a  plan  the  relative  positions  of 
stadia  rods.  A  vertical  hair-line  is  brought  into  coincidence  with  the  rod,  and  adjusted 
in  position  relatively  to  a  pair  of  horizontal  lines  until  the  latter  subtend  a  definite  length 
on  the  rod.  The  point  immediately  below  the  vertical  hair-line  then  represents  the  position 
of  the  rod. 


200685.    Beck,  C,  and  another. 


Eyepieces. 


Achromatic  eyepieces  are  so  constructed  that  the  focal  plane  is  at  the  lower  surface 
of  the  lower  element.  An  alteration  of  power  is  obtained  by  the  replacement  of  the  upper 
element,  without  displacing  the  focal  plane. 

200777.   Taylor,  W.,  and  others.  Microscopes. 

A  set  of  optical  and  mechanical  parts  similar  to  those  described  in  Specification  No. 
196948  is  employed  to  build  up  a  series  of  microscopes  illustrative  of  various  constructional 
types  of  instrument. 

*  Specification  published  before  acceptance. 
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201087.   Heimstadt,  O.  Microscopes. 

In  order  to  obtain  a  stereoscopic  effect  in  a  binocular  instrument  having  only  one 
priman,'  objective,  the  separation  of  the  cones  of  light  is  effected  by  a  pair  of  prisms  or  a 
glass  plate  furnished  with  a  permeable  reflecting  surface  which  is  thicker  on  one  side  of 
the  centre  than  the  other.  The  effect  is  to  displace  the  optical  centres  of  gravity  of  the 
two  cones  in  opposite  directions. 

201414.   Beck,  C,  and  others.  Microscopes. 

\  reflector  for  dark  ground  illumination  consists  of  an  annulus  with  its  back  face 
silvered,  and  its  surfaces  ground  to  spherical  curvatures  so  calculated  as  to  focus  upon 
the  object  a  parallel  beam  of  light  having  its  centre  portion  stopped  out. 

201709.  Truscott,  E.  F.  Grinding  Lenses. 

A  lens-grinding  machine  consists  of  a  frame  carrying  a  series  of  spindles  frictionally 
driven  from  a  main  shaft,  each  blank  being  placed  between  a  pair  of  tools,  one  driven  by 
a  crank-pin  on  one  of  the  spindles,  and  one  supported  on  a  spigot  below  it.  The  frame 
itself  tends  to  rotate,  but  is  checked  by  a  band  brake. 

202023.   Leitz,  E.  .Microscopes. 

In  a  stereoscopic  double  microscope,  the  objectives  are  convergently  directed,  while 
the  eyepieces  are  parallel,  and  adjustable  for  interocular  distance.  The  images  are  erected 
by  prism  systems. 

202803.   Casella  &  Co.,  Ltd.,  and  another.  Theodolites. 

The  scale  is  marked  on  the  inner  face  of  a  flange  on  a  circular  disc,  both  sides  being 
read  simultaneously  by  means  of  two  microscope  objective  and  prism  systems  in  con- 
nection with  a  single  eyepiece,  which  is  situated  upon  the  axis  of  the  circle. 

203600.  Casella  &  Co.,  Ltd.,  and  another.  Micrometer  Eyepieces. 

The  cross  webs  are  mounted  upon  a  sliding  frame  having  a  screwed  extension  which 
works  within  a  tubular  nut  integral  with  the  micrometer  head.  The  graduated  drum  is 
located  within  the  eyepiece,  so  that  it  can  be  read  without  removing  the  eye  from  the 
instrument. 

204002.    Zeiss,  C.  Lenses ;  Prisms. 

Optical  elements  are  made  from  crystallized  fluoride  of  sodium  or  lithium,  as  a 
substitute  for  fluorspar. 

204666.    Zeiss,  C.  Refractometers. 

The  prisms  of  dipping  refractometers  are  so  constructed  as  to  permit  the  adjustment 
to  be  tested  by  using  a  body  differing  considerably  in  refractive  index  from  the  prism. 
For  instance,  the  face  from  which  the  light  emerges  may  consist  of  two  surfaces  at  an 
angle  to  each  other,  one  being  the  normal  working  face  and  the  other  serving  for 
adjustment  purposes. 

205381.    Lamplough,  F.  E.  Licjiir  Filters. 

Screens  or  reflectors  for  producing  daylight  effects  are  made  from  glass  containing 
gold  and  copper  and  one  or  more  of  the  ingredients  cobalt,  nickel,  and  manganese. 

R.J.T. 
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THE    DETERMINATION    OF    ABERRATIONS, 

AS  EXPRESSED   IN   GEOMETRICAL  OPTICS, 

FROM  THE  INDICATIONS  OF  THE  HILGER 

INTERFEROMETER* 

By  I.  W.  PERRY 

(Research  Laboratory,  Messrs  Adam  Hilger,  Ltd.) 

MS.  received,  6th  December,  1924.  Read  and  discussed,  10th  January,  1924. 

ABSTRACT.  The  paper  describes  and  illustrates  methods  of  deriving  from  the  indications 
of  the  Hilger  lens-testing  interferometer  quantitative  expressions  for  the  aberrational 
defects  of  a  lens  system,  in  terms  of  the  departure  from  ideally  perfect  focal  ray-union, 
as  measured  longitudinally  at  the  focal  plane,  and  as  obtained  in  the  course  of  computation 
of  an  objective. 

On  reference  to  the  original  descriptionsf  of  the  Hilger  Interferometer,  and  of  its 
function,  it  will  be  seen  that  the  aberrations  of  an  objective  under  test  are  exhibited 
in  a  form  which,  however  more  "natural,"  is,  to  those  without  direct  acquaintance 
with  the  working  principles  of  the  instrument,  perhaps  not  more  self-illuminative 
than  that  which  is  in  current  use  and  which  has  established  itself  upon  the  geo- 
metrical treatment  of  the  theory  of  optical  instruments.  It  is  the  purpose  of  the 
present  communication  to  outline  a  routine  method  of  determining  the  aberrations 
as  expressed  in  the  latter  more  commonly  appreciated  form,  from  measurements 
upon  the  instrument. 

The  testing  of  an  optical  system  by  the  means  in  question  depends  upon  the 
ocular  demonstration  of  the  relative  retardation  A  over  the  cross-section  of  a 
parallel  beam  of  light  after  passage  through  the  system  under  test.  This  is  brought 

*  The  following  investigation  was  undertaken  as  an  extra-mural  research  on  behalf  of  the  British 
Scientific  Instrument  Research  .Association,  and  is  published  at  the  instance  of  Messrs  Adam 
Hilger,  Ltd. 

t  F.  Twyman,  Phil.  Mag.  35  (191S)  49;  Traits.  Opt.  Soc.  22  (1920-21)  174. 
Opt.  Soc.  XXV.  8 
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about  by  an  interferometric  comparison  («)  by  securing  conditions  suitable  to  the 
production  of  interference  between  a  standard  beam  and  the  beam  suffering  passage 
through  the  system,  and  {b)  by  estabHshing  in  the  course  of  the  interfering  beams 
— to  within  practicable  limits — an  optical  one  to  one  correspondence  bet\veen  points 
in  the  cross-section  of  the  emergent  beam  and  points  upon  the  recording  sensitive 
surface,  be  it  the  human  retina  or  the  photographic  plate.  Interference  fringes  are 
then  obser\-ed,  which  form  what  is  fittingly  termed  a  "contour  map" — i.e.  of  the 
distribution  of  relative  retardation  over  the  cross-section  of  the  emergent  beam :  in 
the  usually  adopted  arrangement*  the  latter  is  caused  to  re-traverse  the  optical 
system  and  so  to  be  twice  affected  by  aberrational  residuals  in  the  system. 

Thus  the  aberrations  are  observed,  and  for  laboratory  or  industrial  purposes  it 
is  very  desirable  that  a  suitable  means  of  recording  them  be  available.  Many 
alternative  schemes  suggest  themselves,  but  to  provide  for  the  impulse  to  compare 
the  results  of  a  test  with  those  of  calculation  it  is  desirablef  that  the  aberrations  be 
reduced  to  linear  values  at  the  focal  plane,  precisely  in  the  form  resulting  from 
numerical  computation,  and  thus  be  recordable  graphically  in  the  usual  way.  That 
this  is  possible  and,  indeed,  in  several  ways  is  obvious.  Thus,  measurements 
upon  an  interferogram  may  be  made  to  yield  the  desired  data;  or  otherwise,  by 
mechanical  adjustments  during  the  course  of  a  test,  the  actual  quantities  required, 
or  others  related  to  them,  may  be  measured.  The  latter  is  the  most  generally 
applicable  procedure  and  also  the  one  placing  fewer  demands  necessitating  expendi- 
ture of  time  and  material. 

A  small  controlled  adjustment  may  be  caused  to  introduce,  for  any  limited  region 
of  the  emergent  wave-front  under  contemplation,  an  effect  equal  but  opposite  to 
that  presented  by  the  lens  under  test,  so  that  the  relative  retardation  is  stationary 
at  the  point  and  in  the  orientation  in  question.  The  wave-normal  at  the  region  of 
the  firstly  emergent  wave-surface  concerned  in  the  adjustment  is  then  evidently 
directed  toward  the  centre  of  curvature  of  the  spherical  reference  mirror.  Various 
adjustments  of  this  kind  are  possible:  e.g.  the  reference  mirror,  intercepting  the 
path  of  the  converging  beam  proceeding  from  the  lens  under  test,  may  receive 
small  known  adjustments,  which  will  measure  directly  the  quantities  required — or 

INDEX  TO  FIGURES  1—5 
Fig.  I.   Obliquit}'  o':  normal  figure. 
Fig.  I  a.    Obliquity  o":  .setting  for  measurement  of  spherical  aberration  by  ailjustmenl  to  iledector 


system. 
Fig.  2.   Obliquity  004  (ca.  2''i):  normal  figure. 

Fig.  2  a.   Obliquity  004.  setting  for  measurement  of  departure  from  fultilment  of  sine  condition. 
Fig.  3.  Obliquity  lY'-s:  normal  figure. 

Fig.  3  a.  Obliquity  I7''s:  setting  for  measurement  of  distortion  and  secondars  image  curvature. 
Fig.  3  h.  Obliquity  I7''s  :  setting  for  measurement  of  astigmatism  and  primary  image  curvature. 
Fig.  3  c.   Obliquity  I7''-S :  setting  for  measurement  of  coma  by  adjustment  to  deflector  system. 
Fig.  4.  Obliquity  o":  setting  for  measurement,  by  longitudinal  adjustment,  of  spherical  aberration. 
Fig.  5.  Obliquity  iy°-S-  setting  for  similar  measurement  of  coma. 


•  cf.  Inc.  cit.  Figs,  i  and  6. 

t   In  a  recent  criticism  of  the  instrument  as  a  means  of  test  Mr  Ilasselkus  has  indicated  the 
desirability  of  being  able  to  compare  the  results  of  measurement  with  those  of  calculation. 
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a  certain  known  deflection  may  be  imparted,  bj'  means  of  a  suitably  arranged  de- 
flecting system,  to  the  parallel  beam  of  light  originally  incident  upon  the  lens. 
Whilst  the  former  method  is  preferable  on  account  of  the  directness  of  the  procedure 
of  making  a  determination,  the  latter  possesses  the  advantages  that  the  adjustment 
is  susceptible  mechanically  of  more  accurate  control,  and  that  the  measuring  device 
requisite  for  the  purpose  in  view,  viz.  the  deflector  system* — originally  provided 
for  the  annulment  and  simultaneous  measurement  of  the  distortion  effect — forms 
already  an  integral  part  of  the  instrument.  But  as  the  extended  use  of  the  deflecting 
system  is  possible  only  when  certain  assumptions  are  made,  relating  to  the  perfection 
of  the  system  under  test,  this  method  is  to  be  regarded  only  as  approximate,  whereas 
the  other  method  yields  directly  results  free  from  direct  error.  In  the  following 
the  mode  of  procedure  to  be  followed  in  the  quantitative  determination  of  the 
aberrations  will  be  found  described  and,  to  facilitate  the  direct  application  in 
practice,  reference  is  made  to  contour  figures  (Figs.  1-5)  which,  being  calculated 
for  a  particular  instance  of  an  F/5  anastigmat  objective,  represent  the  settings  for  a 
typical  test. 

Considering  firstly  the  measurement  of  axial  spherical  aberration,  we  have 
accordingly  to  adjust  the  reference  mirror  longitudinally  along  the  slide  until  the 
contour  figure  assumes  for  the  zone  in  question  (indicated  in  the  figures  by  a  broken 
line)  the  form  shown  in  Fig.  4.  Slight  flexure  of  the  instrument,  by  hand,  will 
indicate  to  the  observer  the  precise  zonal  adjustment  efl"ected,  the  path  length  being 
so  varied  as  to  cause  a  dark  fringe  to  be  evanescent  at  that  certain  zone.  The  longi- 
tudinal spherical  aberration  is  then  read  from  the  micrometer  adjustment  to  the 
reference  mirror  carriage. 

Proceeding  now  to  measure  the  oblique  errors  of  the  system,  for  extra-axial 
beams  aberrations  affecting  the  position  of  the  image  appear  and  must  firstly  be 
considered.  A  small  deflection  is  imparted  to  the  incident  parallel  beam  and  the 
carriage  carrying  the  spherical  reference  mirror  is  adjusted  from  its  normal  auto- 
matically-adopted position  longitudinally  along  the  slide  until  on  observation 
(Fig.  3  a)  the  lens  is  seen  to  be  focussed  axially  in  a  secondary  plane.  Both  adjust- 
ments are  then  recorded.  We  then  derive  the  measure  of  this  aberration — the 
distortion  -regarded  as  an  elongation  8_y'  to  the  radial  image  (o,  v')  at  the  image 
plane  {x',y')  as  follows: 

8y'      aSto  ,  .         ,      (       8a>  ,  .         ,)  ,  . 

,  -  /sin2a>  =  J200      /sm  2a;  ^  per  cent.  (i), 

or  alternatively: 

,       I ooSdj  (  cot  <o   ;     .,  tan  oj)  per  cent.  ('  ")> 

where  oj  is  the  obliquity  of  the  incident  beam  to  the  optical  axis  of  the  system  under 
test,  So>  is  the  deviation  caused  by  the  deflector  system,  e  is  the  stoji  magnification 
(generally  e=  i),  and  accented  symbols  refer  to  corresponding  quantities  in  the 
image  space  of  the  system. 

•  F.  Twym.m,  Tram.  Opt.  Soc.  22  (1920-21)  174. 
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The  image  curvature  and  astigmatism  are  next  to  be  measured.  This  measure- 
ment is  effected  likewise  by  longitudinal  adjustments  to  the  spherical  reference 
mirror.  Such  an  adjustment  having  already  been  made  for  the  secondary  plane, 
and  the  corresponding  longitudinal  displacement  recorded,  a  similar  setting  is  made 
for  the  primary  plane  (Fig.  3  b).  These  measurements  are  made,  of  course,  along  the 
gaussian  principal  ray,  considered  here  as  identical  with  the  chief  ray  of  the  con- 
vergent beam,  and  are  in  the  form  required,  their  projections  upon  the  optical  axis 
being  readily  determined. 

To  determine  now  what  is  in  practice  referred  to  generally  as  primary  coma, 
settings  (Fig.  5),  similar  to  those  made  for  the  axial  beam  during  the  determination 
of  spherical  aberration,  are  to  be  repeated,  and  the  longitudinal  aberration  along  the 
principal  ray  will  be  obtained  in  precisely  the  same  way. 

This  essentially  completes  the  determination  of  the  aberrations,  considered  as 
such,  which  are  of  predominant  interest  and  importance  to  the  computer  and  user 
of  a  photographic  objective.  Nevertheless  it  is  considered  desirable  to  include  a 
test  against  fulfilment  of  the  sine  condition,  non-compliance  with  which  may  be 
regarded,  in  the  wider  sense,  as  an  aberration.  In  accordance  with  the  usual  practice 
when  the  beam  incident  upon  the  lens  system  is  parallel,  we  have  to  determine  the 
zonal  variation  of  the  focal  length /(^(=  A/sin  6'),  h  being  the  semi-diameter  of  the 
aperture  of  the  incident  parallel  beam  and  d'  the  inclination  to  the  optical  axis  of 
rays  emergent  from  that  zone,  for  cu  =  o.  In  the  derivation  of  this  aberration, 
approximations  are  necessarily  involved,  as  will  be  clear  from  the  fact  that  a  precise 
determination  would  require  an  exact  knowledge  of  d' .  The  estimation  of  the 
aberration  in  question  proceeds  by  determining  the  comatic  displacement  hy'  at 
the  image  plane,  for  the  sagittal  section  of  the  lens  system.  This  may  be  measured 
by  a  transverse  adjustment  hy'  to  the  reference  mirror,  the  optical  system  having 
been  rotated  from  zero  to  a  small  known  obliquity  (a>  =  0-04  is  generally  a  con- 
venient obliquity  to  employ).  The  modified  contour  figure  corresponding  to  this 
setting  (Fig.  2  a)  is  to  be  such  that  the  variation  of  the  relative  retardation  A  in  the 
circular  zone  and  at  the  point  in  question  is  zero  (it  is  interesting  to  note  that  then, 
incidentally,  variations  in  A  dependent  upon  terms  of  second  and  higher  orders  in 
tan  ti»  being  negligible,  A  is  in  general  constant  for  that  zone,  as  will  be  evident  upon 
reference  to  the  figure).  Having  thus  determined  Sy',  and  knowing  jy'  in  that  w  is 
known,  the  zonal  variation  S/of  the  focal  length /is  estimated  from  the  approximate 
relation 


8/     8y'_S//         £_X  


where  the  expression  within  the  bracket  is  an  approximation  for  cos  6'  in  terms 
of  the  known  aperture  ratio  A^,  and  Bs'  denotes  the  longitudinal  spherical  aberration 
for  the  particular  zone,  positive  in  the  sense  of  under-correction. 

If  the  deflector  system  be  used  for  measuring  the  axial  and  oblique  spherical 
aberration,  the  procedure  is  verj'  similar  to  that  described  above.  The  determination 
is  effected  by  imparting  a  certain  small  deviation  dco  to  the  incident  parallel  beam, 
thereby  exactly  annulling  the  aberrational  deviation  for  any  particular  restricted 
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region  of  the  finally  emergent  beam.  One  has  similarly  in  this  case,  as  formerly 
remarked,  to  seek  an  adjustment  as  a  result  of  which  the  relative  retardation  is  caused 
to  assume  a  stationary  value  at  the  point  in  question.  However,  before  the  corre- 
sponding effect  upon  the  emergent  convergent  beam  can  be  evaluated  in  terms  of 
the  required  longitudinal  aberration,  the  deflection  dB' ,  correlate  to  du)  in  the 
image  space,  must  first  be  obtained.  This  cannot  be  done  for  any  but  small  apertures 
without  our  introducing  an  arbitrary  assumption  concerning  the  image-forming 
properties  of  the  lens  system :  the  degree  of  approximation  thus  attained  will  be 
sufficient  for  most  practically  occurring  cases,  exception  being  made  for  very  large 
aperture  systems. 

We  assume  now  (i)  that  the  optical  system  does  not  depart  widely  from  fulfil- 
ment of  the  sine  condition  for  any  working  obliquity,  also  (2)  that  the  objective  is 
working  in  air,  and  eventually  (3)  that  the  stop  magnification  e  ==  i.  Then  as  a  first 
approximation  it  follows,  in  the  former  notation,  that 

dd"      cos  e' 
dio       cos  V 
whence,  for  0  ^  o, 

86'  -    ^  cosO'  .8w  (3), 

the  usual  convention  as  to  sign  being  adopted. 

Such  a  small  deviation  Scu  must  be  utilized  to  nullify  the  aberrational  deviation 
86'  of  the  emergent  ray.  This,  to  our  approximation,  is  related  to  the  longitudinal 
aberration  8^  through 

8^'  =  — -^  ,    F.,  =  -^    ,cote'  .8aj  (4). 

cos  w  sm  6       cos  w  ^^' 

Thus  the  axial  or  oblique  primary  spherical  aberration  may  be  determined  by  find- 
ing, by  means  of  the  deflector  system,  the  quantity'  8oj  and  substituting  directly 
in  equation  (4).  The  quantity  cot  6',  not  being  available  directly,  must  as  above  be 
approximated  to  from  A'  by  virtue  of  assumption  (i),  which  enables  the  expression 
of  cot  6'  for  the  axial  beam  to  be  put  in  the  form 


cot  6'  -r  2iV 


(-«.;■.) 


For  a  finite  to  the  correction  factor  sec^  lo'  must  in  addition  be  employed  by  reason 
of  the  reduction  of  the  angular  eftective  aperture  consequent  upon  the  polar  reces- 
sion of  the  gaussian  image  (to  which  the  actual  image  is  assumed  to  approximate) 
with  the  obliquity.  Thus  for  measurement,  by  the  deflector  system,  of  axial  spherical 
aberration  (Fig.  i  «), 

/  -^('-kWI-*-  <5) 

and  for  measurement  of  primary  oblique  spherical  aberration. 


zN 


f 


('-8A-^)-«-  (^•)- 
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Likewise  the  deflector  system  may  also  be  used  in  the  estimation  of  the  departure 

from  fulfilment  of  the  sine  condition,  the  setting  (Fig.  2  a)  being  made  upon  the 

same  principle  as  before,  the  quantity  hy'  in  equation  (2)  being  found  from  the 

determined  deflection  8.i  for  the  required  zone  and  sagittal  section  of  the  lens  by 

W        eS.>        „ 
-^,  =  --  hoi  cot  oi. 

y       tan  oj 

Such  determinations  being  now  made  for  certain  chosen  obliquities  and  for 

radiations  of  certain  chosen  wave-lengths,  suflicient  data  will  be  accumulated  to 

allow  of  the  graphical  representation  of  the  aberrations  of  the  tested  lens  system  in 

the  usual  way,  viz.,  by  plotting  the  aberrations  with  aperture  and  obliquity  against 

these  quantities  respectively.  The  results  of  an  actual  test*,  together  with  the  results 
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Fig.  6.  Fig.  7. 

obtained  by  calculation  for  the  system  in  question,  are  reproduced  in  Figs.  6  and  7, 
where 

curve  A  represents  the  spherical  aberration, 

„     A'         „  ,,    zonal  variation  in  focal  length, 

„     B  „  ,,    image  curvature  and  astigmatism, 

,,     C,  D     ,,  ,,    primary  coma  at  stated  obliquities, 

„     E  ,,  ,,    distortion, 

all  linear  dimensions  being  in  millimetres. 

The  light  sources  available  for  such  tests  are  (i)  the  mercury  vapour  lamp, 
(2)  the  hydrogen  vacuum  tube,  and  (3)  the  recently  introduced  neon  discharge  lamp. 

•  Grateful  acknowledgement  is  due  to  Messrs  Ross,  Ltd.,  who,  through  the  intermedium  of  the 
British  Scientific  Instrument  Research  Association,  have  been  kind  enough  to  place  at  the  disposal 
of  Messrs  Adam  Hilger,  Ltd.,  for  this  purpose  the  Ross  "Homocentric"  lens  detailed  in  the 
figures. 
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Using  such  sources  of  illumination,  measurements  may  be  made  for  the  following 
wave-lengths : 

(0  (5791.5770),  5461,  4359  A.u. 

(2)  6563,4861,4341.^.1-. 

(3)  5853  A.L-. 

Photographic  objectives  will  generally  be  required  to  be  tested  at  least  for  4341  and 
5893  .\.u.,  these  wave-lengths  generally  sufficing  also  for  the  determination  of  the 
chromatic  aberration.  The  former  case  is  readily  suited  and  presents  no  difficulty: 
in  the  majority  of  such  instances  it  will  be  sufficient  to  carry  out  the  tests  using  the 
blue  Hg  radiation  4359  A.u.  The  latter  case  is  met  practically  by  the  use  of  the 
neon  lamp.  Otherwise,  considering  the  facility  and  convenience  which  would  be 
gained  thereby,  the  blue  and  yellow  Hg  radiations  might  well  be  allowed  general 
preference  to  those  of  hydrogen  of  neighbouring  wave-lengths,  except  under  those 
circumstances  where  the  heterogeneity  of  the  former  radiations  is  not  of  negligible 
effect. 

The  accuracy  of  measurements  conducted  as  above  described  depends  upon  the 
precision  with  which  single  settings  can  be  effected  and  recorded,  and,  in  the  case 
of  the  deflection  measurements,  the  extent  to  which  the  assumptions  made  are 
justified:  the  slight  errors  arising  from  assuming  unit  stop  magnification  may,  of 
course,  be  obviated  if  e,  differing  slightly  from  unity,  be  known,  by  taking  account 
of  it  when  substituting  in  the  above  formulae.  Practically  it  is  found  that  individual 
settings  can  be  repeated  consistently  in  most  cases  to  within  3  per  cent.,  with  a 
lower  limit  of  8  (8/)  —-  -025  mm. 

When  testing  telephoto  objectives  it  will  be  necessary  to  observe  certain  modi- 
fications in  procedure.  Firstly,  definite  account  of  «  must  obviously  be  taken: 
failing  an  exact  knowledge  or  a  precise  determination  of  this  particular,  one  may 
use  as  an  approximate  value  for  i/e  the  generally-known  telephoto  magnification  ja, 
which  value  should  be  used  when  evaluating  where  necessary.  Furthermore,  since 
the  first  adjustment  is  no  longer  made  along  the  chief  ray  of  the  emergent  convergent 
beam,  longitudinal  adjustments  of  the  spherical  reference  mirror  from  the  normal 
position  must  in  general  be  accompanied  by  small  transverse  displacements.  The 
proper  direction  and  approximate  amount  of  such  small  displacements  will  be 
rendered  evident  by  mental  comparison  of  the  observed  contour  image  with  the 
appearance  sought. 

In  conclusion  I  would  gladly  record  my  indebtedness  to  Mr  I'.  Twyman,  the 
director  of  the  above  work,  for  useful  suggestions  anti  pecuniary  ;iiti  in  (.oiinection 
with  the  above  and  allied  problems. 

Note  added  later.  Attention  must  be  called  to  a  point  of  difference  between  the 
results  of  measurement  and  of  calculation  as  recorded  in  Figs.  6  and  7,  the  latter 
of  which  were  not  available  to  the  writer  until  shortly  before  the  meeting.  The 
calculations  were  made,  according  to  general  computing  practice,  for  the  hydrogen 
line  4341  A.U.,  whereas  the  measurements  were  made  for  the  mercury  line  5461  A.U. 
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DISCUSSION 

Mr  J.  W.  Hasselkus:  I  have  not  much  to  add  to  Mr  Perry's  excellent  paper, 
except  perhaps  to  draw  attention  to  the  very  close  resemblance  between  the  results 
shown  by  the  measurements  obtained  on  the  interferometer  and  those  of  calculation. 
The  great  simplicity  is  particularly  interesting,  having  regard  to  the  fact  that  the 
type  of  lens  chosen  for  the  experiments  is  one  which  was  introduced  twenty-four 
years  ago,  having  been  patented  in  1900.  The  calculated  curves*  are  those  of  the 
original  design,  while  the  observed  curves  are  for  a  lens  made  to  the  same  design 
as  late  as  1918.  These  curves  naturally  differ  considerably  from  those  which  have 
been  obtained  with  more  modern  types  of  lenses. 

With  regard  to  the  interpretation  of  the  various  curves  shown,  I  need  only  say  that 
they  are  based  on  the  same  scale  and  method  as  were  originally  suggested  by  Dr  P. 
Rudolph  and  employed  in  the  History  of  the  Photographic  Objective  by  M.  von  Rohr. 
The  only  addition  to  the  curves  shown  in  this  book  are  those  referring  to  the  coma, 
or  spherical  aberration  of  oblique  rays.  These  are  drawn  up  in  the  same  manner  as 
those  for  the  central  spherical  aberration,  but  naturally  develop  into  two  curves, 
one  for  the  half  of  the  aperture  above  the  principal  ray  and  the  other  for  the  half 
of  the  aperture  below  the  principal  ray. 

Mr  T.  Smith:  The  author  is  to  be  congratulated  on  solving  a  problem  likely  to 
be  of  distinct  benefit  to  the  optical  industry  of  this  country.  It  is  of  interest  to  observe 
how  the  standard  of  performance  required  of  anastigmat  lenses  has  straitened  since 
the  time  when  the  lens  was  designed  of  which  the  test  results  have  been  exhibited*. 

Dr  L.  C.  Martin :  I  should  like  to  thank  Mr  Perry  for  his  paper  and  to  express 
the  hope  that  he  will  amplify,  to  some  extent,  his  description  of  experimental 
details.  While  it  is  doubtless  comparatively  simple  to  obtain  a  measurement  of  the 
aberrations  in  the  case  of  such  systems  as  a  photographic  lens,  where  the  errors  of 
the  wave-surface  are  comparatively  large,  I  have  found  it  by  no  means  easy  to  obtain 
adequate  numerical  measurements  for  spherical  aberration  on  the  simple  lens- 
testing  interferometer  when  working  with  telescope  objectives.  I  have,  however, 
with  the  help  of  some  of  my  students,  been  using  the  interferometer  for  measure- 
ment of  chromatic  aberration  and  on  the  whole  I  think  this  test  is  one  of  the  most 
reliable,  for  that  purpose,  of  which  I  know.  The  test  for  spherical  aberration  is 
quite  another  matter,  as  the  whole  absolute  accuracy  depends  on  the  perfection  of 
figure  of  the  convex  reflectors  supplied  by  the  makers,  and  although  the  excellence 
of  Messrs  Hilger's  work  is  beyond  question,  it  is  well  known  that  convex  surfaces 
of  perfect  figure  are  by  no  means  easy  to  obtain.  Of  course  the  majority  of  telescope 
objectives  do  in  practice  exhibit  irregularities  of  figure  which  are  at  least  as  serious 
as  the  true  residual  aberrations,  and  for  the  detection  of  these  the  interferometer  is 
invaluable,  since  it  yields  results  not  readily  obtained  by  any  other  method.  I  should 

•  The  curves  referred  to  were  shown  at  the  meeting,  but  are  not  gi\en  in  this  paper;  Fig.  7 
illustrates  the  resuhs  of  calculation  for  a  more  modem  type  of  lens. 
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be  ver\-  interested  to  know  what  is  the  least  amount  of  spherical  aberration  expressed 
in  terms  of  departure  of  a  wave-surface  from  true  sphericity,  which  Mr  Perry  con- 
siders to  be  measurable  by  the  interferometer. 

Mr  Perry:  I  have  to  express  my  thanks  for  the  appreciative  remarks  in  regard 
to  the  work  and  results  recorded. 

In  reply  to  Dr  Martin,  it  must  be  admitted  that  convex  mirrors  of  perfect  figure 
are  not  easy  to  obtain.  The  instrument  in  question  affords  in  itself  a  means  whereby 
the  approach  to  perfection  may  be  estimated  and  thus  be  carried  to  the  necessary 
limits.  In  regard  to  the  precision  attainable  in  measuring  for  any  point  the  departure 
from  true  sphericity  of  wave-surface,  which  may  be  measured  in  terms  of  the  linear 
deformation  along  the  wave-normal  at  that  point,  the  means  employed  allows  of 
obser\ing  readily  a  deformation  amounting  to  \X ;  the  significance  of  such  a  measure- 
ment at  the  limit  of  precision  is  measured  by  the  degree  to  which  absolute  perfection 
exists  in  the  interferometer  system.  This  is  governed  by  many  factors,  some  of 
which,  e.g.  the  incidental  heterogeneous  effects  of  temperature  variation  and 
mechanical  strain,  are  under  the  control  of  the  obser\er,  and  will  here  be  ignored. 
Since  the  shortcomings  inherent  in  any  system  may  be  demonstrated  and 
eliminated  to  the  limit  above  mentioned,  such  small  departures  from  sphericity 
may  be  stated  accurately  to  ±  ^A. 


toy 


THE  RELATION  BETWEEN  APERTURE,  AXIAL 
THICKNESS,  AND  FORM  FOR  A  SINGLE  LENS 
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(Optics  Department,  The  National  Physical  Laboratory.) 
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ABSTRACT.  A  comparison  is  made  between  the  exact  and  various  approximate  ex- 
pressions connecting  the  attainable  aperture  and  the  axial  thickness  for  simple  lenses  of 
various  shapes. 


Introductory 

The  determination  of  the  thicknesses  to  be  given  to  lenses  of  know^n  shapes  to 
enable  a  given  aperture  to  be  attained  is  a  problem  which  occurs  frequently  in 
computing  lens  systems.  When  ray  tracing  is  the  method  of  design  employed  any 
convenient  solution  may  be  used — for  example,  the  direct  graphical  method  of 
drawing  a  section  of  the  lens  on  a  convenient  scale  with  the  required  curvatures, 
the  centre  of  the  second  surface  being  found  by  striking  intersecting  arcs  of  the 
given  radius  from  points  on  the  first  circle  whose  distance  apart  is  equal  to  the  assigned 
aperture,  and  measuring  the  axial  thickness  on  this  diagram.  If  algebraic  methods 
of  calculation  are  used,  an  algebraic  solution  of  the  problem  is  necessary.  Such 
solutions  assume  the  simplest  form  in  connection  with  the  converse  problem  of 
finding  the  maximum  aperture  which  is  attainable  with  a  given  thickness.  From 
the  point  of  view  of  the  development  of  algebraic  methods  it  happens  that  this 
simpler  converse  problem  is  unimportant,  but  solutions,  both  exact  and  approximate, 
may  be  used  as  a  means  of  constructing  solutions  to  the  real  problem.  In  all  suitable 
expressions  the  square  of  the  aperture,  not  its  first  power,  is  involved;  it  is  con- 
venient to  consider  the  semi-aperture  rather  than  the  whole  diameter,  and  to 
represent  its  square  by  a  simple  symbol,  say  a.  Thus  -na  represents  the  area  of  the 
aperture  opening,  the  quantity  of  photometric  significance. 

The  exact  formula 

Since  two  spheres  meet  only  in  a  single  real  circle,  which  divides  each  sphere 
into  two  parts,  the  exact  formula  for  the  aperture  is  the  solution  for  the  four  separate 
lenses  obtained  by  combining  the  two  alternative  portions  of  each  sphere.  Thus 
if  the  first  surface  with  its  centre  at  Cj  meets  the  axis  at  A-i  and  B^ ,  and  the  second 
surface  with  its  centre  at  C^  meets  it  at  A^  and  B^ ,  the  aperture  is  the  same  whether 
the  vertices  of  the  refracting  segments  are  A^  and  A^ ,  A^  and  B2 ,  Bj  and  A^ ,  or 
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Bi  and  JSo.  This  in  itself  indicates  that  the  exact  formula  will  be  inconveniently 
complex  in  form,  and  that,  though  a  linear  equation  is  obtained  for  a  when  the 
thickness  is  known,  the  equation  is  a  biquadratic  when  the  thickness  is  the  unknown 
variable.   It  is  not  difficult  to  prove  that  the  aperture  is  in  fact  given  by 

4a  {C1C2Y  =  AiA2.AiB,.A.,Bi.BiB.,. 

In  terms  of  a  particular  thickness,  say  A^A.,,  which  may  be  denoted  by  /,  the 
formula  becomes 

4rt  (Ri   -  R.  +  tR.R^y-  =  t{2-  tRi)  (2  +  tR.^)  {zR,  -  zR.  +  tR^R.^     ...(i), 

where  R^  and  R.^  are  the  curvatures  of  the  two  surfaces*.  This  relation  may  be 
expressed  in  a  non-dimensional  form  by  taking  new  variables  A,  T,  and  X,  ratios 
depending  respectively  on  the  aperture,  the  thickness,  and  the  lens  shape  in  relation 
to  the  total  lens  curvature,  the  definitions  being 

A  =  la{R,-R,y,        T      lt{R,~R,)  \ 

^R,R,  _(Ri  +  R2y_,  •••(2)- 

(Ri-R.)-      \R,~rJ  I 

In  terms  of  these  quantities  (i)  becomes 

A{i\bX)  =  b-f^  ...(3), 

where 

b^T{i  +  lTX)  ...(4). 

Equations  (3)  and  (4)  show  that  the  biquadratic  (1)  can  be  solved  in  a  form 
suitable  for  numerical  computation,  the  solution  being 

where  b  must  now  be  obtained  from 

zb      I  -  A\  ~  {(i  -  AXf  -  4^}-  ] 

zA  ■..(6). 

or  6  = 

i-  AX  V  {(i  -  ^A')-  -  4^}*  ^ 

For  numerical  computation  the  second  of  these  alternative  forms  is  preferable 
in  each  case.  The  square  roots  occurring  in  these  equations  may  of  course  carry 
either  sign.  The  expressions  as  written  above  correspond  to  the  case  most  frequently 
encountered,  in  which  neither  surface  exceeds  half  the  complete  sphere,  if  each 
square  root  is  assigned  a  positive  value.  This  solution,  for  which  the  aperture  and 
the  thickness  vanish  together,  applies  to  apertures  corresponding  to  all  values  of  A 
not  exceeding  the  smaller  root  of  the  equation 

{i-AXf^^A  ...(7). 

•  The  usual  convention,  that  surfaces  convex  to  the  incident  light  have  positive  curvature,  is 
followed.  This  must  be  applied  to  the  particular  case  in  which  the  separation  of  the  vertices  of  the 
surfaces  is  t.  The  curvature  signs  for  any  of  the  other  three  cases  arc  of  course  different. 
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Fig.  I  shows  the  variation  of  T  for  values  of   ^* — wy  from  o  to  ±  4  when  A 

Ki  -  Ko 

varies  from  o  to  -3  in  steps  of  -05*.  The  portions  of  the  curves  which  correspond  to 

the  usual  case  are  shown  by  continuous  lines ;  beyond  the  limit  given  by  (7)  broken 

lines  are  used.  As  an  indication  of  the  scale  it  may  be  noted  that  for  the  equiconvex 

form  the  aperture  and  the  focal  length  are  approximately  equal  in  the  neighbourhood 

of  A  =  -25,  so  that  the  curves  shown  suffice  to  provide  an  adequate  test  of  any 

simplified  formulae  by  direct  comparison  with  their  graphs. 
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Fig.  I.  Fig.  2. 

Note: — The  figures  to  the  left  of  each  diagram  denote  the  values  of  A  for  the  adjacent  curves. 

Approximate  formulae 

The  only  well-known  formula  connecting  the  aperture  and  thickness  states  that 
"the  semi-aperture  is  a  mean  proportional  between  the  axial  thickness  and  the  focal 
length."  This  is  based  on  the  assumption  that  the  refractive  index  of  a  convex  lens 
is  approximately  1-5,  and  in  the  notation  of  the  previous  section  takes  the  form 
T^A  ...(8). 

That  such  a  formula  is  entirely  inadequate,  and  for  meniscus  lenses  very  mis- 
leading, is  evident  by  comparing  the  straight  lines  T  =  constant  marked  on  Fig.  i 

•  These  correspond  roughly  to  relative  apertures  having  the  following //numbers : 
A  =  o,f/oo;  A=-05,f/2-2;  A=-i,f/i-6;  A=-i5,f/i-3:  A=-2,f/i-i;  A  =  -25,f/i-o;  A=-3,f/oo. 
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with  the  curves  derived  from  the  exact  formula.  This  approximation  errs  on  the 
undesirable  side  in  that  it  invariably  yields  an  underestimate  for  the  axial  thickness. 
From  the  exact  expressions  which  have  been  given,  inequalities  may  be  con- 
structed which  lead  to  other  approximate  expressions  of  interest.  These,  to  be  of 
practical  importance,  must  give  values  of  T  increasing  with  A'.  Examples  of  the  type 
which  give  a  one  to  one  correspondence  between  A  and  T  may  be  considered. 
First  taking  a  case  in  which  an  inferior  limit  to  T  is  obtained,  equation  (3)  gives 

and  from  (4),  since  b  is  always  positive, 

so  that 

T  A 

I  -ITX^  1  -AX 
or 

^-t-1^Z  •••('°)- 

The  fraction  on  the  right  is  evidently  a  crude  approximation  to  T,  as  is  obvious  by 
taking  a  simple  case  such  as  A'  =  o.  A  closer  approximation  may  be  found  by 
writing  (3)  in  the  form 

A  ^    1  -b^ 

b       I  +  bX 

showing  that  h  is  at  least  as  great  as  A  since  X  +  i  is  positive.  Thus  the  equation 
gives  the  inequality 

A{i  +bX)<b{i  -A) 
or 

^^T^X+i)  •■■^■•)- 


Combining  this  with  (9)  giv< 


■'•^-..„1.v :.,  ■■'->• 


The  introduction  of  the  additional  term  compared  with  (10)  has  improved  the 
approximation  greatly,  but  the  variation  with  X  remains  insufficiently  rapid. 
Fig.  2  (dotted  lines)  shows  this  formula  plotted  for  the  same  values  of  A  as  are  used 
in  Fig.  I. 

The  expression  (12)  is  the  simplest  example  of  its  type  wliicii  can  lu-  derived  iiy 
the  direct  use  of  inequalities.  A  closer  fit  can  iic  obtained  by  cmpiiical  moditications, 
as,  for  example,  by  neglecting  the  difference  between  h  and  T,  so  that  the  expression 
on  the  right  of  (i  i)  becomes  an  approximation  value  for  T.  As  would  be  expected, 
this  sometimes  gives  too  high  and  sometimes  too  low  a  value  of  7'.  For  a  con- 
siderable region  of  much  practical  importance  this  formula  is  sufficiently  exact. 
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Fig.  2  shows  the  comparison  between  these  approximate  values  (thick  lines)  and 
tlie  exact  values  (thin  lines). 

It  is  desirable,  however,  to  construct  other  expressions  which  will  err  in  the 
other  direction.  In  these  the  formula  will  either  involve  the  shape  of  the  lens  in 
the  numerator  of  the  approximation  as  well  as  the  denominator,  or  alternatively 
the  denominator  will  no  longer  be  linear.  The  simplest  method  of  constructing  such 
expressions  is  to  expand  the  square  roots  in  the  exact  formula  by  the  method  of 
continued  fractions  and  thence  derive  the  successive  convergents.  It  will  only  be 
necessary  to  go  one  step  beyond  that  taken  in  the  previous  example  to  obtain  a 
suitable  solution. 

From  (5),  by  the  method  indicated, 

b{i  +  ibX) 
i  +  ibX    ■ 

In  the  factors  involving  A'  the  value  of  b  given  by  (i  i)  may  be  substituted,  leading  to 
b{i-A(iX+i)} 
'  -i-Ai^X+i)  ■■■^'^'■ 

If  the  same  value  is  substituted  for  b  in  the  remaining  factor,  the  expression  becomes 

r ^ 4 {I  - ^JiK+i)l 

-{I  ^A{X  +  'i)}{i-A{hX+i)}- 
This  is  approximately  equivalent  to 

A{i-A{lX+i)} 

'  -  i-2A{ix+i)  •■•^'4;- 

The  curves  (broken  lines)  derived  from  this  expression  are  given  in  Fig.  2.  The 
approximation  can  be  carried  to  a  higher  stage,  if  desired,  by  obtaining  a  closer 
relation  between  b  and  A.   From  equation  (6)  the  next  approximation  is 

^  A{i-A{X+2)} 

"-i~A{2X  +  i)  +  AHX+ir- 
The  substitution  of  this  value  for  b  in  any  of  the  foregoing  expressions  would  lead 
to  formulae  too  complex  to  be  of  much  value.  It  may  be  simplified  by  the  omission 
of  the  last  term  in  the  denominator,  and  then  leads  by  (13)  to 

A{i  -AiX+  2)}  {i  -A  (IX  +  i)} 
-  {i-A{2X  +  2)}{i-A{iX+i)} 
or  approximately 

A{i-A{iX  +  3)} 
'-     i-A{lX  +  ^)-- 
This  expression  is  less  convenient  than  (14),  and  owing  to  the  omission  of  de- 
nominator terms  it  gives  decidedly  exaggerated  values  for  T.   A  comparison  of  the 
two  suggests  a  form  more  accurate  than  either,  viz. 

AU-2AiX  +  3)} 
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The  points  marked  on  Fig.  i  by  circles  have  been  calculated  from  this  expression 
using  the  same  values  of  A  as  for  the  cur\'es.  It  will  be  seen  that  the  formula  errs 
on  the  side  of  giving  large  values  of  T,  that  is  in  the  desirable  direction.  It  is  only 
for  large  values  of  ^,  with  one  of  the  surfaces  almost  a  hemisphere,  that  T  is  under- 
estimated, and  these  cases  are  of  extreme  rarity  in  optical  instruments.  This 
formula  should  be  found  suitable  for  all  ordinar}-  purposes.  Whenever  the  marginal 
thickness  is  to  be  accurately  zero,  it  is  of  course  necessarv  to  use  the  exact  formula 
(5)  and  (6). 


DISCUSSION 

JVIr  J.  W.  Perry:  Computers  will  be  glad  to  have  available  the  expression  for 
the  axial  thickness  in  the  convenient  and  accurate  form  given  by  (15).  For  the 
majority  of  present  day  practical  purposes  it  is  sufficiently  approximate,  and  much 
more  convenient,  simply  to  use  in  conjunction  with  the  first  approximation  term 
an  additive  correcting  term  in  the  numerator,  thus  (using  Mr  Smith's  notation), 

T  -  ^  +  ^'  (3.x=  +i)  =  a[i  +  ^\  +  A'x\ 

R  +  R 
where  x  =     '       r,'^.  T  as  so  calculated  is  slightly  in  excess  for  normal  lens  forms, 

correct  for  a  certain  x,  and  in  defect  for  more  extreme  forms.  The  slight  errors 
arising  from  the  use  of  this  expression  may  then,  if  not  quite  negligible,  easily  be 
corrected  upon  the  completion  of  the  analytical  work,  with  the  net  result  of  a  saving 
of  time  on  the  whole  computation. 

Mr  Smith :  It  is  interesting  to  hear  that  Mr  Perry  has  found  a  two-term  formula 
useful  for  computing  thicknesses.  His  formula  seems  well  adapted  for  moderate 
apertures,  and  agrees  with  (15)  when  $A  {x-  +  1)  =  i.  Possibly  a  relation  of  this 
kind  might  be  taken  as  a  limiting  definition  of  what  may  be  regarded  as  moderate 
apertures.  For  greater  apertures  than  this  the  estimate  it  gives  rapidly  becomes 
distinctly  small,  as  indeed  is  the  case  with  any  simple  formula  which  has  not  a 
decreasing  denominator.  The  use  of  a  correcting  term  to  an  expression  is  more 
common  than  that  of  a  correcting  factor,  but  in  principle  the  niie  tloes  not  seem  to 
be  either  more  or  less  desirable  than  the  other. 
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ABSTRACT.  For  the  clinical  examination  of  the  cornea  and  anterior  portions  of  the 
interior  of  the  living  eye,  a  procedure  often  necessary,  a  specially  mounted  microscope, 
monocular  or  binocular,  is  used  in  conjunction  with  a  so-called  Slit  l^amp.  In  the  apparatus 
as  used  at  present  two  instruments  are  separately  mounted  and  must  be  adjusted  indepen- 
dently. This  paper,  which  is  the  outcome  of  some  experiments  made  in  the  Department 
of  Applied  Optics  of  the  Northampton  Polytechnic  Institute,  London,  upon  the  micro- 
scopic examination  of  the  living  eye,  describes  a  combined  instrument  in  which  the  adjust- 
ment is  common  to  both  the  microscope  and  the  lamp,  thus  greatly  facilitating  the 
observation. 


Introductory 

In  the  routine  examination  of  the  eye  it  is  necessary  to  study,  not  only  the  condition 
of  the  fundus  by  means  of  the  ophthalmoscope,  but  also  the  more  anterior  portions 
such  as  the  cornea,  iris,  and  crystalline  lens.  Certain  pathological  conditions  produce 
changes  therein  and  a  critical  examination  materially  assists  the  diagnosis.  In  order 
to  carry  out  this  examination,  it  is  necessary  firstly  to  illuminate  the  part  and 
secondly  to  observe  it  under  magnification. 

In  the  past  the  illumination  was  obtained  by  focussing  on  to  the  part  to  be 
examined  the  light  from  a  convenient  source,  by  means  of  a  condensing  lens  held 
in  the  hand,  while  the  observation  was  made  with  a  hand  magnifier  called  a  corneal 
loupe.  A  binocular  loupe,  worn  in  the  form  of  spectacles  by  the  person  making  the 
examination,  is  sometimes  used. 

For  some  years  now  the  corneal  microscope,  consisting  of  a  monocular  or 
binocular  instrument  having  a  fairly  long  working  distance  and  a  convenient 
mounting,  has  superseded  the  corneal  loupe  for  the  purpose  of  this  examination. 

The  introduction  of  the  slit  lamp,  devised  by  Gullstrand  and  made  by  Messrs 
Zeiss,  as  a  means  of  illuminating  the  eye,  has  made  possible  the  microscopic  examina- 
tion of  the  transparent  ocular  media  in  section.  So  important  has  this  method  of 
clinical  examination  become  in  demonstrating  the  earliest  stages  of  many  ocular 
diseases  that  complete  atlases  of  the  conditions  observed,  and  descriptive  works  on 
the  technique  of  the  microscopic  examination  of  the  living  eye,  have  been  published 
by  Vogt,  Koeppe,  and  others. 
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Principle  of  the  slit  lamp 

The  cornea,  crystalline  lens,  and  vitreous  humour,  although  transparent,  pro- 
duce by  reason  of  their  structure  a  certain  amount  of  scattering  of  the  light  falling 
upon  them.  This  scattering  is  sufficient,  if  the  illumination  be  intense  and  critical, 
to  render  visible  the  structure  of  these  apparently  transparent  tissues. 

The  function  of  the  slit  lamp  illuminator  is  to  produce  upon  the  part  under 
obsen-ation  an  intensely  bright  and  well-defined  image  of  an  illuminated  slit,  thus 
illuminating  a  section  of  the  tissues  which  can  readily  be  examined  through  the 
surrounding  transparent  structures;  these  latter,  not  being  illuminated,  will  in 
general  be  invisible.  The  illuminated  section  will  then  be 
seen  standing  out  brightly  against  a  perfectly  black  back- 
ground— its  thickness  being  determined  by  the  width  of 
the  slit  image. 

Fig.  I  represents  the  anterior  portion  of  the  eye  and 
shows  the  image  of  the  slit  illuminating  a  section  of  the 
cornea.  The  side  of  the  eye  has  been  removed  to  show  a 
cut  section  of  the  cornea  for  comparison. 

Just  as  it  is  important  that  a  section  produced  by  a 
microtome  should  be  thin  and  that  the  knife  with  which 
it  is  cut  should  be  sharp,  so  to  ensure  good  resolution  ^'^  ' 

of  detail  in  the  section  produced  by  this  optical  means,  the  image  of  the  slit  must 
be  narrow  and  its  definition  as  good  as  possible.  In  order  to  secure  this  condition, 
it  will  be  seen  that  it  becomes  necessary  to  keep  the  observing  microscope  directed 
towards  the  exact  focus  of  the  illuminating  beam,  as  only  at  this  point  will  the  section 
be  thin  and  clean  cut. 

Fixed  ceittnil  mounting  in  neic  instrument 

Hitherto,  the  illuminating  system  and  the  observing  microscope  have  been  free 
to  move  independently ;  this  necessitated  the  readjustment  of  both  direction  and 
focus  when  the  inspection  was  moved  from  one  part  of  the  eye  to  another.  In  the 
present  instrument,  both  the  illuminating  system  and  the  microscope  are  mounted 
upon  an  arc  which  has  its  centre  at  the  focus  of  the  illuminating  beam  (Fig.  2). 
Thus  the  only  adjustment  that  is  required  with  this  instrument  is  the  focussing  of 
the  projected  image  upon  the  part  of  the  eye  to  be  examined,  when  the  image  of 
the  latter  will  automatically  be  brought  into  the  centre  of  the  field  of  the  microscope. 
This  adjustment  is  made  by  racking  forward  the  arc  carrying  the  two  components 
of  the  instrument  -exact  focus  being  secured  when  the  image  appears  centrally 
in  the  microscope  field.  The  dccentering  eflcct  produced  on  the  microscope  image 
when  the  instrument  is  out  of  focus  is  shown  in  Fig.  2.  The  cornea  of  the  eye,  as 
shown  with  a  broken  line,  is  placed  beyond  the  focus  of  the  illuminating  beam  and  is 
consequently  out  of  centre  with  the  microscope.  In  order  to  examine  the  section 
under  various  angles,  it  is  only  necessary  to  swing  the  microscope  along  the  arc, 
the  centering  and  focussing  remaining  unchanged.  This  movement  is  necessary  as, 
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although  where  possible  it  is  often  desirable  to  examine  the  section  perpendicularly 
to  the  illuminating  beam,  a  smaller  angle  of  observation  must  be  employed  when 
observing  the  deeper  structures,  owing  to  the  oblique  view  being  cut  off  by  the  iris. 


Independent  movement  of  illuminating  system 

Although,  for  the  purpose  of  studying  the  sections  of  the  optical  media,  the 
combined  centering  of  microscope  and  illuminating  system  is  the  ideal  arrangement, 
it  is  found  in  practice  that  many  pathological  states  of  the  eye  are  seen  to  greater 
advantage  by  indirect  methods  of  illumination  which  could  not  be  obtained  under 
these  conditions. 

Fig.  3  represents  the  anterior  portion  of  an  eye  having  a  small  and  faint  opacity 
situated  in  the  cornea.  If  the  illuminating  beam  be  directed  through  the  cornea  to 
one  side  of  the  disturbance  so  that  the  cr}'stalline  lens  be  illuminated,  then  by  adjust- 
ing the  direction  of  observation  correctly  the  opacity  will  be  seen  more  or  less  dark 
against  the  bright  background  of  the  lens.  Under  these  conditions  the  density  of 
the  opacity  can  be  estimated  by  comparing  its  brightness  with  that  of  the  back- 
ground. 

It  is  sometimes  possible  to  illuminate  such  an  opacity  and  observe  it  against  a 
dark  background,  by  arranging  the  directions  of  observation  and  illumination  as 
in  Fig.  4.  In  this  case  the  beam  is  concentrated  upon  the  iris  from  which,  if  it  be 
pale  in  colour,  sufficient  light  is  scattered  to  illuminate  the  small  white  or  trans- 
lucent body  in  the  cornea.  The  microscope  is  then  directed  so  that  the  opacity 
illuminated  in  this  manner  is  seen  against  the  dark  background  of  the  pupil. 
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The  many  possible  methods  of  making  a  microscopical  examination  of  the  eye 
under  different  conditions  of  illumination  have  been  exhaustively  dealt  with  by 
Graves  in  a  recent  paper  published  by  the  Ophthalmological  Society,  to  which  I 
would  refer  all  who  are  interested  in  ophthalmic  apparatus  of  this  nature*. 


I    Illuminating  beam  o    Direction  of  observation 

Fig-  3  Fig-  4 

Optical  construction  of  slit  lamp 

The  illuminant  in  this  model  is  a  12-volt,  24-watt,  projection-type  lamp,  having 
a  small  straight  filament  which  is  particularly  suitable  for  illuminating  the  slit 
aperture  used.  Between  this  and  the  slit  a  condensing  system  of  short  focal 
length,  consisting  of  a  steep  hemispherical  positive  followed  by  a  strong  negative 
lens,  is  placed  so  as  to  produce  a  practically  parallel  beam  just  large  enough  to  cover 
the  length  of  the  slit.  This  device  was  introduced  in  order  that  a  maximum  amount 
of  the  light  passing  the  slit  should  enter  the  projection  lens,  which  is  of  comparatively 
small  aperture. 

The  projected  image  is  produced  by  a  2-inch  microscope  objective  placed  at  a 
distance  of  160  mm.  from  the  slit.  This  is  found  to  give  a  well-defined  image  suffi- 
ciently free  from  aberration  effects.  In  the  plate  carrying  the  slit  is  also  a  small 
circular  aperture  which  may  be  substituted  for  the  slit  when  it  is  desired  to  examine 
surfaces,  either  of  the  optical  media  or  of  the  iris,  conjunctiva,  etc.  Ry  suitable 
adjustment  of  the  directions  of  illumination  and  observation  when  using  this  aper- 
ture, the  tesselated  appearance  of  the  corneal  endothelium  and  in  some  cases  the 
stellate  arrangement  of  the  lens  fibres  are  made  visible.  The  microscope  for  ordinary 
use  gives  a  magnification  of  about  20  diameters  and  although  this  of  course  may  be 
increased,  it  is  not  generally  useful  to  employ  more  than  double  this  magnification. 

To  allow  of  the  adjustments  for  indirect  illumination  which  have  been  described, 
the  illuminating  system  has  been  mounted  upon  a  plate  which  is  capable  ot  rotation 
in  a  horizontal  direction  about  a  bearing  A  (Fig.  2)  by  means  of  the  screw  B.  In 
order  that  the  original  position  of  correct  centering  relative  to  the  microscope  may 
be  returned  to  without  difficulty,  the  head  of  the  driving  screw  is  marked  with  an 
index  line  to  read  against  a  zero  mark  on  the  pointer  C. 

•  Basil  Graves,  "Microscopy  of  the  Living  Eye."   Trans.  Oplitli.  Soc.  43  (1923)  387. 
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In  addition  to  this,  the  projection  lens  has  been  mounted  in  a  sHding  tube 
operated  by  the  liandle  D,  to  enable  the  focusscd  image  of  the  slit  to  be  projected, 
to  a  point  behind  that  under  observation  in  the  microscope,  if  desired. 

In  this  way  the  possibility  of  indirect  illumination  has  been  gained  without 
sacrificing  the  principle  of  the  combined  adjustment  of  illuminating  system  and 
microscope,  which  for  many  purposes,  and  especially  that  of  making  measurements 
of  intra-ocular  distances,  is  a  great  advantage. 

Measurement  of  intra-ocular  distances 
An  important  use  of  the  corneal  microscope  is  the  determination  of  the  apparent 
depth  of  the  anterior  chamber  of  the  eye,  a  measurement  of  considerable  value,  not 
only  in  experimental  work,  but  also  to  the  ophthalmic  surgeon  in  the  diagnosis  of 
glaucoma.  This  is  made  with  the  existing  forms  of  corneal  microscopes  by  deter- 
mining the  adjustment  necessar}'  in  order  to  focus  successively  the  cornea  and  the 
anterior  surface  of  the  crystalline  lens.  This  method  is,  however,  open  to  error  as 
it  depends  upon  the  obser\^er's  estimation  of  exact  focus  and  also  upon  the  control 
of  his  own  accommodation.  These  difficulties  are  avoided  in  making  the  measure- 
ment with  the  new  instrument.  Owing  to  the  fact  that  the  microscope  is  directed 
constantly  to  the  focus  of  the  illuminating  beam,  the  observed  surface  will  appear 
central  in  the  microscope  field  only  when  the  light  is  accurately  focussed  upon  it. 
It  is  therefore  only  necessary  to  measure  the  amount  of  movement  required  to 
bring  successively  the  posterior  surface  of  the  cornea  and  the  anterior  surface  of 
the  lens  into  coincidence  with  a  central  cross-wire  in  the  field  of  the  microscope,  to 
obtain  the  apparent  distance  between  these  two  surfaces.  To  enable  these  readings 
to  be  taken,  a  small  scale  and  vernier  have  been  fitted  to  the  focussing  slide  of  the 
instrument. 

Photography  of  the  interior  of  the  living  eye 
It  was  thought  that  a  means  of  photographing  the  anterior  portions  of  the  eye 
under  the  illumination  of  the  slit  lamp  would  be  of  value  in  recording  the  state  of 
pathological  conditions,  such  as  corneal  ulcers  and  opacities  in  the  ocular  media. 

The  visual  instrument  was  found  to  be  unsuitable  for  this  purpose  as  the 
illumination  is  not  sufficiently  intense  to  allow  of  instantaneous  exposures  being 
made.  Some  exposures  were  made,  however,  with  a  temporary  apparatus  using 
an  arc  lamp  as  the  illuminant  and  a  large  slit,  the  image  of  which  was  very  much 
reduced  so  that  the  maximum  illumination  was  obtained.  The  photographs  secured 
were  not  satisfactory,  owing  chiefly  to  the  difficulty  of  maintaining  perfect  focus 
of  camera  and  projection  lens,  good  illumination,  and  steadiness  of  the  patient,  all 
at  the  moment  of  making  the  exposure. 

To  obviate  these  difficulties,  a  form  of  reflex  camera  was  constructed  so  that 
the  image  could  be  watched  and  the  focus  and  illumination  adjusted  up  to  the 
moment  of  exposure,  .\ttention  was  then  directed  to  the  crystalline  lens  with  the 
view  to  studying  by  this  means  that  still  unsolved  problem,  the  mechanism  of  the 
accommodation.   Some  of  the  results  obtained  show  a  great  deal  of  the  structure 
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of  the  lens  of  the  living  eye  (see  Fig.  5) ;  the  relative  curves  of  the  cortex  and  the 
nucleus  are  plainly  seen. 

Unfortunately  further  work  in  this  direction  has 
been  delayed,  partly  owing  to  the  fact  that  in  order 
to  obser\-e  sufficient  of  the  lens  the  pupil  must  be 
artificially  dilated,  while  at  the  same  time  an  active 
accommodation  is  required.  If  these  conditions  can 
be  obtained  or  a  young  subject  having  a  fixed  large 
pupil  can  be  found,  the  work  will  be  continued  in 
the  hope  of  obtaining  some  interesting  information 
on  the  changes  which  take  place  in  the  cn,'stalline 
lens  during  the  action  of  accommodation.  In  the 
meantime,  other  methods  of  attacking  this  problem 
are  being  pursued. 

In  conclusion  I  wish  to  express  my  indebtedness    Fig.  5.  Photograph  of  the  crystalline 
to  my  colleague  Mr  T.  M.  Rose  for  many  helpful  l^ns  in  the  living  eye.    x  4. 

suggestions  regarding  the  mechanical  design  of  the  corneal  microscope  and  also  for 
constructing  the  experimental  model  exhibited,  and  to  Mr  Basil  Graves  for  much 
helpful  criticism. 


DISCUSSION 

Mr  H.  H.  Emsley:  Having  had  very  little  to  do  with  the  production  of  this 
instrument,  I  can  say  with  some  freedom  that  I  think  both  Mr  Fincham  and 
Mr  Rose  should  be  congratulated  on  having  produced  the  instrument  at  all  in  these 
days  of  vanishing  equipment  grants. 

The  subject  of  inspecting  the  eye,  especially  in  a  quantitative  way,  is  not  easy. 
If  it  be  required  to  make  measurements  on  the  intra-ocular  dimensions,  either  for 
the  purpose  of  checking  the  previous  measurements  of  Helmholtz,  Listing,  Gull- 
strand,  etc.  with  modified  apparatus,  or  as  a  necessary  step  towards  further  experi- 
mental work,  one  might  use  dead  eyes  if  they  can  be  obtained.  When  the  difficulties 
of  mounting  and  treating  the  dead  parts  are  overcome,  the  measurements  obtained 
are,  after  all,  open  to  the  objection  that  they  may  be  diflerent  in  the  living  eye. 

Work  on  the  living  eye  is  more  satisfactory,  but  here  again  there  arc  difficulties. 
Firstly,  the  patient  is  inconvenienced  by  the  brightness  of  the  beam  it  is  necessary 
to  project  into  his  eye,  and  secondly,  in  making  measurements  on  such  dimensions 
as  the  depth  of  the  aqueous  humour  or  the  radii  of  the  crystalline  lens,  we  are 
observing  through  a  system — the  cornea — whose  power  we  do  not  know  for  the 
particular  eye  under  observation ;  the  image  space  containing  the  cjuantity  to  be 
measured  has  a  refractive  index  we  do  not  know.  If  these  unknown  quantities  can 
be  measured,  the  process  of  calculation  is  lengthy. 

Even  if  substances  be  injected  to  paralyse  certain  muscles  and  so  render  a  part 
stationary,  we  are  not  observing  the  eye  in  its  natural,  free,  clastic  state. 
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Measurements  are  at  present  being  made  on  young  eyes  with  this  instrument 
in  an  attempt  to  gather  information  that  may  help  to  a  better  understanding  of  the 
process  of  accommodation  for  near  objects;  but,  because  of  such  difficulties  as 
those  mentioned  and  others,  the  process  is  slow. 

Lt.-Col.  J.  W.  Gifford:  Mr  Fincham  has  been  speaking  of  the  difficulties  of 
fixing  the  various  constituents  of  the  human  eye  before  post-mortem  changes  set 
in.  I  have  been  wondering  if  it  would  be  possible  to  inject  the  capillaries  of  the  eye 
from  the  principal  channel  of  blood  supply,  with  formaline  or  some  other  suitable 
fixative,  immediately  after  the  eye  has  been  removed. 

Some  five-and-twenty  years  ago  I  was  successful  in  applying  similar  treatment 
to  frogs  and  kittens.  The  method  was  to  kill  the  animal  by  shock,  then  open  up  the 
cavity  of  the  chest,  sever  the  aorta,  tie  in  a  canula  and  connect  it  with  a  Wolff's 
bottle  containing  the  fixative.  A  convenient  series  of  shelves  enabled  me  to  regulate 
the  pressure  from  one  bottle.  Formaline  was  then  unknown,  and  the  fixative  used 
was  a  half  per  cent,  solution  of  chromic  acid.  After  the  fourth  kitten  had  been  so 
treated  unsuccessfully,  the  tongue  of  the  fifth  turned  yellow  and  showed  me  that 
the  fixative  had  got  through.  The  animal  was  then  dismembered,  treated  with  an 
ascending  series  of  alcohols,  then  with  chloroform,  and  embedded  in  solid  paraffin. 
Sections  were  then  cut,  stained,  and  mounted  as  usual.  They  are  still  in  my  posses- 
sion, and  are  the  best  I  ever  made.  The  premature  "rigor"  was  the  difficulty,  but 
did  not  occur  in  the  case  of  the  frog.  I  think  that  formaline,  if  injected  warm, 
would  not  cause  this  at  so  early  a  stage,  but  I  am  not  perhaps  competent  to  judge. 

Prof.  Cheshire:  Mr  Fincham  is  to  be  complimented  upon  the  simple  way  in 
which  he  has  succeeded  in  linking  together  the  illuminating  apparatus  and  the 
obsen'ing  microscope.  Simple  and  effective  as  it  is,  I  am  not  surprised  to  hear  that 
it  is  entirely  novel.  I  would  suggest  that  the  arrangement  would  lend  itself  admirably 
to  the  use  of  a  binocular  observing  instrument,  such  as  the  Greenhough  microscope. 

Comdr.  N.  Langlands:  Is  it  not  important  to  have  the  slit  image  free  from  aber- 
ration? In  the  Zeiss  form  of  Gullstrand  slit  lamp  this  was  achieved  by  employing 
figured  surfaces. 

In  viewing  an  object  by  indirect  illumination  an  iris  diaphragm  inside  the 
viewing  microscope  might  prove  useful.  The  image  of  this  stop  would  lie  clear  of 
the  slit  image  in  the  eye  and  the  direct  illumination  would  be  cut  off. 

When  the  angle  bet\veen  the  microscope  and  the  entering  beam  is  nearly  a  right 
angle,  is  the  light  scattered  from  the  tissues  polarized?  If  that  were  the  case,  the 
use  of  a  nicol  analyser  might  assist  in  defining  the  structure. 

I  have  found  that  since  spare  parts  for  Nernst  lamps  became  unobtainable  these 
lamps  could  be  run  ver)'  successfully  without  either  balances  or  heaters  if  a  variable 
resistance  were  used  in  series  with  the  filament. 

Mr  T.  Smith :  It  should  be  unnecessary  to  pay  great  attention  to  the  form  of 
the  condenser. 

The  discomfort  of  a  bright  light  to  the  eye  could  be  combined  with  better  con- 
ditions for  photography  by  using  a  bright  source  emitting  radiation  in  the  extreme 
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visible  violet  or  slightly  into  the  ultra-violet.  Since  the  maximum  sensitiveness  of 
ordinary  photographic  plates  is  in  the  neighbourhood  of  the  G'  line  this  should  be 
possible.  Slight  fluorescence  of  the  crj-stalline  lens  and  cornea,  if  present,  should 
be  advantageous  rather  than  the  reverse. 

Mr  G.  W.  Gosling:  With  reference  to  Mr  Fincham's  remarks  on  the  question 
of  measuring  the  depth  of  the  anterior  chamber,  I  should  like  to  mention  that  the 
present  method  is  to  use  an  Ulbrich  drum.  This  drum  is  graduated  in  millimetres 
and  is  fitted  to  one  side  of  the  rackwork,  on  the  body  of  the  binocular  corneal 
microscope.  Dr  H.  Hartinger*  pubhshed  a  paper  on  the  method,  and  the  actual 
depths  are  computed  from  the  apparent  depths  as  given  by  the  drum.  The  author 
took  Gullstrand's  schematic  eye  as  his  standard,  and  used  the  values  for  thicknesses 
and  refractive  indices  as  given  by  Gullstrand.  I  shall  be  pleased  to  send  any  reprints 
of  this  interesting  paper  to  members  who  are  interested. 

One  or  two  points  occur  to  me  to  be  worthy  of  discussion,  in  respect  of  the 
design  of  the  instrument  exhibited. 

Why  has  the  monocular  observing  microscope  been  fitted?  The  binocular  form 
has  distinct  advantages,  as  the  various  tissues  of  the  eye  are  seen  in  relief;  this 
stereoscopic  efl^ect  is  particularly  useful  in  helping  the  diagnosis  of  certain  patho- 
logical changes  and  conditions. 

When  examining  the  deeper  parts  of  the  vitreous  humour,  it  is  essential  that 
the  beam  of  light  from  the  slit  lamp  should  be  as  nearly  as  possible  on  the  axis  of 
the  observation  objective.  It  seems  to  me  that  in  Mr  Fincham's  instrument  the 
design  does  not  allow  of  very  acute  angles  between  the  illuminating  and  observing 
systems. 

Again,  the  position  of  the  microscope  cannot  be  altered  relatively  to  the  illu- 
minating tube ;  thus  one  is  confined  to  the  temporal  side  of  the  left  eye  and  the  nasal 
side  of  the  right  eye. 

With  reference  to  Mr  Fincham's  remark  on  his  try-ing  a  reflex  type  of  camera 
for  photography,  I  would  like  to  point  out  that  a  stereoscopic  reflex  camera  for 
taking  photographs  of  the  bulbous  was  shown  at  the  Jena  Ophthalmological  Con- 
gress of  1922.  The  instrument  was  made  by  Messrs  Zeiss  for  Lenz  of  Breslau.  For 
all  ordinary  stereoscopic  work  the  Driiner  stereoscopic  camera  can  be  used;  this 
allows  all  parts  of  the  cornea,  iris,  and  lens  to  be  photographed,  using  the  paired 
objectives  of  the  binocular  corneal  microscope.  Naturally  an  arc  lamp  is  necessary 
as  a  source  of  illumination. 

Comdr.  Langlands  has  raised  the  point  of  trouble  being  experienced  from 
polarizing  efl^ects.  This  opens  up  a  very  interesting  question  for  research. 
Dr  Koeppef  of  Halle  designed  a  special  polarizing  microscope  for  this  work  with 
the  slit  lamp,  and  he  claims  that  certain  histological  and  pathological  conditions  are 
shown  by  this  means  that  cannot  be  seen  by  any  other  method. 

•  H.  Hartinger,  "Zur  Mcssung  der  Kammertiefe  und  des  Irisdurchmessers."  Z.J.  Ophlli.  Opt. 
9  (19Z1)  »3S- 

t  L.  Koeppe,  Die  Ultra-  und  Polarisations  Mihroskopische  Erjorschutii;  des  lebniden  Anfies  und 
ihre  Ergebniise  (Leipzig:  Ernst  Birchcr,  1921). 
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Mr  Fincham:  I  should  like  to  thank  Col.  Gifford  for  his  remarks  regarding  the 
fixation  of  the  eye  and  other  tissues  by  the  intra-arterial  application  of  the  fixing 
solution.  This  should  prove  a  very  valuable  method  of  fixing  when  it  is  required  to 
cut  microscopic  sections  of  the  eye.  Unfortunately  I  have  not  been  able  to  procure 
human  eyes  sufficiently  soon  after  removal  to  apply  this  method.  Even  if  this  pro- 
cedure were  employed  and  great  care  were  taken  to  ensure  the  fixative  being  iso- 
tonic, it  is  doubtful  whether  one  could  guarantee  the  absence  of  artifacts  in  the 
nature  of  shrinkage  or  distortion  of  the  optical  surfaces.  Also  the  action  of  a  fixing 
solution  invariably  produces  some  degree  of  opacity  of  the  refracting  media. 

It  has  been  pointed  out  by  Mr  Emsley  that  the  methods  described  in  the  paper 
aim  at  observing  the  structure  and  measuring  the  internal  dimensions  of  the  living 
eye. 

In  reply  to  Comdr.  Langlands,  it  is  important  that  the  slit  image  be  free  from 
aberration.  The  employment  of  aspherical  lenses,  however,  does  not  seem  to  be 
necessary  to  obtain  this  condition.  The  object  in  designing  this  apparatus  was  to 
obtain  a  useful  instrument  which  was  easy  of  construction  and  did  not  necessitate 
a  considerable  outlay  for  special  optical  parts.  Knowing  that  in  the  Zeiss  instrument 
a  figured  lens  was  used  for  the  purpose  of  projecting  the  image  of  the  slit,  I  thought 
that  difficult}-  might  be  experienced  in  this  matter,  but  found  on  trial  that  a  good 
2-inch  microscope  objective  gave  an  image  in  which  aberration  was  not  apparent 
under  the  magnification  used  in  the  microscope,  i.e.  20  to  30  diameters. 

With  regard  to  the  suggestion  that  under  certain  conditions  of  illumination  the 
light  scattered  from  the  surfaces  of  the  eye  may  be  polarized,  I  regret  that  I  have 
made  no  observations  on  this  subject.  In  the  light  of  the  findings  of  Koeppe,  as 
mentioned  by  Mr  Gosling,  this  should  prove  an  interesting  field  of  study. 

I  should  like  to  thank  Mr  Smith  for  the  suggestion  of  using  light  of  the  extreme 
violet  end  of  the  spectrum  for  the  purpose  of  photographing  the  eye.  When  time 
permits  of  further  experiments  in  this  work  I  hope  to  apply  this  method.  Up  to 
the  present  the  method  has  been  to  use  the  light  of  a  carbon  arc  with  high  speed 
panchromatic  or  isochromatic  plates,  the  exposure  being  about  one-fifth  of  a 
second.  Although  radiation  in  the  extreme  violet,  or  slightly  into  the  ultra-violet, 
produces  only  little  retinal  response  and  therefore  does  not  cause  discomfort  to 
the  subject  at  the  time,  much  exposure  to  this  light  is  injurious  to  the  tissues  of  the 
eye.  I  think  it  would  be  unwise  to  produce  obvious  fluorescence  in  the  crystalline 
lens  except  perhaps  for  periods  of  very  short  duration. 

Mr  Gosling  has  referred  to  the  method  of  measuring  the  apparent  depth  of  the 
anterior  chamber  by  means  of  the  Ulbrich  drum.  As  I  pointed  out  in  the  paper, 
the  measurement  is  arrived  at  in  this  case  by  determining  the  amount  of  movement 
necessary  to  focus  the  microscope  successively  upon  the  two  surfaces  whose  separa- 
tion is  being  measured.  The  accuracy  of  the  result  is  thus  dependent  upon  the 
observer's  ability  to  estimate  exact  focus  and  to  control  his  own  accommodation. 

Vogt  has  stated  in  his  works  the  importance  in  slit  lamp  microscopy  of  main- 
taining a  perfect  focus  of  the  slit  image  upon  the  part  under  observation.  This  pre- 
sents another  difficulty  in  measuring  the  anterior  chamber  by  means  of  the  Ulbrich 


122  E.  F.  Finch  am 

drum,  as  it  is  not  only  necessar}-  to  focus  the  microscope,  but  the  image  of  the  slit 
must  also  be  moved  from  one  surface  to  the  other.  These  adjustments  would,  except 
to  the  very  skilled  worker,  take  some  time  to  make.  It  is  important  that  the  reading 
should  be  taken  as  speedily  as  possible,  as  the  permissible  error  in  the  measurement 
of  the  depth  of  the  anterior  chamber  should  not»exceed  o-i  mm.  and  the  risk  of  the 
patient  moving  by  this  amount,  if  the  time  necessar}-  for  the  adjustments  is  lengthy, 
is  considerable.  By  the  method  which  I  have  described  with  the  new  instrument, 
I  find  that  the  one  adjustment  necessary  can  be  made  within  2  seconds. 

Although,  for  clinical  purposes,  the  use  of  schematic  values  for  the  cornea  is 
sufficiently  accurate  in  computing  the  real  depth  from  the  apparent  value,  it  is 
desirable  as  far  as  possible  to  determine  these  values  in  the  actual  eye  which  is  being 
studied.  The  radius  of  curvature  of  the  cornea  at  least  can  be  readily  obtained  by 
means  of  the  ophthalmometer. 

With  regard  to  the  fitting  of  a  monocular  microscope  instead  of  a  binocular 
instrument,  this  was  done  in  the  existing  model  very  largely  for  reasons  of  economy. 
As  Prof.  Cheshire  has  mentioned,  the  binocular  microscope  could  be  mounted  upon 
this  instrument. 

Mr  Gosling  thinks  that  the  angle  between  the  illuminating  beam  and  the 
microscope  could  not  be  made  sufficiently  acute  in  this  form  of  mounting  to  allow 
of  the  observation  of  the  deeper  parts  of  the  vitreous  humour.  I  find  it  is  possible 
to  reduce  this  angle  to  less  than  20°,  which  permits  of  illumination  and  observation 
of  structures  well  behind  the  crystalline  lens. 


123 


THE  CHOICE  OF  WAVE-LENGTHS  FOR 
ACHROMATISM  IN  TELESCOPES 

By  Lt.-Col.  J.  W.  GIFFORD,  F.R.A.S. 

MS.  received,  ^th  December,  1923.   Read  and  discussed,  i^th  February,  1924. 

ABSTRACT.  In  correcting  a  combination  of  two  glasses  for  chromatism,  focal  lengths 
for  two  colours  of  the  spectrum  are  made  equal.  The  outstanding  error  for  other  such 
colours  is  called  the  secondary  spectrum.  This  paper  has  been  written  for  the  purpose  of 
determining  the  effect  on  the  secondary  spectrum  of  varying  the  two  colours  chosen. 
These  effects,  calculated  by  trigonometrical  trace,  are  illustrated  by  graphs  and  tables. 

The  object  of  the  present  paper  is  to  determine  how  the  secondary  spectrum  of  a 
simple  two-lens  achromatic  objective  is  affected  by  varying  the  two  rays  chosen  for 
achromatization.  It  is  a  question  of  physical  optics  and  has  little  to  do  with  the 
form  of  the  combination. 

Since  the  time  of  Dollond  and  Fraunhofer,  whose  earlier  work  was  systematized 
by  Lloyd  and  Coddington,  little  has  been  done  in  this  particular  direction  with  the 
exception  of  the  work  of  Mr  Dennis  Taylor*. 

In  a  paper-f-  read  before  this  Society  on  15th  April,  1915,  the  author  has  already 
drawn  attention  to  the  subject,  in  reference  more  especially  to  the  undoubted 
advantage  of  using  certain  wave-lengths,  not  previously  employed,  for  the  correction 
of  apochromatic  triple  objectives.  The  same  question  about  doublets  was  outlined, 
but  in  the  present  paper  is  more  fully  discussed. 

We  have  been  accustomed  to  achromatize  the  object  glasses  of  our  telescopes 
and  other  instruments  by  equalizing  focal  lengths  for  wave-lengths  6563  (line  C) 
and  4861  (line  F)  with  wave-length  5893  (the  mean  D  line)  for  the  principal  ray 
of  shortest  focus,  this  being  brought  about  by  associating  a  positive  lens  of  crown 
glass  with  a  negative  lens  of  flint  glass  with  suitably  proportioned  dispersive  powers, 
thus : 

Crown  Flint 

^  l^F-  jH:  .,  ^  h-'f  -  l^'c 

HD—  I  tJ-'l)  -   I 

I  ^  p'  I^_p 

f   p'~p  f   p-p' 

I      I       1 

where  jx  is  the  refractive  index  of  the  line  indicated,  p  the  dispersive  power  of  the 
glass,  and /and/'  the  foci  for  a  combined  focus  F,  of  value  unity. 

•  Monthly  Notices,  R.A.S.  54  (1893-4)  67. 

t  "  A  Revised  System  of  Comparative  Optics,"  Trans.  Opt.  Soc.  14  (1914-15)  187. 
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Of  late  years  some  doubt  has  prevailed  as  to  whether  C,  F,  and  D  are  actually 
the  best  lines  for  this  purpose.  The  formula  given  refers  to  a  combination  without 
actual  thickness,  which  is  unthinkable.  But  the  influence  of  thickness  on  the 
achromatism  is  generally  inconsiderable,  being  only  about  one-tenth  of  the  total 
error.  It  becomes  serious  only  with  increasing  focus  and  aperture,  as  may  be 
gathered  from  the  results  for  the  two  doublets  given  in  Table  I,  both  being  calcu- 
lated from  identical  data,  the  first  without  thickness,  the  other  with  it. 

Table  I.  Lens  vdthout  Thickness 
•p  *BFc  BF\  BFr     BFv-BFx    BFa-BF^        «„ 

10-00708     10-00251     10C0929     000457  -000678     4-147780 

Lens  zcit/i  Thickness 

*/,  =0-125,  /a  "=0000  (cement),  /j  -0075. 

BF,  BFx  BFy     BFv-BFx     BFx-BF,.-         «„ 

— 9-85786       9-85289       9-85904     0-00498  -0-00617     4"  147786 

p  =  dispersive  power;  fiF  =  back  focal  length,  the  distance  from  the  last  surface  along  the  axis 
emergent  ray  intersects  the  axis;  s.a.  ^outstanding  spherical  aberration;  t  -thickness 


/?,=«, 

R, 

•SM. 

4-075942 

00 

-0-002509 

R,^R, 

R. 

s.a. 

-4-033861 

00 

-00022s  I 

;e  along  the 

axis  s 

It  which  the 

The  two  glasses  used  in  this  investigation  were  Messrs  Chance  Bros.  No.  4497 
melting  of  ordinary  hard  crown  and  No.  4380  of  ordinary  heavy  flint.  All  the 
doublets  were  computed  for  an  equivalent  focal  length  of  10  inches  and  an  effective 
aperture  of  i  inch,  the  ratio  of  focal  length  to  aperture  thus  being  10.  With  the 
exception  of  the  one  without  thickness,  the  central  thickness  (along  the  axis)  of 
each  positive  element  was  0-125  inch,  that  of  each  negative  element  0-075  '"^h. 

These  two  elements  were  cemented  together,  so  that  the  thickness  between 
them  need  not  be  considered.  In  all,  nine  such  doublets  with  thickness  have  been 
computed  by  rigorous  trigonometrical  ray-tracing,  three  where  the  shortest  focal 
length  was  that  of  A,  three  where  the  shortest  was  that  of  I),  and  three  where  it 
was  that  of  Ilg,  the  well-known  mercury  line  of  wave-length  5461.  Each  of  these 
three  groups  consisted  of  three  separate  complete  calculations,  one  where  C  and  F 
were  equalized,  one  for  D  and  E,  and  one  for  I)  and  F.  The  back  focal  lengths  for 
the  five  lines  C,  I),  A,  F,  and  F  are  given  in  Table  II. 

Table  1 1 .    Vahies  of  Back  Focal  Length  for  Paioxiii/  Ray  {T.R.) 
and  3  Edge  Ray  (F.R.) 

Group  I  (A) 


P.R.  E.R.                 P.R.  E.R.                 P.R.  E.R. 

C  985147  985057  985248  985107  98595'  986164 

D  984689  984641  984763  984677  985335  985342 

A  9-84560  984555  9-84618  9-84565  9-85120  9-85158 

Mg  9-84608  984623  9-84656  984623  9-85114  9-85172 

F  9-84691  984694  984724  9-84723  9-851 19  985208 

/•■  985044  9-85371  985040  9-85106  9-83270  9-85430 
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Group  II  1 

[D) 

P.R. 

E.R. 

P.R. 

E.R. 

P.R. 

E.R. 

c 

D 

A 

^^ 
F 

9-85029 
984573 
9S4444 
9-84493 
9-84574 
9-84927 

9-84914 
984547 
9-84455 
984528 
984580 
985053 

9-851.5 
9-84546 
9-84487 
9-84523 
9-S4592 
9-84907 

Group  III 

9-84979 
9-84546 
9-84431 
9-84492 
9-84586 
9-84978 

(Hg) 

9-85743 
9-85131 
9-84916 
9-84910 
9-84915 
9-85067 

9-85578 
9-85141 
9-84959 
984970 
9-85000 
9-85106 

h-'^" 

-Mc 

P.R. 

E.R. 

P.R. 

■I^D 

P.R. 

E.R. 

-I 

E.R. 

C 
D 

A 

Hn 
E 
F 

9-85093 

9-84506 
9^4555 
9-84647 
9-84990 

9-85103 
9-84602 
9-84522 
984573 
9-84643 
9S5124 

9-85204 
9-84719 
9-84576 
9-84580 
9-84680 
9-84996 

9-85067 
9-84635 
9-84521 
9-84580 
9-84679 
9-85064 

9-85946 
9-85335 
9-85120 
9-85114 
9-85119 
9-85277 

9-85902 
9-85346 
9-85.58 
9-85173 
9-85209 
9-85430 

As  far  back  as  1904  the  author  noticed  that  a  line  in  the  spectrum  of  lead  of 
wave-length  5607  (since  corrected  to  5609)  was  so  situated,  with  regard  to  himself 
and  many  others  who  used  it,  that  it  was  just  at  the  point  of  maximum  intensity 
for  visual  perception,  more  so  than  either  the  mean  D  line  or  the  mercuiy  line 
already  referred  to.  It  was  called  by  the  Greek  letter  A.  In  the  following  year  my 
friend,  Mr  E.  M.  Nelson,  recommended  the  Royal  Microscopical  Society  to  adopt 
it  as  the  standard  wave-length  for  white  light  in  their  Numerical  Aperture  Table. 
It  was  at  once  adopted  and  has  now  for  many  years  been  in  general  use  by  the 
Society*. 

This  is  a  physiological  question.  As  explained  by  Mr  Dennis  Taylor,  to  whom 
reference  has  already  been  made,  the  eye  chooses  the  point  of  maximum  visual 
effect  arbitrarily  and  it  is  even  now  by  no  means  claimed  that  the  maximum  for 
everyone  is  A.  There  are  probably  people  for  whom  even  line  E  is  the  maximum, 
but  the  claim  is  made  that  the  average  eye,  of  the  Anglo-Saxon  race  at  least,  chooses 
approximately  line  A. 

For  this  reason  this  line  would  be  advantageously  chosen  for  reference  rather 
than  the  old  mean  D  line,  or  the  mercury  line  just  referred  to  and  until  now  used 
so  generally  on  account  of  its  easy  accessibility  from  the  mercury  arc  lamp. 

The  doublet  object  glasses  were  corrected  for  spherical  aberration,  using  the 
paraxial  ray  and  a  ray  incident  at  0-375  inch  from  the  axisf  for  this  purpose,  for 
lines  A,  D,  and  Hg  respectively,  in  the  three  corresponding  groups.  The  results  are 
given  in  Table  III,  from  which  it  will  be  seen  that  the  outstanding  spherical  aber- 
ration in  no  case  amounts  to  as  much  as  one-thousandth  of  an  inch.  The  maximum 
was  —  0-00084  ^^^  t^^  average  i  0-00036  inch. 

*  Journ.  Roy.  Micr.  Soc.  (Feb.  1905)  107. 

t  A  ray  actually  incident  at  the  edge  was  not  traced,  but  one  at  the  representative  height  of 
0-375  inch,  or  three-quarters  of  the  distance  from  centre  to  edge.  The  surfaces  on  either  side  of  a 
corresponding  zone  have  equal  areas. 
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Table  III.  Radii,  etc. 

<,  =OI2- 

;,  /3=oooo  (cement). 

Group  I  (A) 

'5=0075. 

Ro 

ii^=R. 

R, 

s.a. 

4-030779 

-4-I5I05I 

140-6814 

0000052 

4-04S947 

-4- 1 68240 

154-1768 

0-000534 

4-173859 

-4-186899 

Group  II  {D) 

4096-472 

-0-0003S3 

4030779 

-4-150162 

141-2373 

0-000250 

4-045947 

-4-167215 

154-9376 

0-000838 

4-173859 

-4-185262 
Group  III  (Hg) 

5131-961 

0-000095 

4-030779 

-4-150518 

140-9610 

-0-000186 

4-045947 

-4-167795 

154-4523 

0-000325 

4-173859 

-4-186831 

4107-380 

-  0-000564 

In  judging  the  respective  values  of  the  differences  of  their  back  focal  lengths 
from  those  for  \  it  is  necessary  to  take  into  account  the  photometric  values  of  the 
different  wave-lengths  used.  Thus  it  will  be  seen  that  light  for  some  distance  on 
both  sides  of,  and  including,  lines  C  and  F  has  small  value  when  compared  with 
similar  light  in  the  regions  of  D  and  E  and  that  these  again  are  surpassed  by  that 
at  A.  The  graphs  shown  in  Figs,  i  and  2  have  been  drawn  with  focal  lengths  and 
oscillation  frequencies  (reciprocals  of  wave-lengths)  as  abscissae  and  ordinates 
respectively.  It  will  be  at  once  apparent  that,  however  important  the  proper  choice 
of  the  visual  maximum  for  shortest  focal  length  may  be  in  non-achromatized  com- 
binations, it  makes  little  difference  here,  for  in  the  result  the  shortest  is  always  that 
for  A.   But  this  is  by  no  means  the  case  with  the  two  rays  for  which  focal  lengths 


are  equalized.  When  p 


fir 


have  a  raising  of  the  value  of  the  spectr 


e.xtending  from  A  to  Fand  beyond,  and  a  corresponding  depreciation  of  that  from  A 
to  C.  Telescope  doublets  which  have  been  constructed  from  such  data  have  given 
an  effect  on  a  landscape  approaching  that  of  certain  painters  who  exalt  the  values 
of  their  yellows,  blues,  greens,  and  violets  at  the  expense  of  their  oranges  and  reds, 
in  order  to  enhance  the  attractiveness  of  otherwise  uninviting  spots. 

ft  ~  I 


When 


when  p  = 


very  little  of  this  effect  remains  in  my  case,  ;inii  none  at  all 
I  have  been  jiresscd  to  give  my  persoiuil  oiiiiiioii  ;nui  without 
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hesitation  give  it  for 


Although  F  and  C  give  almost  as  well  balanced  a 


graph,  yet  it  is  not  quite  so,  for,  in  traces  for  the  three-quarters  edge  ray,  in 
every  case  the  resulting  focal  length  for  F  is  greater  than  that  for  C.  Under  the  same 
conditions,  when  E  and  D  are  used  in  the  formula,  the  resulting  focal  lengths  for 
C  and  /''  are  practically  equal  throughout.  In  this  question  the  paraxial  ray  has  no 
importance,  for  it  exists  in  theory  only.  Thus,  to  get  C  and  F  equal,  the  calculation 
must  be  made  with  E  and  D.  I  always  now  compute  my  doublets  in  this  way  and 
invariably  find  them  the  best  when  used  with  a  really  achromatic  eyepiece.  When 
this  is  not  the  case,  good  results  may  even  be  obtained  with  F  and  D,  for  instance, 
with  an  eyepiece  much  over-corrected  for  colour.  In  all  such  cases  computers 
must  decide  for  themselves.  Huygenian  and  other  non-achromatic  eyepieces  should 
always  be  computed  with  /x^ . 

The  graphs  (Figs,  i  and  2)  correspond  with  every  focal  length  in  the  groups. 
It  is  noteworthy  that,  whatever  p  may  be,  the  focal  lengths  for  A  are  always  the 
shortest. 


Focal  length  in  inches. 
Fig.  I.   Paraxial  Ray. 


Focal  length  i: 
Fig.  2.  i  Edge  Ray. 


DISCUSSION 


Prof.  Cheshire :  It  is  fortunate  that  Col.  GifTord  has  not  to  content  himself  with 
"paper"  systems.  His  computations  generally  are  simply  a  preliminary  to  actual 
construction,  and  in  every  case  in  which  I  have  had  an  opportunity  of  seeing  these 
constructions,  the  theoretically  deduced  performance  has  been  realized — a  high 
tribute  to  the  capacity  and  care  of  the  computer.  I  hope  that  the  Society  will 
receive  a  number  of  such  contributions  from  Col.  GifFord. 
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Commander  T.  Y.  Baker:  Col.  Gifford's  proposal  to  adopt  a  new  pair  of  wave- 
lengths for  colour  correction  in  place  of  the  customary  C  and  F  raises  a  certain 
amount  of  doubt  in  my  mind  respecting  the  practicability  of  his  scheme.  With 
two  lines  as  close  together  as  those  he  advocates  the  reciprocal  dispersion  power 
will  be  changed  from 

(^D  -  i)/(Mf  -  Mc)  to  (/x,  -  O/Cmk  -  i>-i?)- 
The  denominator  of  the  fraction  is  thus  from  one-third  to  one-half  of  its  previous 
value  and  the  v  of  the  glassmaker's  catalogue  will  become  two  or  three  times  as 
great  as  before.  The  accuracy  of  the  figures  in  the  catalogue  depends  on  the  accuracy 
with  which  the  refractive  indices  for  the  standard  wave-lengths  are  measured,  so 
that  Col.  Gifford's  proposals,  if  adopted,  would  seem  to  involve  the  glassniaker  in 
a  more  careful  measurement  of  his  refractive  indices  if  he  wishes  his  catalogue 
specifications  to  be  accurate. 

Dr  J.  S.  Anderson :  I  think  that,  from  many  points  of  view,  the  present  standard 
wave-lengths  are  far  from  ideal.  I  am  surprised  to  see  that  the  author  retains  the 
D  line  as  a  standard.  This,  being  a  doublet,  is  not  a  suitable  line  for  routine  measure- 
ments with  the  Pulfrich  refractometer.  It  is  possible  that  one  of  the  helium  or  neon 
lines  would  be  more  satisfactory. 

Mr  J.  W.  Perry :  Col.  Gifford  has  given  us,  as  the  outcome  of  considerable  labour 
and  thought,  a  discussion  of  no  mean  value  bearing  upon  the  secondary  spectrum 
in  its  various  possible  and  favourable  manifestations  in  subjective  instruments. 
Under  the  circumstances  upon  which  the  discussion  is  based  the  chromatic  aber- 
ration concerned  is  sufficiently  defined  by  stating  the  wave-length  for  which  the 
intersection-length  attains  an  extreme  value.  The  practical  realization  of  this  cor- 
rection has  given  further  occasion  to  the  vexed  question,  regarding  the  choice  of 
standard  wave-lengths,  dwelt  upon  by  foregoing  speakers.  In  deciding  the  funda- 
mental question,  however,  viz.  the  choice  of  the  extreme  wave-length,  one  must 
necessarily  be  guided  by  data  concerning  relative  spectral  visibility  for  an  average 
human  eye.  This  is  not  a  stationary  property,  in  that  before  the  range  of  modified 
chromatic  vision  at  low  intensities  is  reached  marked  variation  with  intensity  of 
retinal  illumination  is  apparent.  It  would  therefore  appear  that  it  were  in  practice 
unnecessary  for  general  purposes  to  aim  at  extreme  precision  in  the  definition  of 
simple  achromatism. 

Mr  T.  Smith :  The  author  has  carried  out  a  laborious  piece  of  work  which  should 
prove  distinctly  useful  to  those  whcj  wish  for  precise  information  on  the  best  type 
of  chromatic  correction.  It  is  a  question  which  has  to  be  determined  by  ocular 
experience  with  instruments  constructed  to  accurately  known  data  from  glasses  of 
measured  indices  and  dispersions.  It  would  be  advantageous  if  all  workers  who 
have  made  experiments  under  such  conditions  would  place  them  on  recoril  for  general 
use,  so  that  the  extent  to  which  a  consensus  of  opinion  favourei!  a  |iarticular  type  of 
correction  could  be  known. 

Col.  Gifford:  I  am  very  grateful  that  Prof.  Cheshire  has  drawn  attention  to  the 
fact  that  most  of  my  computations  latterly  proceeded  to  actual  construction.  This 
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paper  originated  in  deductions  drawn  from  observations  on  an  artificial  star  and  is 
an  attempt  to  justify  them  with  figures. 

I  quite  see  Commander  Baiter's  point.  It  would  perhaps  involve  the  glassmaker 
in  more  careful  measurements,  but  the  lines  E  and  A  are  excellently  sharp  and 
clear  and  very  much  easier  to  measure  with  accuracy  than  C  or  F.  Of  course  D 
would  remain  the  same,  but  the  glassmakers  take  more  trouble  with  this  line  than 
with  any  other  already,  and  as  it  is  a  double  line  of  which  the  components  are  wide 
enough  apart  for  the  pointer  to  be  set  on  the  dark  line  separating  them,  this  line  is 
fairly  sure  of  accuracy.  But  an  interpolation  table  has  been  prepared  from  an  ex- 
haustive list  of  refractive  indices,  accurate  within  an  error  of  from  one  to  three 
units  in  the  fifth  decimal  place,  prepared  by  the  author  at  the  request  of  the  late 
Sir  David  Gill  and  published  in  a  paper  in  the  Proceedings  of  the  Royal  Society*. 
In  the  interpolation  table  referred  to  refractive  indices  for  twelve  wave-lengths  are 
placed  in  contiguous  columns  in  order  of  their  mean  dispersions,  and  the  new  glass 
being  allocated  to  its  position  between  any  two  columns  by  observing  its  refractive 
indices  for  C,  D,  and  F  only,  a  simple  proportion  sum  enables  those  for  any  other 
wave-length  and  certainly  for  those  of  E  and  A  to  be  found  with  much  accuracy. 
This,  I  think,  should  meet  Commander  Baker's  difficulty. 

I  agree  with  Dr  Anderson's  view.  The  present  lines  are  most  unsatisfactory,  but  I 
have  no  intention  of  retaining  the  D  line  in  use.  It  is  only  used  in  the  paper  for  the 
purpose  of  comparison.  I  would  substitute  A  for  it  on  every  occasion.  I  am  unable 
to  think  of  any  line  in  the  spectrum  of  helium  in  a  similar  position  to  A,  but  there 
may  be  in  that  of  neon.  Common  lead,  which  produces  A,  serves  the  purpose 
admirably. 

I  am  quite  ready  to  admit  Mr  Perry's  argument.  I  have  already  said  that  "there 
are  probably  people  for  whom  line  £  is  a  maximum  " ;  possibly  I  should  have  added 
"and  times  occasionally  when  it  is  a  maximum  for  everyone." 

I  quite  agree  with  IVIr  Smith's  remarks.  A  record  of  the  corrections  used  for 
every  lens  which  performed  particularly  well  under  test  after  construction  would 
be  invaluable,  could  the  makers  be  induced  to  take  the  trouble. 

*  Proc.  Roy.  Soc.  87  (1912)  189. 
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ABSTRACT.  All  the  primary  aberrations  are  fully  known  when  the  state  of  correction 
for  all  points  on  the  axis  is  given.  The  condition  in  which  the  whole  length  of  the  axis 
is  free  from  aberrations  is  suggested  as  a  standard  of  reference  for  general  investigations, 
the  departures  from  which  in  the  cases  normally  required  are  functions  of  the  positions 
of  the  object,  the  stop,  and  the  focal  length  only.  The  inevitable  departures  from  the 
standard  in  the  case  of  a  thin  lens  and  of  a  system  of  two  separated  thin  lenses  for  first 
order  aberrations  are  considered  and  shown  to  affect  the  curvature  terms.  In  general 
the  distinctions  between  the  new  reference  system  and  that  in  which  an  inverted  image 
equal  to  the  object  and  a  stop  in  a  unit  surface  are  adopted,  are  confined  to  the  symmetrical 
aberration  terms. 


It  is  well  known  that  in  an  optical  system  which  is  corrected  for  an  object  occupying 
one  plane  there  is  failure  to  satisfy  the  conditions  for  correction  in  another  plane 
by  a  definite  amount.  A  familiar  example  of  this  inconsistency  is  afforded  by  the 
two  well-known  sine  conditions  of  Herschel  and  of  Abbe.  The  former  states  that 
if  a  ray  starts  from  a  point  on  the  axis  in  a  medium  of  refractive  index  /j.  making 
an  angle  1//  with  the  axis,  and  meets  the  axis  at  an  angle  ifi'  in  the  image  space 
where  the  refractive  index  is  /x',  and  if  the  system  is  without  aberration  for  all  rays 
passing  through  this  axial  object  point,  where  the  transverse  magnification  is  G, 
then  a  neighbouring  axial  point  will  be  without  aberration  if,  and  only  if, 

H  sin  lip  =  Gfx' sin  lifi'  (1). 

On  the  other  hand,  the  Abbe  sine  condition  states  that  under  similar  circumstances 
a  neighbouring  point  of  the  transverse  object  plane  will  only  be  imaged  without 
aberration  if  the  condition 

fisin  ifi  ~  Gn' sin  ip'  (2), 

is  satisfied.  In  general  these  conditions  arc  inconsistent  with  one  another,  and  they 
serve  to  show  that,  whatever  the  order  of  the  aberration  may  be,  the  conditions 
for  freedom  from  primary  aberrations  are  necessarily  functions  of  the  position  of 
the  object. 

In  an  earlier  investigation*  these  changes  in  the  conditions  for  difl^erent  object 
positions  have  been  investigated  in  detail ;  it  was  shown  that  the  position  of  the  stop 
must  be  specified  as  well  as  that  of  the  object,  and  that  it  then  becomes  possible 

•  "The  Changes  in  Aberrations  when  the  Object  and  Slop  are  moved"  Tnnis.  Opt.  Soc.  23 
(1921-22)  311. 


A  Reference  System  for  Primary  Aberrations  131 

to  express  the  aberrations  for  any  given  object  and  stop  positions  in  terms  of  those 
for  any  other  positions.  Accordingly  it  is  only  necessary  to  investigate  the  aberra- 
tions for  a  single  object  position  and  a  single  stop  position  to  derive  the  full  properties 
of  the  system.  For  the  systematic  study  of  lenses  it  is  desirable  to  adopt  definite 
positions  for  reference  purposes,  so  that  a  direct  comparison  of  one  system  with 
another  may  be  made  without  any  additional  calculations.  The  choice  made  is 
not  of  the  first  importance,  though  definite  advantages  are  gained  by  paying 
attention  to  symmetry.  One  symmetrical  system  which  has  been  employed  makes 
use  of  the  two  principal  foci  as  the  axial  points  of  the  image  and  stop  surfaces 
respectively.  It  is  found  that  a  more  convenient  choice  is  the  surface  of  magnifica- 
tion +  I  for  the  stop  and  that  of  magnification  -  i  for  the  image.  In  this  case  the 
transposition  of  object  space  and  image  space  involves  nothing  more  than  changes 
of  sign — a  manifest  advantage.  It  is  here  intended  to  propose  a  third  alternative 
which  has  all  the  advantages  of  the  previous  choice  as  regards  symmetry  and  in 
addition  other  advantages  which  are  only  likely  to  be  fully  appreciated  when  some 
developments  of  lens  theory  which  cannot  be  discussed  in  this  paper  are  taken 
into  consideration. 

Before  entering  on  a  discussion  of  this  proposal  it  is  important  to  note  that  it 
is  exceptional  for  the  conditions  for  the  correction  of  aberrations  to  depend  on 
the  position  of  the  object.  In  the  earlier  paper  to  which  reference  has  already 
been  made  the  aberrations  were  divided  into  series,  a  classification  which  cuts  across 
the  familiar  division  into  orders.  It  is  only  the  aberrations  of  the  series  which  has 
been  named  the  zero  series  which  exhibit  this  peculiarity  of  irreconcilable  vanishing 
conditions  at  different  magnifications.  These  are  precisely  the  aberrations  which 
appear  in  an  axial  plane  of  a  lens  system,  and  are  generally  known  as  the  primary 
aberrations.  In  all  other  cases,  if  the  conditions  are  satisfied  for  one  object  position 
they  are  satisfied  for  all  positions.  It  is  therefore  only  necessary  to  consider  these 
primarj'  aberrations  in  discussing  reference  systems  for  aberrations. 

The  primary  aberrations  are  fully  determined  by  a  knowledge  of  the  paths  of 
all  rays  in  a  plane  through  the  axis  of  the  system.  All  these  rays  intersect  the  axis, 
and  a  knowledge  of  the  axial  intersection  point  obviously  furnishes  one  of  the 
two  co-ordinates  required  to  define  the  position  of  any  ray.  It  is  less  obvious  that 
the  remaining  co-ordinate  of  the  ray,  its  direction,  is  also  known  if  the  intersection 
points  in  general  are  known.  That  this  is  the  case  is  illustrated  in  the  absence  of 
axial  aberration  by  Herschel's  condition  (i).  In  general  the  direction  of  the  ray 
is  given  by  the  cosine  law*.  The  specification  of  axial  aberrations  alone  is  thus 
sufficient  for  the  determination  of  all  primary  aberrations,  and  is  the  reference 
system  it  is  proposed  to  employ  for  recording  the  state  of  correction  of  optical 
systems  generally.  One  of  its  obvious  advantages  is  that  it  does  not  involve  an 
arbitrary  selection  of  object  and  stop  positions.  The  expressions  for  the  addition 
of  aberrations  are  also  invariable  for  the  reason  that  no  particular  object  position  is 
considered.  Incidentally  the  coefficients  may  be  assimilated  by  combination  to  any 
system  of  co-ordinates  or  ray  parameters. 

*  "The  Optical  Cosine  Law,"  Trans.  Opt.  Soc.  24  (1922-23)  31. 
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Taking  the  normal  case  in  which  the  system  is  in  air,  when  there  is  no  aberration 
on  the  axis  and  all  the  aberrations  except  those  of  the  zero  series  vanish,  the  Eikonal 
referred  to  the  principal  foci  as  reference  points  is  S,  where 

Sk=  —  2  sin  i/(  sin  </f'  (i  +  cos  s/i) "  -  (i  +  cos  ;/(')  ~  ' 

=  -  2  (i  -  cos  i/.)^  (i  -  cos  f  )^  •■■(3)*- 

This  expression  must  be  expanded  in  terms  of  sin  i/r  and  sin  ifi'  to  yield  the  relations 
between  the  transverse  and  the  axial  aberrations.    Since 

{2  (I  —  cosii)}    =  (i+ sin (/()-  — (i  —  sini/>)- =  S    ,    ,--^\,      ,sin-''+*iA, 
IV  Til         \  Ti         \  fl  2*'' {zp  +  i)\  2p\  ^ 

it  follows  from  (3)  that  the  terms  in  Sk  which  do  not  represent  axial  aberrations  are 

The  leading  terms  are 

—  sin  i/(  sin  ^'  [i  +  J  (sin-  iji  +  sin-  ^')  +  ,  .]^  (7  sin''  ifi  -\-  2  sin-  0  sin-  >fi'  +  7  sin '  i/i') 
+  , jjVj  (33  sin*  ip  +  7  sin'  <jj sin- 1/1'  +  7  sin-  ifi  sin''  ip'  +  33  sin*^  i/>') 
+  ssrcf  (7i5sin*i/r  +  i32sin'^i/(sin-i/('  f  98  sin'' i/r  sin"*  ip' 

I   132  sin'-  i/isin^i/i'  +  715  sin"  ip') 

+ ] 

These  may  be  written  in  the  form 

fK=-  (2)  [I  +  h  {(I)  +  (3)}  +  T^x  {7  i^r  +  i  {2Y  +  'i  (I)  (3)  +  7  (3)^} 
+  W.>*{(i)  +  (3)}  {33  (0-'  +  4(2)'^  -  30  (0(3)  +  33  (3)-^} 
+  3.Ass{7i5(ir  +  44(i)M3)  +  88(i)^(2r-  +  -',i(i)M3)^ 

+  ^?,^(0(2)M3)  +  ',',-(2)^  +  88(2)n3)'^  -I-  44(0(3)^'  I  7^5  (3^1 
+ ]  (4). 

where  (i)  =  M^  +  N\    {2)  =  MM'  +  NN',    (2)  =  M"' +  N'\ 

as  in  the  earlier  paper.  The  division  of  the  terms  involving  both  ip  and  ip'  to  the  third 
or  higher  orders  is  that  which  introduces  no  terms  of  any  but  the  zero  series. 
The  expression  (4)  may  be  compared  with  equation  (13)  of  the  previous  paper 
which  gives  the  value  of  /  when  aberrations  for  the  transverse  magnification  G 
are  corrected,  the  stop  magnification  being  S.  Equation  (4)  may  be  expressed  in 
terms  of  the  variables  appropriate  for  the  object  magnification  G  and  the  stop 
magnification  .V  by  means  of  the  substitution 

(1)  S-I^2SGII  I  f;^///, 

(2)  .sv  -  (.V  I  G)ii  i  f;///, 

(3)  .    I      2II      III. 

The  results  suggest  the  use  of  (|uantities  for  the  ex|iressi()n  of  primary  aberrations 
which  are  closely  related  to  the  A's  introduced  in  anotlicr  connection f.  In  addition 
it  may  be  remarked  that  the  symmetry  of  the  expression  for  <•'  suggests  that  a 

•   Tram.  Oftl.  Soc.  24  (1922-23)  38.  t  Tram.  Opt.  Soc.  24  (1922-23)  176,  footnote. 
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system  of  co-ordinates  based  on  the  values  -1-  i  and  —  i  for  5  and  G  is  likely  to 
lead  to  simpler  expressions  than  when  other  selections  are  made.  This  may  be 
inferred  otherwise,  since  the  two  sine  conditions  become  consistent  at  these  points, 
and  are  also  consistent  with  the  tangent  condition  for  freedom  from  distortion. 
It  may  be  anticipated  that  the  distinctions  between  the  two  reference  systems  will 
not  affect  the  unsymmetrical  aberrations. 

To  illustrate  the  system  of  reference,  the  first  order  aberrations  for  combinations 
of  thin  lenses  may  be  considered.  If  there  are  more  than  two  separated  lenses  all 
these  aberrations  may  be  given  arbitrary  values  simultaneously,  and  the  absence 
of  spherical  aberration  along  the  whole  axis  is  possible.  For  a  single  lens  the 
expression  for  the  spherical  aberration  is  a  numerical  multiple  of 

(y  -  4iSc^  +  6a=^=2)  (i  "G)V-', 
where  k  is  the  power  of  the  lens,  G  is  the  magnification,  «  =  J  +  Jra,  ra  being  the 
Petzval  coefficient,  /3  is  the  sum  of  the  curvatures  of  the  unit  surfaces  and  can  be 
given  any  desired  value  by  a  change  in  the  form  of  the  lens,  y  is  the  spherical 
aberration  coefficient  for  magnification  —  i  and  depends  upon  the  constitution  of 
the  lens  as  well  as  on  its  form,  and 

,.^1  +  G 

"      i-G- 

The  conditions  for  entire  freedom  from  first  order  axial  aberration  are  evidently 

y  =  /3  =  a  =  o. 
Since  /3  and  y  are  under  control  the  first  two  conditions  can  readily  be  satisfied. 
The  third  condition  cannot  be  met  since  ra  is  positive,  and  in  fact  almost  invariable 
in  value.  Since  the  curvature  of  the  primary  focal  surface  is  (3  +  m)  k,  it  will  be 
observed  that  the  discrepancy  between  the  axial  conditions  and  those  for  G  ^  —  i, 
S  ^  I  only  affects  the  curvature  term,  one  of  the  symmetrical  aberrations. 

The  other  case  of  particular  interest  is  that  of  two  separated  thin  lenses.  By 
the  choice  of  suitable  values  for  the  fi  and  y  of  each  lens  four  conditions  can  be 
satisfied.  Since  there  are  five  primary  aberrations  and  the  same  number  of  con- 
ditions for  the  absence  of  spherical  aberration  at  all  magnifications,  a  further 
condition  remains  to  be  satisfied  for  the  complete  absence  of  axial  aberration. 
From  the  general  considerations  that  have  been  mentioned  this  condition  would 
be  expected  to  be 

KlCti  +   KoKo  —  O 

and  this  may  be  verified  as  follows. 

From  the  addition  law  for  spherical  aberration  the  amount  of  the  aberration  in 
a  system  of  two  separated  thin  lenses  is  a  multiple  of 
iy,-iP,-^\  +  6ayf,^){g-G)%-^ 

where  G  is  the  magnification  for  the  complete  system,  g  for  the  second  lens,  and 


^1 


g  +  G  ^  _i  +g 

g-G'  "'-i-g- 
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In  the  case  of  a  single  lens,  two  of  the  four  axial  points  at  which  the  spherical 
aberration  vanishes  coincide  with  the  vertex  of  the  lens.  The  aberration  therefore 
has  the  same  sign  immediately  on  either  side  of  the  vertex.  A  second  lens  which 
is  to  neutralize  this  aberration  must  produce  aberration  which  vanishes  at  the 
vertex  of  the  first  lens  and  has  the  same  sign  on  either  side.  In  other  words,  each 
component  must  be  corrected  for  two  coincident  points  at  each  lens  vertex.  Let 
the  corresponding  values  of  ..^'j  be  oo  and  i/j,  and  of  //.^  be  U^  and  co  .  Then  the 
aberration  is  measured  by 

6«i  Vh  -  ^\f  (g  -  gyk,-'  +  602  {[/,  -  ^\y  (I  -  gyK.rK 

Now  if  /  is  the  separation  of  the  component  lenses  and  k  the  power  of  the 
combination,  and 

the  standard  magnification  relations  give 

g  K  =  Ki  +  Gk2 

K  =  Ki  +  S1K2 

so  that 

,9^^  _  .y,  =  -ifzl)      and    ,%  -  4  =  -r^ff  '-^  ■ 

tK^(g-G)  tK^{l-g) 

On  substituting  these  values  in  the  expression  for  the  aberration  it  becomes 

24  (I  -  gf  {g  -  Gf  {a,K,  +  a,K,)  {tK,K,Y\ 
showing  that  a  necessarj-  condition  for  freedom  from  axial  aberration  is 

ftjK-,  +  Oj^Cg  =  o. 

This  condition  evidently  permits  little  departure  from  cciual  and  opposite  powers 
for  the  two  components.  It  will  be  noted  from  its  form  that  it  applies  to  telescopes 
as  well  as  to  systems  of  finite  focal  length. 
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THE  CIRCULAR  DIVIDING  ENGINE 
OF  EDWARD  TROUGHTON,  1793 

By  DAVID  BAXANDALL,  A.R.C.S.,  F.R.A.S. 

Exhibited,  14///  February,  1924. 

The  history  of  optics,  as  of  astronomy,  navigation,  and  surveying,  is  closely  inter- 
woven with  the  history  of  the  accurate  division  of  the  circle. 

Last  year  Messrs  Cooke,  Trough  ton  &  Simms  lent  this  circular  dividing  engine 
for  exhibition  in  the  Science  Museum,  and  as  it  occupies  an  important  position  in 
the  history  of  machine  dividing,  it  was  thought  that  Members  of  the  Society  might 
be  glad  to  have  the  opportunity  of  examining  the  mechanism  and  seeing  it  in  action. 

I  shall  not  attempt  to  describe  in  detail  the  construction  of  this  dividing 
engine,  but  I  propose  simply  to  give  a  few  dates  and  particulars  referring  to  the 
history  of  the  machine. 

Henry  Hindley  of  York,  about  1740,  was  the  first  to  construct  an  engine  for  cut- 
ting the  teeth  in  clock  wheels  and  for  dividing  instruments.  In  this  he  used  the 
roller  method  for  the  original  division  of  the  dividing  plate,  which  was  actuated  by 
an  endless  screw.  A  full  account  of  his  work  was  given  by  Smeaton  in  1786(1)*. 

In  1768  the  Due  de  Chaulnes  described  in  detail  a  circular  dividing  engine  (2) 
in  which,  however,  the  wheel  was  not  turned  by  an  endless  screw;  the  wheel  and 
the  work  screwed  to  it  were  actuated  by  a  clamp  and  screw  for  slow  motion,  bringing 
a  division  of  the  limb  under  the  wire  of  a  fixed  microscope,  the  division  being  then 
cut  by  a  point  and  frame. 

Two  years  before  this  Jesse  Ramsden  had  made  his  first  dividing  engine,  with 
a  dividing  plate  30  inches  in  diameter,  but  though  this  engine  gave  more  accurate 
results  than  by  the  ordinary  dividing  plate  method,  and  was  good  enough  for 
dividing  the  circles  of  the  common  surveying  instruments,  it  was  not  sufficiently 
accurate  for  nautical  instruments  used  in  the  determination  of  position. 

In  1775  Ramsden  had  completed  his  second  and  very  much  better  engine.  A 
sextant  divided  by  it  was  examined  by  John  Bird,  the  leading  hand-divider  at 
that  time,  who  reported  favourably  on  it.  For  his  invention  Ramsden  received 
^615  from  the  Commissioners  of  Longitude  on  condition  that  he  would  divide 
sextants  and  octants  for  the  trade  at  the  rate  of  65.  per  sextant  and  y.  per  octant, 
also  that  he  should  instruct  a  certain  number  of  persons  (not  exceeding  ten)  in  the 
method  of  making  and  using  the  engine,  during  the  period  28th  October  1775  to 
28th  October  1777,  the  engine  to  become  the  property  of  the  Commissioners. 

Ramsden's  engine  (3)  consists  of  a  horizontal  wheel  or  plate  45  inches  in  diameter, 
which  turns  on  a  vertical  axis;  its  outer  edge  is  ratched  or  cut  into  2160  teeth,  into 
which  an  endless  screw  gears.  The  downward  stroke  of  a  treadle  turns  the  screw 
•  The  small  numbers  in  the  text  refer  to  the  list  of  references  at  the  end. 
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through  any  portion  of  a  revolution  as  fixed  by  the  setting  of  suitable  mechanism. 
By  means  of  a  free  wheel  on  the  worm  axis,  the  upward  stroke  of  the  treadle  leaves 
the  worm  stationar)'.  The  circle  to  be  divided  is  centered  and  fixed  securely  to  the 
horizontal  plate  of  the  engine,  and  after  each  downward  stroke  of  the  treadle  a 
division  is  cut  by  hand,  the  cutting  point  being  carried  in  a  frame  (invented  by 
Hindley)  which  allows  only  a  radial  to-and-fro  motion  of  the  point.  One  forward 
revolution  of  the  screw  advances  the  wheel  through  10  minutes  of  arc.  A  brass 
plate  on  the  screw  arbor  is  divided  into  60  parts,  so  that  one  division  of  this  corre- 
sponds to  10  seconds  of  arc  on  the  wheel.  This  engine  was  used  continuously  by 
Ramsden  until  his  death  in  1800.  Since  that  time  it  has  been  in  the  possession  of 
several  dividers,  and  is  now  in  the  U.S.  National  Museum  at  Washington(T). 

In  1778  John  Troughton  completed  an  engine  which  had  occupied  him  for 
three  years.  It  was  in  general  construction  like  that  of  Ramsden,  but  according  to 
Edward  Troughton  (John's  younger  brother)  it  was  thought  to  be  superior  in  point 
of  accuracy.   Writing  in  1830,  Edward  Troughton  states(4): 

The  excellent  engine  of  my  late  brother  being  fully  four  feet  in  diameter  gave  the 
operator,  when  at  work  near  the  centre,  a  position  so  painful,  that  it  had  done  no  good  to 
either  his  health  or  my  own,  and  had  materially  injured  that  of  a  worthy  young  man  then 
my  assistant;  it  was  evident  that,  by  making  one  of  smaller  dimensions,  this  evil  would  in 
a  great  measure  be  removed,  and  I  foresaw  that  by  employing  my  own  method  of  original 
dividing  from  which  to  rack  the  plate,  a  considerable  reduction  might  be  effected  without 
any  sacrifice  to  accuracy.  I  also  perceived,  that  by  contriving  the  parts  with  more  sim- 
plicity than  Ramsden  had  done,  I  could  get  through  the  work  at  less  than  two-thirds  of 
the  labour  and  expence.  Such  were  my  motives  for  making  an  engine  and  the  work  was 
accomplished  in  the  year  1793. 

The  description  was  first  given  in  1830  by  Troughton  himself  at  Brewster's 
request.  The  engine  was  driven  by  a  treadle  (now  missing)  and  the  divisions  were 
cut  by  hand,  as  in  Ramsden's  engine.  The  circle  is  34  inches  in  diameter,  the  worm 
has  20  threads  to  the  inch,  and  the  edge  of  the  plate  is  ratched  into  2160  teeth. 

For  ratching  the  plate,  John  Troughton,  like  Ramsden,  had  made  notches  in 
the  threads  of  the  worm  parallel  to  the  axis,  and  considerable  inconvenience  had 
been  experienced  through  the  whole  length  of  each  cut  coming  into  action  at  once, 
causing  a  jerking  motion.  Edward  Troughton  got  rid  of  this  by  making  the  notches 
in  spirals,  which  give  the  unforeseen  advantage  that  no  duplicate  driving  screw 
was  found  to  be  necessar)',  though  one  had  been  prepared.  This  original  spirally 
notched  worm  or  "hob"  is  seen  in  Figs,  i  and  2. 

The  engine  plate  was  cast  in  one  piece  of  brass  except  the  circular  rim,  which 
was  formed,  without  soldering,  of  one  piece  of  fine  plate  brass;  it  is  rabbeted  upon 
the  extremities  of  the  radii. 

The  original  division  of  the  plate  is  liy  Edward  Troughton's  method  i'^'),  first 
described  by  him  in  1809.  In  a  letter  to  the  Astronomer  Royal  which  accompanied 
the  paper  Troughton  says : 

How  a  young  artist,  who  may  be  just  heginniiiK  to  ni;ikc  iiis  way  to  fame  or  wealth,  may 
receive  it,  I  know  not;  but  I  wish  him  to  imderslaiu!  that  I  consider  myself  now  in  the 
act  of  making  him  a  very  valuable  present. 


The  Circular  Dividing  Engine  of  Edward  Troughfon,  1793 
In  the  first  part  of  the  paper  he  says: 
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Ramsden's  well-known  method  of  dividing  by  the  engine  unites  so  much  accuracy 
and  facility,  that  a  better  can  hardly  be  wished  for;  and  I  may  venture  to  say  that  it  will 
never  be  superseded,  in  the  division  of  instruments  of  moderate  radii.  It  was  well  suited 
to  the  time  in  which  it  appeared;  a  time  when  the  improvements  made  in  nautical 


astronomy,  and  the  growing  commerce  of  our  country,  called  for  a  number  of  reflecting 
instruments,  which  never  could  be  supplied,  had  it  been  necessary  to  have  divided  them 
by  hand:  however,  as  it  only  applies  to  small  instruments,  it  hardly  comes  within  the 
subject  of  this  paper. 

He  then  describes  in  detail  his  own  method  of  original  division  "as  practised 
on  a  late  occasion,  in  the  dividing  of  a  four  feet  meridian  circle,  now  the  property 
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of  Stephen  Groombridge,  esq.  of  Blackheath."  This  original  instrument  is  in  the 
Science  Museum. 

Troughton  states  that  in  liis  dividing  engine  and  those  of  Ramsden's  con- 
struction the  operator  can  cut  about  24  divisions  per  minute  and  can  continue  at 
this  rate  for  hours,  allowing  for  slight  interruptions.  In  a  single  minute  as  many 
as  30  divisions  can  be  cut,  but  this  rate  cannot  be  maintained.  There  were  in  London 
in  1830  some  ten  or  twelve  circular  dividing  engines,  mostly  copies  of  Ramsden's 
second  engine. 


Showing  details  of  worm  drive  and  tracelet  mechanis 


In  iS2fJ  William  Simms  went  into  partnership  with  Troughton,  who  retired 
from  business  in  1831  and  died  in  1835.  In  1843  William  Simms  had  completed 
his  own  dividing  engine  (O),  which  he  described  before  the  Royal  Astronomical 
Society  in  1843.  The  plate  was  46  inches  in  diameter  and  was  divided  with 
extreme  care  on  a  ring  of  silver  into  4320  divisions,  adopting  Troughton 's  method 
with  some  slight  modifications.  A  single  cutter,  mounted  in  the  endless  screw  frame, 
was  used  for  ratching  the  edge  of  the  plate,  and  as  each  of  the  4320  divisions  in 
order  "was  brought  to  coincide  with  the  wires  of  a  powerful  microscope,  the  cutter 
was  entered,  and  three  circulations  of  the  engine  plate  completed  the  work." 
Mr  Simms,  in  his  paper,  says  "  I  was  not  without  hope  that  the  teeth  upon  the  edge 
would  by  this  means  be  cut  as  truly  as  the  original  divisions  themselves,  and  this 
expectation  has,  I  believe,  been  fully  realised." 
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A  new  and  important  feature  in  this  engine  was  the  mechanism  by  which 
the  engine  became  self-acting  or  automatic.  When  first  used,  it  was  driven  by  means 
of  a  descending  weight  in  an  open  court  adjoining  the  room  in  which  the  engine 
was  placed ;  later  on,  it  was  driven  from  an  overhead  shaft  by  a  belt  in  the  usual  way. 

Fig.  I  shows  the  engine  as  exhibited.  Some  of  the  details  are  shown  in  Figs.  2 
and  3.  It  will  be  seen  that  it  is  something  more  than  the  original  Troughton  engine 
of  1793.  It  is  really  that  engine,  with  self-acting  mechanism  added  by  William 
Simms,  probably  not  long  after  the  larger  engine  of  William  Simms  had  been 
made.  The  wooden  stand,  the  worm  mechanism,  and  the  large  circle  were  made  by 
Troughton  in  1793.  The  casting  (Fig.  1)  seen  on  the  left,  with  its  wheelwork,  the 


Fir.  3.    Showing  tracelet  mechanism,  cutting  point,  and  micrometer  microscope 
for  adjusting  and  examining  the  circle  which  is  being  divided. 

tracelet  frame  and  cam  mechanism  for  moving  the  cutting  knife  up  and  down, 
and  for  regulating  the  length  of  cut,  are  due  to  William  Simms.  (For  a  recent 
account  of  the  action  of  some  of  these  parts,  see  Ref.  (8).) 

The  engine  has  been  in  use  almost  continuously  from  1793  until  a  year  or  two 
ago,  though  of  course  it  has  been  superseded  for  more  accurate  division  by  the 
later  and  better  engines  constructed  by  the  owners  at  different  periods.  During 
the  latter  part  of  its  existence  it  has  not  been  used  for  graduating  instruments 
reading  to  a  greater  accuracy  than  one  minute  of  arc. 

I  have  to  thank  Messrs  Cooke,  Troughton  &  Simms,  Ltd.  and  Col.  H.  G.  Lyons 
for  allowing  the  engine  to  be  exhibited,  and  Mr  Mitchell  of  Messrs  Cooke,  Troughton 
&  Simms,  Ltd.  for  coming  to  set  up  the  engine  and  to  show  it  in  operation.  My 
thanks  are  also  due  to  Col.  Lyons  for  permission  to  use  the  photographs  to  illustrate 
the  paper. 
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REPLICAS  OF  TWO  GALILEO  TELESCOPES 
By  DAVID  BAXANDALL,  A.R.C.S.,  F.RA.S. 

Exhibited,  lotli  Jiimwry,  1924. 

Replicas  of  the  two  Galileo  telescopes  at  Florence  were  exhibited  by  the  kind  per- 
mission of  Col.  H.  G.  Lyons,  F.R.S.,  Director  of  the  Science  Museum.  These 
interesting  copies,  which  have  been  added  recently  to  the  Collections  in  the  Museum, 
were  made  in  Florence  by  Cipriani  through  the  kindness  of  Prof.  A.  Garbasso, 
Director  of  the  Museo  di  Fisica. 

At  the  suggestion  of  Prof.  Geo.  E.  Hale,  made  in  Florence  in  May  last  year, 
both  of  the  original  telescopes,  as  well  as  the  famous  broken  object-glass  of  Galileo, 
have  been  tested  by  Prof.  G.  Abetti(2)*  and  Prof.  V.  Ronchi(:i,i, •''>).  The  former 
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Fig.  I.   Replicas  of  the  two  Galileo  telescopes.   The  arrows  indicate  the  positions 
of  the  inner  ends  of  the  draw  tubes. 

attached  the  instruments  to  the  Amici  equatorial  at  Arcetri,  and  tested  them  by 
observations  of  sunspots,  lunar  craters,  Venus,  Jupiter,  Saturn,  and  certain  double 
stars.  Prof.  Ronchi  made  measurements  and  tests  in  the  laboratory. 

The  replicas  are  shown  in  Fig.  i,  and  Fig.  2  shows  the  internal  construction. 
In  No.  I,  the  tube  and  draw-tubes  are  made  of  wood,  and  in  No.  II  of  paper. 
No.  I  is  covered  with  paper  of  a  dark  maroon  colour,  while  No.  II  is  covered  with 
dark  red  leather,  stamped  with  a  design  in  gilt.  Each  lens  is  held  in  position  by 
a  piece  of  iron  wire,  bent  into  a  circle  and  spnmg  into  the  enlarged  end  of  the 
draw-tube,  pressing  a  paper  or  cardboard  stop  against  the  outer  surface  of  the  lens. 
There  is  also  a  wooden  stop  at  the  inner  end  of  the  O.G.  draw-tube  in  No  I. 

The  originals  are  shown  in  Fig.  2  of  Ref.  (8),  with  the  broken  object-glass,  and 
I  regret  to  say  that  I  gave  some  particulars  of  the  lenses,  which  I  have  since  found 
are  incomplete  and  in  one  case  inaccurate  (O). 

•  The  small  numbers  in  the  text  refer  to  the  list  of  references  at  the  end. 
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Fig.  2.   Replicas  of  the  two  Galileo  telescopes.   Sectional  drawings  showing  internal  arrangement. 

The  particulars  which  follow  are  taken  from  the  interesting  and  valuable  papers 
of  Prof.  Abetti  and  Prof.  Ronchi. 


F 

Ri 

R, 

" 

D 

d 

t 

O.G.I 
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-9S2 
95-6 

99-55 
53-S 

346s 

4-85 
5050 

1-580 
1-509 
I-5SO 

5-1 
2-6 
3-7 

2-6 
I-I 
1-6 

0-2S 

0-30 

0-20 

Oc.     II 

-4-88 

5-iS 

515 

1-527 

'^^V 

1-6 

018 
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No.  Ill  is  the  broken  object-glass.  All  dimensions  are  in  cm.  F  =  focal  length, 
7?,  and  R2  =  radii  of  curvature,  n  =  refractive  inde.v,  D  =  diameter  of  lens, 
d  --  diameter  of  diaphragm,  and  t  =  thickness  at  centre  of  lens.  The  values  given 
for  F  refer  to  the  central  zone,  with  light  of  wave-length  5500  A.u.  Values  of  Z'  for 
other  wave-lengths  are  given  below. 


X  (A.u.) 

O.G.I 

O.G.  II 

O.G.  Ill 

4SOO 

130-4 

93-8 

Jeyl 

5000 

131-7 

95-0 

5500 

■32-7 

95-6 

1 68-9 

fiooo 

133-3 

962 

169-7 

6500 

133-7 

965 

1702 

7000 

133-9 

96-9 

170s 

The  peripheral  zone,  without  stop,  in  O.G.I  has  a  focal  length  of  130cm. 
(with  A  =  5500),  or  27  cm.  shorter  than  that  for  tlie  central  zone.  In  O.G.  IF  tlie 
corresponding  difference  is  2*2  cm. 
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The  O.G.'s  of  I  and  II  and  the  ocular  of  I  are  of  a  greenish  colour,  and  their 
edges  are  chipped.  O.G.  Ill  is  of  a  violet  colour  and  has  a  ground  edge;  the  glass 
is  much  less  transparent  than  the  ocular  of  II,  which  is  white  with  a  slight  tinge  of 
red.  The  ocular  of  II  is  undoubtedly  of  later  date  than  the  other  lenses;  in  shape, 
size,  and  workmanship  it  resembles  the  Divini  oculars  preserved  at  Florence. 

A  wooden  telescope  tube  was  made  by  Prof.  Ronchi  to  take  O.G.  Ill  and  Oc.  I, 
and  this  combination  was  used  by  Prof.  Abetti  in  his  test  observations.  The 
magnifications,  etc.,  of  these  telescopes  are  approximately  as  follows: 


Telescope 

Magnification 

Field  of  view, 
mins.  of  arc 

Resolving  power 
sees,  of  arc 

I 

II 
III 

14 
20 
i8 

15 
not  given 

IS 
10 

lO 

O.G.  II  is  smaller  than  and  inferior  to  O.G.  I,  and  the  relatively  better  per- 
formance of  telescope  II  is  due  to  the  better  ocular. 

In  his  paper  Prof.  Ronchi  gives  photographs  showing  the  results  of  his  tests, 
employing  his  own  methods (4),  with  a  rectilinear  grating  having  10  lines  per  mm., 
Foucault's  knife-edge  method,  and  the  monochromatic  artificial  star  method. 
These  show  clearly  that,  while  O.G.'s  I  and  II  are  bad,  O.G.  Ill  represents  a  real 
superiority. 

The  following  observations  are  recorded  in  Prof.  Abetti's  paper: 

Telescope  I.  The  photosphere  of  the  sun,  devoid  of  spots,  shows  the  characteristic 
granular  structure,  and  the  edge  sufficiently  well  defined,  with  little  colour.  On  the  24th 
of  May,  two  spot  nuclei,  about  17  seconds  of  arc  apart,  appear  fairly  well  separated. 

The  moon,  during  the  first  quarter,  gives  a  luminous  image,  but  generally  not  well 
defined.  Copernicus  at  the  edge  can  be  seen  well,  also  Eratosthenes.  One  has  the  impres- 
sion that  more  details  are  visible  than  are  shown  in  the  original  drawings  of  Galileo, 
which  are  preserved  among  his  manuscripts  in  the  National  Library  in  Florence. 

Jupiter  gives  an  image  not  well  defined  and  which  appears  double  for  certain  positions 
of  the  eye.  On  the  23rd  of  May,  the  more  distant  satellites  I  and  IV  are  easily  seen ;  the 
other  two,  separated  by  20  seconds  of  arc  at  the  time  of  the  observation,  are  seen  separated 
by  Hale.  On  the  24th  of  May,  satellites  II,  III  and  IV  are  well  visible;  satellite  I  at  the 
time  of  the  observation  is  approaching  Jupiter's  disc,  is  about  15  seconds  of  arc  away, 
and  is  seen  with  difficulty. 

The  companion  of  Mizar,  which  is  about  14  seconds  of  arc  from  the  principal  com- 
ponent, is  discernible  with  difficulty,  owing  to  the  distortion  of  the  images.  Saturn, 
whose  ring  is  not  very  open,  the  minor  axis  being  only  one-seventh  of  the  major  axis,  is 
seen  as  an  elongated  disc,  without  any  detail.  It  is  just  the  appearance  described  by 
Galileo  himself  in  a  letter  to  Julian  de  Medici  on  the  13th  of  November  1610,  in 
which,  narrating  that  the  planet  is  formed  of  three  stars  which  nearly  touch,  he  adds, 
however,  that  if  they  are  viewed  with  a  telescope  of  not  verj'  great  magnification,  they  will 
not  appear  three  distinct  stars,  but  a  longish  star  of  the  shape  of  an  olive,  thus  o  . 

Telescope  II.  The  images  obtained  with  this  telescope  are  less  luminous  than  those  for 
No.  I,  and  the  magnification,  which  is  greater,  causes  more  detail  to  be  visible,  but  in 
reality  the  images  are  less  clear  than  those  given  by  No.  I.  In  the  moon,  the  details  of 
minimum  diameter  visible  (such  as  the  crater  of  Lambert)  measure  from  15  to  20  seconds 
of  arc.  Jupiter  and  Saturn  appear  somewhat  as  with  the  previous  telescope,  Mizar  being 
better  separated ;  the  limit  of  separation  for  this  telescope  can  be  considered  to  approach 
10  seconds  of  arc.  On  the  sun,  the  photosphere  and  spots  are  as  with  No.  I. 
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Telescope  III.  Notwithstanding  that  the  O.G.  is  broken  in  several  pieces,  it  is  easily 
seen  that  it  is  better  than  the  other  two  O.G.'s.  On  the  moon  are  visible  more  details, 
e.g.  craters  of  the  dimensions  of  Herschel  (lo  to  15  seconds  of  arc). 

Jupiter  and  Saturn  appear  somewhat  as  with  the  others,  but  the  satellites  are  more 
easily  and  distinctly  visible.  On  the  30th  of  June,  a  small  group  of  spots  with  5  nuclei 
appearing  on  the  sun  is  easily  visible;  the  distance  between  the  nearest  nuclei  is  15  seconds 
of  arc.  It  can  be  concluded  that  the  resolving  power  of  this  combination  is  about  10 
seconds  of  arc. 

On  the  question  of  authenticity,  as  investigated  by  Favaro(i),  Ronchi,  Abetti, 
and  others,  there  is  practically  no  doubt  that  O.G.  Ill  was  made  by  Galileo;  with 
regard  to  I  and  II  there  is  some  doubt,  but  the  great  probability  is  that  they  were 
made  by  Galileo,  and  that  they  were  amongst  the  first  made  by  him.  He  certainly 
did  make  better  ones. 

I  have  to  thank  Col.  H.  G.  Lyons  for  allowing  me  to  use  the  photographs  in 
Fig.  I,  and  Prof.  Abetti  and  Prof.  Ronchi  for  providing  information  referring  to 
these  and  other  early  telescopes. 
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REVIEW 

Penrose  s  Annual:  The  Process  Year  Book.  Vol.  26.  Edited  by  William  Gamble, 
F.R.P.S.,  F.O.S.  Pp.  xvi  +  136.  (London:  Percy  Lund,  Humphries  and  Co., 
Ltd.,  1924.)  Price  85.  net. 

The  present  volume  contains  the  following  articles:  "Review  of  Process  Work,"  "On 
Orthochromatizing  and  Panchromatizing  Gelatino-Bromide  Paper,"  "A  Right  Spirit  in 
Publishing,"  "Tri-colour  Engraving,  Offset  and  their  New  Competitor,"  "The  Ashen- 
dene  Press,  1895-1923,"  "On  Printing  without  Overlays,"  "A  Renaissance  of  Wood 
Engraving,"  "The  Poster  and  Symbolism,"  "Handicraft  in  Bookbinding,"  "Modern 
Swedish  Book  Production,"  "A  Revolution  in  Lithography,"  "Co-operation,"  "Pub- 
lishers' Book  Jackets,"  "Photoline,"  "Whenever  I  see  a  'Fine'  Book,"  "The  Syn- 
chronizing of  Offset  with  Photo-Lithography,"  "A  Universal  Composing  Machine," 
"Some  Practical  Hints  on  Rotary  Photogravure,"  "Etching  on  Celluloid,"  "By  paths  of 
Photography,"  "A  Tried  and  Proven  Engraving  Machine,"  "A  School  for  Critics," 
"What  Process  Work  owes  to  New  York,"  "Step  and  Repeat,"  "Some  Important  Points 
in  Screen  Negative  Making,"  "A  Grained  Screen,"  "Metallic  Inks,"  "The  Bawtree 
Photographic  Type-Composing  Machine,"  "The  Colorway,"  "Photo-Litho  Formulae," 
"Ideals  in  Half- Tone  Emulsion,"  "The  Cold  Top  Enamel  Process,"  " Process  Screens," 
"Highly  Sensitive  Bitumen,"  and  "A  Note  on  the  Baskerville  Type."  The  book  contains 
numerous  illustrations  representing  process  work  during  the  year  1923,  in  addition  to 
plates  illustrating  the  articles. 

J.S.  A. 
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206208.   Lambert,  J.  A.,  and  another.  Light-Filters. 

In  order  to  produce  a  daylight  effect,  the  light  from  a  gas-filled  metal-filament  lamp 

is  passed  through  a  moving  filter  consisting  of  dark  blue,  light  blue,  and  clear  portions. 

206784.   Thornton,  A.  A.  Adjusting  Lenses. 

In  a  certain  kinematograph  projector  system  it  is  necessary  to  adjust  a  number  of 
lenses  upon  a  disc,  so  that  their  optical  centres  are  equally  spaced  around  a  circle.  This 
adjustment  is  effected  by  the  use  of  an  eyepiece  which,  combined  with  each  of  the  lenses 
in  turn,  forms  a  telescopic  system.  The  adjustment  is  correct  when  the  replacement  of 
one  objective  by  another,  or  the  rotation  of  the  whole  system  about  the  axis  of  the  eyepiece, 
produces  no  apparent  movement  of  the  target. 

207184*.   Goerz  Optische  Anstalt  Akt-Ges.  Range-Finders. 

A  telescope  is  arranged  in  conjunction  with  sighting  marks,  adjusting  devices,  and 
auxiliary  mechanical  apparatus,  to  determine  the  position  which  will  be  taken  up  after 
a  certain  interval  of  time  by  an  object  moving  uniformly  in  a  horizontal  line,  at  a  height 
assumed  known.  The  target  is  first  followed  for  a  definite  period  to  enable  the  necessary 
settings  to  be  made. 

•  Specification  published  before  acceptance. 
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207454.   McConkey,  J.  Sextants. 

A  graduated  bar  carries  the  zenith  pin,  and  also  a  member  the  upper  edge  of  which 
forms  an  artificial  horizon,  which  can  be  brought  into  coincidence  with  the  image  of  the 
pin  in  the  horizon  mirror.  An  extended  or  additional  horizon  is  formed  by  the  returned 
end  of  an  adjustable  arm  secured  by  clamping  nuts.  A  special  mounting  is  provided  for 
the  index  mirror. 

207539*.   Stutzer,  R.  Direction-Finders. 

An  open  or  telescopic  sight  moving  with  a  gun  is  directed  upon  a  condenser  having 
a  wide-angle  field  occupied  by  a  graduated  scale.  A  disturbance  of  the  gun,  as  by  the 
recoil,  can  thus  be  determined  in  amount,  and  rectified. 

207842.  MacLeod,  M.  N.  Photo-Surveying. 

In  the  production  of  maps  from  aerial  photographs,  the  height  and  tilt  of  the  camera 
are  arrived  at  by  mounting  the  photograph  on  an  adjustable  carrier,  and  viewing  it 
through  a  screen  upon  which  the  position  of  known  points  have  been  plotted. 

207871.   Watts  and  Son,  Ltd.,  and  another.  Levels. 

In  order  that  the  length  of  the  bubble  may  remain  sensibly  constant,  the  volume  of 
the  tube  is  reduced  by  flattening  it  in  cross  section,  or  inserting  a  glass  rod.  The 
bubble  itself  is  of  relatively  large  size. 

208128*.   Goerz  Optische  Anstalt  Akt-Ges.  Range-Finders. 

The  apparatus  is  designed  to  predetermine  the  azimuth  and  angle  of  sight  of  a  target 
moving  uniformly  in  a  horizontal  line,  at  a  height  assumed  known.  Points  corresponding 
to  successive  observed  positions  of  the  targets  are  plotted  to  scale  upon  a  diagram  by 
mechanism  coupled  to  the  sighting-tube,  and  by  means  of  a  suitable  multiplying  gear  a 
pointer  is  moved  to  show  the  position  which  will  be  taken  up  after  a  predetermined  time. 

208139.   Zeiss,  C.  Lens  Systems. 

A  Galilean  telescopic  system  consists  of  two  positive  cemented  doublets,  with  the 
glass  of  lower  refractive  index  facing  the  incident  light,  and  a  cemented  triplet  eyepiece, 
with  an  inner  flint  component. 

208266.    Barr  and  Stroud,  Ltd.,  and  others.  RAN(;E-FiNm;RS. 

The  direction  of  deviation  of  an  enemy  ship  from  the  broadside-on  position  is  deter- 
mined by  the  use  of  two  instruments  capable  of  measuring  small  angles,  mounted  widely 
apart  on  the  obscr\cr  ship.  The  angle  subtended  by  the  bow  and  stern  of  the  target  is 
measured  by  each  instrument,  and  corrected  by  electrical  or  mechanical  means  for  the 
difference  in  distance  of  the  object  from  the  two  stations  in  order  that  a  proper  com- 
parison may  be  made. 

208388.   Hughes,  G.  A.  PROjiiCTORS. 

A  searchlight  is  providctl  with  a  main  ajHrturc  for  projecting  a  normal  parallel  beam, 
and  a  supplementary  aperture,  through  which  a  divergent  beam  may  be  thrown,  preferably 
by  tilting  the  reflector. 

208633.   Fenncll,  H.  Bifocal  Lensi^s. 

Into  a  recess  in  the  main  lens  is  fused  a  composite  di.sc  consisting  of  a  flint  segment  and 
a  cover  glass  of  the  same  refractive  index  as  the  main  lens. 

*  Specification  published  before  acceptance. 
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208798.   Marten,  T.  H.  Optical  Projectors. 

Two  projector  heads  are  brought  into  action  alternately  by  a  rotating  shutter  with 

reflecting  blades.  The  system  may  be  used  in  connection  with  a  kinematograph  projector 

to  surround  the  picture  with  a  secondary  image,  so  as  to  produce  the  effect  of  depth. 

209038*.   See.  d'Optique,  &c.  de  Haute  Precision.  Range-Finders. 

The  displacement  of  the  member  used  for  determining  the  range  is  converted  into  a 
movement  of  a  second  member  which  is  inversely  proportional  to  that  of  the  first.  A  fixed 
frame  carries  a  guide  in  the  form  of  a  hyperbola,  and  a  sliding  carriage  carries  a  roller 
bearing  upon  the  guide.  The  transverse  and  longitudinal  movements  of  the  roller  are 
transmitted  to  pinions  which  are  rotated  by  amounts  which  are  inversely  proportional  to 
each  other. 

209041  *.  fitablissements  E.  Belin.  Optical  Systems. 

.\n  optical  system  for  producing  a  number  of  images  of  an  object  consists  of  a  large 
objective  which  renders  the  light  from  the  object  parallel,  and  a  number  of  small  objectives, 
each  placed  in  front  of  an  aperture  in  a  diaphragm  situated  between  them  and  the  large 
objective. 

209042*.  Del  Valle,  J.  M.  G.  Focussing  Devices. 

A  rod  equal  in  length  to  the  focal  length  of  the  lens  is  fixed  to  the  lens  carrier  at  right 
angles  to  the  axis  of  the  bench,  and  to  it  are  pivoted  two  rods,  which  are  fixed  at  right  angles 
to  each  other.  These  two  rods  pass  through  guides,  which  are  pivoted  to  carriages  sliding 
upon  the  bench,  and  carrying  at  distances  from  the  pivots  equal  to  the  focal  length 
the  object  and  image  surfaces  respectively.  By  this  means  the  focus  is  automatically 
maintained. 

209093*.   Goerz  Optische  Anstalt  Akt-Ges.  Lenses. 

Relates  to  triplets  comprising  {a)  a  positive  meniscus  next  to  the  diaphragm,  (6)  a  bi- 
concave central  element,  and  (c)  a  bi-convex  outer  element.  The  bi-concave  lens  (b)  is 
made  of  a  flint  glass  having  a  refractive  index  at  least  -i  higher  than  that  of  the  meniscus  (a), 
and  the  bi-convex  lens  (c)  is  made  of  a  baryta  flint  having  a  higher  refractive  index  and 
dispersion  than  the  glass  of  the  lens  (b). 

209255.   ^fitablissements  E.  Belin  and  another.  Optical  Indicating  Systems. 

Light  passing  through  a  slotted  diaphragm  is  focussed  by  a  condenser  and  a  short 
focus  lens,  so  that  an  image  of  the  slit  is  formed  upon  a  fine  fibre.  In  the  normal  position 
the  light  is  wholly  obstructed,  but  a  slight  movement  of  the  fibre  allows  light  to  pass. 
Weak  telegraphic  signals,  for  instance,  may  thus  be  observed,  or  recorded  photographically. 

209371.  Lee,  H.  W.,  and  another.  Lenses. 

Improved  zonal  spherical  correction  and  apochromatism  are  claimed  for  a  system 
consisting  of  a  simple  collective  component,  a  simple  dispersive  component,  and  a  more 
'widely  spaced  compound  collective  component.  This  third  component  has  a  collective 
cemented  surface,  with  the  concavity  turned  inwardly,  and  a  radius  of  curvature  not 
greater  than  one  half  of  the  focal  length  of  the  complete  system. 

209609.   Taylor,  A.,  and  another.  Reflectors. 

The  bubble  of  a  spirit  level  is  observed  in  a  mirror  having  two  portions  arranged  at  a 
small  angle  to  each  other,  so  that  the  ends  of  the  bubble  appear  to  be  brought  close 
together. 

*  Specification  published  before  acceptance. 
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210003.   Burr  and  Stroud,  Ltd.,  and  others.  Range  Finders. 

In  apparatus  as  described  in  specification  No.  208266  for  determining  an  enemy's 
course,  the  necessity  for  making  simultaneous  observations  from  the  two  stations  is 
obviated  by  arranging  that  the  observations  at  the  subsidiary  station  are  transmitted  to 
the  main  station,  and  the  non-simultaneous  observations  recorded  upon  a  travelling 
band.  The  continuity  or  separation  of  the  two  series  of  marked  points  gives  the  required 
indication. 
210049*.   Cameleon  Soc.  Anon.  Optical  Projection. 

A  number  of  positives  upon  a  single  base  are  differently  coloured,  so  that  they  may 
be  projected  separately  by  using  light  of  the  appropriate  colour. 

210352.   Hart,  E.  Grinding  .\nd  Polishing  Glass. 

Abrasive  and  liquid  is  fed  to  the  work  from  a  tank  through  a  constricted  opening  which 
is  normally  clogged  by  the  abrasive.  Compressed  air  is  periodically  admitted  to  the  feed 
pipe,  and  has  the  effect  of  clearing  the  opening,  and  at  the  same  time  mixing  up  the 
abrasive  and  liquid  by  bubbling  through  the  container. 

210386*.    N.-V.  IMachinerieen  en  Apparaten  Fabrieken.  Aerodrome  Lights. 

The  source  of  light  is  placed  a  little  above  the  axis  of  a  dioptric  lens,  thus  throwing  a 
beam  of  light  downwardly  to  mark  out  the  landing  space.  A  second  beam,  interrupted 
intermittently  by  a  shutter,  is  thrown  upwards  through  the  top  of  the  lamp  to  form 
a  beacon  light. 

210411.   Hammond,  L.  Stereoscopic  Sh.\do\vgr.\phs. 

Two  shadows  of  an  object,  formed  by  different  sources  of  light,  are  so  arranged  as 
to  be  seen  respectively  by  one  eye  only.  The  two  sources  may  be  of  complementary 
colours,  corresponding  spectacles  being  employed  in  viewing,  or  observation  may  be 
made  through  shutters,  run  in  synchronism  with  shutters  in  the  projection  system.  By 
suitably  positioning  the  sources  of  light,  the  shadows  may  be  made  to  appear  to  be  floating 
in  space. 

210533.   Reid,  R.  C.  Grinding  and  Polishing  Lenses. 

Lenses  are  ground  and  polished  upon  a  reciprocating  and  rotating  wheel,  shaped  in 

axial  section  to  the  curvature  to  be  imparted.  The  lenses  are  pressed  against  the  wheel, 

and  are  mounted  on  carriers  which  rock  tm  centres  so  as  always  to  remain  in  contact  with  it. 

210705.   Taylor,  A.,  and  another.  Lenses. 

A  projector  consisting  of  three  separated  simple  coniponcnts,  a  negative  between  two 
positives,  is  designed  to  work  with  a  diaphragm  placed  well  in  front  ot  the  first  principal 
point.  It  is  adapted  to  be  used  with  kinematograph  projectors  in  which  a  continuously 
moving  film  is  employed,  in  conjunction  with  a  ring  of  mirrors. 

210763*.   Zeiss,  C.  Surveying  Instruments. 

In  tachcometers  in  which  two  images  are  produced  by  the  inclusion  in  the  system  of  a 
pair  of  adjustable  half-lenses,  one  at  least  of  the  half-lenses  is  automatically  displaced,  as 
the  elevation  of  the  telescope  is  varied,  so  that  the  readings  are  reduced  to  the  horizontal 
plane. 

•  Specification  published  before  acceptance. 
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THE  FEASIBILITY  OF  CINEMA  PROJECTION 
FROM  A  CONTINUOUSLY  MOVING  FILM 

By  H.  DENNIS  TAYLOR 

MS.  received,  bth  February,  1924.   Read  and  discussed,  lotk  April,  1924. 

ABSTRACT.  The  paper  discusses  the  optical  and  mechanical  problems  involved  in  the 
production  of  screen  pictures  from  a  continuously  moving  film.  The  film  picture  may  be 
reflected  from  a  series  of  mirrors  suitably  mounted  on  a  drum  which  is  rotated  at  a  definite 
speed  relative  to  the  motion  of  the  film.  The  various  oscillations  that  may  be  introduced 
on  the  screen  image  by  such  projection  are  discussed,  and  methods  described  for  mini- 
mizing or  eliminating  them.  Calculations  are  made  showing  the  relation  that  must  exist 
between  the  back  focal  length  of  the  projector  lens,  the  number  of  mirrors,  and  the 
position  of  stops  if  definition  is  to  be  satisfactory.  As  compared  with  the  usual  type  of 
projection,  continuous  projection  results  in  a  considerable  saving  of  light,  much  reduced 
wear  and  tear  of  the  film,  complete  freedom  from  light  and  dark  flickering  and  con- 
sequent eye-strain,  and  much  greater  quietness  in  running. 


Introduction 

I  HAVE  been  engaged  off  and  on  for  a  considerable  time  in  investigating  the 
feasibility  of  that  principle  of  cinema  projection  which  consists  in  projecting 
stationary  and  continuously  illuminated  screen  pictures  from  a  continuously  moving 
film.  This  problem  is  by  no  means  a  new  one.  It  is  really  many  years  old,  and  it 
might  be  thought,  after  reading  a  few  of  the  patent  specifications  and  papers  that 
have  been  published  professing  to  solve  this  matter,  that  it  was  a  very  easy  and  simple 
question  indeed.  My  own  study  of  the  question,  however,  has  taught  me  that  there 
are  two  or  three  hitherto  unsuspected  difficulties  which  must  be  avoided  and  can 
be  avoided,  if  practical  success  is  to  be  attained. 

The  usual  method  of  projection,  involving  the  film  being  jerked  forward  at 
least  16  times  a  second,  of  course  involves  far  more  wear  and  tear  of  the  film  than 
is  desirable,  so  that  the  method  of  continuous  feed  may  be  expected  to  prolong 
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the  useful  life  of  films  and  reduce  to  a  very  great  extent  the  expenses  of  running 
them. 

Another  of  the  advantages  of  a  system  of  projecting  pictures  on  to  the  screen 
from  a  continuously  moving  film  consists  in,  or  certainly  should  consist  in,  the  light 
projection  being  continuous,  so  that  the  flicker  from  light  to  darkness,  generally 
taking  place  at  least  32  times  in  a  second,  is  abolished  altogether.  As,  however, 
the  question  of  best  light  distribution  and  illumination  is  a  difficult  one,  demanding 
very  close  attention  and  reasoning,  I  shall  confine  myself  to  general  conclusions 
and  deal  more  explicitly  with  two  difficulties  whose  avoidance  is  of  crucial  importance 
in  the  solution  of  the  problem,  and  which  I  have  not  seen  mentioned  in  any  patent 
specification  or  other  literature  on  the  subject. 

In  Fig.  I ,  ABDC  is  an  outline  of  one  of  the  pictures  on  the  film.  These  pictures 
are  supposed  to  be  travelling  downwards  either  by  jerks,  alternating  with  stationary 
periods,  as  in  the  existing  system,  or  continuously,  as  in  the  newer  system,  just 
behind  a  gate  or  rectangular  opening  in  a  metal  plate.  This  plate  defines  the  limit 


of  each  portion  of  illuminated  film  as  viewed  by  the  projector  lens,  whose  first  and 
second  principal  points  are  at  P,  and  P.,  (Fig.  2)  respectively.  The  picture  in  Fig.  2 
is  shown  subtending  an  exaggerated  angle  at  P,  for  the  sake  of  exhibiting  clearly 
one  of  the  absolutely  essential  conditions  of  correct  projection. 

In  Fig.  3,  Tw,  OT  are  a  number  (32  in  this  case)  of  silvered  glass  or  metal  flat 
mirrors  fixed  around  the  circumference  of  a  drum  ,'1/7),  which  is  capable  of  rotating 
about  an  axis  placed  parallel  to  the  central  line  F.F  (Fig.  1)  of  the  film  picture, 
and  at  right  angles  to  the  length  of  the  film.  This  axis  is,  therefore,  perpendicular 
to  the  plane  of  Fig.  2  and  the  mirror-drum  is  rotating,  at  the  part  presented  to  the 
lens,  downwards  like  the  film,  as  shown  by  the  arrows  in  Fig.  3.  These  mirrors  are 
lying,  as  it  were,  upon  a  cylindrical  surface,  that  is,  they  all  lie  parallel  to  the  drum 
axis,  but  each  is  inclined  to  its  neighbour  at  an  angle  equal  to  3^)0  /«,  n  being  the 
number  of  mirrors;  n  can  be  any  number  over  50,  which,  as  I  will  show,  is  about 
the  minimum  number  consistent  with  tolerably  good  definition  of  the  whole 
picture,  but  32  only  arc  taken  for  the  purpose  of  illustration.  A  mirror-ilrum  may 
either  have  its  mirrors  external  for  outside  reflection,  as  in  Fig.  3,  or  placed  insiile 
the  circumference  for  reflecting  inwards,  as  in  Figs.  4  and  5. 
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Fig.  4- 
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Conditions  for  First-class  Cinema  Projection 
I  will  now  enumerate  the  most  important  of  the  conditions  which  must  be 
observed  if  first-class  cinema  projection  is  to  be  secured  when  the  film  is  in  con- 
tinuous movement.   In  this  enquiry  we  shall  find  that  we  come  up  against  three  or 
four  unexpected  difficulties  in  the  problem. 

Condition  i 
The  drum  of  mirrors  must  be  cylindrical,  each  mirror  lying  parallel  to  the  axis 
of  the  drum,  and  the  axial  ray  of  the  projector  lens  must  be  reflected  by  each  mirror 
in  a  plane  perpendicular  to  the  axis  round  which  the  drum  of  mirrors  rotates. 

Condition  2 
The  toothed  drums  which  pass  the  film  across  the  exposure  gate  must  be  so 
geared  to  the  mirror-drum  that  the  former  cause  the  film  to  travel  exactly  one 
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picture  pitch  while  the  mirror-drum  rotates  through  the  angular  interval  occupied 
by  one  mirror,  and  the  latter  angle  should  be  exactly  half  of  the  angle  subtended 
by  the  picture  pitch  at  the  lens  centre. 

Condition  3 

Therefore,  if  each  picture  subtends  an  angle  360  /«  at  Pj,  the  mirror-drum 
must  carry  an  mirrors  and  it  must  rotate  through  half  a  revolution  when  n  pictures 
have  passed  the  gate.  Also  it  is  clear  that  n  may  include  an  extra  half-picture  since 
double  the  half  simply  implies  one  extra  mirror.  Thus  the  number  of  mirrors 
may  be  odd. 

Condition  4 

Therefore  a  fresh  mirror  presents  itself  as  each  picture  comes  to  the  gate,  so 
that  the  reflecting  surface  of  each  mirror  changes  its  angle  (in  the  plane  of  Fig.  2) 
at  half  the  angular  rate  at  which  each  point  in  the  film  travels  downwards  with 
respect  to  the  first  principal  point  Pj  of  the  projector  lens. 

Condition  5 
Therefore  the  distance  eP^  (Fig.  2)  must  be  exactly  the  radius  of  a  circle  around 
which  «  or  n  +  J  picture  intervals  can  be  exactly  wrapped.  The  picture  interval 
is  generally  supposed  to  be  -75  inch,  but  in  practice  varies  between  737  and  748  inch 
in  different  films. 

Condition  6 
If  a  focussing  lens  L  (Fig.  3)  of  a  focal  length  equal  to  the  distance  to  tlie 
screen  is  to  be  used,  then  eP^  (Fig.  2)  must  be  exactly  the  principal  focal  length 
of  the  projector  lens,  so  that  the  rays  from  points  in  the  picture  shall  emerge  from 
the  lens  and  impinge  on  the  mirrors  as  pencils  of  parallel  rays.  In  such  a  case 
the  projector  lens  is  really  used  as  a  collimating  lens.  The  reason  for  this  latter 
condition  will  be  explained  later. 

Condition  7 
If  we  use  our  new  type  of  projector  lens  (described  later  and  illustrated  in 
Fig.  13),  which  enables  the  image  of  the  arc  light  to  be  focussed  outside  of  the 
projector  lens  and  upon  the  mirrors,  the  focussing  lens  L  is  no  longer  necessary 
and  the  distance  eP^  has  to  be  equal  to  the  back  conjugate  focal  distance  of  the 
projector  lens.  The  rays  of  pencils  then  leave  the  lens  in  a  slightly  convergent 
state  so  as  to  focus  upon  the  screen.  This  is  the  condition  which  it  is  most  desirable 
to  adopt. 

Condition  8 
Since  the  angular  velocity  of  the  mirror-drum,  and  therefore  the  angular 
rotation  of  each  mirror,  is  uniform  when  the  linear  travel  of  the  picture  is  uniform, 
it  is  quite  clear  that  the  movement  downwards  of  any  point  d  (Figs,  i  and  2)  with 
respect  to  l\  must  be  uniform  if  the  mirrors  are  to  project  the  pencil  of  light 
from  d  to  a  constant  position  or  fixed  point  on  the  ilistant  screen.  This  means  that 
the  point  d  or  any  otiier  point  must  be  virtually  made  to  travel  at  a  uniform  velocity 
around  a  cylindrical  surface  adef  (Fig.  2),  the  radius  of  which  is  equal  to  ePj.  If  so, 
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then  it  may  be  asked,  why  should  the  film  not  be  made  to  run  round  against  a 
cylindrical  gate  of  radius  ePi?  The  reason  is  that,  it  the  straight  film  bee  be  wrapped 
around  the  cylindrical  surface  so  that  the  upper  straight  border  (AB  in  Fig.  i)  of 
the  picture  at  /)  wraps  round  to  a  and  the  lower  border  to/,  the  two  horizontal  borders 
AB  and  CD  will  he  lengthened  out  as  viewed  from  P,  so  that  the  vertical  borders 
of  the  picture  AC  and  BD  will  appear  to  the  point  P,  to  take  a  strongly  bowed 
shape,  as  shown  dotted  in  Fig.  i.  This  distortion  cannot  be  tolerated,  for  although 
points  like  d  anywhere  on  the  vertical  median  line  of  the  picture  will  move  correctly 
and  be  correctly  placed  on  the  screen,  points  near  the  right  and  left  margins  of 
the  picture  cannot  be  well  defined  as  they  will  vibrate  along  short  horizontal 
straight  lines,  of  lengths  equal  to  the  versine  of  the  curved  ends  of  the  picture, 
during  the  passage  of  each  picture  through  the  gate. 

The  avoidance  of  these  defects  and  considerations  of  the  projector  lens  per- 
formance demand  that  the  flatness  of  the  pictures  must  on  no  account  be  substantially 
departed  from,  provided  that  the  projector  lens  gives  a  rectilinear  and  flat  field; 
we  therefore  come  up  against  the  following  difficulty.  If  points  in  the  picture  are 
moving  downwards  in  the  plane  be  (Fig.  2),  it  is  clear  that  they  are  moving  with 
respect  to  P^  with  a  constant  tangential  velocity,  that  is,  the  tangent  be/ePi  changes 
uniformly.  This,  however,  will  not  suffice  for  accurate  reflection  by  the  mirrors 
to  fixed  points  on  the  screen.  For  such  accurate  reflection  the  points  of  the  picture 
must  move  or  seem  to  move  downwards  with  a  constant  angular  motion,  i.e., 
their  movement  in  radian  measure  must  be  kept  constant,  while  at  the  same  time 
the  picture  must  appear  to  the  lens  flat  and  undistorted. 

Let  it  be  supposed  that  the  film  eb  is  wrapped  round  the  cylindrical  surface 
eda  so  that  the  point  b,  representing  the  higher  border  of  the  picture,  wraps  round 
to  a.  Draw  P^b  and  P^a  and  produce  P^a  to  g.  Thus  we  have  the  tangent  measure 
ebjePi  converted  to  the  equal  circular  or  radian  measure  ea/eP^ ,  that  is,  the  tangent 
of  the  angle  bP^e  is  equal  to  the  radian  measure  of  the  angle  aP^e  and  unfortunately 
these  angles  are  by  no  means  equal. 

If  any  point  d  travels  or  seems  to  travel  uniformly  along  the  arc  ea,  it  is  exactly 
the  same  to  the  lens  as  if,  with  regard  to  position,  it  had  been  made  to  travel  (at 
an  accelerating  rate)  in  the  plane  eb  up  to  the  point  g,  so  that  it  appears  to  be  at  g 
at  the  same  instant  that  it  would  arrive  by  circular  travel  at  a.  If  the  half-picture 
angle  bP^e  be  greater  than  5°  to  6°,  it  can  be  shown  that  the  difference  of  actual 
angles  corresponding  to  two  tangent  and  radian  measures  that  are  equal  becomes 
very  serious.  This  has  been  largely  responsible  for  previous  attempts  at  such 
projection  from  continuously  moving  films  being  unsuccessful.  For  the  sake  of 
economizing  the  number  of  mirrors,  the  focal  lengths  of  the  projector  lenses  used 
have  been  kept  far  too  small. 

Table  I  shows  how  the  inconsistency  of  angle  for  equal  tangents  and  radian 
measures  mounts  up  in  the  ratio  of  the  cubes  of  the  tangents,  the  focal  distance 
ePi  being  I*4I35  inches,  for  12  pictures  per  360"'  and  half  a  revolution  of  the  mirror- 
drum  (carrying  24  mirrors).  Tims  each  picture  pitch  of  -74  incli  represents  an  angle 
of  30°  at  Pi. 
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Table  I 

Jack  focal  length  =  1-4135  inches 


Travel  of  point  d  on  film  Radian  measure  or 

from  the  median  line  tangent  of  angle  bPit 
inch 

•06  -0424474 

-12  -0848948 

-18  -1273422 

-24  -1697897 

-30  -2122370 

-36  -2546845 

•375  -2652991 


iches.    Pitch 

=  -74  inch 

C 

D 

Shortage  of  angles 

estimated  bi 

,•  tangent 

measure  as  compared 

Disto 

rtion  of  position, 

with  equal 

radian 

being 

shortage  divided 

measure,  in 

seconds 

by. 

travel  (both  in 

seconds) 

sees. 

mins. 

5 

0 

-  -00057 

-      4-2 

-      -7 

-  -002424 

-    140 

-    2-3 

-  00543 

-    331 

-    5-5 

-  -009696 

-    638 

-10-6 

-01525 

-1092 

-180 

- -02215 

-1226 

-20-4 

-  -02400 

Column  C  gives  the  radial  oscillation  occurring  during  the  travel  of  any  point 
in  the  film  picture  from  the  edge  of  the  gate  to  the  centre  or  zice  versa,  and  it  is 
clear  that  during  the  further  travel  from  the  centre  of  the  gate  to  the  other  edge 
this  oscillation  will  be  repeated,  but  in  the  opposite  direction,  so  that  the  total 
oscillation  taking  place  is  double  that  given  in  column  C.  It  will  be  noticed  that 
the  proportionate  negative  distortion  in  column  D  increases  as  the  square  of  the 
travel  in  column  A,  while  the  linear  or  absolute  amount  in  column  C  increases  as 
the  cube  of  the  travel  and  therefore  follows  the  same  law  as  the  distortion  given 
by  a  lens.  Therefore  a  simple  or  compound  cylindrical  lens,  which  we  might  call 
a  converter  lens,  could  be  designed  and  placed  with  its  lens  axis  along  the  median 
line  of  the  gate  and  at  right  angles  to  the  direction  of  travel  of  the  film,  so  as  to  give 
positive  distortions  sufficient  to  counteract  the  above  negative  distortions  and  make, 
for  instance,  the  point  b  appear  to  be  at  ^  in  line  with  a  as  seen  from  Pj.  It  will 
be  seen  from  Table  I  that  any  travel  less  than  -135  inch  (for  an  angle  of  about  5°-5) 
does  not  involve  angular  discrepancies  greater  than  1  minute  of  arc,  which  is  about 
as  much  as  can  be  tolerated  in  really  first-class  cinema  projection.  This  would 
mean  that  the  whole  picture  pitch  of  74  inch  would  subtend  at  the  projector  lens 
(back  focal  length  3-875  inches)  an  angle  of  nearly  11°  and  there  would  be  33 
pictures  to  a  complete  circuit  of  3(')0  and  66  mirrors  round  the  mirror-drum.  The 
cylindrical  corrector  or  converter  lens  would  no  longer  be  either  necessary  or 
desirable,  especially  if  the  angle  of  view  were  further  reduced  and  the  number  of 
mirrors  correspondingly  increased,  which  conditions  miglit  lie  rci|uirid  lor  11  (.iiunia 
hall  of  more  than  average  length. 

It  will  be  seen  that  the  iliscrepancies  with  which  we  have  been  tlealing  must 
inevitably  cause  the  images  of  all  points  within  the  picture  to  vibrate  up  and  down 
on  the  screen  as  the  corresponding  points  in  the  film  pass  downwards  across  the 
gate  opening.  I  call  this  the  minor  angular  oscillation.  This  oscillation  can,  how- 
ever, be  reduced  in  effect  to  about  three-eighths  by  a  compromise  in  the  shape  of 
slightly  reducing  the  back  focal  lenglii  ot  tin-  jirojector  lens  by  a  proportionate 
fraction  equal  to  the  figure  given  in  cohiniii  I),    l-or  instance,  if  the  reduction  in 
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the  present  back  focal  length  of  1-4135  inches  is  -024  F,  or  -035  inch,  the  oscillation 
will  be  reduced  to  37-5  per  cent.,  which  is  the  best  possible  compromise.  This  will 
be  illustrated  later. 

Condition  9 

Let  us  now  consider  another  condition  still  more  important  and  necessary  than 
the  last  one  if  really  first-class  cinema  projection  is  to  be  attained.  Fig.  6  re- 
presents a  case  of  projection  by  the  lens  L  on  to  the  picture  screen  AB.  (The  picture 
screen  plane  therefore  passes  through  AB 
and  is  perpendicular  to  the  diagram.  AB  is 
the  height  of  the  projected  picture  and  is 
parallel  to  the  length  of  the  film  and  to  its 
direction  of  movement  and  perpendicular  to 
the  axis  about  which  the  mirrors  rotate.  When  r^ 

any  film  picture  is  centrally  placed  in  the  gate,  Fig.  6.  fig-7- 

all  or  the  great  bulk  of  the  light  from  that  picture  and  issuing  from  the  projector 
lens  is  reflected  from  one  mirror  and  goes  to  form  the  screen  picture  AB.  If  any 
light  is  reflected  from  the  two  neighbouring  mirrors,  it  goes  to  form  two  other 
repetition  pictures  lying  above  and  below  AB,  but  these  are  supposed  to  be  cut  off 
by  a  suitable  stop  placed  a  few  feet  from  the  projector.  When,  however,  the  gate  is 
occupied  by  half  of  one  picture  and  half  of  the  next  picture,  and  the  line  of 
demarcation  between  them  lies  across  the  centre  of  the  gate,  two  reflecting  mirrors  are 
concerned  which  are  so  placed  that  their  junction  lies  on  or  near  the  lens  axis,  and 
therefore  one  mirror  receives  and  reflects  half  of  the  light  pencils  emerging  from  the 
projector  lens,  and  the  other  mirror  the  other  half.  Under  this  condition,  while  the 
screen  picture  AB  appears  stationary  and  complete,  it  really  corresponds  not  to  one 
film  picture,  but  to  the  upper  half  of  one  film  picture  joined  on  to  the  lower  half  of  the 
neighbouring  picture.  But  the  illuminated  gate  opening,  unlike  the  film  pictures,  is 
immovable  and  fixed,  and  therefore  the  images  of  it  thrown  by  the  two  mirrors 
on  to  the  screen  are  displaced  up  and  down  on  the  screen.  In  the  case  considered, 
one  mirror  is  throwing  the  projection  of  the  lens  axis  (normally  Lb)  up  in  the 
direction  LA  and  the  other  mirror  is  throwing  it  down  in  the  direction  LB.  One 
mirror  is  causing  a  correct  and  undistorted  image  of  the  gate  and  its  contents  to 
be  formed  in  the  plane  ab  perpendicular  to  the  reflected  lens  axis  LA  and  the  other 
mirror  causes  a  similar  undistorted  image  to  be  formed  in  the  plane  be  perpendicular 
to  the  reflected  lens  axis  LB. 

The  skewed  picture  plane  ab  cuts  through  the  plane  of  the  screen  AB  at  e, 
while  be  cuts  through  the  plane  of  AB  at/,  and  it  is  clear  that  e  and/  are  half-way 
between  the  centre  and  upper  and  lower  margins  of  the  screen  picture  AB.  Now 
it  must  be  realized  that  the  image  of  the  top  margin  of  the  gate,  which  is  at  the 
same  time  the  central  line  of  one  film  picture,  is  a  straight  line  perpendicular  to 
the  diagram  which  passes  through  the  point  b,  while  the  image  of  the  central  line 
of  the  gate,  which  is,  at  the  same  time,  the  dividing  line  between  two  adjacent  film 
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pictures,  is  also  a  line  perpendicular  to  the  diagram  which  passes  through  the  point 
d^  and,  as  thrown  by  the  other  mirror,  also  through  dn. 

Therefore  the  top  margin  of  the  screen  picture  at  A  is  lengthened  out  beyond 
the  normal  in  the  ratio  LA  Ld^  and  the  bottom  margin  in  the  similar  ratio  LBLd^ . 
At  the  same  time  the  central  horizontal  line  of  the  screen  picture  at  D  is  shortened 
in  the  ratio  LDjLb. 

Therefore  the  upright  or  end  margins  and  other  vertical  lines  of  the  screen 
picture  appear  as  in  Fig.  7,  where  in  the  top  half  the  vertical  lines  are  straight  but 
converging  downwards  and  in  the  lower  half  straight  but  converging  upwards.  The 
waist  of  the  picture  is  compressed  while  the  top  and  bottom  margins  are  enlarged. 
Hence  points  at  or  towards  each  end  of  the  waist  of  the  picture  have  oscillated 
horizontally  inwards  while  points  at  the  corners  have  oscillated  horizontally  out- 
wards, and  if  the  length  of  this  oscillation  subtends  a  greater  angle  than  2  or  3 
minutes  as  viewed  from  the  lens  centre,  first-class  definition  of  the  ends  of  the  picture 
cannot  be  attained.  A  formula  for  the  angular  value  of  this  oscillation  is  therefore 
required,  and  for  the  purpose  of  working  it  out  we  may  legitimately  take  as  our 
quantities  the  dimensions  of  the  film  picture  in  relation  to  the  back  focal  length 
of  the  projector  lens,  which  relation  is  the  same  as  that  which  the  dimensions  of 
the  projected  picture  bear  to  this  projection  distance. 

In  Fig.  6  let  AB  represent  the  picture  on  the  film  and  6  be  the  angle  subtended 
by  half  the  vertical  height  of  the  picture  at  L  (the  lens  centre),  LD  being  the  back 
focal  length  {F)  of  the  projector  lens.  Then  AD      F  izn  9. 

. ,       ,           ,                A    ,       n        11       LD  tan  6 
A  so  the  angle  Aed,  =  0   and   Ae  = 

T    •     .        ,                           A  J      LD  tan  6  „ 

It  IS  clear  that  Ad^  = .  tan  0, 

,    ,       ,.  Ad,      tan- 6 

and  thcrctorc  .    '  ^      . 

If  //  is  half  the  horizontal  length  of  the  picture,  ILLD  or  HjF  is  the  angle 
subtended  by  it,  and  then  the  angular  value  of  the  magnification  or  diminution  or 
displacement  of  points  at  the  corners  and  the  ends  of  the  waist  is  expressed  by 
t^e  ^{    jn  which  //  is  usually  -50  inch.    If  AD,  half  the  height  of  the  picture 

AB,  is  expressed  by  V.  then  tan- 6  becomes  V-JF'-  anil  the  expression  becomes  -p^, 
where  F      the  back  focal  length  of  the  lens, 

V  ^  half  the  height  of  the  film  picture, 
and  //  -  half  the  width  of  the  film  picture. 

This  expresses  the  angular  value  of  the  oscillation  as  viewetl  from  the  lens  centre 
and  Table  II  gives  the  angular  oscillation  for  four  (.lifTereiU  focal  kngtiis.  We  call 
this  the  major  angular  oscillation. 
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Table  II. 

Back  focal  length      Major  ; 


Mil 

nor  angular  oscillation 

igular  oscillatioi 

1 

(see  Condition  8) 

mins. 

mins. 

14-6 

6-6 

4-3 

2-0 

•[•88 

•90 

I -02 

■46 

2-00 

3-OI6 
396 

4-86 

.  Hence  any  focal  length  below  3-016  inches  is  incapable  of  giving  first-rate  or  even 
second-rate  definition  at  the  ends  and  corners  of  the  projected  pictures,  and  in 
order  that  the  definition  shall  be  really  first-class,  the  focal  length  must  not  be  less 
than  3-5  inches.  Luckily,  however,  the  oscillation  decreases  in  proportion  to  the 
distance  of  the  vertical  lines  from  the  centre  of  the  picture,  as  shown  in  Fig.  7. 

We  may  now  realize  that  the  oscillation  of  the  ends  of  the  picture  brought  about 
by  the  above  explained  cause,  together  with  the  vertical  minor  oscillation  (dealt  with 
in  Condition  8)  of  all  points  in  the  picture  caused  by  the  differences  of  angle 
between  equal  radian  and  tangent  measures,  have  been  the  chief  causes  why  so 
many  attempts  at  cinema  projection  by  rotating  mirrors  have  been  practical  failures. 
As  far  as  we  know,  too  short  focal  lengths  for  the  projector  lens,  combined  with 
the  necessary  corollary  of  too  few  mirrors  in  the  mirror-drum,  have  hitherto  been 
employed.  For  a  back  focal  length  of  3-6  inches  a  drum  carrying  60  mirrors  is 
necessary.  It  will  be  observed  in  the  above  table  that  the  major  oscillation  of  end 
points  is  really  more  than  twice  that  of  the  minor  oscillation  affecting  all  points, 
dealt  with  in  Condition  8,  and  we  consider  that  no  practical  way  of  overcoming 
this  major  defect  can  be  devised.  Thus  it  becomes  useless  to  employ  cylindrical 
converter  lenses,  etc.,  such  as  we  have  before  suggested,  for  overcoming  the 
difference  between  radian  and  tangent  measures,  since  that  difference  becomes 
negligible  at  the  focal  length  (say  3-54  inches)  which  just  permits  of  the  major 
oscillation  of  end  points  not  exceeding  3  minutes  of  arc.  It  is  also  obvious  that 
the  further  vertical  opening  out  of  the  gate  so  as  to  include  two  picture  pitches  in 
order  to  get  images  of  two  separate  pictures  superimposed  on  the  screen,  as  has 
been  attempted,  must  necessarily  cause  a  further  disastrous  increase  of  the  two 
oscillations.  The  major  oscillation  would  be  increased  fourfold  and  the  minor 
oscillation  eightfold.  The  effect  upon  the  major  oscillation  is  shown  in  Fig.  7  by 
the  dotted  continuations  of  each  picture  where  it  overlaps  the  other  half-picture. 

We  must  now  revert  to  our  Condition  6  which  has  special  reference  to  projection 
by  ordinary  lenses  and  explain  how  necessary  it  is,  when  employing  any  ordinary 
type  of  projector  lens  with  central  stop  together  with  an  external  focussing  lens  L 
(of  Figs.  3,  4,  8,  9,  10,  and  1 1),  that  the  rays  radiating  from  each  point  of  the  image 
and  emerging  from  the  projector  lens,  whose  principal  points  are  Pj  and  Pj  >  shall 
emerge  as  pencils  of  parallel  rays  before  being  reflected  by  the  mirrors. 

In  Fig.  10,  Po  is  the  second  or  outer  principal  point  or  stop  image  of  the  same 
lens  as  is  used  in  Fig.  2.  Let  it  be  supposed  that  the  central  point  C  of  a  picture 
is  travelling  downwards  and  is  the  source  of  a  diverging  pencil  of  rays  which  fill 
the  aperture  (say  -^  inch)  of  the  lens  and  then  emerge  from  the  lens  as  a  parallel 
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beam.  When  C  first  shows  within  the  gate,  the  central  or  principal  ray  of  the 
emerging  pencil  takes  the  direction  P.^r^^  (Fig.  10)  and  the  mirror  lie  is  iiiiin^;  when 
C  gets  to  the  centre  of  the  gate,  the  principal  ray  of  the  emergent  pencil  takes  the 
direction  Po/'  and  the  mirror  lie  is  mm ;  and  when  C  gets  to  the  bottom  of  the  gate 
the  principal  ray  of  the  emergent  pencil  takes  the  direction  P^r^  and  the  mirror 
lie  becomes  »J2'"2-  Now  if  the  reflecting  surface  of  the  mirror  can  be  made  to  pass 
through  Pj)  the  angular  rotation  of  the  mirror  while  it  is  in  use  will  reflect  all  these 
principal  rays  P^r^,  P^r,  and  P.^r.,  along  one  line  P.,Q  and  they  can  then  be  all 
focussed  upon  the  screen  by  a  slight  focussing  movement  of  the  projector  lens 
itself.  But,  when  ordinary  projecting  lenses  are  employed,  the  mirrors  have  to 
be  at  a  considerable  distance  outside  of  P.,  and  they  necessarily  therefore  reflect 
all  the  above  principal  rays  in  directions  parallel  to  one  another,  but  considerably 
separated  as  if  originating  from  different  apertures  p^ ,  p,  and  p^  and  the  further  off 
the  mirrors  are  from  the  projector  lens  the  greater  this  separation  and  the  apparent 
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movement  of  the  lens  pupil  become.    In  this  case  the  pencils  seem  to  originate 
from  a  rapidly  oscillating  lens  aperture  />,,  p,  p.,. 

If,  under  these  conditions,  the  projector  lens  were  focussed  so  that  the  rays 
constituting  each  of  the  pencils  .?, ,  s,  and  s.,  were  caused  to  converge  slightly  so  as 
to  focus  upon  the  screen,  this  point  would,  during  the  passage  of  the  point  C  down 
the  gate,  obviously  move  on  the  screen  through  the  distance /),/)o  and  the  definition 
would  be  ruined.  What  should  be  a  fixed  point  would  be  rendered  as  a  vertical 
straight  line  of  oscillation.  Hut  if  the  individual  pencils  .?, ,  s,  and  s.^  are  collimated 
by  the  projector  lens  and  therefore  each  consist  of  parallel  rays,  they  are  in  the 
same  condition  of  parallelism  as  the  central  or  principal  rays  >',i, ,  is,  and  r.,s.,  are  in 
to  one  another.  Therefore  a  simple  positive  focussing  lens  L,  of  a  focal  length  equal 
to  the  distance  to  the  screen  (which  may  be  50  feet  or  more),  placed  just  clear 
of  the  mirror-drum  and  squared  and  centered  upon  the  reflected  normal  principal 
rays  rs,  is  all  that  is  necessary  in  order  to  converge  all  the  separate  and  parallel 
pencils  emanating  from  each  point  n\'  the  film  picture  on  to  exactly  the  same  point 
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on  the  screen.    In  this  way  the  apparent  shifting  of  the  lens  aperture  or  pupil 
between  the  positions  pi,p,  and  po  is  completely  nullified  in  its  effects. 

It  will  be  observed  that,  if  the  focussing  lens  L  were  not  there,  the  effect  w^ould 
be  just  the  same  as  if  the  projecting  lens,  together  with  the  film  behind  it,  were 
oscillating  up  and  down  parallel  to  its  optical  axis  between  the  positions  />,  and  p2 . 
A  vertical  oscillation  of  o-i8  inch  produced  in  this  way  would  correspond  to 
I  minute  of  arc  on  a  screen  placed  50  feet  from  the  lens,  so  that  -90  inch  of  oscilla- 
tion would  cause  5  minutes  blurring.  Fig.  10  is  meant  to  give  a  general  idea  of 
the  lateral  parallel  transference  of  the  reflected  principal  rays  emanating  from  the 
central  point  of  the  picture  and  is  considerably  exaggerated.  A  subsidiary  cause 
of  the  same  lateral  parallel  movement  is  left  out,  for  it  is  not  strictly  true  that  the 
reflecting  surface  of  the  mirror  during  its  transit  always  passes  through  the  one 
point  r.  It  will  be  easily  seen  that  there  is  also  a  slight  rise  and  fall  of  the  surface 
of  the  mirror  as  it  passes  and  rotates  in  front  of  the  lens,  but  this  rise  and  fall  does 
not  afTect  the  angular  inclination  of  the  mirror  to  the  projector  lens  axis,  but  only 
slightly  modifies  the  amount  of  lateral  parallel  transference  ^i/)2 , 

The  lens  L,  which  we  call  the  focussing  lens,  is  of  such  a  long  focal  length 
relative  to  its  aperture  that  there  is  no  necessity  for  its  being  compound  or  achro- 
matic. 

Condition   10 

Since  there  are  two  forms  of  mirror-drums  available,  the  one  illustrated  in 
Fig.  3,  in  which  the  mirrors  are  fixed  on  the  outer  circumference  of  the  drum  so 
as  to  reflect  outwards,  and  the  other  in  Fig.  4,  in  which  the  mirrors  are  fixed  on 
the  inner  circumference  so  as  to  reflect  inwards,  we  must  now  consider  the  ad- 
vantages and  disadvantages  of  each  form  of  mirror-drum,  and  what  conditions  are 
necessary  in  each  case  to  secure  the  best  results. 

We  will  first  consider  the  outward  reflecting  mirror-drum.  Fig.  8  shows  an 
ordinary  projector  lens  whose  aperture  is  A,  as  defined  by  a  stop  somewhere  within 
its  mounting.  BT  is  the  gate,  and  when  a  film  picture  is  accurately  placed  in  the 
gate  it  is  upside  down,  its  bottom  being  at  B.  The  rays  diverging  from  T,  after 
emerging  as  a  parallel  pencil  from  A,  impinge  upon  the  top  or  rear  margin  of  the 
mirror  2,  and  the  rays  diverging  from  B  are  similarly  reflected  as  a  parallel  pencil 
from  the  lower  or  forward  end  of  mirror  2,  and  both  the  film  and  the  mirrors  are 
moving  in  the  direction  of  the  arrows,  left  down  to  right. 

Let  it  be  supposed  that  the  picture  TB  has  then  moved  on  by,  say,  one-eighth 
part  of  its  pitch,  and  at  the  same  time  the  mirror  2  has  moved  about  one-eighth  of 
its  width  downwards  and  therefore  the  next  mirror  3  has  obtruded  one-eighth  of 
its  width  into  the  pencil  of  light  from  T.  Then,  although  the  picture  tb  on  the 
screen  has  kept  stationary  as  to  its  details,  the  illumination  area  (corresponding 
to  the  gate  and  reflected  from  2)  has  moved  downwards  one-eighth  and  extends 
from  u  to  V,  and  the  strip  tii,  being  the  top  of  the  screen  picture,  is  left  dark  while 
the  illuminated  strip  bv  falls  below  the  proper  screen  picture  and  is  an  image  of 
the  top  of  the  next  picture  (now  beginning  to  show  at  B)  which  is  missing  at  tti. 
Also  the  light  that  is  first  reflected  from  the  oncoming  mirror  3  comes  from  the 
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lower  edge  T  of  the  gate  and  forms  a  portion  ot  the  screen  picture  just  below  the 
highest  illuminated  edge  it,  and  as  this  light  is  reflected  by  a  mirror  that  is  tilted 
back  relatively  by  half  the  picture  angle,  the  image  on  the  screen  thrown  by  3  is 
thrown  up  to  u' ,  the  interval  ini  being  the  height  of  a  complete  picture;  this  light 
is  useless,  and  at  the  expense  of  the  illumination  of  the  corresponding  part  tu  of 
the  proper  picture.  Moreover,  if  the  distribution  of  the  light  pencils  is  traced  out 
at  the  phase  when  the  division  between  the  two  pictures  lies  across  the  centre 
of  the  gate  and  the  junction  between  the  two  mirrors  lies  on  the  lens  axis,  and  both 
mirrors  are  equally  operating,  as  in  Fig.  9,  it  will  be  seen,  in  the  case  of  the  ordinary 
projector  lens  L  of  Figs.  8  and  9,  that  the  proper  screen  picture  will  shade  oft"  in 
brightness  from  the  edges  down  to  the  centre.  The  centre  will  show  a  more  or  less 
dark  band  and  the  top  and  bottom  margins  t  and  b  will  receive  only  half  light,  while 
the  supernumerary  false  half-pictures  fj'/  and  bc^  (Fig.  9)  projected  above  and 
below  will  be  brighter  than  the  picture  proper. 

This  drawback  can  be  overcome  in  two  ways: 

(i)  One  may  substitute  another  pair  of  mirrors  like  2^  and  31  (Fig.  9)  also  in- 
clined at  half  the  picture  angle  with  one  another,  but  an  angle  of  less  than  180° 
instead  of  greater,  as  in  Fig.  4.  This  means  that  the  drum  of  mirrors  must  be 
hollow  with  its  mirrors  facing  inwards.  Then  the  bright 
lower  half-picture  c^t  will  be  transferred  down  to  c^h  and 
the  bright  upper  half-picture  bc.J  will  be  transferred  to 
c.J,  and  the  whole  be  made  complete  from  /  to  b. 

(2)  One  may  substitute  another  lens  of  the  type 
shown  in  Fig.  11.  The  conditions  of  illumination  when 
the  gate  is  occupied  by  tw^o  half-pictures  will  then  be  re- 
versed, for  the  light  will  increase  from  half  light  at  the 
top  and  bottom  of  the  picture  to  full,  or  nearly  full, 
light  at  the  centre,  while  the  supernumerary  false  half- 
pictures  will  diminish  further  in  brightness  according  to  the  distance  from  the 
upper  and  lower  margins  of  the  picture  proper. 

Thus  this  transfer  can  be  eff'ected  either  by  employing  a  hollow  mirror-drum 
with  its  mirrors  reflecting  inwards,  as  in  Figs.  4  and  9,  and  using  a  projector  lens 
of  ordinary  form  with  its  stop  or  pupil  within  its  mount,  as  in  Figs.  8  and  9,  or 
else  by  retaining  the  outward  reflecting  drum  and  employing  a  projector  lens,  as  in 
Fig.  II,  with  its  stop  or  pupil  point  virtually  arranged  to  be  external  to  the  lens 
and  lying  either  on  or  even  behind  the  mirrors,  as  in  Fig.  11.  Moreover,  this  latter 
plan  enables  us  to  dispense  altogether  with  the  focussing  lens  shown  in  Figs.  3, 
8,  9,  and  11,  because  with  the  pupil  or  image  of  the  electric  arc  focussed  upon  or 
nearly  upon  the  mirrors,  it  no  longer  oscillates  up  and  down  as  descrilud  aiul 
illustrated  in  Fig.  10. 

As  the  internally  reflecting  mirror-drum  obviously  involves  greater  dilliculties 
in  construction  and  more  complication  optically  than  the  externally  reflecting 
mirror-drum,  it  is  decidedly  advantageous  to  adopt  the  latter,  and  Fig.  1 1  illustraies 
what  happens  when  the  next  oncoming  mirror  3  is  beginning  to  receive  liglit,  wliicli 
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in  this  case  originates  not  from  T,  but  from  B,  where  the  top  of  the  next  film 
picture  is  just  showing  itself.  This  light  is  partly  reflected  by  mirror  2  to  bv  just 
below  the  screen  picture,  but  with  rapidly  diminishing  brightness,  while  the  oncoming 
mirror  3  is  rapidly  appropriating  more  and  more  of  the  light  from  the  top  of  the 
next  film  picture  appearing  at  B.  Owing  to  the  angular  back  tilt  of  mirror  3,  the 
image  of  the  strip  is  thrown  up  to  fit  where  it  completes  the  whole  screen  picture 
tb  and  this  transfer  amounts  in  angle  to  a  whole  picture  pitch. 

It  can  be  shown  that  the  best  general  results  in  illumination  will  follow  when 
the  mirrors  are  arranged  to  be  narrow  enough  to  be  slightly  overlapped  by  the 
axial  pencil  of  parallel  rays  emerging  from  the  lens.  Each  mirror  should  be  of 
such  a  central  width  as  to  intercept  about  f  or  ,^,  of  the  cross-section  of  the  axial 
beam  emerging  from  the  lens,  supposing  the  latter  to  have  an  effective  aperture 
F/5.  A  good  practical  rule  is  that  the  central  width  of  the  mirrors  should  be  one- 
hundredth  part  of  the  number  of  mirrors  on  the  drum.  If  the  latter  is 
64,  then  the  mirrors  should  be  -64  inch  wide.  This  will  imply  that  when 
any  film  picture  is  central  in  the  gate  and  its  corresponding  mirror  is 
central,  there  will  be  formed  immediately  above  the  screen  picture  a  more 
or  less  narrow  repeated  strip  of  the  bottom  of  the  same  picture  and  just 
below  the  screen  picture  a  more  or  less  narrow  repeated  strip  of  the  top  of 
the  same  picture.  These  spurious  images,  however,  can  be  screened  off, 
partly  by  interposing  a  rectangular  opening  a  few  feet  in  front  of  the 
projecting  lens  and  also  by  framing  in  the  white  picture  screen  by  broad 
strips  of  comb-moulded  wood  or  other  material  of  a  section  such  as  is 
shown  in  Fig.  12,  the  strips  being  painted  dead  black.  Owing  to  the  very 
oblique  angle  of  incidence  of  the  light  upon  the  sides  of  the  teeth-like 
mouldings,  the  light  reflected  back  to  the  spectators  will  only  be  about  ^'S-  '2- 
one-fifth  of  what  it  would  be  from  a  blackened  plane  surface. 

As  regards  the  projector  lens,  while  a  real  stop  cannot  be  placed  at  S  (Fig.  11) 
behind  the  mirrors,  yet  a  virtual  stop  can  be,  for  it  amounts  to  practically  the  same 
thing  if  the  image  of  the  electric  arc  light  is  formed  at  S,  either  on  or  just  behind 
the  mirrors,  and  is  so  arranged  as  to  have  a  diameter  equal  to  about  F/^  or  i^/6 
{F  being  the  e.f.l.  of  the  lens),  while  the  aperture  of  the  lens  or  lenses  themselves 
is  F/4-5  or  F/3-5  so  as  to  allow  of  the  outward  spread  of  the  pencils  from  the  virtual 

stop  to  the  lens. 

Cooke  Lantern  Projector  Lens 

The  desideratum  that  the  lens  should  give  first-class  definition  of  the  picture 
on  the  screen  depends  upon  the  lens  being  properly  designed  to  suit  the  case,  and 
I  have  worked  out  a  form  of  Cooke  Lantern  Projector  Lens,  consisting  of  three 
simple  and  separated  lenses,  to  fulfil  the  above  special  requirements.  Fig.  13  shows 
the  form  of  this  lens,  consisting  of  a  negative  lens  A^  placed  between  two  positive 
lenses  /*,  and  Pj ,  the  power  of  the  negative  lens  being  roughly  86  or  more  per  cent, 
of  the  sum  of  the  powers  of  the  two  positive  lenses.  The  entrance  stop  is  at  S^, 
which  appears  after  refraction  by  the  lens  to  be  i^  times  enlarged  at  Sj.  Conversely, 
the  condensers  first  form  the  image  of  the  arc  at  S^  so  that  after  passage  through 
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the  lens  the  arc  is  focussed  at  Si,  this  real  image  lying  on  or  even  slightly  behind 
the  mirrors  as  above  described. 

Fig.  14  is  a  rough  illustrative  sketch  to  about  one-fifth  scale  of  a  machine  in 
which  the  film  F  is  pulled  regularly  over  the  following  drum  D^  and  through  the 
gate  by  means  of  the  drum  D.,,  which  is  provided  with  the  usual  two  rows  of  cogs 
for  engagement  with  the  two  rows  of  apertures  punched  in  the  film,  there  being 
four  pairs  of  teeth  per  picture  pitch.  The  circumference  of  this  drum  is  shown  to 
correspond  to  4  pictures,  so  that  8  revolutions  pass  32  pictures  and  the  mirror- 
drum  MD  is  turned  through  one  half-revolution,  there  being  64  mirrors  mounted 
on  it.  This  is  done  most  simply  by  the  spur-wheel  \V,  gearing  through  an  inter- 
mediate idle  wheel  with  the  mirror-drum  wheel  A',  which  is  si.xteen  times  as  large 
as  W.  In  other  words,  each  picture  subtends  an  angle  of  360/32  =  11^°  and  for  a 
complete  circuit  of  360°  the  mirror-drum  passes  32  mirrors  and  goes  round  half 
a  revolution,  and  each  mirror  as  it  comes  into  use  swings  round  or  alters  its  angular 
inclination  at  half  the  angular  rate  at  which  each  point  of  the  film  picture  moves 
with  respect  to  the  first  principal  point  of  the  lens. 


Fig.  13.  Fig.  14. 

Variation  in  Picture  Pitch 

An  important  factor  has  now  to  be  allowed  for.  This  depends  on  the  slight 
variations  in  picture  pitch  which  are  found  to  exist  between  difTerent  films.  These, 
it  is  well  known,  cause  imperfect  and  unsteady  definition,  even  in  the  case  of 
ordinary  intermittent  projection.  ,'\ge  and  heat  cause  the  film  to  shrink  and  we 
have  found  variations  of  picture  pitch  between  -7380  inch  on  the  small  side  and 
•7475  inch  on  the  large  side.  If  7430  inch  is  taken  as  a  general  mean  value,  these 
variations  correspond  to  ±  -6  per  cent.,  or  1/166  of  the  pitch. 

Fig.  15  gives  a  section  through  the  film  drums  /),  and  1).^  showing  Imw,  in  the 
construction  of  />, ,  there  is  incorporated  a  means  whereby  the  pictine  on  the  screen 
can  be  raised  or  lowered  at  will  without  interrupting  the  running.  This  feature  will 
be  dealt  with  later.  Both  /J,  and  D.,  are  mounted  on  truly  turned  parallel  axes  or 
spindles  finished  to  male  cones  at  each  end,  forming  adjustable  bearings.  DP  is 
the  driving  pinion  driven  by  the  motor,  and  9  is  the  pinion  engaging  directly  or 
indirectly  with  the  mirror-drum  spur-wheel.  Hoth  DP  and  q  arc  solidly  fixed  to 
the  central  spindle.    10  is  a  disc  with  toothed  edge  capable  of  running  on  an 
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independent  bearing  and  carrying  a  loose  pinion  11,  concentrically  placed,  which 
gears  into  both  spur-wheels  12  and  13,12  being  fixed  to  the  central  spindle  and  to  9, 
while  13  is  capable  of  independent  rotation  on  the  spindle,  but  is  coupled  with  the 
twin  sprocket-wheels  5  and  6.  Sprocket-wheel  5  is  part  of  a  long  sleeve  5  and 
keyed  to  the  latter  is  another  sleeve  and  sprocket-wheel  6.  Between  sprocket-wheel  5 
and  sleeve  6  a  weak  coil  spring  tends  to  keep  the  sprocket-wheel  6  forced  gently 
away  from  5  with  a  force  of  4  ounces  or  so.  The  object  of  this  is  to  keep  the  film 
perforations  always  in  end  contact  with  the  outer  rounded  ends  of  the  teeth  of 
sprocket  5  and  thus  prevent  any  capricious  side  play  of  the  pictures. 


The  circular  rims  of  the  sprocket-wheels  5  and  6  between  and  outside  of  the 
teeth  are  made  -03  to  -04  inch  smaller  in  diameter  than  the  loose  rollers  7  and  8 
on  which  the  film  rides  while  kept  in  contact  by  the  pressure  rollers  14  which  are 
arranged  to  press  the  film  gently  home  against  the  rollers  7  and  8  at  two  points  90° 
apart,  just  where  the  film  passes  on  to  the  rollers  and  just  where  it  begins  to  leave 
them.  These  jockey  rollers  are  also  shown  in  Fig.  16.  The  rollers  7  and  8  are  turned 
to  the  exact  circumference  of  four  average  picture  pitches,  so  that  the  correct 

formula  for  their  diameter  is  —_ —  -006,  the  last  figure  being  the  thickness 

of  the  film.  When  a  correctly  pitched  film  is  being  carried,  these  rollers  simply 
revolve  with  the  sprocket-wheels  and  central  spindle  so  that  there  is  no  relative 
motion  between  the  parts.  If,  however,  the  film  pitch  is,  say,  7380  inch,  instead 
of  the  correct  value  of  7430  inch,  the  free  rollers  together  with  the  film  slip  back 
•00125  inch  as  each  pair  of  sprocket-teeth  disengage  themselves  from  the  film.  The 
loose  rollers  7  and  8  on  which  the  film  rests  enable  this  to  be  done  without  any  of 
that  dragging  friction  on  the  film  which  takes  place  with  one-piece  sprocket-drums. 
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Figs.  17  and  18  show,  on  an  enlarged  scale,  how  the  short  pitched  tilni  is  only  pulled 
forward,  in  the  direction  of  the  arrow,  by  the  first  pair  of  perforations,  while  the 
rear  teeth  do  not  touch  the  straight  edges  of  the  perforations.  As  soon  as  the  teeth 
a,  a  disengage  themselves,  the  film  lags  behind  or  slips  back  on  the  twin  rollers 
until  b,  b  take  up  the  pull,  and  after  b,  b  are  disengaged  then  teeth  c,  c  take  up  the 
pull,  and  so  on.  There  are  always  four  couples  of  perforations  per  picture  pitch, 
and  it  is  desirable  that  not  more  than  four  such  couples  shall  mesh  with  the  film  at 
once,  corresponding  to  a  quarter  of  the  drum's  circumference.  If,  however,  the 
pitch  of  the  film  picture  is  more  than  that  of  the  rollers  and  sprocket,  it  is  the  rear 
teeth  d,  d  which  exercise  the  pull  on  the  film  while  the  forward  teeth  are  more  or 
less  clear  of  the  straight  sides  of  the  perforations.  It  is  clear  that  as  each  pair  of 
teeth,  like  d,  d,  come  into  contact  with  the  preceding  edges  of  the  perforations,  the 
film  moves  or  is  pushed  forward  on  the  free  rollers  by  a  quarter  of  the  excess  of  pitch. 

The  result  of  this  periodic  retardation  or  advance  by  minute  jerks  taking  place 
at  the  passage  of  every  pair  of  sprocket-teeth  is  that  every  point  in  the  projected 
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Fig.  16.  Fig.  17.  Fig.  i8. 

picture  is  vibrating  up  and  down  by  a  more  or  less  visible  amount.  The  angular 
amount  of  this  vibration,  if  the  film  picture  pitch  is  either  -005  inch  long  or  short 
of  the  correct  or  average  amount,  will  be  5-5  minutes  for  a  projector  lens  of  3  inches 
focal  length  and  4-1  minutes  for  a  lens  of  4  inches  focal  length,  the  amount  varying 
inversely  as  the  focal  length. 

In  the  case  of  ordinary  intermittent  cinema  projection,  the  accommodation  of 
the  film  when  out  of  pitch  has  to  take  place  by  sliding  friction  of  the  film  on  the 
pulling  sprocket-drum,  which  is  detrimental  to  the  film  as  well  as  uncertain 
and  capricious  in  its  action.  The  best  arrangement  that  can  be  devised  for 
overcoming  these  deviations  of  the  film  pitch  is  shown  in  Figs.  19  and  20. 
Fig.  19  is  a  section  through  the  lower  sprocket-drum  D.^  which  pulls  the  film 
through  the  gate;  13  is  the  same  differential  spur-wheel  as  the  13  of  Fig.  15,  and 
all  the  mechanism  to  the  left  of  13  is  exactly  as  in  Fig.  15.  In  Fig.  19,  however, 
the  sprocket-drum  is  arranged  to  be  expansible  from  a  circumference  of  four 
pitches  of  -736  inch  up  to  a  circumference  of  four  picture  pitches  of  -750  inch, 
a  variation  in  the  circumference  of  -014  x  4  =  -056  inch.  This  corresponds  to  a 


('ii/cmu  Project  ion  from  a  (^oiitiiiuouslv  Moviiii^  Film  i6^ 

variation  in  radius  ut'  -009  inch  or  about  z  per  cent.,  tiuis  allowing  for  i  per  cent, 
above  the  average  pitch  and  i  per  cent,  below.  Riding  stiffly  upon  the  central 
spindle  4  is  a  truly-turned  sleeve  16  in  which  are  turned  the  two  coned  surfaces 
(whose  slopes  are  at  an  angle  whose  tangent  is  1/3)  shown  lying  under  the  tour  pins 
about  -95  inch  apart.  These  pins  are  fixed  radially  in  the  i6  radial  sectors  of  the 
sprocket-drum  19  and  project  and  fit  through  circular  apertures  drilled  through 
the  bobbin  iS.  The  flanged  ends  of  bobbin  18,  shown  in  end  view  in  F"ig.  20, 
are  cut  with  16  equidistant  radial  slots  forming  guides  into  which  project  and  fit 
the  pins  fixed  into  the  ends  of  the  radial  sectors  constituting  the  sprocket-drum  19. 
On  the  right  of  Fig.  20  one  of  the  sprocket  sectors  is  shown  in  section  and  shaded. 
The  right-hand  end  of  the  sleeve  16  terminates  in  a  divided  head  i6a,  engraved 
on  its  edge  with  marks  for  every  -i  per  cent,  variation  in  the  diameter  of  the  sprocket 
drum.  'I'he  spindle  4  carries  an  enlargement  or  ring  17  threaded  with  32  threads 
per  inch  just  under  the  drum  16  .^.  This  ring  17  is  riveted  to  spindle  4  and  carries 
a  spring  tongue  catch  17  a  with  a  rounded  point  pressing  and  engaging  into  holes 
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in  the  side  of  the  divided  drum  16  a,  corresponding  to  the  divisions  and  perhaps 
half  divisions.  This  is  sprung  aside  or  outwards  when  the  divided  head  16  A  is 
to  be  rotated  and  set  to  the  picture  pitch  of  the  film  that  is  to  be  run  through  the 
machine. 

Gauge  for  measuring  the  Picture  Pitcli 

Fig.  21  is  a  plan  of  the  gauge  for  measuring  the  picture  pitch.  It  consists  of  a 
shallow  flat  trough  of  1-375  inches  internal  width  and  carrying  two  fixed  teeth  t 
at  the  left-hand  end  and  a  single  tooth  T  fixed  on  a  lever  L  at  the  other  end.  This 
lever  rotates  on  the  fulcrum  F,  while  the  point  of  its  long  arm  sweeps  round  the 
graduated  arc  AA.  When  the  lever  is  pointing  to  10,  the  length  from  /  to  T  should 
be  7-43  inches,  which  is  10  times  the  average  pitch,  there  being  10  picture  pitches 
of  film  or  40  perforations.  The  film  should  be  held  well  down  and  stretched  gently 
from  left  to  right.  A  tension  spring  S  always  pulls  the  lever  towards  the  left,  and 
the  tooth  T  is  therefore  pulled  up  against  the  left  edge  of  the  perforation  through 
which  it  passes  and  registers  any  divergency  of  pitch  on  the  arc  AA.  This  error  is 
enlarged  100  times  if  the  lever  ratio  is  i  to  10  or  200  times  if  the  ratio  is  i  to  20. 
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Having  in  this  simple  way  got  the  pitch  of  any  film  to  be  run  through  the 
projector,  the  divided  head  i6a  (Fig.  19)  must  be  set  to  the  same  number  as 
indicated  on  the  arc  A  A.  It  is  clear  that,  if  the  drum  and  sleeve  16  on  the  screw 
thread  are  rotated  in  the  direction  to  force  the  sleeve  towards  the  left,  the  two  coned 
surfaces  lift  simultaneously  all  the  16  pairs  of  pins  and  cause  all  the  16  sectors  of 
the  dnim  and  their  pairs  of  teeth  to  radiate  or  spread  symmetrically  outwards  and 
thus  form  a  larger  sized  drum.  Ordinarily  the  composite  sprocket-drum  19  and 
the  bobbin  18  which  contains  it,  together  with  the  coned  sleeve  16  and  the  centre 
spindle  4,  all  rotate  together  as  one  piece.  If,  however,  the  differential  gear  (sub- 
sequently to  be  described)  in  Figs.  15  and  19  should  be  in  operation,  causing  13 
to  rotate  upon  the  spindle  4,  the  sprocket-drum  19  and  bobbin  18  rotate  together 
with  13  upon  the  coned  sleeve  16  as  a  parallel  bearing  as  long  as  the  differential 
gear  is  working.  Thus  the  size  of  the  sprocket-drum  is  not  disturbed  in  the  least. 
The  coil  spring  20  performs  the  necessary  function  of  preventing  any  longitudinal 
movement  of  the  bobbin  18,  drum  19,  and  wheel  13  upon  the  parallel  bearing 
formed  by  the  coned  sleeve  16,  which,  of  course,  has  to  have  at  least  .^'.7  inch 
extra  length  left  over  for  the  adjustment.  The  sprocket-drum  sectors  are  turned 
away  in  the  centre  parts  to  a  depth  of  \  inch  or  so  to  accommodate  three  or  more 
spiral  band  springs  of  about  J„  inch  diameter  lying  ringwise  around  the  drum. 
These  give  the  inward  pressure  which  is  required  for  always  keeping  the  sectors 
home  so  that  their  pins  carried  underneath  are  always  bearing  upon  the  cones  of 
the  sleeve  16,  and  so  that,  if  the  latter  is  withdrawn  towards  the  right,  the  drum 
sectors  are  pressed  inwards  as  the  cones  recede. 

Methods  of  preventing  Side  Deviations  of  tlw  Film 
If  the  pulling  drum  D.,  is  made  radially  expansible,  there  is  no  need  for  the  same 
construction  being  applied  to  the  following  drum  D^,  which  can  be  constructed 
as  in  Fig.  15  where  it  is  longitudinally  expansible.  A  simpler  construction,  how- 
ever, is  now  advisable  for  keeping  the  film  pressed  down  on  the  drums  Z);  and  /X 
as  well  as  for  keeping  the  film  always  pressed  gently  towards  the  right  so  tiiat  the 
left-hand  row  of  perforations  is  always  brought  in  contact  with  the  Jcft-liand  ends 
of  the  left-hand  teeth  on  the  drums  /J,  and  1).. 

I  am  quite  aware  that  it  is  usual  to  expect  a  film  to  be  controlled  laterally 
in  the  gate  by  being  confined  edgeways  between  two  straight  edges,  but  since  the 
breadth  of  films  from  edge  to  edge  varies  between  1-35  and  1-375  inches  this  method 
implies  an  amount  of  lateral  looseness  often  fatal  to  steady  projection.  'I'he  mctiiod 
illustrated  in  Figs.  19,  22,  and  23  is  to  be  preferred.  These  show  a  jockey  roller  15 
and  15  A  which  by  gentle  spring  pressure  presses  down  tlu-  film  on  to  tin-  sjiroiket- 
wheels  /),  and  /^j.  the  jockey  rollers  being  all  grooveil  to  stridt-  o\ir  tlu-  tcLtli  with 
plenty  of  clearance.  F"ig.  22  shows  that  while  /), ,  which  is  passive,  only  requires 
one  jockey  rf)ller  2,  Di  requires  two  jockey  rollers  3  and  4,  as  the  film  on  leaving  I)., 
is  not  under  sufficient  tension  to  keep  home  on  the  drum  />_,,  while  on  leaving  I\ 
the  film  is  under  tension  owing  to  the  pull  of  D^.  The  jockey  rollers  2  and  3  carry 
an  extra  projecting  flange  15  b  (Figs.  19  and  23)  which  laps  over  the  extreme 
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edge  of  the  tilin,  and  as  the  jockey  rollers  are  gently  pulled  to  the  right  (in  Figs.  19 
and  23)  by  a  spring  as  well  as  pressed  home  against  D^  and  D.,,  these  flanges  like 
15  I!  press  the  film  on  one  side  by  contact  with  its  edge  until  the  left  ends  of  the 
left  perforations  are  kept  in  contact  with  the  left-hand  ends  of  the  teeth  of  the 
sprocket-drums  D^  and  D.,-  ^he  film  is  thus  secured  against  any  side  deviations 
from  true  alignment  and  the  pictures  are  kept  true  to  the  perforations.  It  must  be 
remembered  that  in  the  case  of  a  4-inch  projector  lens  a  lateral  deviation  of  only 
•0012  inch  (or  1/850)  corresponds  to  i  minute  of  arc  of  unsteadiness  and  2  or  3 
minutes  are  very  perceptibly  detrimental  to  good  definition. 


Fig.  24. 


.\n  alternative  method  of  preventing  side  deviations  of  the  film  is  illustrated 
in  Fig.  24,  which  represents  the  right-hand  end  view  of  one  of  the  sprocket-drums 
and  the  jockey-wheel  pressing  against  it.  This  end  of  the  sprocket-wheel  has  every 
alternate  tooth  missing,  and  in  place  of  it  a  clearance  hole.  On  the  other  hand, 
every  alternate  tooth  of  the  jockey-wheel  is  missing  and  replaced  by  a  clearance 
hole,  so  that  the  two  can  rotate  together,  each  tooth  in  one  being  accommodated 
by  the  corresponding  clearance  hole  in  the  other.  Thus  in  the  sprocket-drum  there 
is  a  tooth  to  engage  with  every  alternate  perforation  in  the  right-hand  row  of 
perforation,  and  the  other  alternate  perforations  are  engaged  by  every  alternate 
tooth  on  the  jockey-wheel.  Therefore,  if  the  latter  is  pulled  slightly  to  the  right 
by  spring  pressure,  it  will  by  its  teeth  always  exert  a  left  to  right  pressure  upon 
the  film,  and  so  cause  the  outer  ends  of  the  left-hand  perforations  to  come  into 
contact  with  the  left-hand  ends  of  the  left-hand  teeth  of  the  sprocket-wheel. 

Another  variation  of  this  method  consists  in  replacing  all  the  right-hand  teeth 
of  the  sprocket-drum  by  clearance  holes,  and  giving  the  jockey-wheel  a  complete 
right-hand  set  of  teeth  so  that  by  means  of  its  side  pull  it  shall  continually  keep  the 
film  towards  the  right.  In  such  case  the  pull  of  the  film  through  the  gate  will  be 
done  entirely  by  the  left-hand  set  of  teeth  on  the  sprocket-drum. 
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Method  of  raising  or  lowering  the  Screen  Picture 
Returning  to  Figs.  15  and  19  and  the  differential  action  for  raising  or  lowering 
the  screen  picture,  it  will  be  seen  that  while  the  system  of  wheels  and  drums  is 
operating,  the  pinion  11  forms  a  connecting  link  between  spur-wheels  12  and  13 
so  that  DP,  9,  10,  11,  12  and  13  all  rotate  as  one  piece.  If  the  disc  or  wheel  10  is 
suddenly  prevented  from  rotating  by  advancing  a  toothed  detent  against  its  edge, 
12  goes  on  rotating  as  before,  but  causes  the  pinion  1 1  to  rotate  and  drive  round  13, 
while  the  latter  carries  round  with  it  the  film  sprocket-drums  to  which  it  is  attached. 
Obviously,  if  the  number  of  teeth  in  12  and  13  is  equal,  they  will  both  be  rotating 
together  exactly  as  they  were  before  10  was  arrested.  If,  however,  13  carries,  say, 
81  teeth  while  12  carries  only  80,  then,  for  every  revolution  of  12,  13  will  lose 
I  tooth  on  it  and  therefore  the  speed  of  rotation  of  sprockets  5  and  6  will  be  de- 
creased by  I  80  of  the  normal.  Thus,  for  every  4  pictures  (|  sec.  of  time  usually) 
the  picture  on  the  screen  will  fall  1/20  of  its  height,  so  that  it  will  fall  one  picture 
pitch  in  5  sees,  so  long  as  the  detent  r  is  preventing  the  rotation  of  the  disc  10.  It  is 
important  that  the  bearing  of  10  upon  12  shall  be  made  moderately  stiff  and  to  that 
end  a  thin  sprung  washer  can  be  placed  concentrically  between  the  flat  faces  of 
10  and  12  in  order  to  produce  sufficient  frictional  resistance. 

Fig.  16  is  a  vertical  section  through  the  gate.  One  half-blade  is  fixed  true  and 
square  to  the  axis  of  the  projector  lens  while  the  other 
half  which  fits  it  is  pressed  up  against  it  evenly  by  the 
balanced  lever  shown  in  Figs.  25  and  26.  Alternatively, 
the  opposing  gate  surfaces  may  be  curved  concave  to 
the  lens  to  a  radius  of  4  x  (e.f.l.  of  the  lens)  in  order  to 
neutralize  the  residual  negative  distortion  of  the  pro- 
jector lens,  provided  the  latter  is  perfectly  corrects 
against  astigmatism,  when  the  field  is  also  curved  to  tin 
radius  of  4  (e.f.l.).  A  pressure  of  about  4  ounces  i 
brought  to  bear  on  the  loose  gate  by  means  of  the  coi 
tension  spring  shown,  which  should  be  adjustable.  Such 

a  form  of  pressure  gate  is  highly  desirable  in  order  to  prevent  c;iprici(ius  cocklini; 
of  the  film  and  to  smooth  out  kinks  and  other  defects,  so  that  tiie  film  siiall  lie 
accurately  in  the  focal  plane  or  focal  surface  of  the  projector  lens.  The  metal  gate 
may  even  be  replaced  by  a  fixed  polished  plate  of  glass  or  quartz  against  which  a 
pressure  gate,  also  of  glass  or  quartz,  may  be  pressed,  so  that  the  film  may  be 
always  held  between  the  two  inner  surfaces  of  the  glass  or  quartz  plates.  The  metal 
gate  may  have  the  glass  or  cpiartz  plates  inserted  into  it. 

Mounting  of  Mirrors 

We  must  now  consider  the  ciuestion  of  the  mounting  of  the  mirrors  around 

the  mirror-drum,  which  is  a  most  imiiortant  matter,  whose  correct  or  incorrect 

carrying  out  may  make  or  mar  the  whole  scheme.    Not  only  ha\e  the  mirrors  to 

be  each  adjustable  to  a  sufficiently  fine  degree,  but  llu\   must  In-  i|uite  tree  from 


Strains  and  yet  be  firmly  enough  held  in  position  t< 


onlinary 
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cleaning  without  perceptible  disturbance.  It  is  impossible  to  fix  them  after  adjust- 
ment by  using  any  solidifying  plaster  or  cement,  as  its  use  inevitably  leads  to  very 
serious  mechanical  strains  and  distortion  of  the  surfaces.  For  the  very  best  quality 
of  cinema  projection  it  is  necessary  that  the  mirrors  shall  be  so  flat  and  well  figured 
that  in  each  mirror  no  ray  shall  suffer  any  erroneous  deviation  relative  to  other 
rays  greater  than  i  minute  of  arc.  The  upper  surface  must  be  sufficiently  parallel 
to  the  lower  silvered  surface,  to  ensure  that  the  rays  reflected  from  the  upper 
unsilvered  surface  shall  not  deviate  more  than  i  to  3  minutes  from  the  same  rays 
reflected  from  the  silvered  surface,  otherwise  the  faint  image  reflected  from  the 
upper  surfaces  will  not  properly  coincide  on  the  screen  with  the  brighter  image 
reflected  bv  the  silvered  surface. 


Fig.  27. 


Fig.  29. 


Fig.  27  is  a  plan  and  Fig.  28  a  radial  section  of  one  of  the  mirrors  mounted  in 
a  manner  fulfilling  the  above  conditions,  when  the  mirrors  are  externally  fitted. 
Both  figures  are  on  a  reduced  scale. 

It  is  preferable  to  give  to  the  mirrors  a  tapering  form  as  shown  in  Figs.  27  and  29. 
Their  mean  diameter  dd  in  the  direction  of  movement  should  be  about  1/8  of  the 
E.F.L.  of  the  projector  lens  to  be  used  with  them,  the  length  not  less  than  5/16  of 
the  E.F.L. ,  the  upper  and  lower  margins  enclosing  an  angle  of  23°-5,  and  their 
thickness  not  less  than  1/7  of  their  mean  diameter.  They  can  be  of  glass  silvered 
behind,  or  of  a  reflecting  metal. 

The  frame  of  the  wheel  is  shown  at  ic  (Fig.  28)  and  m  is  the  mirror.  The  bottom 
of  the  trough  enclosing  the  mirrors  may  be  turned  cylindrical,  but  the  V-shaped 
grooves  g,  g  (Figs.  27  and  28)  are  each  cut  straight  and  parallel  to  each  mirror,  that 
is,  at  right  angles  to  that  radius  of  the  drum  which  cuts  the  centre  of  each  mirror. 
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Two  independent  rocking-frames  or  flat  levers  /,  /  are  each  provided  underneath 
with  two  round-edged  knife-edges  or  pins  k,  k  which  ride  in  the  V-grooves,  while 
on  the  upper  side  and  near  the  outer  corner,  and  beyond  the  knife-edges  of  each 
lever,  are  round-nosed  studs  s^  and  ^o,  on  each  of  which  a  corner  of  the  mirror 
rests.  The  other  and  free  ends  of  the  levers  rest  upon  the  points  of  two  fine-threaded 
adjusting  screws  a,  a  provided  with  lock  nuts.  These  adjusting  levers  may  be 
described  as  geared  down,  for  the  movement  imparted  to  the  mirror  is  a  small 
fraction  of  the  screw  movement.  At  s,  s  are  round-nosed  studs  which  are  fixed  into 
the  frame  iv\  each  stud  forms  the  third  support  for  each  mirror.  All  these  fixed 
studs  i  should  be  turned  down  to  the  same  height  in  the  lathe.  At  />,  p  are  tongue 
springs  which  keep  the  two  levers  firmly  pressed  down  into  the  \'-hearings  and 
against  the  adjusting  screws. 

Spring  Clip 
I  have  designed  a  form  of  spring  clip  (Fig.  30)  carrying  a  pin  or  other  pointed 
projection  6  to  bear  upon  the  outer  surfaces  of  the  mirrors  opposite  to  the  under- 
neath bearing  points  5  and  so  formed  that  it  automatically  centres  itself  upon  5 
so  that  the  true  alignment  or  opposition  between  the  upper  and  lower  bearing 
points  is  more  exactly  secured.  This  spring  clip  is  preferably  made  of  clock  spring 
steel  band.  The  screw  7  regulates  the  pressure  on  6.  If  any  spring  pressure  point 
deviates  by  more  than  -oi  inch  or  so  from  correct  opposition  to  the  opposing  point 
below  the  glass,  strains  on  the  mirrors  to  a  more  or  less  serious  extent  are  apt  to 
arise  and  mar  the  optical  projection.  A  small  spot  of  silvering  should  be  cleared 
away  where  each  bearing  point  impinges  on  the  lower  silvered  mirror  surface. 

Adjustment  of  Mirrors 

For  adjustment  of  the  mirrors,  one  method  is  to  expose  a  moving  picture  film 
in  a  fixed  cinema  photographic  camera  upon  a  simple  fixed  black  cross  on  a  white 
ground  and  in  the  centre  of  the  picture  field  and  then  thread  this  film  into  the 
projector  machine.  A  small  telescope  is  then  mounted  along  the  axis  of  projection 
A  A  (Fig.  3)  and  focusscd  upon  the  images  of  the  black  cross  refiected  by  the  mirrors 
as  the  film  drum  D,  is  very  slowly  rotated.  The  telescope  should  be  provided  with 
a  diaphragm  having  a  central  circle  3  or  4  minutes  in  diameter  and  a  high  magnifica- 
tion of  50  or  so.  The  image  of  the  black  cross,  when  any  mirror  is  correctly  adjusted, 
should  keep  within  this  circle  as  long  as  the  mirror  is  in  operation.  A  few  minutes' 
operation  of  the  adjusting  screws  a,  a  will  speedily  correct  any  errors  of  position. 

Another  method  requires  that  the  number  of  teeth  in  the  film  sprocket-drum 
pinion  shall  be  an  exact  multiple  of  the  four  pictures  which  correspond  to  one 
rotation,  such  as  20,  24,  28,  or  32  teeth.  There  may  be,  say,  8  teeth  per  mirror. 
Then  a  hinged  detent  or  tongue  may  be  so  arranged  that  a  mirror  comes  centrally 
opposite  to  the  projector  iens  axis  for  every  eightli  tooth  of  the  film  sprocket-drum 
pinion,  which  can  then  be  held  in  that  position  at  every  eiglitii  tooth  while  tiie 
image  of  a  black  cross  ruled  in  glass  and  fixetl  in  the  centre  of  the  gate  is  reflected 
through  the  observing  telescope.  Kach  mirror  in  turn  can  be  adjusted  to  reflect 
the  image  into  the  centre  of  the  circle  on  the  diaphragm  of  the  telescope. 
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Relation  between  Number  of  Mirrors  and  B.F.L.  of  Projector  Lens 
As  the  exact  relation  between  the  number  of  mirrors  mounted  on  the  drum 
and  the  back  focal  length*  (b.f.l.)  of  the  projector  lens  is  of  vital  importance,  we 
here  append  Table  III  in  which  column  i  gives  the  b.f.l.,  column  2  the  number 
of  mirrors,  column  3  a  fraction  expressing  the  horizontal  length  of  the  projected 
picture  in  terms  of  the  length  //  of  the  hall  from  lens  to  screen,  column  4  the  minor 
oscillation,  and  column  5  the  major  oscillation.  The  b.f.l. 's  are  calculated  to  suit 
a  picture  pitch  of  exactly  75  inch.  Should  the  average  picture  pitch  for  which 
the  machine  is  constructed  be  less  than  the  standard  75  inch,  as,  for  instance, 
74  inch,  the  b.f.l. 's  should  be  reduced  by  1/75  of  the  value  given  in  column  i. 
A  minus  correction  has  been  made  to  the  b.f.l. 's  of  the  lenses  in  order  to  reduce 
the  minor  oscillation,  as  given  in  column  4,  down  to  38  per  cent.  This  condition 
is  also  attained  when  the  back  focal  length  of  the  lens  is  made  ecjual  to 
P 


tan(36°Y 
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in  which  P  is  the  exact  picture  pitch  and  n  is  the  number  of  mirrors  on  the  mirror- 
drum. 
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Of  course  the  equivalent  focal  length  (e.f.l.)  of  the  lenses  can  be  got  by  deducting 
from  the  b.f.l. 's  a  correction  equal  to  (b.f.l.)-///  in  which  //  is  the  length  of  the 
hall,  in  inches,  measured  from  lens  to  screen.  Fig.  31  illustrates  how  the  above- 
mentioned  formula  for  the  back  focal  lengths  (given  in  column  i  as  an  instance) 
works  out.  The  vertical  line  be  represents  the  distance  from  the  centre  to  the  top 
of  the  gate,  ac  is  the  minor  oscillation,  and  cd  is  the  contrary  oscillation  due  to 
the  slight  shortening  of  the  focal  length  alluded  to  above,  and  implied  in  the 

•  The  back  focal  length  is  the  axial  distance  from  the  back  principal  point  of  the  projector 
lens  to  the  centre  point  of  the  film  picture  when  the  enlarged  screen  picture  is  in  sharpest  focus. 
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formula,  which  expresses  the  condition  that  any  points  in  the  picture  arri\ing  at 

the  edge  of  the  gate  shall  then  suffer  no  displacement.  The  amounts  of  minor 

oscillation  for  any  point  in  the  picture  as  it  travels  ^V  „  ^  ^ 

the    gate    are,    of    course,    indicated   by   the   horizontal 

distances  from  he  to  the  curve  ah,  while  the  amounts  of 

oscillation  due  to  the  deduction  from  the  theoretical  back 

focal  length,  and  implied  in  the  formula,  are  indicated  by 

the  horizontal  distances  from  cb  to  the  straight  line  hd. 

Therefore  the  dotted  curve  is  the  resultant,  and  it  will 

be  found  that  the  maximum  distance  or  oscillation  nm  is 

about  three-eighths  of  the  initial  minor  oscillation  ac,  while  a  point  at  the  edge  of 

the  gate  suffers  no  displacement. 

Mirror-drum  with  Mirrors  fixed  inter nal/y 
So  far  I  have  described  a  mirror-drum  so  constructed  that  the  mirrors  are 
fixed  externally  and  reflect  outwards.  I  will  now  just  allude  to  the  other  form  of 
machine  in  which  the  mirrors  of  the  drum  are  arranged  to  reflect  inwards,  but  the 
designing  of  the  necessarj'  framework  carrying  the  mechanism  is  rendered  much 
more  difficult.  Fig.  4  is  an  elevation  and  Fig.  5  a  sketch  plan  of  such  an  arrange- 
ment. D^  is  an  idle  wheel  introducing  the  film  which  twists  through  a  right  angle 
before  passing  round  the  toothed  guide-wheel  /X,  thence  it  passes  through  the 
gate  to  Dj,  which  is  the  driving  drum  that  positively  pulls  the  film  along  through 
the  gate,  then  the  film  twists  through  a  right  angle  again  and  passes  out  over  the 
pulley  D^.  L  is  the  projector  lens,  whose  axis  is  shown  at  an  angle  of  about  30° 
with  the  perpendicular  to  any  mirror  m  centrally  opposed  to  it.  Thus  the  axial 
reflection,  as  before,  takes  place  in  the  plane  of  the  mirror-drum  A,  and  the  central 
or  axial  ray  is  reflected  outwards  parallel  to  the  mirror-drum's  axis  by  means  of 
the  flat  reflector  R  placed  at  an  angle  of  45  witii  the  latter,  or  at  a  larger  or  smaller 
angle,  if  required.  It  is  clear  that  the  externally  reflecting  mirror-drum  is  the 
one  to  be  adopted  in  practice. 

Aeeuraey  of  Mechanism 
The  sprocket-wheels  concerned  in  the  apparatus  must  have  their  teeth  cut  to 
such  accuracy  that  irregularities  in  motion  in  the  mirror-drum  leading  to  spasmodic 
displacements  of  the  reflected  rays  greater  than  i  minute  of  arc  arc  avoided.   None 
of  these  matters  present  difficulties  that  cannot  be  easily  overcome. 

Changes  occurring  between  l'!.\:pusures  of  Successive  Pictures 
Such  a  machine  having  been  made  and  adjusted,  it  may  be  asked  what  \\ouiti 
be  the  nature  of  the  changes  taking  place  in  the  screen  picture  when  changing  from 
one  film  picture  to  the  next.  Let  the  machine  be  moved  round  by  hand  very  slowly 
while  we  watch  the  picture  on  the  screen  in  relation  to  the  position  of  the  film 
pictures  in  the  gate,  and  the  mirrors  in  nhition  to  the  lens  axis.  l'"ig.  32  shows  what 
happens. 
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Let  a  film  picture  fully  and  centrally  occupy  the  gate,  as  in  G,.  It  is  upside 
down,  while  at  the  same  time  the  mirror  lies  centrally  on  the  lens  axis  and  reflects 
the  major  portion  of  the  light  to  form  the  complete  screen  picture  ABCD,  but  the 
neighbouring  mirrors  i  and  3  are  also  receiving  light  and  throw  less  bright  but 
complete  duplicate  pictures  on  the  screen  above  AD  and  below  BC.  The  size 
of  the  screen,  however,  should  be  confined  to  the  limits  ABCD,  preferably  by  a 
black  frame;  moreover,  these  supernumerary  pictures  can  be  almost  completely 
cut  off  before  reaching  the  screen  by  a  rectangular  aperture  placed  a  few  feet  in 
front  of  the  projector  lens.  Thus  only  the  complete  picture  ABCD  is  allowed  to 


Fig.  32. 

Let  the  machine  be  turned  a  little  further  so  as  to  allow  one-quarter  of  the  ne.xt 
film  picture  to  show  in  the  top  of  the  gate,  as  in  G.^-  Then  mirror  i  will  have 
about  gone  out  of  use,  but  mirror  3  is  now  receiving  more  of  the  light  from  the 
lens  and  throwing  an  image  of  increasing  brightness  up  on  to  the  top  quarter  of 
the  screen  above  dd.  Thus  the  three-quarter  picture  below  ^^is  reflected  by  mirror  2 
while  the  upper  quarter  picture  is  reflected  by  the  oncoming  mirror  3  and  is  an 
image  of  the  upper  quarter  of  the  next  film  picture. 

Turning  the  machine  a  little  further,  we  then  get  the  gate,  as  in  G3,  occupied 
by  half  of  one  picture  and  half  of  the  next,  while  mirrors  2  and  3  are  equally  in 
use.  The  result  on  the  screen  is  that  the  line  of  demarcation  cid  between  the  two 
pictures  has  moved  half-way  down,  and  the  complete  screen  picture  is  now  built 
up  of  supplementary  halves  of  two  successive  film  pictures.  The  whole  image  of 
the  film  exposed  in  the  gate  and  reflected  by  mirror  2  really  should  occupy  on  the 
screen  the  rectangular  area  defd,  while  the  whole  image  of  the  film  exposed  in  the 
gate  and  reflected  by  mirror  3  should  occupy  on  the  screen  the  rectangular  area 
addb.  Of  these  areas  the  halves  aADb  and  BefC  are  superfluous  and  are  of  course 
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cut  off  and  not  allowed  to  show.  Thus,  on  the  screen,  no  sooner  does  the  demarcation 
line  dd  reach  the  bottom  than  a  new  demarcation  line  begins  to  appear  at  the  top 
and  works  downwards  in  its  turn,  and  in  this  quiet  and  continuous  way,  the  usual 
1 6  pictures  per  second  replace  each  other  without  there  being  any  dark  intervals 
or  any  of  the  clicking  noise  incidental  to  intermittent  mechanisms. 

The  demarcation  line  dd  may  vary  between  an  almost  invisible  line,  if  the 
vertical  aperture  of  the  gate  is  exactly  equal  to  the  pitch  or  distance  (centre  to 
centre)  of  the  film  pictures,  and  a  sensibly  broad  dark  line,  if  the  gate  aperture  is 
sensibly  narrower  than  the  picture  pitch.  For  it  should  be  borne  in  mind  that  the 
demarcation  line  dd  is  not  really  an  image  of  the  intervals,  either  light  or  dark, 
which  often  exist  between  successive  film  pictures.  These  will  be  imaged  on  the 
screen  as  borders  along  the  top  and  bottom  margins  of  the  screen  picture,  but  dd 
is  really  a  sort  of  hypothetical  image  of  the  difference  between  the  correct  picture 
pitch  or  distance  between  the  pictures  (centre  to  centre  or  feature  to  feature)  and 
the  vertical  height  of  the  gate  opening.  This  difference  shows  on  the  screen  either 
as  dark  or  as  narrow  strips  of  double  illumination,  successively  chasing  one  another 
down  the  screen. 

Conclusion 
Finally,  the  great  advantages  of  this  new  method  of  projection,  in  tiic  sliape 
of  a  substantial  saving  of  light,  very  much  reduced  wear  and  tear  of  the  films, 
complete  freedom  from  light  and  dark  flickering  and  consequent  eye-strain,  and 
much  greater  quietness  in  running,  scarcely  need  to  be  emphasized. 


DISCUSSION 

Mr  J.  Guild:  If  I  correctly  understand  the  author,  the  calculations  of  the 
permissible  amplitude  of  oscillations  of  the  image  points  on  the  screen  are  all  made 
in  terms  of  the  angle  subtended  by  such  displacements  at  the  projecting  lens.  Is 
it  not  the  distance  from  the  screen  to  the  nearest  seats,  rather  than  the  distance  to 
the  lens,  which  should  be  considered  in  this  connection?  In  most  picture  theatres, 
which  are  very  long  and  narrow,  the  majority  of  the  spectators  occupy  the  front 
seats  and  are  not  distant  from  the  screen  by  more  than  a  quarter  of  the  length  of 
the  hall. 

.Mr  R.  E.  Reason:  The  methoil  of  mounting  the  mirrors,  sliown  in  the  accom- 
panying figure,  was  evolved  in  answer  to  an  examination  question  set  by  Prof. 
Pollard,  who  suggested  that  the  design  might  be  of  interest  to  Mr  Taylor.  Unfor- 
tunately, the  dimensions  given  in  the  question  were  rather  greater  than  those  of 
the  actual  mirrors,  and  the  design  I  showed  at  the  meeting  woukl,  in  consequence, 
have  been  difficult  to  manufacture.  Hy  a  slight  re-arrangement  of  the  parts,  how- 
ever, I  have  found  it  possible  to  fulfil  the  necessary  conditions  without  alteration 
in  principle,  and  it  is  this  design  that  I  would  like  to  advance  now. 


Cinema  Projection  from  a  Continuously  Moving  Film  175 

Three  views  of  a  portion  of  the  drum  are  shown  in  the  rough  drawings.  'i'(j  the 
upper  surface  of  tlie  aiijustine;  levers  L  are  fixed  two  small  steel  balls  B,  B,  which 
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engage  with  a  trihedral  hole  and  slot,  stamped  on  the  lower  side  of  the  arm  A. 
About  these  the  lever  pivots,  the  required  motion  being  imparted  by  the  adjusting 
screw  C,  which  bears  on  the  opposite  end  of  the  lever.  Studs  D^ ,  D.^  are  fixed  alter- 
nately to  the  lower  side  of  each  lever  and  form  supports  for  the  mirror  M.  This  is 
of  steel ;  it  has  a  slot  cut  at  one  end  to  engage  with  the  longer  stud  D.^ ;  D^  rests  on 
a  plane,  and  a  trihedral  hole  stamped  at  the  opposite  end  engages  with  the  fixed 
screw  E.  The  mirror  is  kept  in  position  by  spring  plungers  P,  one  below  each  point 
of  support.  The  pressure  produced  on  the  studs  Z)j ,  D,  serves  to  keep  the  levers 
in  place,  for  they  are  thus  pinched  between  the  mirror  and  supporting  arms.  Any 
effect  of  centrifugal  force  will  tend  merely  to  increase  the  stability  of  the  system, 
and  since  both  levers  and  mirrors  are  geometrically  mounted,  there  will  be  no 
distortion  due  to  unnecessary  strain. 

The  general  arrangement  will  be  evident  from  the  drawings.  The  arms  A,  of 
brass,  are  screwed  and  pinned  to  the  cast  iron  drum.  The  adjusting  levers  are 
arranged  in  pairs  at  alternate  ends  of  the  mirrors,  and  are  so  shaped  as  to  allow 
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the  supports  E  of  the  intermediate  mirrors  to  pass  between  them.  R,  R  are  Hght 
brass  covers,  fixed  to  the  drum  by  small  screws  after  the  levers  have  been  adjusted ; 
they  serve  merely  to  protect  the  screws  from  accidental  injury  while  the  drum  is 
rotating. 

I  would  like  to  add  that  this  design  is  not  a  modification  or  attempted  improve- 
ment ot  .Mr  Taylor's,  for  when  I  prepared  the  original  drawings,  I  had  no  idea 
that  any  such  machine  was  in  existence.  Also,  despite  Mr  Taylor's  remarks,  Prof. 
Pollard  maintains  that  steel  mirrors  are  both  possible  and  practicable,  for  his  ideas 
of  both  material  and  dimensions  were  based  on  a  successful  continuous  motion 
kinematograph  machine  made  by  Messrs  Adam  Hilger,  and  shown  to  the  Society 
some  little  time  ago. 

Mr  Dennis  Taylor:  It  is  of  course  well  known  that  spectators  three  or  four 
times  as  near  the  screen  as  the  lantern  do  not  and  cannot  see  the  picture  under 
such  conditions  of  sharp  definition  as  those  seated  level  with  the  lens,  not  even 
under  the  most  perfect  of  conditions.  It  is  doubtless  for  that  reason  that  the  front 
seats  are  generally  allocated  to  charity  school  children  and  such  uncritical  spectators, 
for  whom  the  spurious  movement  of  the  picture  perhaps  constitutes  an  additional 
attraction.  They  get  more  movement  for  their  money  than  those  behind  them  do. 

It  seems  to  be  necessary  for  Mr  Reason's  methods  of  mounting  the  mirrors 
that  they  should  all  have  very  broad  rebates  cut  out  of  both  ends.  Should  these 
rebates  be  cut  before  blocking  and  polishing  the  mirror  surfaces,  then,  owing  to  the 
difficulty  of  making  up  a  continuous  optical  surface  because  of  the  sunk  rebates, 
the  difficulties  in  the  way  of  getting  good  enough  reflecting  surfaces  are  very 
serious  indeed,  if  not  insurmountable.  If  on  the  other  hand  the  mirrors  are  left 
whole  for  blocking  and  polishing  so  as  to  enable  a  continuous  surface  to  be  available 
for  polishing,  the  rebates  being  cut  out  afterwards,  it  will  be  found  that,  however 
perfect  the  reflecting  surfaces  may  be  before  cutting,  they  will  show  such  marked 
distortion  of  surface,  after  cutting  out  the  rebates,  as  to  be  in  most  cases  useless; 
these  distortions,  due  to  relief  of  mechanical  tension  in  the  material,  take  place 
whether  the  mirrors  are  made  of  glass  or  of  chromium  steel.  These  difficulties  are 
familiar  to  all  opticians  experienced  in  the  working  of  fairly  high-class  jilano  re- 
flecting mirrors. 

Another  gentleman  said  he  considered  that  the  adjustable  mounting  and  supports 
for  the  mirrors  which  I  described  would  be  quite  impossible  to  carry  out  within 
the  limits  of  size  that  I  had  specified  for  them  in  the  case  of  the  smaller  focal  lengths 
of  projector  lenses,  such  as  3  inches.  I  should  point  out,  however,  that  the  lengths 
of  the  levers  employed  lie  across  the  mirror-drum  or  parallel  to  the  axis  of  rotation 
of  the  latter  and  therefore  their  length  can  be  made  as  much  longer  than  the  greater 
length  of  the  mirrors  as  is  found  convenient.  For  a  3-inch  projecting  lens  the 
mirrors  will  be  at  least  -5  inch  wide  in  the  plane  of  rotation  and  i  incii  or  so  paiallel 
to  the  axis  of  rotation,  while  the  levers  can  be  2  inches  long  if  desirnl. 
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ABSTRACT.  The  evahiation  of  the  aberration  coefficients  of  a  complex  system  in  terms 
of  those  of  its  components  is  investigated  on  a  general  basis  which  is  independent  of  special 
properties  of  the  system.  For  example,  in  an  axially  symmetrical  system  the  refracting 
surfaces  may  be  any  surfaces  of  revolution,  or  the  media  may  be  non-homogeneous  as 
long  as  they  are  homogeneous  for  all  circles  normal  to  and  centered  on  the  axis.  Two 
methods  are  employed.  The  first,  by  successive  approximation  applied  to  equations  of 
reduced  order,  is  utilized  to  obtain  the  well-known  results  for  the  six  first  order  aberrations 
and  the  comparatively  unknowii  results  for  the  ten  second  order  aberrations.  For  higher 
orders  this  method  becomes  almost  impracticable.  The  second  method  is  based  upon  the 
evaluation  of  a  function  when  it  is  stationary  by  Lagrange's  theorem,  and  gives  a  theoretical 
solution  to  the  problem  for  all  orders.  The  results  already  obtained  by  the  previous 
method  are  checked  by  this  more  general  method,  and  the  addition  formulae  for  the  fifteen 
third  order  aberrations  are  also  obtained.  These  are  given  in  a  simplified  form  free  from 
all  removable  terms  by  the  definition  of  a  new  function  in  terms  of  which  the  eikonal  is 
expressed.  The  conditions  for  freedom  from  aberrations  are  given  in  terms  of  this  function. 


Introduction 


The  theory  of  optical  instruments,  particularly  in  the  parts  dealing  with  aberrations, 
is  complicated  by  the  great  number  of  degrees  cf  freedom  present  in  all  but  the 
very  simplest  systems  of  lenses.  This  complexity  is  one  of  the  factors  most  effective 
in  retarding  the  transformation  of  lens  design  from  an  empirical  footing  to  a  state 
in  which  the  evolution  of  a  system  is  based  on  a  reasoned  scientific  procedure.  If 
such  a  transformation  is  to  take  place,  two  conditions  must  be  satisfied — the  designer 
must  have  a  thorough  understanding  of  the  properties  of  simple  classes  of  lenses, 
and  in  addition  a  knowledge  of  the  way  in  which  the  properties  of  the  complete 
instrument  depend  on  those  of  its  elements.  Since  he  normally  makes  extensive 
use  of  components  the  properties  of  which  he  has  learnt  from  previous  experience, 
the  first  condition  is  often  satisfied;  but  even  in  these  cases  it  appears  that  the 
knowledge  already  gained  is  not  fully  utilized,  as  he  finds  it  necessary  to  trace  a 
series  of  rays  through  the  entire  system  before  he  is  confident  that  its  performance 
will  fulfil  his  expectations.  In  other  words  a  knowledge  of  the  properties  of  the 
components  does  not  enable  him  to  derive  those  of  the  complete  instrument  with 
the  necessary  precision.  The  present  paper  describes  an  attempt  to  bridge  the  gap 
which  this  customary  procedure  reveals. 

An  initial  limitation  to  the  problem  may  be  made  by  assuming  that  the  systems 
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to  be  considered  are  symmetrical  about  an  axis*.  This  restriction  is  almost  invariably 
adopted  by  designers  in  their  calculations,  and,  although  it  does  not  represent 
exactly  the  true  state  of  affairs  in  actual  instruments,  the  assumption  is  reasonable 
since  the  departures  from  axial  symmetry  in  well  constructed  examples  are  small 
enough  for  their  efTects  on  the  performance  of  the  system  to  be  negligible.  \  further 
simplification  is  made  by  considering  in  the  first  place  a  system  which  is  divided 
into  two  parts  only,  the  general  expressions  following  from  repeated  application 
of  the  formulae  for  this  special  case.  It  is  convenient  also  to  assume  that  both  parts 
of  the  system  are  surrounded  by  a  medium  of  unit  refractive  index.  This  assumption 
will  not  hold  for  some  of  the  applications  of  the  formulae  to  be  proposed  hereafter, 
but  the  necessary  generalization  can  be  made  immediately  when  the  final  results 
for  the  simplified  case  have  been  found,  and  the  course  proposed  leads  to  a  distinct 
economy  in  symbols.  As  usual  in  aberrational  investigations  of  a  general  character, 
a  potential  function  is  employed.  In  this  enquiry  the  eikonal  will  be  adopted;  the 
principles  followed,  however,  are  applicable  to  any  of  the  functions  available.  Use 
will  be  made  of  a  number  of  results  contained  in  a  recent  paperf .  For  typographical 
simplicity  some  departures  from  the  notation  of  that  paper  will  be  made. 

The  investigation  will  be  followed  more  readily  if  the  general  arrangement  of 
these  notes  is  indicated  here.  Two  methods  are  utilized,  both  based  on  the  same 
fundamental  relations.  The  first  is  the  direct  method  of  successive  approximation, 
and  is  applied  to  equations  of  lower  order  than  the  fundamental  relations  to  obtain 
the  addition  formulae  of  the  first  and  second  orders.  Its  use  is  simplified  by  so 
choosing  the  variables  of  the  components  that  they  are  in  all  cases  equal  to  a  first 
approximation  to  the  corresponding  variables  for  the  combined  system,  'i'his 
method  becomes  troublesome  in  dealing  with  aberrations  of  high  orders,  and  to 
avoid  the  difficulties  attendant  on  it,  the  second  method,  which  yields  the  terms 
of  a  general  order,  is  introduced.  The  general  formula  is  most  simply  expressed 
in  terms  of  the  original  variables,  but  the  addition  formulae  are  both  more  concise 
and  more  useful  in  terms  of  the  variables  employed  in  the  investigation  by  the  first 
method,  and  it  is  in  this  form  that  they  are  given.  A  modification  of  the  form 
assumed  as  the  standard  expression  for  the  eikonal  enables  the  addition  formulae  to 
be  simplified  by  the  omission  of  terms  involving  the  products  of  the  aberrational 
coefficients  of  lower  orders. 

'I'lic  fundamental  equations 
Rectangular  axes  of  co-ordinates  arc  taken  in  the  object  space,  the  image  space, 
and  the  intermediate  space  which  separates  the  two  components  into  which  the 
system  is  assumed  to  be  divided.  In  each  case  the  .v  axis  coincides  with  the  axis 
of  symmetry  of  the  system  of  refracting  surfaces,  and  the  various  y  axes  lie  in  a 
common  plane  through  this  axis,  so  that  the  several  z  axes  are  in  another  axial 

•  In  a  few  special  instruments  lar^e  departures  arc  deliberately  made  from  axial  symmetry.  The 
principles  followed  in  this  discussion  are  applicable  and  sufficient  for  the  construction  of  a  complete 
theory  for  such  instruments,  but  this  general  case  is  not  of  sufficient  importance  to  justify  its  adoption 
for  very  detailed  discussion. 

t  "The  ChanRcs  in  Aberrations  when  the  Object  and  Stop  are  moved."  Tram.  OpI.  Hoc.  23 
(1921-22)  311.   References  to  this  paper  will  be  made  in  the  abbreviated  form  O..V.  23. 
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plane.  The  direction  cosines  of  a  typical  ray  in  the  space  preceding  the  entire 
system  will  he  denoted  by  L,  M,  A^,  in  the  intermediate  space  by  L',  M',  N',  and 
in  the  final  image  space  by  L",  M",  N".  Let  a  point  be  taken  on  the  axis  in  each 
of  these  three  spaces — say  X,  X',  X"  respectively.  If  these  are  the  reference  points 
for  which  the  various  potential  functions  are  constructed,  the  value  of  the  eikonal 
for  the  first  portion  of  the  system  represents  the  optical  length  of  the  ray  path 
between  the  feet  of  the  perpendiculars  to  the  ray  from  A'  and  A" ;  the  value  for  the 
second  component  represents  the  length  along  the  ray  between  the  feet  of  the 
perpendiculars  from  A"  and  A'";  and  that  for  the  whole  the  length  between  the 
perpendiculars  from  X  and  X".  The  value  of  the  eikonal  for  the  whole  is  thus  the 
sum  of  the  values  for  the  parts. 

Denote  the  three  functions  as  follows : 

for  the  first  part  by  e ; 

for  the  second  part  by  e ; 

for  the  whole  by  & . 
Then  e  is  a  function  of  M^  +  N^,  MM'  +  NN',  M'^  +  N''-; 

e  is  a  function  of  M"^  +  A^'^,  M'M"  +  N'N",  M"-  +  A^''^; 
and  »?  is  a  function  of  M^  +  N-,  MM"  +  NN",  M"'^  +  N"^. 

Their  values  satisfy  the  relation 

and  this  equation  becomes  an  identity  if  each  function  is  expressed  in  terms  of  the 
same  variables.  The  relations  which  exist  between  the  six  direction  cosines  M,  N ; 
M',  N' ;  M",  N"  express  the  conditions  that  the  ray  defined  by  any  two  pairs  is  the 
same  as  is  defined  by  any  other  two  pairs.  They  are  found  from  the  fundamental 
property  of  the  potential  functions  that  the  unknown  ray  co-ordinates  may  be 
obtained  by  differentiating  the  function  with  respect  to  the  independent  variables. 
Thus  if  the  ray  meets  the  planes  normal  to  the  axis  through  A',  A'',  A'"  in  points 
whose  co-ordinates  are  {y,  ~),  {y' ,  -'),  and  (jy",  z")  respectively,  it  follows  from  the 
properties  of  the  eikonal  that 

,__    Be  '__  A 

y  ~      dM"  "  '      dN'' 

„  _        de  ,, de_ 

y    ~~dW"  ^    ~~dN"' 

„  _  _  j^  „  _  _    dS 

y  ~  dM"'   ~  ~  ?N"'' 

"  gives  relations  which  may  be  written  in 

cm 
where  m  represents  any  one  of  the  six  direction  cosines  used  in  the  construction 
of  the  potential  functions.    Any  corresponding  pair  of  these  relations  suffices  to 


y^m' 

'-SN' 

,        de 

y-m- 

de 

y  =  ?irr 

'=dN' 

The  elimination  of  y. 

-,/.-'./ 

le  brief  form 

i8o 
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yield  a  tlieoreticallv  complete  solution  of  the  present  problem*,  and  the  final  result 
is  necessarily  independent  of  the  particular  choice  made.  As  the  immediate  aim 
of  this  enquiry-  is  to  express  the  coefficients  of  f  in  terms  of  the  coefficients  of  e 
and  e,  the  most  direct  course  is  to  evaluate  M'  and  A"  in  terms  of  .1/,  N,  M'\ 
and  A"'  and  to  eliminate  them  from  e  and  e,  utilizing  as  the  basis  the  special  cases 
when  m  in  equation  (2)  is  replaced  in  turn  by  M'  and  A''. 

Before  proceeding  with  these  operations  it  is  convenient  to  take  new  variables 
in  harmony  with  the  accepted  definition  of  aberrationsf .  Let  these  be  f,  i/r,  6  in  e; 
k,p,tine\  K,  P,  Tin  <■',  the  values  being  given  by  regarding  the  following  equations 
as  identities  in  «J  : 

(a-y)-{t^>.Gti.n)- =  {M-yM' +  n{M-cjM'))--\  {A-yA"  i  «(A'-aA")}-  "j 
(^-  g)-  {k,p,  t\i,  «)■-  ={M'~gM"  +  n{M'  -sM")Y-+{N'-gN"  Vn{N'-sN")}-^- 
{S~  G)-{K, P,  Td I , //)•-  =  {M-  GM"  +  n (71/-  5M")}-  +  { A  -  GN"  +  n {N- SXJr] 

••••(3)- 
where  for  the  moment  a,y,s,g,  S,  G  may  be  regarded  as  independent  quantities. 
The  application  of  (2)  in  the  chosen  cases  gives 

{{M  -  yM')  (2ye{  +  ae^)  +  {M  -  oM')  (yej,  +  2ffee)}  (f^  -  y)  ' 

-  {(M'  -  gM")  {ze,  +  e^)  +  {M  -  sM")  (e„  +  2e,)}  {s  -  g)-      o        ....  (4), 

with  a  similar  equation  with  A''s  in  place  of  M's,  the  suffixes  of  course  indicating 
differentiation  with  respect  to  the  subscript  variables.  Now  let  S  and  G  be  ex- 
pressible in  terms  of  the  other  quantities  by  the  relations 

as=S,     yg^G  ....(5). 

Then  (4)  may  be  arranged  in  the  form 

(M-  GM")A  +  {M-  SM")  B 


{S-G)M'-is--g)M-{a-y) 
where  A  = 

B  = 
C  = 


'M"  = 
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2yet  +  ae^  ^ 

a-y 
yej,  +  aatg 

a-y      ^ 


le^  +  e^ 


Now 


gp  +  2g( 
^-g 

y'^-ii  I-  yae^  -I-  cr^co      e^  +  <"„  h  e, 
{a-yf  "      {s-g)- 

(S-G)M'-  {s-g)M-{<j-  y)  sgM" 


•(6). 


•(7). 


=  -  {(5  -  G)  (M  -  yM')  -{a-y)  {M  -  GM")}  y 

=  -  {(5-  G)  (M  -  aM')  -  {a      y)  (.1/       .SM/")[  a 

=  (S-G){M'-gM")-(s-g)(M      CM") 

(S-  r;)(.l/'      sM")      (.s-     g){M      SM"), 

•  This  «as 

noted   by  both   llan.ilKm  ami    Hruns,  hut   neillur  applied   ll.c  mell 

t'o..V.  2.1,  p 
t    iM.rcxpla, 

a'tion  of  the  notation  sc-c  O..S'.  23.  p.  317. 
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ami  therefore  by  (3)  and  (6) 

//-     ;     n-x-  X..        /r-    n    n^~l  (y  +  an)  A  (y  +  an)  B\"' 


.(8). 


(^, />,/$!,«)-  =  (A,  P,r|:  +  i^^-J^,     «  +  3i(^3^J 

These  equations  may  be  used  to  express  ^,  i/i,  ^,  ^,  />,  i  in  terms  of  K,  P,  T  by 
successive  approximation.   It  will  be  noted  that  they  satisfy  the  relations 
a-^  -  2ay,p  -|-  y^O  -=  S'K-  zSGP  +  G^-T, 

k     -  2p     +  t     =  a:      -  zP       +  T, 
$     —  21/1      +6     =  s'-k    —  zsgp     +  g'-t, 
which  in  the  original  notation  are  identities. 

Equations  of  lower  order 
When  f,  i/(,  9,  k,  p,  t  have  been  obtained,  instead  of  substituting  in  the  original 
equation  (i)  it  is  advantageous  in  dealing  with  aberrations  of  low  orders  by  the 
direct  method  to  make  use  of  equations  of  a  lower  order.  These  may  be  derived 
by  noting  that 

^m^Je  +  e~S)  =  o  ....(9), 

where  the  summation  sign  indicates  that  m  is  to  receive  in  turn  each  of  the  six 
values  for  which  equation  (2)  has  been  shown  to  be  true.  Since  $,>lt,9,  k,p,t, 
K,  P,  Tare  homogeneous  functions  of  the  same  order  in  these  variables,  equation  (9) 
may  be  written 

^€|  f  i/ie^  +  dee  +  ke,,  +  pe^  +  te^  -  K^k  -  P<-p  -  TSt  =0 (10). 

In  this  equation  substitute  for  ^,  0,  6,  k,  p,  t  from  (8).  The  resulting  relation  equates 
to  zero  the  sum  of  the  products  of  certain  coefficients  with  K,  P,  and  T  respectively. 
As  these  are  independent  variables,  this  must  be  taken  to  imply  that  the  value  of 
each  of  the  three  coefficients  is  zero.  Hence  the  relations  desired,  viz.: 

AB\ 


■  sg^<,  - 


2C1 


...(II). 


All  the  quantities  appearing  in  these  equations  involve  only  the  first  differentials 
of  those  in  equation  (i).  It  follows  that  to  obtain  the  desired  formulae  for  the 
addition  of  aberrations  it  is  sufficient  to  find  approximations  for  ^,  0,  0,  k,  p,  t 
of  one  order  lower  than  equation  (i)  appears  to  indicate.  It  may  be  noted  that 
the  substitution  of  equation  (11)  for  (i)  corresponds  to  the  substitution  of  ray 
positions  for  differences  of  optical  path,  and  the  advantages  and  disadvantages  of 
the  change  are  analogous  in  the  two  cases. 
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Paraxial  relations 
So  far  y,  a,  g,  and  i  have  been  regarded  as  arbitrary  independent  quantities. 
In  the  relations  of  actual  interest  they  are  connected  in  definite  ways  which  admit 
of  a  simple  physical  interpretation.  Previous  results  indicate  that  they  represent 
transverse  magnifications*.  One  pair,  say  y  and  g,  may  be  associated  with  the 
points  X,  X',  X",  for  which  the  partial  and  complete  eikonals  have  been  defined. 
Instead  of  a  casual  selection  suppose  that  these  three  points  bear  to  one  another 
an  object  and  image  relation  for  paraxial  rays  of  the  wave-length  under  con- 
sideration. That  is  to  say,  if  X  is  the  point  in  which  a  small  transverse  object  meets 
the  axis  in  the  object  space,  let  the  linear  dimensions  of  its  image  (situated  at  X') 
in  the  first  portion  of  the  system  be  y  times  as  great,  and  similarly  those  of  the 
image  in  the  whole  instrument,  formed  at  X",  be  G  times  those  of  the  original 
object.  Since  G  =  yg,  it  follows  that  g  is  the  magnification  for  paraxial  rays  in 
the  second  portion  of  the  system  for  an  object  at  X'  whose  image  is  at  X".  First 
order  terms  in  e,  e,  and  f  involving  ift,  6,  p,  t,  P,  T  are  then  absent,  and  apart  from 
constant  terms  which  have  no  physical  importance, 

e-rWi^-gyg-'  ....(i2)t, 

r;f~=}^KF{S-Gy-G-^] 

where  (f>,f,  and  F  are  the  focal  lengths  of  the  tAvo  components  and  of  the  complete 
lens  respectively.  It  follows  from  (7)  that  B  vanishes  to  a  first  approximation,  and 
also  that  to  this  order  both  sides  of  the  second  and  third  of  equations  (11)  are 
zero.  It  is  convenient  to  secure  a  zero  value  for  A  also  to  this  approximation.  By 
(7)  and  (12)  this  involves  the  condition 

^(,„y)^ /(_,-.+  „-:)  ....(13), 

which  implies  that  a,  s,  and  .S'  are  magnifications  in  the  first  component,  second 
component,  and  the  complete  instrument  for  a  given  object  in  the  object  space. 
They  may  be  regarded  as  the  paraxial  transverse  magnifications  of  stop  positions. 
All  the  arbitrary  quantities  that  have  been  introduced  now  bear  definite  meanings. 
It  is  important  to  note  that  C  remains  finite  when  A  and  B  vanish  to  the  first 
order,  (7)  giving 

2C~<f>y  \  fg-^  ■■••(h)- 

Also  from  the  first  of  equations  (11) 

F(S-  G)  =  {<{>  (<T-  y)Vy-'  i-fis-g^g-^)  G  {S-  G)-' 

=  <f>{o-y)sg^f(s-g)  ••••(15). 

by  (5)  and  (13).  These  are  well-known  results  in  the  elementary  theory  of  optical 
instruments,  and  are  usually  found  from  a  collinear  theory  of  imagery.  They  are 
noticed  here  to  illustrate  that  equations  (8)  and  (11)  involve  all  the  relations  which 
subsist  between  the  parts  and  the  entire  instrument. 
•  O.S.  23,  pp.  313-4. 

t  O.S.  23,  equation  (12).    ==  is  used  to  denote  "equals  to  llir  »th  iippioxiiiiation." 
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First  order  aberrations 
Since  to  tlie  first  order  A  and  B  vanish  while  C  is  finite,  A  and  B  are  negligible 
in  finding  the  addition  laws  for  first  order  aberrations.  The  appropriate  substitutions 
are  by  (8) 

(~Ks',       -Ar^^:?.       "r'^ri 

/e  ==  A',  /)  ==  P,  /  ~  7'    j 

Inserting  these  values  in  (11)  and  using  the  triple  suffix  notation  identifying  the 
aberrations  by  the  order,  series,  and  term  number*,  but  retaining  the  distinctive 
characters  e,  e,  and  S,  the  results  are,  for  series  o, 

'^'20,  =  e.o,s*^'g'  +  f>2o,     (/=  o,  I,  2,  3,  4)  ...  .(17), 

and  for  the  aberration  of  series  i , 

<f2i2  (S  -  G)-  =  €21.2  {a  -  y)-s'g-  +  e.;,i,  {s  -  gy\ 
which  by  (15)  may  be  written 

S^,F-'=e^,<f>-'  +  e,,J-^  ....(18). 

The  addition  laws  for  these  aberrations  have  been  previously  expressed  in  the 
form  (17),  and  (18)  will  be  recognized  as  the  usual  formula  for  the  Petzval  sum 
since  /,  e,  and  e  contain  F,  <f>,  and /  respectively  as  their  dimensional  factors. 


..(16). 


Modified  notation 
Before  carrying  the  approximations  to  a  higher  order  it  is  convenient  to  make 
a  small  change  in  the  notation  for  the  leading  portion  of  the  system.  Take,  in  place 
of  i,  i/r,  6,  new  variables  «-,  n,  t  defined  by 

^=KS-,     >p  =  TTSg,     e=Tg-  (19), 

and  let  tj  be  used  to  denote  €  when  this  change  has  taken  place.  The  principal 
equations  may  now  be  written 

■q  +  e~  <!^  =0  (20), 

A  =  {2G^.^Sr^.)<l>-(2e,  +  e,)f  ^ 

B={Gr]^+2Sr,r)<f>-{e,+  2e,)f  ....(21), 

C  =  {G%  +  SGrj,  +  S%)  <t>-'  +  {e„  +  e^+  e,)p\ 


(G  +  Sn)  A,f, 
zC 


^k,p,tli,nr-={K,P,T-^i  +  ^l+^, 

A^ 
SK=v,  +  e,-^. 

^  ^         AB 

Sp=-n„  +  e,-^ 

•  O.S.  23,  p.  320. 


(G  +  Sn)  B<j>\ 
zC        ) 
+  n)  B/Y 


zC 


■  (22), 


■(23). 
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where  it  should  be  noted  that  the  new  A,  B,  and  C  are  not  identical  with  the  old. 
The  terms  in  rj  of  order  n  and  series  m  are 

C„{(kT-  77^)  (5-   G)2F^^-r  (^«.m,2«,,   Vr..^.2n,.l,    -  V 2n-2v,]iX,    "   2n,  t)'"'''" 

....(24). 
(2«-2)! 

where  c„  = 5— y-. '-^i — ■  , 

and  i;,„„„,  =  £„.,„.,  5--"--"— >'--"'  . . .  .(25). 

The  terms  in  e  corresponding  to  (24)  are  obtained  by  replacing  tj,  k,  tt,  t,  ^  by 
e,  k,  p,  t,  f  respectively ;  in  S  they  are  replaced  by  <S,  K,  P,  T,  F  respectively.  The 
first  order  addition  formulae  (17)  and  (18)  in  this  notation  become 

4o.=%Oi +  <'2o<  (26). 

S,nF-'  =  r,,,,rf,--^}-e^J--^  ....(27). 

Second  order  aberrations 
The  aberrations  of  higher  orders  may  be  obtained  by  the  direct  process  of 
carrying  the  various  approximations  one  step  forward  at  a  time,  making  use  of 
equations  (21),  (22),  and  (23).  The  task,  however,  may  be  greatly  lightened  by  the 
use  of  sufficiently  obvious  devices  which  either  lead  to  the  removal  of  some  terms 
or  enable  numerical  relations  to  be  established  between  others  so  that  all  have 
not  to  be  evaluated  independently.  For  example,  instead  of  using  equation  (23) 
to  find  the  laws  of  combination  for  second  order  aberrations,  it  is  simpler  to  use 
(20) and 

K-q,    ■    7rr]„  +  T-q,  ^  ke„  +  pe^  +  tCt  -  KSr  -  PSp  -  TS'j-  =  O (28), 

which  corresponds  in  the  revised  notation  to  (10).  Denote  by  {S)„  the  terms  in  S 
of  the  «th  order  in  K,  P,  T,  and  similarly  for  rj  and  e  when  expressed  in  terms  of 
their  own  natural  variables.  Then  neglecting  the  constant  term, 

and  by  the  properties  of  homogeneous  functions 

K^K  +  P'^p  +  TSt  =  {S\  +  2  (^),  +  3  (^)3  +  ... , 
so  that  by  (20)  and  (28), 

-  {<^)i  +  iS)3  +  2  i<f')i  +  ...  =  Kf^K  +  PSp  +  TSt-zS 

-ie)i  +  (e)3+2{e\+  .... 
Now  by  (13),  (19),  and  (22), 

(';)i  i  Wi  -  ('■  ).  f        g^^ ^-  ('^  -  G)-  {<h  +  f.r')^ 

and  by  (2 1 ).  C  ~  .1 F^  (S  -  G)'^  (<Ay  I  /;'  ■). 

.u  .  /^^        /  X        /  N        '^'^^  I    2PAB  I    TB- 

so  that  (^)3  -  (r,),  I  (e),  - 

where  each  variable  receives  its  first  approximation  value  and  only  the  lowest  order 
terms  are  retained  in  A,  B,  C.  The  values  to  be  substituted  are  therefore 
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A^~\F{S-G)  {(«o,  «i,  «2]^A',  -  2P,  T)  +  1  {S-G)  («,',  k^'^P,  T)}, 
fi  ==  \F{S-  G)  {ia,,a^,a^-^K,  -  2P,  T)  +  i  (5-  G)  («,',  o^'^A^  P)}, 
C^l4>fF(S-Gr, 
where  «,  F  (5  -  G)  =  (,?,o,  G  -  ,,,0,  „  .9)  .^  -  (.,„,  - 

«i'F->  =  -  %i25^-'  +  ''212/  '  }       ■■■■  (29)- 

a/F-i  =  ^laG^-i  -  %2/-i 
The  desired  relations  are  therefore,  for  series  o, 

4)0  =  •^300  +  f 300  +  Oo^-  2PM/ 

4i  =  •^301  +  C301  +  «o«i  •  2i^/<;6/ 

^2  =  '?302  +  ^302  +  (3«1^  +  200 «2)  •  2^/5?^/ 

^3  =  ^^303  +^303+  (9«1«2  +  Oo^h)  ■  F I  S<t>f     \  ■■■■  (SO). 

^304  =  '7304  +  ^304  +  (3«2^  +  2«1«3)  •  ^F j S<j>f 

^305  =  ■^305  +  f305  +  «2«3  ■  2^^/ 

^306  =  -^306  +  ^300  +  «3^-2F/(f>f  ] 

and  for  series  i , 


•(30- 


It  will  be  shown  later  that  these  second  order  relations  can  be  expressed  in  a  form 
which  greatly  simpHfies  the  calculations. 


t= 

%12    ,     %2    ,      f4(«0«'2-«l')     ,     «o«2'+«l«l'     ,     «l''         2 

"«^^      /^       l5('S-G)-^     '        S-G      ^   ^\4>fF 

^- 

_%i3  ,   ^313  ,    (2  (ao«3  -  «i«2)  ,   aiOz'  +  Oaai'      ajVl     2 
"  ^^^r-  +  l    5(.S-G)^     +       S-G              4    U/F 

4u 
F^  " 

_.%14    ,     ^314    ,        4(«lf%-«2')     ,     «2«2'  +  «3«l'     ,     «2''l        2 

"  <^-       /^      t  5('5-Gy^    +       5-G      +    4H/^ 

Further  approximations 
The  methods  so  far  illustrated,  though  quite  suitable  in  dealing  with  aberrations 
of  low  orders,  are  inconvenient  when  expressions  are  required  for  the  aberrations 
of  high  orders.  To  deal  with  such  cases  it  is  preferable  to  use  a  transformation  of 
(22)  obtained  by  changing  the  value  of  n, 

(G  +  Sn)  AF  (G  +  Sn)  BFy] 

"^  ip  l\ 


{K,P,ni,ny={. 


where 


ik,p,t^i 
i  =  {zG-q, 


(i  +  n)  AF 


(i  +  n)  BF\^ 


•(32), 


■(33)- 


Sr,„)g+{Gr,„+2Sr,,)s) 
j={2ek  +  e;)g+{e^+2e,)s  ) 

Each  of  equations  (32)  is  of  a  form  similar  to 

K=  K+h, 
where  /;  is  a  function  of  known  form  into  which  only  the  six  variables  k,  tt,  t,  k,  p,  t 
enter  explicitly.    From  equation  (20)  they  therefore  enable  S  to  be  expressed  in 
terms  of  K,  P,  T  by  the  direct  application  of  Lagrange's  expansion  theorem  for 
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several  variables.  This  method  has  the  advantage  of  avoiding  the  troublesome 
process  of  finding  successive  approximations  to  the  values  of  the  initial  variables. 
In  dealing  with  as  many  as  six  separate  variables  care  has  to  be  taken  in  writing 
down  the  terms  of  the  expansion  to  see  that  none  are  omitted — a  mistake  very 
easily  made  with  this  particular  formula.  For  this  and  other  reasons  it  is  better 
to  return  to  the  fundamental  equations  as  described  below. 

The  basis  of  a  more  general  investigation 

The  preceding  development  of  the  aberration  relations  is  the  one  which  yields 
the  simplest  expressions  for  the  first  order  aberrations,  but  is  open  to  the  objection 
that  the  component  expressions  involve  the  positions  of  both  object  and  stop. 
There  are  advantages  in  adopting  a  system  in  which  these  only  appear  in  coefficients 
in  a  combination  of  quantities  which  are  free  from  such  co-ordinates.  The  investiga- 
tion of  addition  formulae  may  be  made  in  a  very  general  way  by  retaining  the 
direction  cosines  to  be  eliminated  as  variables.  This  course  offers  the  additional 
advantage  that  there  are  only  two  variables  instead  of  six  to  deal  with,  and  is 
particularly  convenient  when  Lagrange's  theorem  is  to  be  employed  to  determine 
the  general  addition  laws.  The  transformations  which  are  to  be  effected  are  most 
simply  expressed  when  the  fundamental  equations  are  regarded  from  a  somewhat 
changed  point  of  view.  The  general  problem  is  therefore  first  restated. 

Let  S  denote  the  value  of  the  eikonal  for  a  compound  system  built  up  of  known 
components,  o  is  to  be  regarded  simply  as  the  sum  of  a  number  of  functions,  some 
of  which  are  the  eikonals  of  the  components,  while  others  depend  upon  the  separa- 
tions of  the  successive  reference  points.  4'  is  not  itself  the  eikonal  for  the  compound 
instrument,  but  merely  equal  to  it  in  value.  It  becomes  the  eikonal  itself  when  the 
intermediate  variables  have  been  eliminated,  while  the  external  variables  are  regarded 
as  constants.  The  conditions  to  be  applied  corresponding  to  (2)  are  thus 

dM'  ~  dN'  "  dM"  ~  dN"  -  ••■  -  °  •  •  •  -(34). 

and  the  problem  resolves  itself  into  the  determination  of  the  value  of  a  function 
at  the  point  where  it  is  stationary  as  certain  of  its  variables  are  changed.  The 
particular  feature  which  renders  the  problem  simple  is  that  the  aim  in  optical 
instruments  is  to  remove  aberrations,  or  at  least  reduce  them  to  small  amounts, 
so  that  all  rays  are  brought  nearly  into  conformity  with  the  paraxial  laws.  In  other 
words,  the  problem  must  be  dealt  with  on  the  supposition  that  an  approximate 
solution  is  given  by  the  terms  of  the  lowest  orders. 

Elimination  of  a  single  variable 
For  the  sake  of  simjilicity  consider  first  the  case  where  only  one  variable  .v  is 
to  be  eliminated  from  a  function /(.v)  by  the  application  of  the  condition/'  (.v)    =  o. 
If  this  condition  is  expanded  by  Taylor's  theorem  it  takes  the  form 
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where  after  differentiation  .v  has  to  be  replaced  by  zero.  The  terms  of  tiie  lowest 
orders  give  for  .v  the  approximate  value  ^,  where 

/' 
f 


^  = 


The  exact  value  is 

where 

so  that 


X=^~JT,<^{X), 


(a 


2!^  +3!^ 


F  being  written  for /when  the  variable  is  changed  from  .v  to  ^.  It  follows  that  the 
required  value  of/  is  given  by 

where  only  terms  of  the  second  and  higher  orders  are  retained  in  F' .  It  will  be  noted 
that  this  special  case  is  sufficient  for  the  complete  determination  of  the  addition 
laws  for  primary  aberrations. 


Elimination  of  several  variables 
Now  take  the  case  when  n  variables  x^,  x.,,  .V3,  ...  .v„  are  to  be  eliminated  by 
the  application  of  the  conditions 

/r^=o     (w=  1,2,  3,  ...«), 
the  subscript  character  denoting  differentiation.  These  conditions  may  be  written 


■f. 


■.f„n  + 


where/,,,,/,,,,  are  the  values  of/,.^  and/^^j^  when  all  the  n  variables  are  made  zero. 
They  yield  for  .v„,  the  approximate  value  ^„, ,  which  can  be  most  readily  expressed 
in  terms  of  certain  determinants.   Denote 

JU      /12       /l3        •■•       J  In 

721       722       J2S        ■■■      Jin 

fnl      Jm      JnZ        ■■■       fnn 

by  A,  and  the  determinant  obtained  by  replacing  the  ^«th  row  by 

/,  /  /3  -       /„ 

A  • 


byA,„.  Then  ^„,  = 

The  exact  values  for  the  variables  are 


.Ax^,X, 


.V„), 
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and  the  values  of  the  ^'s  are  required  when  all  the  .r's  are  replaced  by  |'s.  It  is  easy 
to  see  that  4>,„  (fi,  ^2,  ••■  ^„)  is  the  value  of  the  determinant  obtained  by  replacing 
the  with  row  of  A  by 

hi  fn  hi  ■■■  hn- 
The  stationary  value  of/  with  the  n  variables  eliminated  may  now  be  written  down 
to  any  desired  degree  of  approximation  by  Lagrange's  formula.  It  may  be  shown 
that  the  numerical  coefficients  are  such  as  to  yield  a  simpler  expression  for  the 
typical  term  of  the  expansion  than  in  the  general  case.  For  instance,  it  will  be 
noticed  from  the  foregoing  determinants  that  if 

/,.,— o  ii^j  ....(36), 


the  expressions  become 
and 


L. 


L)  = 


/,„„. 


■(37). 
■(38), 


which,  as  in  these  circumstances  would  be  expected,  are  the  substitutions  corre- 
sponding to  the  elimination  of  the  single  variable  .y,„.  Under  these  conditions, 
when  there  are  two  variables  to  be  eliminated,  say  .v  and  y,  the  approximate  values 
of  which  are  ^  and  -q,  the  expansion  for  the  stationary  value  of/ assumes  the  con- 
venient form 


F+ii{aFi'-\-br 
d 

[a"d 


{a^F,^F(r\-2abF(F,I'\,\  b^F,^I'\, 


+  r-iK^(^f'^«)  +  3«'^ 


^  (FrF.F,,)  H  3«6^  /^  {FiF.'Fi,)  +  b-  ^|  (F,«F„)} 


In!^" 


+  S 


2"-i' 


where 


and 


{n-i)\ 

T\-dF- 

'-rfy-^ 

SY 

I 

ay 

dx^~ 

a  ' 

df- 

^  = 

dx 

r,=  l 

^(F("-F,'F,,)4- 


nldr] 


{x=y  =  o) 


.■..(39). 
....(40). 

....(41), 


the  terms  used  in  deriving  f  and  r;  being  omitted  when  /•'  is  diflVrcntiatctl. 

When  the  conditions  (36)  are  not  satisfied,  the  final  formula  assumes  a  distinctly 
more  cumbersome  form  than  (39).  As  the  investigation  stands,  it  would  appear 
that  these  desirable  conditions  are  not  satisfied ;  for  the  differential  coefficients 
which  appear  in  the  determinants,  though  of  the  lowest  orders  in  the  variables  which 
are  to  be  eliminated,  involve  terms  of  high  orders  in  the  direction  cosines  of  the 
ray  in  the  extreme  media,  that  is  in  the  ultimate  variables  of  the  eikonal  for  the 
complete  instrument.  This  consideration  also  suggests  that  the  actual  evaluation 
of  the  eikonal  will  involve  much  expansion  and  simplification  even  after  the 
eliminations  have  taken  place.    It  is  tlierefore  of  great  importance  to  enquire  into 
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the  conditions  more  closely  and  see  whether  these  difficulties  can  be  avoided. 
For  simplicity  the  case  in  which  only  one  variable  has  to  be  eliminated  may  be 
considered.  Suppose  then  that/  is  a  function  of  .v,  z^,  Z2,  z^,  ...  and  that  .x  is  to 
be  eliminated  by  applying  the  condition /^  =  o.  This  may  be  written  in  the  form 

o=f,+  xf,^+'LzJ,,, 

+  terms  of  higher  orders  in  x  and  the  ~'s, 
where  now  the  s's  as  well  as  x  are  to  be  replaced  by  zero  after  differentiation. 
Consider  the  approximate  value  ^  for  x  given  by 

^~         /«        • 
The  actual  value  which  satisfies  the  condition  may  be  written  in  the  form 

4,{X,Zy,Z2,Zs,    ...) 

^^  U 

and  just  as  before 

<t,ii,z„z„z„...)  =  l^^f(^,z„z„z,,...). 

It  follows  that  (35)  gives  the  complete  solution  to  the  problem  when  the  additional 
restrictions  are  adopted  that  only  the  terms  of/'  which  are  linear  in  the  ultimate 
variables  are  retained,  while  these  variables  are  altogether  excluded  from  /".  In 
other  words,  (35)  is  the  exact  solution  when  ^  is  merely  the  crude  first  approximation. 

Evidently  the  corresponding  result  is  true  in  the  more  general  case  when 
several  variables  are  to  be  eliminated.  Under  these  circumstances  the  conditions 
(36)  necessarily  hold  when  the  system  is  symmetrical  about  an  axis,  and  also  in 
the  more  general  case  when  there  is  no  symmetry  if  a  proper  choice  of  axes  is  made. 
It  follows  that  equations  (39),  (40),  and  (41)  yield  in  the  most  convenient  form  a 
complete  solution  of  this  problem. 

The  formula  is  confined  to  the  elimination  of  two  variables  because  when  two 
systems  are  amalgamated  only  two  direction  cosines  have  to  disappear.  When 
several  systems  are  used  in  succession  some  of  the  intermediate  differential  coeffi- 
cients of  the  form/,y  are  not  zero.  The  expansion  can  readily  be  extended  to  meet 
this  case,  but  for  the  purposes  of  this  investigation  it  appears  simpler  to  extend 
the  results  from  the  particular  instance  in  which  two  components  are  involved. 

When  the  component  systems  are  symmetrical  about  a  common  axis  coinciding 
with  the  axis  of  x,  the  a  and  b  of  equations  (40)  are  equal. 

Formulae  in  terms  of  G  and  S 
As  a  first  example  of  the  application  of  (39)  consider  the  development  of 
addition  formulae  in  terms  of  the  variables  appropriate  for  the  object  and  stop 
magnifications  G  and  S  used  earlier.  The  fundamental  equation  is 

^=y)  +  e  ....(42), 

and  since  the  paraxial  terms  are  excluded  from  the  differentiated  terms  of  (39), 
it  at  once  follows  that  the  addition  formulae  for  the  first  order  aberrations  are 
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given  by  (26)  and  (27).  To  obtain  the  formulae  of  the  second  order,  it  may  be 
noted  that  the  variables  may  be  supposed  to  have  been  changed  before  differentiation 
takes  place,  provided  that,  when  operating  on  -q,  it  is  understood  that 


3         <i>[q_      s         .  „        a 


dM'         F\     c  {M  -  GM")  '       a  (M  -  SM")]  ' 
and  when  on  .,        ^^,  =  I  [^^  ^^.j  ^  ^M")  +  a(M-5M")}  ' 

a  r^. 


F{S-  Of  fy,  =  (M  -  GM")  {-  <^  (2G7,.  +  5r,„)  +  /  (2f,  +  e^)} 

+  (M  -  SM")  {-  <^  (G^„  +  257,,)  +  /  {e,  +  2.,)}     ....  (43), 
or,  utilizing  the  notation  introduced  in  (29), 
2{S-G)  £„■  =  (M-  GM")  {K,  «i,  «,$/:,  -  2P,  T)  -v^iiS-  G)  («,',  «,;$P,  T)} 

-  {M-  SM")  {(«!,  «2,  ogj/c,  -  2P,  r)  +  }.  {S-  G)  («i', «/][/:,  P)}. 

This  leads  at  once  to  the  relations  (30)  and  (31)  for  the  addition  of  aberrations  of 
the  second  order. 

In  the  formulae  for  the  third  order  aberrations  there  will  occur  quantities 
involving  the  second  order  expressions  corresponding  to  the  first  order  expressions 
in  the  as.  They  may  be  defined  as 

^.F {S-G)  =  {r,,„G  -  r^,„,,S)  <^  -  (e„,  -  r,„ , .)/. 
i3'2.-3^-'  =  -  V3uS<l>-'  +  %,/-', 

and  the  terms  to  be  added  to  the  foregoing  value  of  2  (5  —  G)  /.u  are 

+  rO,',  iS;,  ^,'IK,  -  2P,  T)  +  iP,'  +  ^,')  (AT-  P'^)}] 

-  (^-/^^")  [3  (ft ,  i3„  /3„  ft,  ftftA',  -  2P,  7-)-^ 

4 
+  {S-G)  {K  (ft',  ft',  ft'J a:,  -  2P,  T)  +  P  (ft',  ft',  ft'$A',  -  2P,  T) 

+  (ft'  +  ft')(f:r-p^)}]. 

The  terms  to  be  retained  in  /  y  -  and  r'x'-  are  those  which  involve  both  an  a  and 
aft 

In  addition  to  these  terms  are  others  involving  (^mm  ,  '-'.uai  and  Smm  ■  Now 
F^  {S  -  G)V,„.,„.  =  2  (5  -  G)^  {.^^  (G^Tj.  +  GS7]„  +  5^7,,)  +  /« (e,  +  e,  +  e,)} 
t  ^^  {(M  -  GM")  (aG  ,i  +  S 1^)  ^  (A/  -  SM")  (g  ^^  +  25  ^1  )|^ , 

-,  /^{(A/-  GAn(2,',  .  ,;)  <  (A/-  .W")(|+  a|))%         ....(44). 


.(46). 
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In  the  corresponding  expression  for  /.u a"  the  first  Hne  of  the  expression  for 
Smm-  does  not  appear,  and  in  each  of  the  other  Uvo  Unes  one  of  the  factors  involving 
A/'s  is  rephiced  by  the  corresponding  factor  with  A''s.   It  follows  that 
F'  (5 -  GY  {Shi Sm'm-  +  2Sm'  Sn- Smn'  +  ^"'iv Sn'n) 

=  2{S-  Gf  [S^M-  +  S\s)  {<f>^  {G%  +  GSr,„  +  S%)  +  p  {e,  +  e„  +  e,)} 

*f'{'{4.-h)^'^{h4:}\''  •■■■(«)• 

where  S=  {M  -  GM")  Sw  +  (N  -  GN")  #a-, 

&>=  (M-  SM")  Sir  +  (iV-  SN")  Sn; 
that  is  F^=^K{-^  (zGrj,  +  Sr]„)  +  f  {ze,  +  e^)}  \ 

+  P{~<f>  {Gr,„  +  zSrjr)  +f{e^+  2et)}  I 
F9'^  P{-cf>  (aCr,.  +  S7]„)  +f{ze^  +  O)  | 

+  T{-cf>  {Gr,„  +  2%)  +/(e„  +  ze,)]  ) 
S  and  ^'  may  thus  be  expressed  in  terms  of  the  as,  but  the  remaining  terms  of 
(45)  require  the  introduction  of  another  set  of  quantities  in  which  the  contributions 
of  the  first  component  have  4>^  as  a  factor  and  are  of  the  second  degree  in  G  and  S, 
while  those  from  the  second  component  contain/-.  When  these  are  defined  there 
is  no  great  difficulty  in  writing  down  the  formulae  of  the  third  order,  but  it  is  at 
once  apparent  that,  in  this  form  at  any  rate,  they  are  not  sufficiently  concise  to 
commend  themselves  for  normal  calculations.  The  question  naturally  arises  whether 
the  preceding  development  yields  the  most  convenient  expressions  for  the  addition 
laws. 

Simplification  of  the  second  order  formulae 
The  addition  formulae  (26)  and  (27)  relating  to  the  first  order  aberrations  are 
already  in  the  simplest  conceivable  form.  The  leading  terms  of  (30)  and  (31)  are 
already  similarly  simple,  but  the  additional  terms  involving  the  a's,  that  is  the 
products  of  the  first  order  terms,  are  not  as  convenient  as  could  be  wished,  and 
in  (31)  in  particular  the  calculations  appear  lengthy.  The  desirable  direction  for 
simplification  to  take  is  the  association  of  the  products  of  terms  relating  to  the 
first  component  with  the  second  order  coefficients  of  the  same  component,  the 
association  of  the  products  arising  from  the  second  component  with  the  corre- 
sponding second  order  coefficients,  and  similarly  the  products  of  the  first  order 
coefficients  for  the  complete  lens  should  be  associated  with  the  second  order 
coefficients  for  the  entire  system.  There  will  then  only  remain  terms  which  are 
incapable  of  expression  in  this  form,  and  these  will  obviously  be  the  products  of 
unlike  terms,  one  from  the  first,  and  one  from  the  second,  component. 

By  (39)  and  (43)  the  additional  terms  consist  of  the  product  of  known  terms 
with  the  squares  and  product  of 

-  <l>  (zGr),  +  5ij„)  +fi2e^  +  e„) 
and  -  <f>  (Gri„  +  zSrfr)  +/(<?,+  2e,). 
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Consider  the  square  of  the  first  expression.   It  may  be  written  in  the  form 

-  2<t>f{S  +  G)  {{ri,  +  e^)  {r,„  +  e,)  -r,,rj,-  e,e,) 

-  <l>fS  {(r?„  +  e,y  -  rjj  -  e/}  +  2<f>f{S  -  G)  {rj,e„  -  e,r,„), 
that  is 

<f>fF{S-G)    [    F(^s-G) 


+  ,f>(a-y)-  ^'^^^*'  +  2  («^  +  y)  «{ e*  +  «^«*'} 

+  f{s-gy  ^+^^'^'  +  2  (^  +  ^)  e.f.  +  se^'} 

~  F{S-Gy^  ^-^^  ('?'  +  ''^'  +  2  (-^  +  G)  {rj,  +  e,,)  ir,„  +  e,)+S  (7,.  +  f ,)=}] 

••••(47). 
with  corresponding  expressions  in  the  other  two  cases.    Combining  these  gives 
for  the  value  of  the  first  correcting  term  in  (39), 
K  (T?.g„  -  e,r]„)  +  2P  (t?,c,  -  e^7],)  +  T  {-g^et  -  e^ti,) 

F{S-G) 
{get  +  ifie^  +  9ee}  {zye  f  +  (g  +  y)  e^  +  zaee}  -  JWJ- {<r  +  y)>lj  +  yd]  {4^1  ^9  -  e^'} 

{ke,  +  pe^  +  tet) {zge,  +  {s  +  g)e„+  2set} -  ^ {sk -is  +  g)p  +  gt)  {^€,6^ -  ej'} 

f{s-gy 

{KEk+  PEp+  TEt}  {2GEk+  iS+  G)Ep+  2SEt}-^{SK-  {S+  G)  P+GT}{^kEt- Ep^} 
F{S-Gy 

....(48), 
where  E  denotes  the  direct  sum  of  7;  and  e  after  the  variables  have  been  changed 
to  A',  P,  T  by  the  paraxial  substitution.  That  is  to  say,  E  is  the  value  of  c^  given 
by  the  direct  terms  only. 

The  first  line  of  (48)  represents  the  only  terms  of  lower  orders  which  cannot 
be  removed  from  the  expression  of  the  higher  order  addition  laws.  The  remaining 
terms  are  of  corresponding  form  in  all  three  cases,  and  can  therefore  be  eliminated 
by  assuming  a  suitable  form  for  the  eikonal  in  general.  A  convenient  way  of  stating 
the  addition  laws  is  to  define  the  eikonal  in  terms  of  another  function  from  which 
the  product  terms  are  absent,  and  to  construct  addition  formulae  for  the  coefficients 
of  this  new  function.  Thus  for  instance  e  may  be  defined  in  terms  of  another 
functional,  the  relation  between  them,  so  far  as  it  is  derivable  from  the  consideration 
of  the  first  two  terms  of  (39),  being 
_         {joJt  r^cuj,  \  Ouig}{2yu)(  \  {a  {■y)aj^  \  2gaj^}  -  Ijaj- (a  |- y)'p  J-  yO}  {^WjCOg— 10^'^} 

or  more  simply  c  =  cu  -        {u>mwm    I  w.vw.v)  t-  ...  (49). 
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Let  10  and  W  be  the  corresponding  functions  associated  with  e  and  S  respectively, 


so  that 


and 


=  10 f{WM'1VM"  +  lOx-W^")  +  ... 

^J  .•••(50). 


Then  to  the  second  order  of  aberrations  the  relation  expressing  W  in  terms  of 

w  and  w  is 

„.  K  (a),Wp  —  aj„etO  +  zP  UukWi  —  (ii-,w^)  +  T  {aj„ZVt  —  (xi,w^) 

W=u^^zo F{S-G) +  - 

....(51). 

A  sinnpler  form  is 

■  zr,„  —  co„.'?i'„)  + (52), 

where  m,  «,  w",  n"  are  written  for  M,  N,  M" ,  N"  to  denote  that  the  paraxial 
substitutions  for  M'  and  N'  have  been  made  before  differentiation  takes  place. 
From  (51)  the  simplified  second  order  addition  laws  may  be  written  down.  The 
expressions  for  the  coefficients  of  series  o  are 

W^aoo  =  '"300  +  ^"300  -  ^7^  _  Q)  ("'aooK'ooi  "  oj-m'"^m))  \ 

W^SOl  =  '^^iOl  +  ^'301  -  p  ,g  _    Q^  (<^2OO^''202  -  '"202K^20n) 

Wa)2  =  ^302  +  ^'■'302  -  .p  /g  _   Q^  ("J200«^'2U3  "  '"203«^'200  +   ZOJjol  ?t'202  "   Zw^oi^V^i) 

W^303  =  <^303  +  «'303  "  j^prg—   G)  ('^200«'204  "  '"2«4«'200  +   §'"201  ^^203  "   80^203^201)   }(53), 

1^304  =  ^304  +  W304  -  TpT^Z.   G)  ('^201«'204  "  <^2(H^<-'2IM  +   ZOJ^^ZV^s  -   ZW^sW^tyi) 

^305  =  <^305  +  «'305  "  pj^  -   G)  ^^'^^'''^  "  '^2<M ^'^'■•i"^) 

W^3<)6  =  ^"306  +  efjos  -  p(g_   Q\  ("^203^^204  "  ^204^^203) 

and  for  the  coefficients  of  series  i , 

W^312  _  4^312    ,    K'SW _  4  (^200^^203  "  <^Wi^m)  -   3^^201 '^W  +   3^202 ?<''20l) 

F^     ^^     /^  sF^s-cy 

Wjl3  _  OJ313        «%3  _  2  (aJ200  W204  -  ^"204  W'200  -  2aj2oi  efgoa  +   2t^203«^20l)  I  ,       . 


1^314  ^«>314    ,    "^314        4  (^201  "^204  "  ^^^204  "^201  "    3^^202^203  +   3^203 '^W)  j 

F2        ^'       /-  5F^S-Gy 

The  comparison  of  (53)  and  (54)  with  (30)  and  (31)  shows  that  the  changes  in  the 
function  have  effected  a  marked  reduction  in  the  length  of  the  calculations  required 
for  numerical  computation.  It  should  be  particularly  noted  that  the  coefficients 
of  the  series  1  first  order  aberrations  have  disappeared  from  the  second  order 
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formulae.  The  improvement  effected  is  in  fact  greater  tlian  the  appearance  of  the 
new  formulae  suggests,  for  in  some  important  cases  the  terms  in  the  brackets 
disappear.  For  instance,  if  the  lower  order  aberrations  for  the  complete  instrument 
are  corrected,  since  the  additional  terms  in  (52)  may  be  written 

-    '    {If'',„  (co„r  -  u-^)  +  W„  (oj,, .  -  tc„-)  -  IF,,,-.  (co,„  -  w„)  -  W,,'  (a>„  -  w„)}, 

only  those  terms  survive  which  involve  the  non-aberrational  contributions  to  W. 
Another  illustration  is  afforded  by  systems  in  which  tj  and  e,  and  hence  m  and  tc, 
are  similar  apart  from  dimensional  factors. 

Third  order  aberrations 
The  method  already  employed  for  the  simplification  of  the  second  order  aberrations 
may  be  applied  to  (45)  to  yield  the  addition  formulae  for  the  third  order  aberrations. 
Instead  of  following  this  course  the  use  of  an  alternative  method  will  be  illustrated. 
The  paraxial  substitution  formula  is 

M'     MM" 

-r-j  +  ~f  ••■•(55), 

from  which  it  follows  that  in  differentiations  on  any  function  of  the  first  component 
?         ?        /''    c  V        F    d 

cm  ^m^  fdM"      dm"  "  ^ dM" ' 
and  similarly  in  differentiations  on  any  function  of  the  second  component 

dm~  f  dM' '      dm"~  dM"  '^  <t>dM" 
Difl^erentiations  on  any  function  are  thus  included  in  the  two  expressions 

_^^_a_^Fj_        a  __a_    f  a 

dm     dM  '  /  dM'  '      dm"  ~  dM"  ^  4>  dM' '  •  •  •  •  (5  )> 

with  corresponding  equations  for  differentiation  with  respect  to  the  other  direction 
cosines  used  as  independent  variables.  If  now  oj  be  any  function  of  the  direction 
cosines  of  the  first  system,  and  w  be  a  function  of  the  direction  cosines  of  the  second 
system,  (56)  gives  for  differentiations  on  any  function  of  any  or  of  all  these  variables 
^  +  h  +  d=D-{-p^■r  ••••(57). 

\ 


where 

f  A  ..  (cu,/.  +  wm)  ^  +  (C-..V  +  w^)  A 

. .          a            a            a            a 

2F/)         (to,,.  +  ZV,„)  =p-T,  -f-   (tU„    1-  W„)  YT.  +  (W,,.'  +   W„ 

).^<" 

„          a         a          a          a 

^          a           a           a          a 

2Fr  =  w„  5— r,  -(-  tv„^^-r,-  w,,,"  -,     -  w„"  - 
cm             on               dm            on 

+  «'»■■)  a« 


y(58). 
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the  differentiations  in  A  and  D  applying  to  the  whole  function,  those  in  h  and  r 
to  the  portions  of  the  function  which  arise  from  the  first  component  only,  and 
those  in  d  and  p  to  the  remainder  of  the  function  which  arises  from  the  second 
component.  With  this  understanding  (57)  operating  on  tu  +  zt?  gives  the  transforma- 
tion equivalent  to  the  simplification  which  has  been  made  in  the  addition  formulae 
of  the  second  order. 

Since  (57)  is  true  whatever  function  is  operated  on,  each  of  the  series  of  differ- 
entiations represented  by  one  side  of  the  equation  may  be  repeated  and  equated 
to  the  repeated  operations  represented  by  the  other  side.  This  gives 
A2  +  §2  +  ^2  4-  AS  +  Arf  +  SA  +  d\ 

=  Z)2  +  p-  +  f^  +  Dp  +  Dr  +  pD  ^^  rD  +  pr  +  rp  (59), 

the  inversion  of  the  order  of  successive  operations  in  general  changing  the  result. 
Let  any  of  these  operators  of  the  second  order  be  enclosed  in  brackets  {  }  to 
denote  that  all  the  differentiations  are  to  be  confined  to  the  function  operated  on 
at  the  first  stage,  the  coefficients  multiplying  the  first  differential  coefficients  being 
regarded  as  constants  during  the  second  differentiations.  The  order  of  operators 
inside  these  brackets  may  obviously  be  changed  freely  since  all  the  differentiations 
denoted  by  them  are  to  be  carried  out  on  the  same  function.  When  the  particular 
function  operated  on  is  o)  +  w,  evidently 

A2=2{A2},    82  =2  {82},    d'=2{d^\,    D-  =  2{D-U 
p2={p2}^     r2={r2}, 

and  it  is  not  difficult  to  show  that 

AS  =  SA,       Id  =  dA, 

Dp~rD  =  {Dp}-{rD), 

Dr-pD={Dr}-{pD}. 
Also  p  operating  on  w  yields  the  same  result  as  r  operating  on  w,  and  thus  for  the 
present  case  p^  ^  ^2^     ^p  ^  ^2 

It  follows  that  in  the  present  instance  (59)  may  be  written  in  the  special  form 

{A^}  ~  {82}  ^  {<f2}  +  AS  +  Arf  =  {Z)2}  +  {p2}  +  {fi}  +  Dp  +  Dr     ....  (60). 
Now  if  V  be  written  for  A  when  e  and  e  are  everywhere  substituted  for  w  and  2V, 
the  addition  theorem  (39)  takes  the  form 

/=[i-  W+HV^}-...](e  fe)  ....(6i), 

and  if  we  assume 

€  =  [i  -  J8  +  I  {8-}  -  ...]  a,    and     e  =  [i  -  Id  +  i  {</«}  -  ...]  w, 

equations  (57)  and  (60)  show  that  (61)  is  equivalent  to 

If  =  [I  -  Jp  -  ^r  +  I  {p2}  +  i  {,2}  _  . . .]  (a,  +  a')  ....  (62), 

provided  the  relation  between  S  and  W  is 

/  =  [!- i^  +  H^-  -]"', 
where  S)  is  D  us  defined  in  {58)  except  that  a>  +  zf  is  to  be  replaced  by  W,  that  is 
to  say  r)  ?  ?  T 

"  8ot  dn  ""  dm  dn  ^  ^' 
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It  will  be  obsen-ed  that  S^  is  exactly  the  same  function  for  the  complete  lens  that 
S  and  d  are  for  the  first  and  second  components  respectively. 

Equation  (62)  for  W,  in  conjunction  with  the  definitions  of  e,  e,  and  S  in  terms 
of  oj,  IV,  and  W,  enables  addition  formulae  to  be  formed  for  the  third  order  aberra- 
tions, but  its  appearance  suggests  that  the  process  of  simplification  has  not  been 
carried  to  the  utmost  possible  extent.  For,  since  the  operators  p  and  r  are  squared, 
the  opposition  of  sign  which  was  found  effective  for  the  reduction  of  the  previous 
term  of  the  expansion  has  disappeared,  and  some  at  least  of  the  terms  included 
in  these  repeated  operations  are  likely  to  be  reducible  to  simpler  forms.  In  con- 
sidering an  alternative  form  into  which  to  cast  these  terms  it  will  be  observed 
that  they  are  of  the  same  general  tj'pe  as  would  be  introduced  by  substituting  W 
ioxui  +  %v  in  the  previous  term.  We  are  thus  led  to  consider  the  effect  of  operating 
on  I^  as  defined  in  (62)  by  p  and  r.  The  restriction  in  the  scope  of  these  operators 
hitherto  adopted  was  only  required  for  the  purpose  of  establishing  the  relation  (60), 
and  need  be  maintained  no  longer  as  this  end  is  secured  by  the  convention  introduced 
as  to  the  meaning  of  operators  enclosed  in  curly  brackets. 

The  relation  it  is  most  convenient  to  employ  involves  the  operators  p  —  r, 
that  is  to  say  operations  of  the  form 


(a>„,.  +  W„,)  ^  +  (c.„..  +  W„)  1  -  (a>„.  +  e.,„)  ^, 

-(».  +  »•„)  54-, 

and  p  -■-  r,  which  is  of  the  form 

-K-".)a4- 

Applying  the  latter  to  W  gives 

2  (p  +  r)  IV  =  zpzc  +2rcj-  2  ip"} ««  -  3  {'"'}  '^  +  {(p  -  0'}  i<^  +  ^^')  -  (f '}  ^^  -  {>"'}  ^0 

+  ..., 
and  if  this  relation  is  used  to  eliminate  the  terms  in  the  scjuared  operators  of  (62) 
the  result  is 

GIF-  {(p  -  r)-I  W  =  Goj  -  {p-l  CO  i   6a'  -  {r-\  tv  -  (p  i   /•)  (211'  I-  oj  +  zv)  +  ... 

....(64). 

In  deriving  this  equation  W  has  been  put  in  place  of  to  I-  w  in  the  second  term  on 
the  left,  as  is  permissible  since  the  lowest  order  terms  it  includes  are  the  highest 
of  those  now  under  consideration.  These  terms  will  be  removed  by  assuming  in 
a»,  w,  and  IF  terms  which  will  neutralize  the  additions.  This  is  possible  since,  when 
operating  on  a  function  which  includes  no  terms  relating  to  the  second  component, 
a  change  to  the  original  variables  gives 

d  d  d  d 

and  similarly  when  no  first  component  terms  arc  present  ^        ...  .(65). 

V  d 
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The  final  relations  are  therefore  the  definitions  of  e,  e,  and  /  in  terms  of  w,  ic,  and  W, 

e  =  [I -iS+HS^'l  +  Hp'} -•-]"'      1 

e=\i-\d+\{d^\^\{r^)-  ...^zo       [  ....(66), 

S^\-L-\W+\  {&•>■)  +  \  {M^}  -  ...]  w] 

where  zFM  =  W,„  ^,  +  W„-.~  -  W„r  ^  -  W,..  ,-  , 

dm  dn  dm  dn 

and  the  addition  relation 

\V  --  (o  +  zc  -Up-"-  r)  (aH-  +  oj  I  zv)  +  ...  ...  .{by). 

When  the  variables  are  changed  to  K,  P,  T  the  addition  relation  may  be  written 

down  at  once  by  analogy  with  (51).   For  conciseness  write 

F{S~G)         ^^'"^>' 

where  [/,„,  -  ^- j^  and    F.„,  =    ^7  +  -^  +  p . 

Then  the  third  order  formulae  of  series  o  are 

1 1 400  =  '"41X.  +  K'400  -  §  [(00 1 )  -  ( 1 00)]  \ 

f'wi  =  ^"401  +  «i'4oi  -  5iT  [5  (002)  -  2  (loi)  -  3  (200)] 

If  M2  =  "'402  +  ^ioi-  rx)  [10  (003)  +  5  (102)  -  12  (201)  -  3  (300)] 

Ifws  =  ">403  +  ^403  -   TTTT  ['O  (OO4)  +   20  (1O3)  -    I5  (2O2)  -    I4  (3O1)  -    (400)] 

1^04  =  "'404  +  ^^404  -  aV  [(005)  +  5  (104)  -  5  (302)  -  (401)]  y  (68) 

ff^40S  =  ^405  +  K'405  "  Tlo  [i°°(^)  +    H  (^OS)  +    15  (2O4)  -    20  (3O3)  -    10  (4O2)] 

"'W  =  W40«  +  «'406  -  7TJ  [3  (106)  +    12  (205)  -   5  (304)  -    ID  (403)] 

f '  40/  =  W407  +  «'40J  -  f V  [3  (206)  +   2  (305)  -   5  (404)] 

f  f'408  =  "'408  +  ^408  -  *  [(30ft)  -   (405)] 

the  formulae  of  series  i  are 

^412 _ "'412  ,  ^2 _  2  [(013)-  (112)]  _  8^L(oo3)- j^(uD2)  +  3(201)-  (300)] 
^        '^-       /^  15  '        35FHS-Gy^ 

W^  _  "'413    ,    «^3  _  (014)  +  2  (113)-    3(212) 

F^  -  <^^  +  f  "30 

_  2  [3  (004)  -^  (103)  +  6  (202)^^(400)] 
35F^(S~G)-^ 

Wjl4  _  "'414    ,    ^^JU  __  (114)-    (3  I  2)  _  4  [(005)  -   2j  104)4-2(302)-   (401)] 

^       «A^       /^  15  35^(5- G)= 

^415  _  "'415    ,    !^5_  3  (214)  -    2  (313)  -(412) 
/^  <^-  /2  30 

2  [(006)  -  6  (204)  +  8  (303)  -  3  (402)] 
3SF^S-Gy 

W^6_^:J416    ,    ^g416        2  [(314)-   (413)]         8  [(106)  -    3  (205)  +  3  (304)  -   (403)] 

F^       <f>^^  f  15  35^(5-0)^ 

Opt.  Soc.  XXV. 
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and  for  the  aberration  of  series  2  the  formula  is  the  simple  sum 


0^424 


as  might  have  been  anticipated  from  its  invariant  character.  The  law  of  formation 
of  the  numerical  coefficients  is  very  simple,  depending  on  the  binomial  coefficients 
for  indices  3  and  5. 

The  conditions  for  freedom  from  aberrations 
The  values  which  the  various  coefficients  in  S  must  have  for  freedom  from 
aberrations  to  be  secured  for  the  magnification  G  for  the  image  have  already  been 
given*,  and  it  has  further  been  shown  that  important  advantages  are  secured  by 
imposing  the  additional  condition  that  the  centre  of  the  stop  is  to  be  free  from 
aberration,  particularly  in  the  common  case  when  the  stop  magnification  is  unity. 
.A.S  these  results  stand  it  is  necessary  to  evaluate  the  various  coefficients  of  S  from 
W  by  (66)  or  an  equivalent  equation  to  see  whether  the  conditions  for  the  removal 
of  the  aberrations  have  been  satisfied .  To  avoid  this  these  conditions  will  be  expressed 
in  terms  of  the  coefficients  of  W. 

Let  H  and  R  be  new  operators  in  which  the  coefficients  are  differential  coeffi- 
cients of  1^,  the  definition  being 

I  ...    .(71), 

2FR  =  Sm  g^,  +  Sn  ^r,  -  /.,/■■  ^j  -  Ssr..  -J 

so  that  they  correspond  exactly  to  &  and  M  with  W  replaced  by  t".  The  solution 
of  equation  (66)  for  the  expression  of  W  in  terms  of  S  is 

W  ^[i  +  lH+\  {//n  -  I  {R-}  +...]S  ....  (72), 

that  is  to  say  the  relation  between  S  and  W  is  reversible  with  a  change  of  sign  in 
the  operators.  Now  let  S  be  the  eikonal  for  a  system  of  lenses  free  from  all  aberra- 
tions for  the  magnification  G  and  also  free  from  axial  aberration  for  the  magnification 
S.  Then  equation  (12)  of  the  investigation  just  mentioned  may  be  written 

F{S^G)^^^  2^+  5^1^"-  TffCfa-  2<',-)A.'3+  ^^g(sP3-  24«,  t-  240^^''"  •••- 
and  the  application  of  (72)  at  once  gives 

FW^lTy  "'  ^  --^  '  '''^"'-  T^^-^^''  +  rSs^'a/^'*- (73)- 

The  greater  simplicity  of  the  conditions  in  terms  of  the  coefficients  of  W  would 
be  expected  in  view  of  the  more  complex  character  of  f!^  exhibited  by  other  results. 
It  will  be  observed  that  H' contains  only  the  leading  terms  of  S,  and  that  all  product 
terms  have  disappeared,  showing  that  they  correspond  to  terms  of  /  which  have 
been  eliminated  by  the  substitution  of  IV.  There  is  every  reason  to  expect  that 

•  O.  .V.  23.  pp.  3 1 5-6- 
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this  result  is  generally  true,  in  which  case  the  value  of  I'Twhen  all  aberrations  are 
absent  may  be  expressed  in  the  finite  form 


If  ^  ^'^  J^^'  K+{S-  G)^{i  +  K)^  -  ^  (I  I  S-^K)^ 


•(74), 


which,  apart  from  the  paraxial  term,  suggests  a  closer  affinity  with  the  characteristic 
function  than  with  the  eikonal. 

Further  investigations 
There  are  many  matters  connected  with  the  application  of  the  foregoing  results 
which  it  has  not  been  possible  to  include  in  the  present  investigation.  For  example, 
the  invariant  relations  of  the  groups  of  coefficients  which  are  independent  of  the 
magnifications  of  the  object  and  the  stop,  and  as  a  special  case  the  expression  of 
the  coefficients  in  terms  of  coefficients  for  a  standard  pair  of  values  for  these 
magnifications  or  alternatively  in  terms  of  the  coefficients  which  give  the  spherical 
aberration  along  the  axis  as  already  suggested  for  a  reference  system.  It  is  hoped 
to  give  an  account  of  these  matters  in  a  future  paper.  Before  concluding  this 
investigation  the  form  taken  by  the  expressions  when  more  than  two  systems  are 
to  be  combined  may  be  noted.  The  direct  terms  are  of  course  simply  additive. 
In  the  product  terms  the  co-factor  of  any  particular  lower  order  coefficient  is  the 
difference  of  the  sums  of  the  multiplying  coefficients  before  and  after  the  element 
considered ,  the  sign  of  the  difference  being  ascertained  from  the  case  of  two  elements. 
Thus  if  the  term  a>203?t'2ni  occurs  in  the  simple  case,  the  coefficient  of  cujos,  where 

there  are  /;  lenses  of  which  the  w  refers  to  the  wth,  is  —  S  (w'aoi)  +  S  (e^aoi),  the 

latter  sum  having  the  positive  sign  because  in  the  dual  system  zv  relates  to  the 
following  lens.  In  the  coefficient  of  wooi  the  leading  coefficient  sum  would  be 
positive,  the  following  negative. 
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ABSTRACT.  A  new  telescope  is  described  which  while  perfectly  anallatic  is  of  the 
internal  focussing  type  and  combines  the  advantages  of  the  Porro  construction  with  those 
of  the  internal  focussing  telescope. 


Introduction 
In  all  surveying  instruments,  where  the  distance  of  an  object  is  deduced  from  the 
stadia  intercept,  the  distance  so  obtained  is  referred  to  the  "anallatic  point," 
situated  either  on  the  axis  of  the  telescope  or  on  the  axis  of  the  telescope  produced. 
If  the  anallatic  point  does  not  coincide  with  the  centre  of  the  instrument,  a  correction 
must  be  applied  in  order  to  obtain  the  distance  of  the  object  from  the  centre  of  the 
instrument. 

Prior  to  the  advent  of  the  internal  focussing  telescope,  the  required  correction 
was  approximately  the  sum  of  the  focal  length  of  the  object  glass  and  the  distance 
of  the  object  glass  from  the  centre  of  the  instrument. 

The  introduction  of  the  anallatic  lens  by  Porro  automatically  referred  all 
distances,  deduced  from  the  stadia  intercept,  to  the  centre  of  the  instrument,  since 
the  latter  coincided  with  the  anallatic  point. 

The  internal  focussing  telescope  has  now  been  atioptcti  by  most  instrument- 
makers  and,  as  the  jiosition  of  the  anallatic  point  varies,  a  small  but  variable  correction 
must  be  made  in  order  to  refer  distances  to  the  centre  of  the  instrument. 

Telescopes  Consisting  only  of  an  Object  Glass  and  ICyeimece 

If  a  telescope,  of  the  type  in  which  no  internal  focussing  lens  is  fitted,  is  intended 
for  stadia  work,  the  marks  in  the  focal  plane  of  the  object  glass  are  usually  so  spaced 
that  the  length  of  that  portion  of  the  levelling  staff,  the  image  of  which  falls  between 
the  two  marks,  is  one-hundredth  of  the  distance  from  the  object  to  the  anallatic 
point  of  the  telescope,  a  relationship  which  is  true  for  all  distances  of  the  object. 

In  Fig.  I ,  /i  is  the  object  glass,  A  the  anallatic  point  (situated  on  the  axis  of  the 
telescope  and  at  a  distance  F,  equal  to  the  focal  length  of  the  object  glass  in  front  of 
the  latter),  O  the  centre  of  the  instrument,  Gil  the  focal  plane  of  the  object  glass 
for  infinite  rays,  gh  the  focal  plane  of  the  object  glass  for  objects  at  short  distance, 
and  X  the  distance  of  the  object  glass  from  the  centre  of  the  instrument. 
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Let  two  principal  rays,  in  the  plane  of  the  figure,  make  equal  angles  with  the 
axis  of  the  telescope  and  pass  through  the  anallatic  point  A ;  after  refraction  by  the 
object  glass  B  they  will  emerge  parallel  and  meet  the  focal  planes  GH  and  gh  in 
the  points  G",  //  and  g,  h.  'I'he  marks  G,  II  and  g,  h  are  spaced  to  correspond  to  a 
particular  value  of  the  angle  a  between  the  principal  rays  and  it  will  be  seen  that, 
as  the  pencils  of  rays,  two  principal  rays  only  of  which  are  shown,  must  form  their 
image  points  at  positions  along  the  parallel  principal  rays  between  the  planes  GH 
and  gh,  the  same  system  of  marks  will  always  correspond  to  the  same  angle  a 
between  the  principal  rays  no  matter  in  what  plane  the  pencils  of  rays  form  their 
image  points. 

All  distances  deduced  from  the  stadia  intercept  are  therefore  referred  to  the 
anallatic  point  A  and  can  be  corrected  to  the  centre  of  the  instrument  by  adding 
a  linear  constant  F  +  x.    We  have  assumed  the  dimensions  of  .v  to  be  constant, 
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Fig.  2. 


which  will  be  the  case  if  the  focussing  adjustment  takes  place  at  the  eye  end  of  the 
telescope.  If  the  focussing  adjustment  takes  place  at  the  object  glass  end  the 
constant  becomes  F  +  x-\-  y,  where  y  is  the  distance  through  which  the  object  glass 
is  moved  from  its  position  when  focussed  for  infinite  objects  in  order  to  focus  on 
a  near  object. 

The  only  advantages  that  can  be  claimed  for  this  type  of  telescope  are  the  small 
loss  of  light  and  the  small  number  of  glass  surfaces  to  clean. 


PoRRo's  Telescope,  Consisting  of  an  Object  Glass, 
Anallatic  Lens,  and  Eyepiece 
In  the  Porro  telescope  all  distances  deduced  from  the  stadia  intercept  are  auto- 
matically referred  to  the  centre  of  the  instrument  as  the  introduction  of  the  anallatic 
lens  causes  the  anallatic  point  to  coincide  with  the  centre  of  the  instrument. 
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In  Fig.  2,  B  is  the  object  glass,  A  the  anallatic  point  situated  on  the  vertical  axis 
of  the  instrument,  F  the  anallatic  lens,  GH  the  focal  plane  of  the  combined  object 
glass  and  anallatic  lens  for  infinite  rays,  and  gh  the  focal  plane  for  objects  at  short 
distance. 

Let  two  principal  rays,  in  the  plane  of  the  figure,  making  equal  angles  with  the 
axis  of  the  telescope,  be  directed  to  the  anallatic  point  A  before  passing  through 
the  object  glass;  after  refraction  by  the  object  glass  they  will  meet  at  the  point 
C  (which  we  will  call  the  secondary  anallatic  point)  on  the  axis  of  the  telescope  and 
after  diverging  pass  through  the  anallatic  lens  F  which  is  situated  at  a  distance /i 
from  C  equal  to  its  focal  length.  After  passing  through  the  anallatic  lens  F,  which 
is  collective,  the  principal  rays  will  emerge  parallel  and  meet  the  focal  planes  GH 
and  gh  in  the  points  G,  H  and  g,  h.  As  before  the  marks  G,  H  and  g,  h  are  spaced 
to  correspond  to  a  particular  value  of  the  angle  a  beUveen  the  principal  rays,  and 
as  these  rays  emerge  parallel  after  passing  through  the  anallatic  lens,  the  same  system 
of  marks  will  always  correspond  to  the  same  angle  between  the  principal  rays,  no 
matter  in  what  plane  the  pencils  of  rays  form  their  image  points. 

All  distances  deduced  from  the  stadia  intercept  are  therefore  referred  to  both 
the  anallatic  point  A  and  the  centre  of  the  instnnnent  and  no  constant  is  required. 

We  have  assumed  the  focussing  adjustment  to  take  place  at  the  eye  end  of  the 
telescope,  but  should  it  take  place  at  the  object  glass  end,  the  position  of  the  anallatic 
point  will  no  longer  coincide  with  the  centre  of  the  instrument  when  the  telescope 
is  focussed  on  near  objects  and  a  small  plus  correction  will  be  theoretically  required. 

The  one  important  advantage  that  can  be  claimed  for  Porro's  telescope  is  the 
abolition  of  the  constant. 


The  Internal  Focussing  Telescope,  Consisting  of  an  Object  Gl.^ss, 
Focussing  Lens,  and  Eyepiece 

An  investigation  of  the  position  of  the  anallatic  point  is  more  complicated  in 
the  case  of  the  internal  focussing  telescope,  partly  owing  to  changes  that  take  place 
in  the  equivalent  focal  length  of  the  combined  object  glass  and  negative  lens  when 
focussed  for  objects  at  different  distances,  and  partly  owing  to  the  changes  tiiat  take 
place  in  the  positions  of  the  principal  points  of  the  combination.  This  suiiject  has 
been  thoroughly  dealt  with  by  Major  E.  O.  Ilenrici*. 

F"or  distant  objects  the  correction  is  approximately  half  the  equivalent  local 
length  of  the  telescope  and  for  very  short  distances  may  be  considerably  less.  Fig.  3 
is  a  curve  giving  the  separation  between  the  anallatic  point  and  the  centre  of  the 
instrument  for  an  11 -inch  telescope  with  the  object  at  difl^erent  distances.  It  might 
be  thought  that  a  correction  of  this  magnitude  was  negligible,  but  there  is  still  a 
steady  demand  for  the  Porro  tacheometer  and  there  are  evidently  surveyors  who 
appreciate  a  thoroughly  anallatic  telescope. 

•  E.  O.  Henrici,  "The  Use  of  Tclescopfs  with  Inicrnal  KoiussiiiK  for  Stadia  Surveying," 
Tram.  Opt.  Soc.  22  (1920-21)  20. 
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A  New  Internal  Focussing  Telescope  Consisting  of  an  Object  Glass, 
Three  Internal  Lenses,  and  an  Eyepiece 

Before  describing  a  new  internal  focussing  telescope,  which  is  perfectly  anallatic, 
and  for  which  patent  application  has  been  made,  it  is  necessary  to  refer  briefly  to 
the  combination  of  lenses  shown  in  Fig.  4,  where  Z)  is  a  collective  lens  of  focal 
length /and  E  a  dispersive  lens  of  focal  length  —  /,  both  situated  on  the  same  optical 
axis  with  a  variable  separation  K. 

The  first  principal  point  Pj  of  the  combination  will  be  at  a  distance/,  equal  to 
its  own  focal  length,  from  the  collective  lens  D,  while  the  second  principal  point  Pj 


Fig.  4. 

of  the  combination  will  also  be  at  a  distance/,  equal  to  its  own  focal  length,  from 
the  dispersive  lens  E,  both  principal  points  being  situated  on  the  axis  with  the 
collective  lens  D  coming  between  them  and  the  dispersive  lens  E. 

It  will  further  be  apparent  from  Fig.  4  that  if  the  collective  lens  D  is  fixed  in 
position  and  the  dispersive  lens  E  receives  a  longitudinal  movement  through  the 
distance  K,  the  first  principal  point  P^  of  the  combination  will  be  fixed  in  position 
while  the  second  principal  point  P,  of  the  combination  will  move  through  a  distance 
K  equal  to  the  distance  through  which  the  dispersive  lens  E  has  been  moved ;  tor, 
being  situated  at  the  constant  distance  /  from  the  dispersive  lens  E,  it  necessarily 
moves  with  this  lens. 

The  two  principal  rays,  making  an  angle  «  with  one  another,  and  passing  before 
refraction  through  the  first  principal  point  Pj  of  the  combination,  will  after  re- 
fraction by  the  collective  lens  D  emerge  parallel  to  the  axis  and  after  further  refraction 
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bv  the  dispersive  lens  E  will  appear  to  proceed  from  the  second  principal  point  P., 
of  the  combination.  After  passing  through  the  lenses  D  and  E,  the  angle  a  between 
the  tvvo  principal  rays  will  be  unchanged,  though  P^,  the  vertex  of  the  angle  « 
before  refraction,  has  been  transferred  longitudinally  to  Po  after  refraction,  that  is, 
through  a  distance  K  equal  to  the  axial  separation  between  the  lenses  D  and  E. 

The  combined  effect  of  the  dispersive  lens  E,  of  focal  length  — /,  and  the 
collective  lens  Z),  of  focal  length  +/,  with  a  variable  separation  K,  is  exactly 
equivalent  to  that  of  a  variable  power  collective  lens,  of  focal  length  /-A',  situated 
at  the  first  principal  point  P^  of  the  combination  to  receive  the  light  in  question  and 
longitudinally  transferred  through  a  distance  K  (equal  to  the  axial  separation  between 
the  two  lenses  D  and  E)  to  the  second  principal  point  P,  of  the  combination  to  dis- 
charge the  transmitted  light.  Such  a  combination  cannot  exert  collective  effect 
on  those  rays  which  proceed  to  a  focus  in  the  principal  plane  containing  the  first 
principal  point  Pj ,  but  will  exert  a  variable  collective  effect  in  the  case  of  any  other 
rays  passing  through  the  combination,  and  converging  to  or  diverging  from  points 
in  planes  other  than  the  principal  planes. 

Our  object  now  is  to  apply  the  optical  combination  shown  in  Fig.  4  to  the 
telescope  in  Fig.  2  in  order  to  obtain  all  the  advantages  of  an  internal  focussing 
telescope,  while  still  retaining  the  advantage  of  the  Porro  telescope,  for  if  by  such 
means  we  can  obtain  the  effect  of  a  variable  power  collective  lens  at  the  secondary 
anallatic  point  C  (Fig.  2)  where  the  principal  rays  cross  the  axis  of  the  telescope, 
such  an  equivalent  lens  will,  as  we  have  shown,  cause  the  pencils  of  rays  to  form 
their  image  points  in  different  planes  along  the  principal  rays  and  provide  a  means 
whereby  the  image  plane  can  be  brought  back  from  the  plane  gh  to  the  plane  Gil. 

This  effect  can  be  obtained  by  the  introduction  of  the  combination  shown  in 
Fig.  4.  To  obtain  this  result,  the  first  principal  point  P,  of  the  combination  must 
always  coincide  with  the  fixed  secondarj-  anallatic  point  C,  and  therefore  the 
collective  lens  D  must  be  fixed  in  position.  As  the  dispersive  lens  E  is  capable  of 
a  longitudinal  movement  through  the  distance  K,  the  second  principal  point  P., 
of  the  combination  will  also  move  through  the  same  distance  A.'  and  be  compensated 
by  a  similar  longitudinal  movement  of  the  anallatic  lens  F  (Figs.  5  and  6),  which 
can  be  mounted  in  the  same  longitudinally  adjustable  cell  as  the  dispersive  lens  E 
with  an  axial  separation  5,  such  that  the  point  P^j  is  at  a  focus  of  both  the  lenses 
E  and  P. 

Referring  to  Fig.  5,  the  principal  rays  proceed  in  exactly  the  same  manner  as 
we  have  already  described  with  reference  to  Fig.  2,  until  they  pass  through  the 
collective  lens  D  and  the  dispersive  lens  E,  of  focal  length  I  /  and  /  respectively. 
As,  however,  these  two  lenses  are  in  close  contact,  they  exercise  no  refractive  eflect 
on  the  principal  rays  in  question  which  pass  on  unchanged  in  either  direction  or 
divergence  until  they  are  received  by  the  third  lens  /•',  of  focal  length/,.  As  the 
point  C  is  at  the  focus  of  the  collective  lens  /•",  the  principal  rays  passing  through 
C  will  emerge  from  P  in  a  direction  parallel  to  the  axis  and  meet  the  focal  plane  GH 
in  two  points  G'  and  //,  where  the  image  points  are  formed  by  the  pencils  of  rays 
from  an  infinite  oliject,  the  principal  rays  of  wliicli  wc  have  been  coiisiilering. 
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If  now  the  telescope  is  directed  to  a  near  object,  the  pencils  of  rays  will  still 
come  to  a  focus  along  the  same  principal  rays  but  in  a  plane  gh  more  remote  from 
the  objective  B.  In  order  to  bring  the  focal  plane  back  to  GH,  in  which  plane  the 
marks  G  and  //  are  situated,  the  cell,  in  which  the  lenses  E  and  F  are  mounted  with  a 
fixed  separation  5,  is  moved  through  a  distance  K  (Fig.  6)  until  the  pencils  are  once 
more  brought  to  a  focus  in  the  plane  GIL 

The  principal  rays  passing  through  C  (Fig.  6)  will  now  emerge  parallel  to  the 
axis  after  passing  through  the  collective  lens  D,  of  focal  length  +/,  and  after  passing 
through  the  dispersive  lens  E,  of  focal  length  — /,  will  diverge  as  if  they  came 
from  a  point  P,  on  the  axis,  separated  from  C  by  a  distance  K,  which  is  also  the 
distance  through  which  the  lenses  E  and  F  have  been  moved.  Consequently  the 
point  Pa  is  still  at  the  focus  of  the  collective  lens  F,  of  focal  length  /i ,  and  the 

Fig-  5- 


Fig.  6. 

principal  rays  will,  after  passage  through  the  lens  P,  emerge  parallel  to  the  axis 
and  under  exactly  the  same  conditions  as  in  Fig.  5  and  will  meet  the  focal  plane  in 
the  same  two  points  G  and  H,  where  the  image  points  corresponding  to  points  in 
a  near  object  will  be  formed  by  the  pencils  of  rays  as  before. 

For  all  positions  of  the  sliding  cell  in  which  the  lenses  E  and  F  are  mounted 
between  the  lens  D  and  the  focal  plane  G//,  the  two  principal  rays,  originally 
directed  to  the  point  A  and  making  an  angle  a  with  one  another,  will,  after  passage 
through  the  three  lenses  D,  E,  and  P,  emerge  in  a  direction  parallel  to  the  axis  and 
pass  through  the  two  fixed  points  G  and  H,  where  by  a  suitable  longitudinal 
adjustment  of  the  cell  the  image  points  will  always  be  formed,  provided  that  the 
object  is  within  the  range  of  focus  of  the  telescope. 

The  marks  G,  H  in  the  focal  plane  therefore  correspond  to  the  same  angle  a 
between  the  entering  principal  rays,  quite  irrespective  of  the  distance  of  the  object, 
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and  since  the  principal  rays  are  before  refraction  directed  to  the  anallatic  point  of 
the  telescope,  which  coincides  with  the  centre  of  the  instrument,  it  follows  that 
the  telescope  is  perfectly  anallatic  for  all  distances  within  the  compass  of  the 
telescope. 

It  may  be  of  interest  to  summarize  here  the  advantages  generally  claimed  for 
the  internal  focussing  telescope,  in  order  to  determine  what  is  sacrificed  to  obtain 
the  perfectly  anallatic  system  in  the  new  instrument. 

The  advantages  claimed  for  the  internal  focussing  telescope,  fitted  u-ith  a  negative 
lens,  are: 

(a)  The  fixed  and  shorter  overall  length  of  the  telescope  enables  lower,  lighter, 
and  more  rigid  standards  to  be  used,  while  still  allowing  both  ends  of  the  telescope 
to  transit  at  all  distances. 

(b)  The  telescope  can  be  made  air-  and  water-tight. 

(c)  The  abolition  of  drawn  brass  tubes  which  are  rarely  perfectly  straight  or 
circular. 

(d)  The  telescope  is  less  sensitive  to  collimation  errors. 

Against  these  real  advantages  must  be  set  the  disadvantage  of  a  slight  loss  of 
light,  the  balance  being  generally  considered  much  in  favour  of  the  internal  focussing 
telescope  as  compared  with  the  earlier  form. 

The  advantages  claimed  for  the  nezc  internal  focussing  telescope  are: 

First  and  foremost  it  is  perfectly  anallatic. 

It  also  possesses  in  full  the  advantages  {a),  (b),  and  (r)  given  above  with  reference 
to  the  internal  focussing  telescope  and  although  the  advantage  (d)  is  modified  there 
is  no  difficulty  in  maintaining  perfect  collimation  at  all  distances. 

Just  as  the  internal  focussing  telescope  obtains  its  advantages  at  the  expense 
of  a  slight  loss  of  light,  so  this  new  telescope  obtains  the  advantage  of  its  anallatic 
properties  at  the  expense  of  a  further  slight  loss  of  light  which  is  only  noticeable 
when  the  lighting  conditions  are  so  bad  that  it  is  difficult  to  take  accurate  readings 
with  any  type  of  telescope. 

The  two  telescopes  are  identical  as  regards  the  perfection  of  the  optical  corrections 
and  the  resolving  power. 


DISCUSSION 

Major  E.  O.  Ilenrici:  The  method  of  obtaining  a  perfectly  anallatic  internal 
focussing  telescope  is  most  interesting  and  is  very  clearly  described.  .Most  sur- 
veyors, however,  consider  that  the  advantages  of  the  Porro  telescope  over  the 
simple  telescope  are  not  worth  the  extra  complication,  weight,  cost,  etc.,  involved, 
and  these  considerations  apply  with  at  least  equal  force  to  the  telescope  described, 
as  compared  with  the  ordinary  internal  focussing  telescope.  For  many  classes  of 
work  the  additive  constant  is  negligible,  especially  with  the  internal  focussing 
telescope,  but  if  the  highest  accuracy  possible  is  required  it  must  be  allowed  for, 
and  it  is  also  necessary  to  determine  the  multiplying  constant  under  the  actual 
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average  conditions  of  use,  as  this  "constant"  depends  on  atmospheric  refraction 
and  consequently  varies  under  different  conditions.  In  such  a  case  this  constant 
is  unHkely  to  be  exactly  100,  consequently  it  saves  time  to  construct  a  table  con- 
necting true  range  with  staff  intercept,  and  if  this  is  done  it  is  practically  no  trouble 
to  allow  for  the  actual  additive  constant  in  the  table. 

Mr  T.  F.  Connolly:  The  anallatic  principle  in  subtense  work  has  been  greatly 
appreciated  for  many  years.  The  author  combines  this  with  the  modern  device  of 
an  internal  focussing  lens.  The  combination  has  the  defects  of  inevitable  extra 
complexity  and  cost.  For  exacting  work  and  where  these  disadvantages  do  not 
apply  it  should,  however,  be  greatly  appreciated. 

With  the  ordinary  internal  focussing  telescope,  in  spite  of  some  catalogue 
statements  to  the  contrary,  the  "constant"  is  not  negligible.  In  fact,  for  distances 
less  than  16  ft.,  with  a  standard  ii-inch  instrument  the  variation  in  the  constant 
becomes  of  importance. 

The  author  is  to  be  congratulated  on  an  excellent  piece  of  optical  design. 

Mr  T.  Smith:  In  connection  with  Mr  Connolly's  remarks,  I  might  point  out 
that  it  is  possible  to  construct  an  internal  focussing  telescope  having  only  two  lenses 
apart  from  the  eyepiece,  which  will  record  all  distances  correctly  between  suitable 
working  distances  to  an  arbitrarily  fixed  degree  of  accuracy,  and  that  the  con- 
struction may  be  arranged  to  make  the  "constant"  zero*. 

Mr  Taylor  is  to  be  congratulated  on  the  system  he  has  designed  and  so  lucidly 
described.  His  paper,  however,  seems  to  give  the  impression  that  the  introduction 
of  lenses  of  opposite  sign  but  numerically  equal  power  is  necessary  for  the  con- 
struction of  such  a  system.  To  my  mind  this  does  not  enter  into  the  problem  at  all, 
but  the  vital  factor  is  the  use  of  a  moving  telescope  for  focussing.  With  four  or 
more  lenses  there  are  an  indefinite  number  of  solutions  to  the  problem,  but  for 
practical  purposes  it  is  desirable  to  have  only  one  portion  which  moves  for  focussing. 
Advantages  are  secured  by  having  the  leading  lens  and  the  graticule  fixed.  The 
most  general  arrangement  then  consists  of  an  optical  system  divisible  into  three 
parts,  which  in  the  order  in  which  they  are  met  by  the  light  are 

I.  A  fixed  system  of  lenses. 

II.  A  focussing  system  which  moves  as  a  whole. 

III.  A  fixed  system  of  lenses  followed  by  a  fixed  graticule. 

The  third  system  of  lenses  may  be  dismissed  at  once  from  further  consideration 
by  noting  that  for  this  discussion  the  real  graticule  may  be  replaced  by  its  image 
in  this  system.  The  instrument  will  only  give  correct  values  for  distances  if  the 
constant  separation  of  the  stadia  lines  in  the  image  space  corresponds  to  a  constant 
angle  in  the  object  space.  In  other  words  the  power  of  the  combination  I  and  II 
must  be  constant  in  spite  of  their  varying  separation.  This  requires  one  or  other 
of  them  to  be  telescopic.  Again  the  vertex  of  the  constant  angle,  which  is  the  first 
principal  focus  of  the  combined  system,  must  be  a  fixed  point  of  the  instrument,  and 
therefore  the  part  which  is  of  finite  focal  length  must  be  stationary.  Thus  the 

•  For  details  see  Phil.  Mag.  41  (1921)  890. 
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focussing  system  II  is  telescopic,  and  if  it  is  displaced  axially  through  a  distance  x 
the  displacement  of  the  second  principal  focus  of  the  combined  systems  I  and  II 
will  be  (i  —  I //«^).v,  where  m  is  the  magnifying  power  of  the  focussing  telescope. 

The  anallatic  properties  of  the  system  have  nothing  to  do  with  the  focussing 
telescope,  but  depend  entirely  on  the  fixed  system  I.  If  a  zero  correction  is  required, 
system  I  must  consist  of  at  least  two  separated  lenses.  Let  their  powers  be  k,  and  Ko, 
t  the  separation  of  their  internal  principal  planes,  and  c  the  distance  at  which  the 
focus  is  to  be  behind  the  first  principal  plane  of  the  first  lens.  Then,  if  the  power  of 
system  I  is  ^1,  that  of  systems  I  and  II  combined  will  be  mA,  and  the  construction 
of  I  is  given  by  the  normal  conditions 

A  =  {i  +  CK^)^K.=  (i   -  Ac)!t. 

Mr  Taylor:  Major  Henrici's  remarks  call  for  no  comment  from  me,  but  it  is 
very  interesting  to  know  the  considered  opinion  of  the  Ordnance  Survey  Depart- 
ment. A  steady  demand  for  Porro  telescopes  still  exists,  and  tliis  seemed  to  justify 
an  attempt  to  design  an  anallatic  internal  focussing  telescope. 

My  own  views  are  much  as  expressed  by  Mr  Connolly,  and  I  am  interested  to 
know  that  in  his  opinion  such  a  telescope  may  be  of  value  for  exacting  work. 

While  admiring  .Mr  Smith's  generalized  method  of  attacking  the  problem,  I  had 
personally  come  to  the  conclusion  that  it  was  impossible  to  construct  an  internal 
focussing  telescope,  having  only  two  lenses,  with  a  zero  constant,  though  I  realized 
that  the  constant  might  be  zero  for  one  particular  object  distance.  In  Mr  Smith's 
hands  the  problem  appears  to  have  a  greater  number  of  solutions  than  I  had  thought 
possible,  but  I  do  not  entirely  follow  him  when  he  says  that  "the  anallatic  pro- 
perties of  the  system  have  nothing  to  do  with  the  focussing  telescope,  but  depend 
entirely  on  the  fixed  system."  I  regret  that  I  have  not  seen  the  paper  to  which  he 
refers,  which  deals  with  this  prolilem. 
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ABSTRACT.  A  description  is  given  of  a  sloping  bench  which  is  suitable  for  the  familiar 
auto-collimation  "star"  test  of  telescope  object  glasses.  Fine  mercury  globules  scattered 
into  black  velvet  are  used  to  form  artificial  stars. 


Introduction 
The  bench  described  in  the  following  note  was  made  to  the  design  of  the  present 
writer  two  or  three  years  ago,  and  it  has  proved  so  useful  in  the  laboratory  that  a 
short  description  may  be  acceptable  to  members  of  the  Society. 

The  test  applied  is  the  familiar  auto-collimation  "star"  test  in  which  a  good 
silvered  plane  mirror  is  placed  behind  the  lens  under  examination.  The  system  then 
forms  an  image  of  an  artificial  star,  and  the  image  is  nearly  coincident  with  the 
star  object  itself,  but  a  slight  displacement  of  the  latter  enables  the  image  to  be 
examined  with  a  suitably  mounted  eyepiece  or  auxiliary  microscope.  Fig.  i  shows 
the  arrangement.  The  artificial  star  is  formed  by  the  image  of  the  ball  of  a  "  Pointo- 
lite"  lamp  reflected  by  a  small  steel  ball  or  a  globule  of  mercury.  The  lens  L  and 
the  mirror  R  produce  an  image  of  the  star  in  the  object  plane  of  the  microscope  M. 
As  is  well  known,  the  test  doubles  the  apparent  spherical  and  chromatic  errors  of 
the  lens  owing  to  the  double  transmission,  but  a  precaution  is  necessary  in  using 
this  method  to  test  for  coma. 
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In  the  usual  application  of  the  test  the  objective  and  eyepiece  of  the  microscope 
are  removed,  a  " squaring-on  "  eyepiece*  being  mounted  instead.  The  lens  is  then 
"squared-on,"  so  that  it  may  be  assumed  that  the  lens  and  microscope  are  co-axial. 
The  mirror  R,  previously  covered  over,  is  now  uncovered  and  the  artificial  star  is 
illuminated.  With  the  aid  of  the  adjusting  screws  of  the  mount  for  the  mirror,  the 
star  image  is  then  brought  into  the  field  of  the  observing  microscope  or  eyepiece. 
The  necessity  for  the  squaring-on  operation  is  apparent  when  consideration  is 
given  to  the  possibihty  shown  in  Fig.  2.  The  action  of  lens  L  and  mirror  R  is  iden- 
tical with  that  of  the  two  lenses  L  and  L' .  In  this  case  the  object  O  and  image  / 
are  symmetrically  disposed  with  regard  to  the  axis  of  the  lens,  for  the  reason  that 
the  mirror  is  normal  to  this  axis.  The  well-known  effects  of  a  symmetrical  optical 
system  now  enter  into  play,  with  the  result  that  even  if  the  lens  suff^ers  from  coma 
this  aberration  will  not  be  apparent  in  the  image  thus  formed.  In  order,  therefore, 
to  examine  the  extra-axial  performance  of  the  lens  by  the  auto-collimating  test  it 
is  important  to  secure  that  when  the  object  is  mounted  slightly  away  from  the  axis 
the  image  shall  be  brought  back  to  the  field  of  the  microscope  by  tilting  the  mirror, 
and  not  by  displacement  of  the  observing  point.  The  system  is  then  no  longer 
symmetrical  and  coma  will  become  apparent  if  it  is  present.  Unless  the  adjustments 
are  carefully  made,  it  is  quite  possible  that  the  condition  suggested  in  Fig.  2  may 
arise,  and  the  absence  of  apparent  coma  would  not  guarantee  its  absence  in  the 
ordinary  working  of  the  lens. 

The  ball  for  the  artificial  star  can  be  brought  within  a  few  tenths  of  an  inch 
from  the  axis  of  the  lens,  but  in  fact  the  images  examined  will  generally  correspond 
to  those  which  would  be  found  well  outside  the  field  of  an  ordinary  eyepiece. 
Subject  to  the  precautions  described  above,  therefore,  the  absence  of  characteristic 
coma  appearances  in  the  auto-coUimated  image  may  be  taken  to  indicate  the 
absence  of  this  defect  as  far  as  the  ordinary  employment  of  the  object  glass  is  con- 
cerned. Should  it  be  desired  to  test  the  images  still  further  from  the  axis,  the  most 
convenient  method  is  to  tilt  the  object  glass  itself  about  the  nearer  nodal  point. 
Arrangements  for  making  this  test  are  included  with  the  bench  described  below. 

Tiiii  Bench 

This  is  shown  in  Fig.  3  and  consists  essentially  of  a  T-girdcr  of  stout  well- 
seasoned  wood;  It  is  about  8  feet  in  length  and  has  one  end  supported  at  about 
4  feet  5  inches  from  the  ground.  The  construction  is  sufficiently  well  illustrated 
by  the  photograph.  Sliding  on  the  bench  is  a  wooden  carriage  holding  two  stout 
upright  boards  of  deal,  each  12"  x  18",  the  higher  being  pierced  centrally  with  a 
hole  4"  in  diameter.  Each  board  has  wedged  and  clamped  ends. 

The  lower  board  carries  the  circular  plane  4 J"  mirror;  this  rests  loosely  in  a 
shallow  circular  receptacle,  also  of  wood,  held  to  the  board  by  a  strong  spiral 
spring  in  tension  opposed  by  three  levelling  screws.  The  foot  of  each  screw  rests 
in  a  conical  hole  in  a  small  brass  iilate,  but  this  arrangement  could  advantageously 

•   Tram.  Opt.  Sue.  22  (iy20-2l)  235. 
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be  replaced  by  the  hole,  slot,  and  plane  device.  Needless  to  say,  the  quality  of  the 
mirror  must  be  above  suspicion. 
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The  upper  board  carries  the  object  glass.  This  is  held  in  an  iris  holder  on  the 
main  wooden  mount.  The  latter  (which  has  its  centre  removed)  rests  on  three 
levelling  screws  passing  through  the  extremities  of  brass  feet  screwed  to  the 
mount.  In  this  case  each  screw  has  its  opposing  spring,  the  strength  of  all  the 
springs  being  sufficient  to  prevent  the  ends  of  the  screws  leaving  the  corresponding 
holes  when  the  heaviest  object  glasses  which  the  bench  will  accommodate  are  under 
test. 

A  simple  supplementary  device  permits  the  lens  to  be  given  a  slight  rotation 
about  an  axis  perpendicular  to  its  own  optical  axis;  the  lens  may  also  be  adjusted 
with  respect  to  this  axis  of  rotation  so  that  the  latter  intersects  the  nodal  point. 
The  rotation  of  the  lens  is  effected  by  means  of  a  tangent  screw  with  flexible  control. 
In  this  manner  the  amount  of  the  rotation  can  be  determined. 

At  the  topmost  end  of  the  T-girder  is  mounted  a  short  piece  of  triangular 
optical  bench  which  carries  two  saddle  stands.  These  support  the  steel  ball  or 
mercur}-  globule  and  the  eyepiece  or  observing  microscope. 

The  main  advantages  of  the  arrangement  are  found  in  the  simplicity  of  the 
mounting  and  adjustments  for  lens  and  mirror;  the  simple  arrangements  possible 
on  a  sloping  bench  are  not  suitable  for  one  which  is  horizontal.  The  mirror  rests 
in  its  support  without  strain  and  is  in  no  danger  of  vibrating,  nor  is  there  any  fear 
of  its  falling.  Furthermore  tTie  point  of  observation  is  at  the  right  height  for  a 
person  when  standing;  and  the  downward  direction  of  view  is  generally  acknow- 
ledged to  be  comfortable. 

A  small  square  of  black  velvet,  mounted  on  cardboard,  will  retain  very  fine 
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mercury  globules  if  these  are  spattered  into  the  velvet  by  a  sharp  tap  on  a  larger 
drop  of  mercur}-.  These  fine  globules,  when  illuminated  by  an  image  of  the  ball 
of  a  "Pointolite"  lamp,  or  some  other  bright  source,  make  ideal  artificial  stars; 
it  is  possible  during  obser\'ation  to  get  such  stars  very  close  to  the  axis  if  they  lie 
near  the  edge  of  the  velvet. 

The  illumination  of  the  star  is  a  matter  for  individual  experiment,  although 
the  mercury  globule  and  "Pointolite"  lamp  are  convenient.  The  details  of  the 
test  will  doubtless  be  arranged  by  each  observer  to  suit  his  individual  needs.  It 
sufiices  here  to  call  attention  to  this  well-tried  method  of  testing  and  the  apparatus 
which  enables  it  to  be  carried  out. 

IMy  thanks  are  due  to  Professor  Cheshire  for  several  helpful  suggestions  in 
connection  with  the  method  of  testing  and  in  the  details  of  the  construction  of  the 
apparatus. 


DISCUSSION 

Capt.  Ainslie :  It  has  occurred  to  me  that  the  artificial  star — or  the  strip  carrying 
the  minute  globules  of  mercury  used  by  Dr  Martin — might  very  conveniently  be 
mounted  on  the  mechanical  stage  of  a  microscope,  and  the  image  viewed  by  a  low 
power  objective,  say,  a  2-inch,  with  a  short  tube  and  low  power  eyepiece.  The 
reflected  image  could  thus  be  brought  readily  into  the  plane  of  the  star,  and  easily 
centered  so  as  to  be  close  to  it ;  the  artificial  star  and  its  image  could  thus  be  made 
very  nearly  coincident,  without  the  employment  of  parallel  plates  set  at  45°,  which 
are  apt  to  give  double  images. 

Dr  Martin :  Capt.  Ainslie's  suggestion  would  be  very  convenient  under  some 
conditions,  but  not,  perhaps,  when  it  is  desired  to  perform  the  test  with  a  simple 
eyepiece  in  place  of  the  microscope,  as  is  usually  the  case  in  practice. 
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ABSTRACT.  An  account  is  given  of  the  experimental  determination  of  the  longitudinal 
chromatic  aberration  and  secondary  spectrum  of  telescope  object  glasses,  using  the  Hilger 
lens  testing  interferometer.  The  amount  of  mirror  displacement  necessary  to  give  the 
same  interference  pattern  for  different  wave-lengths  of  light  is  measured  by  a  screw  micro- 
meter. 


Introduction 
The  paper  by  Mr  J.  W.  Perry*,  recently  presented  to  the  Society,  on  the 
measurement  of  aberration  on  the  interferometer  gave  a  curve  showing  the  secondary 
spectrum  of  a  photographic  lens ;  this  had  been  derived  by  finding  the  required 
displacement  of  the  convex  mirror  of  the  apparatus  when  the  "best"  interference 
pattern  is  repeated  under  illumination  with  light  of  various  wave-lengths.  Within 
the  last  few  months  the  present  authors,  in  the  course  of  instructional  work,  had 
carried  out  a  few  simple  experiments  on  this  subject  and,  in  spite  of  the  fact  that 
the  first  description  of  the  method  has  now  been  anticipated,  a  short  account  of 
the  work  in  this  laboratory  may  prove  of  use  in  emphasizing  the  convenience  and 
accuracy  of  the  interferometer  for  tests  of  this  kind  and  also  in  clearing  up  one  or 
two  theoretical  points  in  connection  with  such  tests. 

The  Apparatus  Employed 

The  work  was  done  on  the  telescope  lens  attachment  to  the  ordinary  prism 
testing  interferometer,  in  which  collimation  of  one  of  the  reflected  beams  is  secured 
by  placing  a  convex  mirror  of  suitable  curvature  behind  the  object  glass  under  test. 
By  means  of  a  screw  the  mirror  is  displaced  until  its  centre  of  curvature  coincides 
with  the  focus  of  the  lens.  The  axial  aberrations  are  the  only  ones  which  can  be 
investigated  with  this  apparatus. 

For  sources  of  light  a  mercury  lamp  and  a  hydrogen  tube  were  employed,  the 
required  wave-lengths  of  red,  green,  blue,  and  violet  light  being  isolated  by  suitable 
colour  filters.  The  colour  filters  recommended  are  Wratten  filters  62  and  50  for 
the  mercur>'  green  and  violet  lines  respectively.  Nos.  27  or  29  serve  for  the  hydrogen 
red  line,  and  any  from  Nos.  44-49  will  give  the  hydrogen  blue-green  line  in 
sufficient  purity*. 

•  Trans.  Opt.  Soc.  25  (1923-24)  97. 
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The  disposition  is  shown  diagrammatically  in  Fig.  i .  The  hydrogen  tube  B  is 
mounted  near  the  pinhole  of  the  interferometer,  one  end  of  the  capillar}'  portion 
being  placed  at  the  focus  of  an  auxiliarj'  condenser  E,  and  the  movable  mirror  C  ii 
rocked  slightly  to  bring  either  the  mercun,'  light  (from  the  tube  A)  or  the  hydrogen 
light  into  the  instrument. 
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Fig.  1. 

In  the  first  simple  experiments  the  displacement  of  the  mirror  was  found  by 
mounting  a  circular  disc,  divided  to  tenths  and  twentieths  of  a  revolution,  behind 
the  crank  of  the  screw.  The  handle  served  as  a  pointer.  The  backlash  of  the  screw 
has  to  be  guarded  against.  A  cardboard  disc  with  a  series  of  holes  over  which 
were  mounted  the  (Wratten)  colour  filters  was  fitted  to  the  arm  carrying  the  viewing 
ring  of  the  instrument. 

The  "best"*  interference  pattern  is  found  for  each  available  wave-length  of 
monochromatic  light  and  the  reading  of  the  micrometer  is  noted.  Three  independent 
settings  were  made  for  each  colour;  it  was  found  possible  to  set  the  screw  con- 
sistently to  within  1/20  of  a  revolution  even  with  these  crude  arrangements. 

Results 
The   following  table  gives  an   example  of  the  experimental   results   for  an 
achromatic  telescope  object  glass  of  about  12*  focus  and  ij'  aperture. 
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•"or  the  meaning  of  this  term  see  below. 
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The  results  given  in  the  table  are  shown  in  Fig.  2,  No.  10.  In  order  to  test  the 
method  further  it  was  applied  to  a  series  of  telescope  objectives  by  Messrs  Cooke, 
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Fig.  2.   Displacements  of  foci  of  various  colours. 
Nos.  1,  2,  6,  7,  8,  9,  10  refer  to  lenses  in  a  "pathological"  set  of  telescope  object  glasses  designed 

by  Messrs  Cooke,  Troughton  and  Simms,  Ltd.,  to  exhibit  errors  in  construction. 
Nos.  I,  2,9,  to:  Colour  correction  good. 

Nos.  6  and  8:  Over-correction  (moderate  and  abnormal  respectively). 
No.  7:  Visual  under-correction. 
Aldis  lens :  Photographic  ( 


Troughton  and  Simms,  Ltd.,  specially  supplied  to  exhibit  various  aberrational 
errors.  Some  of  the  resulting  curves,  and  also  a  curve  for  an  Aldis  photographic 
lens,  are  shown  in  Fig.  2.  A  measurement  for  the  yellow  region  would  have  been 
desirable.  This  could  be  well  obtained  from  a  helium  vacuum  tube  using  the 
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helium  line  •5876/i,  but  the  apparatus  was  not  available  at  the  time  of  the  experi- 
ments. The  mercury  yellow  lines  are  not  suitable  for  the  work.  No  filter  will  isolate 
one  of  them  and  they  give  two  interference  patterns  which  overlap,  thus  producing 
a  somewhat  indefinite  result. 

All  the  above  tests  have  been  repeated  by  Messrs  G.  H.  Carruthers  and 
A.  W.  Smith,  students,  with  practically  identical  results.  The  possibility  of  easily 
securing  consistent  results  may  be  taken  as  proved.  It  remains  to  show  that  the 
displacement  of  the  mirror  truly  represents  the  chromatic  aberration  of  the  focus. 

Interpolation  Formula 
In  case  it  is  desired  to  interpolate  between  the  points  actually  found  by  experi- 
ment on  the  curve  of  chromatic  aberration,  a  simple  formula  giving  ample  accuracy 
well  within  the  limits  of  experimental  error  may  be  easily  found,  viz. 

where  8  is  the  displacement  of  focus,  P,  O,  and  R  are  constants,  and  A  is  the  wave- 
length. A  formula  of  this  type  was  employed  in  finding  the  position  of  the  minimum 
focus  in  the  cases  shown  in  Fig.  2. 

Theoretical  Considerations 

The  wave-front  of  the  light  after  passing  through  the  plano-convex  collimator 
lens  of  the  interferometer  is  by  no  means  plane.  Its  curvature  will  clearly  vary 
with  the  wave-length  of  the  light  and  it  will  be  subject  to  more  or  less  spherical 
aberration.  It  suffices,  however,  to  produce  a  perfectly  uniform  interference  field 
if  the  combination  of  lens  plus  mirror  is  always  the  optical  equivalent  of  a  plane 
reflecting  surface.  The  interfering  wave-fronts  are  not  strictly  plane  but  their 
curvatures  bear  a  point  to  point  resemblance  when  the  movable  plane  mirror  of 
the  instrument  is  at  the  requisite  distance  from  the  half-silvered  mirror.  The 
interference  efl^ects  are  then  at  their  maximum  visibility. 

When  the  lens  suffers  from  aberration  for  any  given  wave-length  of  light  the 
convex  mirror  will  be  adjusted  till  the  best  pattern  is  obtained.  This  pattern  cor- 
responds, in  general,  to  the  appearance  of  the  minimum  number  of  visible  fringes, 
but  just  as  it  is  often  difficult  to  judge  the  best  focus  when  observing  the  image 
given  by  a  lens,  so  the  best  interference  pattern  is  not  necessarily  very  easy  to 
select.  A  similar  topic  was  discussed  in  a  previous  paper  by  one  of  us*.  In  the 
case  illustrated  in  Fig.  3  there  is  a  characteristic  pattern  due  to  some  astigmatic 
error  in  the  lens.  This  comes  out  most  clearly  for  any  wave-length  when  that 
part  of  the  fringe  system  due  to  the  residual  symmetrical  aberration  has  been 
reduced  to  a  minimum  by  a  careful  choice  of  focus. 

With  short  wave-lengths  the  fringes  exhibiting  irregularities  of  figure  are 
necessarily  closer  together  than  with  long  wave-lengths,  for,  supposing  that  in 

•  "A  Physical  Study  of  Spherical  Aberration,"  Tram.  Opt.  Soc.  23  (1921-22)  63. 
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some  part  of  an  optical  system  there  is  a  region  in  which  the  thickness  of  trans- 
mitting material  in  air  increases  to  an  excess  t  over  its  proper  amount  in  the  direction 


(a)  green  light  (b)  violet  light 

in  which  the  light  travels,  the  maximum  difference  8  of  phase  thus  introduced  is 
expressed  by 

where  A  is  the  wave-length  and  A'^  is  the  refractive  index.  The  photographs  (Fig.  3) 
exhibit  clearly  the  increased  number  of  bands  given  by  violet  light,  but  it  is  evident 
that  the  general  characteristics  of  the  contour  map  will  be  preserved. 

The  focus  found  by  the  interferometer  will  be  the  best  physical  focus  in  all 
cases,  and  this  will  take  into  account  the  effects  (if  any)  of  the  chromatic  variation 
of  spherical  aberration. 

Minor  Objections 

There  are  one  or  two  minor  objections  which  might  be  urged  against  the 
method.  It  is  well  known  that  the  spherical  aberration  of  a  lens  varies  with  the 
distance  of  the  object  point.  As  has  already  been  pointed  out,  the  curvature  of  the 
wave  after  leaving  the  collimator  lens  will  vary  to  some  extent  with  the  wave-length ; 
this  corresponds  to  an  alteration  of  the  distance  of  the  object  point.  The  incident 
waves  are  also  subject  to  aberrational  distortion  varying  with  the  wave-length. 
It  is  safe,  however,  to  say  from  experience  that  the  magnitude  of  the  variation  of 
spherical  aberration  caused  in  the  test  lens  by  this  effect  is  altogether  negligible. 
The  calculation  could  easily  be  made  if  required. 

With  a  lens  of  very  bad  figure  small  errors  might  at  first  sight  be  considered 
to  be  caused  by  the  fact  that  a  ray  which  enters  through  one  zone  of  the  lens  emerges 
through  a  different  zone,  and  there  would  be  variations  of  this  action  with  varying 
wave-length.  To  demonstrate  the  negligibility  of  this  effect  it  sufiices  to  calculate 
the  angular  deviation  of  a  part  of  the  interfering  wave-front  showing  the  large 
amount  of,  say,  twent}'  fringes  per  centimetre.  This  corresponds  to  a  retardation 
of  twenty  wave-lengths  per  centimetre  or  say  lo/x  per  cm.  and  means  an  angle  of 
•001,  or  somewhat  less  than  4  minutes  of  arc.    It  is  at  once  seen  that  the  lateral 
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departures  of  the  rays  from  their  proper  positions  are  not  sufficient  in  any  ordinary 
case  to  cause  confusion  on  this  account. 

If  the  plate  carrjing  the  half-silvered  mirror  has  been  figured  to  any  extent, 
the  correction  can  only  be  valid  for  one  wave-length  and  slight  modifications  of 
the  true  interference  pattern  for  the  lens  might  be  obtained  with  other  colours. 
The  magnitude  of  this  effect,  however,  is  doubtless  much  below  any  amount  which 
could  possibly  affect  the  measurement  of  chromatic  aberration. 

Conclusion 
The  conclusion  we  reach  is  that  when  the  necessary  apparatus  is  available  the 
method  described  above  is  one  of  the  most  accurate  and  convenient  ways  of 
measuring  the  chromatic  aberration  of  lens  systems  which  can  be  dealt  with  on 
this  t)'pe  of  interferometer. 

DISCUSSION 

Mr  J.  W.  Perry:  The  interesting  results  obtained  by  Dr  Martin  and  Mr  Kings- 
lake  corroborate  the  conclusions  embodied  in  the  recent  paper  by  the  writer  on 
"The  Determination  of  Aberrations*,"  which,  dealing  more  particularly  with  the 
monochromatic  aberrations,  gave  indication  also  as  to  how  the  more  obvious 
procedure  of  determining  the  chromatic  aberration  should  be  carried  out.  Hut  the 
hazy  notion  of  focussing  for  the  "best"  focus,  which  in  any  intended  case  involves 
an  uncertain  judgment  by  the  observer,  appears  to  be  imputed,  erroneously,  to 
the  writer;  whereas  the  methods  described  and  nomenclature  employed  {loc.  cit.) 
are  free  from  this  uncertainty  which  still  characterizes  the  work  of  Dr  Martin  and 
Mr  Kingslake,  and  which  is  not  proved,  simply  by  the  absence  of  personal  in- 
consistencies, to  be  without  significance.  I  would  suggest  that  it  were  better  if 
the  chromatic  and  the  spherical  aberrations  were  considered  separately,  coUimation 
being  effected  in  individual  tests  specifically  for  the  radiation  employed.  The 
authors  have,  by  this  paper,  made  available  a  very  desirable  addition  to  our  present 
knowledge  upon  this  subject  in  general. 

Dr  Martin  and  Mr  Kingslake:  Mr  Perry's  paper  has  not  appeared  in  type  at 
the  moment  of  writing,  but  we  regret  that  we  may  have  given  a  wrong  impression 
in  referring  to  his  methods.  The  interesting  result  from  the  practical  point  of  view 
is  the  chromatic  variation  of  the  best  physical  focus.  We  select  the  pattern  giving 
the  minimum  number  of  fringes  as  corresponding  to  this  best  physical  focus,  but 
we  tried  to  point  out  that  it  is  not  thereby  certain  that  this  pattern  really  corresponds 
to  the  focus  which  would  be  used  in  all  cases.  This  is  a  question  at  present  un- 
settled and  the  only  "haziness"  arises  on  this  account.  In  designing  a  lens  one  has 
of  course  to  consider  spherical  and  chromatic  aberrations  separately,  but  Mr  Perry's 
suggested  procedure  of  a  separate  collimation  for  individual  wave-lengths  was 
considered  needless  for  the  purpose  in  hand.  There  is  no  occasion  to  try  to 
separate  out  any  spherical  aberration  effects  when  measuring  chromatic  aberration, 
unless  it  is  desired  to  check  the  results  of  paraxial  computations  of  chromatic  error. 
•   Trans.  Opt.  Soc.  25  (1923-24)  97. 
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ABSTRACT.  An  attempt  to  explain  the  various  appearances  observed  in  the  Foucault 
knife-edge  test  led  to  the  construction  of  accurate  three-dimensional  models  of  pencils 
of  light  afflicted  with  aberrations  present  singly  or  in  pairs.  These  models  are  based  on 
equations  for  the  geometrical  interpretation  of  the  Seidel  aberrations.  With  their  aid  the 
test  appearances  are  explained. 

Introduction 
The  Foucault  knife-edge  test*  is  known  to  be  in  general  use  as  a  means  of  testing 
the  radii  of  curvature  and  the  quality  of  the  surfaces  of  large  reflectors.  The  test 
seems  to  be  less  known  as  a  possible  means  of  testing  satisfactorily  the  performance 
of  comparatively  small-aperture  refractors.  With  a  view  to  finding  out  whether 
more  general  use  might  be  made  of  this  simple  test  a  number  of  experiments  were 
made  with  refractors  having  apertures  ranging  from  one-half  to  three  inches. 

Apparatus 

Most  of  the  experiments  to  be  described  were  made  with  lenses  selected  from 
the  "pathological"  set  of  i|-inch  telescope  objectives  supplied  by  Messrs  Cooke, 
Troughton  and  Simms,  Ltd.,  of  York.  These  were  used  chiefly  because  the  aber- 
rations were  known  for  each  lens  in  the  set. 

The  essential  apparatus  used  for  the  experiments  consisted  of  a  short  piece  of 
optical  bench  and  a  fitting  to  carry  the  lenses  under  test,  the  means  of  producing  a 
monochromatic  artificial  star  for  use  as  an  object,  a  good  penknife  blade,  and  an 
eyepiece.  The  optical  bench  was  not  necessary  but  convenient. 

For  demonstration  purposes,  or  for  taking  photographs  of  the  appearances  to 
be  described,  it  was  convenient  to  replace  the  simple  knife  blade  by  the  apparatus 
shown  diagrammatically  in  Fig.  i .  This  consists  of  a  metal  base  plate  moving  along 
a  slot  in  a  short  wooden  bench,  fitted  with  a  millimetre  scale.  One  part  of  the  metal 

•  See,  for  references  to  the  subject:  L^on  Foucault,  Ann.  de  I'obs.  de  Paris  (Memoirs)  s  (1859) 
200;  Monthly  Notices,  R..4.S.  (1909)  355;  Phil.  Mag.  48  (1899)  218;  Pngg.  .4nn.  131  (1867)  33; 
Phil.  Mag.  32  (1916)  409;  R.  W.  Wood's  Physical  Optics,  p.  78;  Trans.  Opt.  Sac.  24  (1922-23)  207. 
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base  could  be  clamped  to  the  wooden  bench,  while  the  main  part  carrying  the  knife- 
edge  K  and  a  vernier  V  moving  over  the  main  scale  could  be  moved  small  distances 


Fig.  I. 

by  the  screw  S.  The  knife-edge  could  be  traversed  in  its  own  plane  by  means  of  the 
fine-pitch  screw  C.  The  apparatus  was  originally  intended  for  work  on  reflectors ; 
for  this  purpose  there  was  to  one  side  of  the  knife-edge  a  small  aperture  through 
which  light  was  reflected  by  the  small  prism  P  behind  the  metal  screen  M  which 
shielded  the  obser\xr's  eye  from  Ught  entering  the  prism. 

The  camera  used  for  taking  photographs  of  the  appearances  to  be  described 
consisted  of  a  short  metal  tube  into  one  end  of  which  was  placed  a  small  Dallmeyer 
projection  lens ;  a  dark  slide  held  the  photographic  plate  at  the  other  end  of  the  tube. 

The  artificial  star  used  as  an  object  in  the  experiments  was  formed  by  focussing 
light  from  an  electric  arc  with  auxiliary  condensers  and  a  reversed  i-inch  micro- 
scope objective  into  the  plane  of  a  small  aperture.  A  green  Wratten  filter  was  placed 
just  behind  the  objective. 

Experiments 

Each  lens  to  be  tested  was  in  turn  screwed  into  the  end  of  a  telescope  tube, 
placed  on  the  optical  bench  fitting,  and  centered  up  with  respect  to  the  star  with  the 
aid  of  an  eyepiece  fitted  with  cross-wires.  The  knife-edge  apparatus  was  placed  in 
position  so  that  the  plane  of  the  knife-edge  roughly  coincided  with  the  focal  plane 
of  the  lens.  The  eye  was  then  placed  immediately  behind  the  knife-edge.  The 
position  of  the  knife-edge  was  found  at  which  the  light  disappeared  most  uniformly 
and  quickly  from  the  back  surface  of  the  lens  when  the  edge  traversed  the  cone  of 
light  normally  to  the  optical  axis.  If  a  photograph  of  the  appearance  of  the  back 
surface  of  the  lens  was  required,  the  camera  was  placed  immediately  behind  the 
knife-edge,  and  the  photographic  image  examined  on  a  ground  glass  screen. 

The  first  experiments  were  made  on  lenses  having  only  spherical  aberration. 
Two  pairs  of  lenses  were  selected,  Nos.  i  and  2,  known  to  be  good,  and  Nos.  6  and 
10,  known  to  have  considerable  aberrations.  Of  the  first  group.  No  2  appeared  to 
be  the  better ;  the  light  vanished  uniformly  and  rapidly  as  the  knife-edge  crossed  the 
"best  focus."  With  No.  i,  however,  it  was  possible  to  observe  that  the  disappear- 
ance of  the  light  was  not  quite  uniform. 

The  second  pair,  containing  Nos.  6  and  10,  gave  more  interesting  results  (sec 
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Fig.  2).    In  Fig.  2  b  the  knife-edge  has  advanced  further  into  the  image  than  in 
Fig.  2  A.  If  we  consider  a  geometrical  ray  diagram  for  over-correction,  the  marginal 


Fig.  2. 
A.   Lens  No.  6  Spherical  over-correction.  B.   Lens  No.  6  Appearance  more  developed. 

C".   Lens  No.  lo  Zonal  aberration. 

focus  will  be  beyond  the  paraxial  focus.  If  the  knife-edge  crosses  from  left  to  right 
somewhere  between  these  two  foci  it  will  evidently  cut  out  the  left  marginal  rays 
and  the  right  paraxial  rays  first  of  all.  This  is  what  has  occurred  with  lens  No.  6. 
A  Hartmann  test  on  the  lens  showed  that  it  was  over-corrected  spherically. 

Now  consider  the  photograph  of  lens  No.  lo  given  in  Fig.  2  c.  The  knife-edge, 
approaching  the  optical  axis  from  the  left,  has  cut  out  light  from  the  extreme  left, 
an  intermediate  left  zone,  from  a  more  or  less  paraxial  zone  to  the  right,  and  from  a 
wide  marginal  zone  to  the  right,  while  a  complete  ring  of  light  is  left  at  one  zone. 
This  is  unmistakably  zonal  aberration.  The  order  of  disappearance  of  the  light 
followed  almost  exactly  the  predictions  made  from  consideration  of  the  ray  dis- 
tribution deduced  from  a  Hartmann  test  made  on  the  lens  (see  Fig.  3).  Supposing 


the  knife-edge  to  enter  the  focus  in  the  plane  indicated  by  the  arrow,  it  would  cut 
out  light  from  the  back  surface  of  the  lens  so  as  to  give  an  appearance  very  similar 
to  that  of  Fig.  2  c. 
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A  further  series  of  experiments  was  made  with  lenses  having  coma  and  astig- 
matism. The  appearances  due  to  spherical  aberration  were  comparatively  simple 
to  recognize  and  to  interpret.  .Much  more  difficulty  was  experienced  with  the 
oblique  aberrations.  It  was  difficult  to  picture  from  a  plane  diagram  exactly  how 
the  rays  passed  the  focus  in  an  astigmatic  or  comatic  image.  Accurate  three- 
dimensional  models  were  therefore  made  of  the  ray  tracks  at  and  near  the  foci  of 
cones  of  light  afflicted  with  one  or  more  types  of  aberration. 

The  data  for  the  models  were  calculated  from  the  following  modified  forms  of 
the  equations  deduced  by  Prof.  Conrady*  for  the  geometrical  interpretation  of  the 
Seidel  aberrations: 

Horizontal  displacement: 

P  SP 

y  =  -^.  [4«i53  cos  E  +  (L^S-V{2  +  cos  zE)  +  ka^SV-  cos  E  +  ^sl's]  +  S  cos  E  p. 

Vertical  displacement: 

P  SP 

z^jv.  WiS^  sin  E  +  a,SH'  sin  zE  +  zci^SV-  sin  E]  +  S  sin  E  „  . 

These  modified  equations  take  into  account  the  effect  of  a  shift  8P  of  the  plane 
of  section  along  the  axis  of  an  oblique  pencil  from  the  Petzval  plane.  P^or  the  Petzval 
plane  BP  is  zero ;  for  any  other  plane  8P  will  have  some  positive  or  negative  value. 
In  the  equations,  P  is  the  axial  distance  from  the  exit  pupil  to  the  final  focus;  j  and 
;r  are  the  cartesian  co-ordinates  of  the  point  of  penetration  of  a  ray  from  A  in  the 
exit  pupil  in  the  plane  of  section  of  the  cone  of  rays  fixed  by  the  data  introduced 
into  the  equations ;  S  and  angle  E  are  the  polar  co-ordinates  of  the  point  A  in  the 
pupil  of  the  system,  S  being  the  radius  vector  (i.e.  the  semi-aperture),  and  the  angle 
E  being  counted  from  the  positive  direction  of  the  I'-axis  towards  the  point  A; 
A"  is  the  refractive  index  of  the  media  surrounding  the  plane  of  section;  V  is  the 
distance  of  the  image  point  above  the  optical  axis  in  the  Petzval  plane;  a,,  a.^,  a^, 
«5  are  constants  of  the  system  expressing  the  amount  of  spherical  aberration,  coma, 
astigmatism,  and  distortion  respectively;  the  term  in  a^  expressing  Petzval  curva- 
ture does  not  appear  since  the  aberrations  are  referred  to  the  Petzval  surface. 

For  the  purpose  of  constructing  the  models,  two  planes  of  section  were  selected, 
the  Petzval  plane  and  a  plane  sufficiently  removed  from  it  to  allow  the  intersecting 
parts  of  the  ray  paths  in  the  vicinity  of  the  "best  focus"  to  fall  between  these  two 
planes.  For  each  plane  the  vertical  and  horizontal  components  were  calculated  for 
S  =  I  and  5  =  ^  when  E  =  o°,  30°,  60°, ...  360°,  so  that  the  points  of  penetration 
of  twenty-four  rays  were  found  for  both  planes.  Models  were  required  to  illustrate 
each  of  the  aberrations  singly,  and  their  combined  efl'ect  in  pairs.  Tlic  following 
values  were  given  to  the  aberration  constants : 

Sph.  ab.  model: 

P 


N' 


Oa  =  flj  =  flj  =  O. 
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Coma  model : 

P 

N' 

Astig.  model: 

2  f^,  .flaF--  1; 

Sph.  ab.  +  coma  model: 


P  P 

:,  .4«,  =  1;  .;,  .«2f^=^;      «3  =  «5  =  o. 


Coma  +  astig.  model: 


Sph.  ab.  +  astig.  model: 

P  P 

j^,  .  4fli  =  I ;      2  ^,,  .  a,V'  =  1 ;    a^  =  ^5  -=  o. 

The  points  thus  calculated  for  each  model  were  plotted  on  two  sheets  of  card- 
board, representing  the  two  planes  of  section;  the  planes  were  suspended  parallel 
to  each  other  and  at  a  convenient  separation.  Corresponding  points  in  the  two 
planes  were  then  joined  by  stretched  coloured  threads,  which  represented  the  paths 
of  the  rays  between  the  Petzval  and  the  second  plane  selected. 

From  these  models  it  was  a  simple  matter  to  predict  the  knife-edge  test  appear- 
ances caused  by  the  various  aberrations  separately  or  in  combination,  provided  the 
appearances  could  be  nearly  enough  explained  on  geometrical  considerations.  The 
predicted  appearances  of  the  light  distribution  at  the  back  surface  of  a  lens  as  the 
knife-edge  crosses  the  focus  are  given  in  Fig.  4  for  pure  spherical  aberration,  coma, 
astigmatism,  and  when  these  are  combined  in  pairs.  The  arrows  indicate  the  direc- 
tion of  approach  of  the  knife-edge. 

Fig.  4  A  illustrates  spherical  aberration  (under-correction).  This  has  been  dealt 
with  already,  but  it  might  be  noted  here  that  the  appearances  are  the  same  for  all 
directions  of  approach  of  the  knife-edge. 

Fig.  4  B  gives  some  of  the  possible  appearances  due  to  astigmatism  when  the 
knife-edge  enters  the  cone  of  light  at  some  position  along  the  optical  axis  inter- 
mediate between  the  two  astigmatic  focal  lines.  Examination  of  the  thread  model 
for  astigmatism  will  show  that  the  appearance  varies  greatly  with  the  position  of 
the  knife-edge  along  the  axis.  If  the  edge  happens  to  cut  into  the  cone  of  light 
parallel  with  and  in  the  plane  of  one  of  the  focal  lines,  then  the  light  will  disappear 
uniformly  from  the  lens  surface.  In  any  other  azimuth  this  will  not  be  so;  the 
appearance  might  then  be  similar  to  Fig.  4  b  (a)  or  {b).  Lens  No.  9  in  the  patho- 
logical set  bore  out  these  diagrams  very  largely,  but  unfortunately  the  astigmatism 
was  not  pure,  and  a  rather  mbced  effect  was  obtained. 

Fig.  4  c  shows  the  effects  due  to  coma.  The  position  angles  refer  to  the  aperture 
of  the  lens  under  test.   By  the  geometrical  interpretation  of  the  Seidel  aberrations 
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Fig.  ^Ai   Spherical  Aberration.  ^^^^^^  M  \ 


|..)^^        (''i 


Fig.  4Z).   Spherical  Aberration 
and  Astigmatism. 


Fig.  4B.    Astigmatism. 


Fig.  4C.   Coma. 


t 


Fig.  ^E.   Spherical  Aberration  and  Coma. 


4  <r-C'0 

(")  (/')  (.•)  ('') 

Fig.  ^F.   Coma  and  Astigmatism. 
N.B.    Direction  of  Coma  same  in  all  diagrams. 
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we  know  that,  in  a  comatic  image,  light  from  points  a,  a'  (Fig.  5)  of  the  aperture 
form  a  focus  at  aa'  on  the  conventional  geometric  image  and  that  light  from  b,  V 
is  focussed  at  hh'  in  the  image,  and  so  on;  the  paraxial  light  is  focussed  at  the  apex 
of  the  geometric  coma  figure  and  the  point  0°  in  Fig.  4  c  therefore  corresponds 
with  a  in  Fig.  5.  Lens  No.  3  of  the  pathological  set  almost  exactly  bore  out  these 
predictions  indicated  for  pure  coma. 

No  lenses  possessing  simple  combinations  of  the  aberrations  were  available  for 
tests.  The  predicted  effects  are  given  to  show  the  importance  of  trying  all  directions 
of  approach  of  the  knife-edge  before  venturing  to  suggest  the  defects  of  the  system 
being  tested.  Until  further  trials  have  been  made  Fig.  4  D  (a),  for  example,  might 
be  mistaken  for  simple  spherical  aberration ;  further  trials  will  show  that  the  effects 
vary  with  the  direction  of  approach  of  the  knife-edge,  and  that  some  of  the 
effects  are  characteristic  of  astigmatism.  These  remarks  apply  equally  well  to 
Fig.  4  E  and  F. 

A  last  series  of  experiments  was  made  with  a  24  mm.  aperture  photographic 
component  afflicted  with  huge  amounts  of  spherical  aberration.  This  lens  possessed 
a  series  of  aperture  limiting  diaphragms  varying  from  i  to  22  mm.  All  data  were 
known  for  the  lens,  including  the  optical  path  differences  for  each  aperture  when 
working  under  certain  conditions.  The  lens  was  carefully  set  up  under  these  con- 
ditions and  submitted  to  the  knife-edge  test.  It  was  found  that  the  smallest  aperture 
at  which  the  order  of  disappearance  of  the  light  could  be  detected  was  such  that 
the  path  difference  was  about  half  the  Rayleigh  limit.  (According  to  Lord  Rayleigh 
the  definition  of  an  optical  instrument  will  not  be  seriously  inferior  to  that  of  a 
perfect  instrument  if  the  light  arrives  at  the  selected  focus  with  an  extreme  differ- 
ence of  path  not  exceeding  one-quarter  of  a  wave-length.)  This  experiment  gave  one 
an  excellent  idea  of  the  appearances  due  to  definite  path  differences. 

Conclusions 

After  these  and  a  number  of  unrecorded  experiments  had  been  made  the  follow- 
ing conclusions  were  arrived  at : 

(i)  Provided  the  aberrations  in  the  lens  system  were  sufficiently  large  to  cause 
the  light  to  disappear  slowly  enough  for  observation,  the  chief  character  of  the 
aberrations  and  a  very  fair  idea  of  their  quantity  could  be  deduced  with  a  little 
practice  after  momentary  consideration  of  the  geometric  interpretation  of  the  Seidel 
aberrations.  This  lower  limit  at  which  the  aberration  can  be  recognized  is  below  the 
Rayleigh  limit  of  path  difference. 

(2)  An  entirely  symmetrical  ray  distribution  cannot  produce  a  symmetrical 
knife-edge  test  appearance. 

(3)  It  is  of  the  utmost  importance  to  try  the  knife-edge  in  all  azimuths  before 
deciding  on  the  t\pes  of  aberration  present.  For  this  reason  a  good  penknife  blade 
is  in  practice  superior  to  a  special  piece  of  apparatus,  such  as  that  shown  in  Fig.  i. 
A  skilled  observer  can  even  dispense  with  the  blade  and  use  the  edge  of  the  pupil 
of  the  eye  instead. 
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(4)  The  test  is  of  a  ven'  similar  nature  to  the  star  test  in  that  definite  quantitative 
measurements  of  the  aberrations  are  not  made;  but,  just  as  in  the  star  test,  with  a 
little  experience  the  tester  becomes  skilled  in  deciding  on  the  amounts  of  aberration 
indicated  by  the  appearances  observed. 

In  conclusion  I  have  to  thank  Dr  L.  C.  Martin,  who  suggested  the  work,  for 
advice  and  for  assistance  in  referring  to  the  literature  on  the  subject. 


DISCUSSION 

Capt.  Ainslie:  I  should  like  to  congratulate  the  authoress  of  this  paper  on  its 
interest  and  importance:  the  idea  of  extending  the  Foucault  test  to  the  detection 
of  coma  and  other  asymmetric  errors  is  a  distinct  step  forward.  At  the  same  time, 
the  Foucault  test  always  suffers  from  the  disadvantage  that  it  is  qualitative  rather 
than  quantitative;  as  used  for  specula,  with  an  artificial  star  at  the  centre  of  curva- 
ture, it  tells  us  whether  the  figure  is  on  the  oblate  or  prolate  side  of  the  sphere, 
and  will  indicate  when  the  curve  is  one  of  the  conic  sections,  but  it  does  not  tell 
us  which.  In  fact,  the  method  suggested  many  years  ago  by  Wassell,  in  which  the 
radii  of  curvature  of  different  zones  of  the  speculum  are  measured  by  the  position 
of  the  knife-edge  when  the  opposite  sides  of  the  zone  darken  simultaneously,  is 
that  more  usually  adopted. 

It  may  be  of  interest  to  note  that  the  use  of  the  pupil  of  the  eye  as  the  knife- 
edge  was  suggested  by  the  late  Dr  A.  A.  Common,  in  his  description  of  the  con- 
struction of  his  famous  60-inch  reflector.  I  have  myself  occasionally  been  able  to 
employ  the  pupil  of  the  eye  in  this  manner  on  an  actual  star  image,  using  the  pole 
star  on  account  of  its  very  slow  apparent  motion;  with  a  "knife-edge"  consisting 
of  a  strip  of  tin-foil  across  an  aperture  in  the  focal  plane,  and  a  slow-moving  star 
near  the  pole,  the  motion  of  the  star  image  itself  can  be  made  to  give  the  "ex- 
tinction "  effect  very  conveniently,  with  a  little  care  in  setting  the  telescope. 

Miss  Conrady:  It  should  be  possible  to  make  the  Foucault  test  quantitative. 
In  the  paper  it  has  been  pointed  out  that  spherical  aberration  can  be  detected 
within  the  Rayleigh  limit.  Anyone  frequently  using  the  test  would  soon  learn  to 
recognize  the  appearance  due  to  a  quarter  wave-length  of  aberration.  Noting  the 
aperture  at  which  this  appears  and  comparing  this  with  the  full  aperture  of  the 
system,  the  total  amount  of  aberration  could  probably  be  estimated  fairly  closely. 
It  seems  probable  that  the  extra-axial  aberrations  could  also  be  detected  within  the 
Rayleigh  limit.  Knowing  the  laws  of  increase  of  the  primary  aberrations  with  the 
aperture,  the  amounts  of  any  primary  aberration  present  at  full  aperture  could 
then  be  judged,  taking  the  appearance  at  the  Rayleigh  limit  as  a  basis  for  one's 
estimations. 
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The  Physical  Society  of  London:    Report  on  Radiation  and  the  Quantum  Theory 

(Second  Edition).   By  J.  H.  Jeans.  Pp.  86;  3  Figs.   (London:  Fleetway  Press, 

Ltd.,  1924.)   Price  75.  dd.  net;  bound  in  cloth,  ioj-.  dd.  net. 

The  appearance  of  a  second  edition  of  this  report  indeed  meets  a  want  only  too  famihar 
to  those  who  teach  students,  for  the  first  sold  out  very  rapidly  and  each  copy  must  have 
had  many  borrowers.  The  first  edition  was,  at  the  time,  the  most  admirably  written  account 
of  the  new  theory,  in  a  form  which  made  the  arguments  accessible  to  a  very  wide  audience 
whose  mathematical  equipment  was  limited.  The  present  volume  before  us  is  even  more 
so,  and  criticism  is  almost  a  hopeless  task. 

One  of  the  outstanding  features  is  its  scrupulous  fairness,  a  quality  not  shared  by  many 
writings  on  this  subject.  Dr  Jeans  is  not  an  advocate,  and  never  slurs  over  or  omits  to 
mention  a  difficulty.  If  one  occurs,  he  gives  a  complete  account  of  all  that  can  at  present 
be  said  on  both  sides.  On  such  grounds,  to  the  reader  who  wishes  to  have  a  really  complete 
picture  of  the  present  state  of  a  rapidly  changing  and  fundamental  branch  of  physics,  we 
have  no  hesitation  in  recommending  this  report  as  the  best  account  now  existing,  or  likely 
to  exist. 

We  pass  to  a  brief  survey  of  points  of  detail.  The  account  of  the  theory  of  spectra  is 
naturally  entirely  changed  since  the  previous  edition,  which  was  written  so  soon  after 
Bohr's  original  papers.  An  account  of  the  mode  of  quantisation  due  to  Wilson  and  Sommer- 
feld  is  perhaps  the  most  significant  new  feature.  But  the  whole  subject  of  the  fine  structure 
of  spectrum  lines  will  perhaps  appeal  as  much  to  the  majority  of  readers — with  the 
emergence  of  a  universal  constant  not  only  for  spectra  themselves  in  their  main  laws, 
but  for  the  fine  structure  of  doublets,  triplets,  and  more  complex  groupings  from  all 
possible  elements. 

It  is  unfortunate,  though  in  no  sense  the  fault  of  the  author,  that  this  work  should 
have  appeared  too  soon  to  include  the  progress  which  the  quantum  theory',  in  the  hands 
of  Curtis  and  others,  is  now  making  towards  the  elucidation  of  band  spectra.  But  this 
adventitious  omission  is  the  only  one  of  note  which  can  be  pointed  out,  otherwise  the 
picture  is  very  complete. 

The  author  is  somewhat  brief  on  the  subject  of  Bohr's  Correspondence  Principle,  but 
in  this  he  has  our  agreement.  It  is  hardly  the  principle  itself  which  has  recently  been 
pushed  too  far,  but  the  tendency  in  scientific  papers  at  present  is  unquestionably  to 
indulge  in  a  somewhat  nebulous  type  of  reasoning  by  analogy,  which  could  be  prevented 
if  workers  would  take  the  papers  of  Prof.  Bohr  himself  as  their  standard.  There  really 
is  a  Correspondence  Principle,  and,  in  our  judgment,  Dr  Jeans  has  deliberately  restricted 
himself  to  this.  But  it  is  a  possible  criticism  which  may  w^ell  be  forestalled.  In  actual 
fact,  it  seems  probable  that  the  Correspondence  Principle  serves  less,  to  convince  a 
reader  of  the  essential  truth  of  the  quantum  theory  of  spectra,  than  Ehrenfest's  beautiful 
Principle  of  Adrabatic  Invariance.  This,  by  being  very  powerful  in  the  elucidation  of  the 
implications  of  the  theory,  is  thereby  essentially  of  a  more  mathematical  type.  The  author 
gives  an  account  of  it  which  is  very  pleasant  and  convincing,  and  in  which  the  utmost 
possible  simplification  seems  to  have  been  made  for  the  more  general  reader. 

The  Stark  eflFect  is  perhaps  treated  too  briefly.  The  author  gives  a  reference  to 
W.  Wilson's  more  general  formulation  of  the  quantum  condition,  in  the  addition,  for 
magnetic  fields,  of  a  term  dependent  on  the  vector  potential,  and  to  the  further  analysis 
of  the  Zeeman  effect  on  these  lines  by  Moshanafa.  We  should  have  liked  to  see  an  actual 
account  of  Wilson's  modification,  but,  as  in  the  case  of  band  spectra,  the  author,  pursued 
by  an  insistent  call  for  publication,  can  hardly  have  had  time  to  incorporate  it. 

We  can  only  conclude  by  saying  that  the  work  is  printed  in  pleasing  type,  and  is  an 
indispensable  one  in  the  library  of  every  physicist. 

J.W.N. 
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Griindziige  der  Theorie  der  optischen  Instrumente  nach  Abbe  (Third  Edition).    By 

S.  CzAPSKi  and  O.  Eppenstein.    Pp.  xx  +  747;  316  Figs.    (Leipzig:  Johann 

Ambrosius  Barth,  1924.)  Price  33  M. 

Thirty  years  ago  the  article  on  "Dioptrics  and  the  Theory  of  Optical  Instruments" 
written  by  Dr  Siegfried  Czapski  for  Winkelmann's  Handbook  of  Physics  was  published  as 
a  separate  work.  Dr  Czapski  restricted  his  discussion  to  such  optical  instruments  as  were 
capable  of  forming  images  of  external  objects  and  the  chief  value  of  his  work  consisted 
in  the  concise  generalization  of  the  principles  determining  the  optical  design  of  such 
instruments.  It  is  largely  due  to  Abbe  that  such  a  complete  generalization  of  this  particular 
nature  was  possible. 

In  1904  a  second  edition  was  published  by  the  author  in  collaboration  with  Dr  Eppen- 
stein. 

In  the  third  edition,  just  issued,  the  original  material  has  been  expanded  nearly  three- 
fold by  several  of  the  scientific  colleagues  of  Messrs  Carl  Zeiss  of  Jena.  This  very  con- 
siderable extension  has  resulted  not  only  from  an  elaboration  of  the  original  sections,  but 
also  from  the  addition  of  new  ones  dealing,  for  example,  with  the  formation  of  images 
by  non-spherical  surfaces;  the  action  of  stops  and  focal  plane  screens;  diffraction  phe- 
nomena and  their  relation  to  optical  instruments;  vision  as  distinct  from  the  section 
devoted  to  the  eye;  spectacle  lenses;  and  also  searchlights  and  image  projectors  such  as 
epidiascopes.  It  is  inevitable  that  in  a  composite  work  of  this  kind  there  should  be  some 
repetition,  but,  apart  from  the  objection  that,  so  far  as  quantity  of  material  is  concerned, 
the  volume  is  rather  unwieldy,  such  repetition  as  does  occur  is  hardly  a  disadvantage,  as 
the  treatment  in  each  case  is  generally  characteristic  of  the  particular  author. 

The  first  nine  chapters  of  the  book  are  essentially  theoretical  in  character,  being 
devoted  to  the  development  of  those  fundamental  expressions  that  are  now  so  well  known 
to  most  advanced  students  of  optics.  Although  far  from  being  technical,  the  remaining 
eleven  chapters  have  a  more  practical  appeal. 

Presumably  the  ultimate  end  of  a  work  of  this  kind  is  to  facilitate  the  design  of  optical 
instruments.  To  what  extent  it  fulfils  that  object  must  be  a  matter  of  individual  opinion. 

From  a  perusal  of  its  contents,  the  uninitiated  might  conclude  that  a  special  mathe- 
matical knowledge  was  the  most  important  part  of  a  designer's  equipment.  It  would 
be  regrettable  indeed  if  any  beginner  who  might  seek  assistance  from  this  work  should 
form  such  an  opinion  and  be  disheartened.  Before  he  studies  a  book  of  this  kind,  in 
which  what  has  been  previously  accomplished  is  analysed  and  systematized,  he  must 
already  be  a  skilful  designer.  To  acquire  such  skill  a  knowledge  of  general  principles — of 
how  to  adjust  the  means  available  to  the  end  desired  and  when  and  to  what  extent  to 
compromise  conditions — is  more  important  in  the  first  instance  than  any  special  mathe- 
matical accomplishment.  It  should  not  be  assumed  from  these  remarks  that  this  particular 
book  requires  more  than  an  ordinary  knowledge  of  higher  mathematics.  Where  special 
experience  is  required  is  in  the  filling  in  of  those  intermediate  steps  in  the  evolution  of 
a  mathematical  expression  that  arc  of  necessity  so  frequently  oiniltcd  in  a  work  of  this 
kind. 

As  in  the  earlier  edition,  the  historical  references  form  a  valuaiilc  Icaturc  ol  the  work, 
but,  to  a  British  reader  who  may  not  be  able  to  interpret  with  ease  the  Cjerman  expressions 
of  the  various  writers,  the  frequent  interruption  of  the  text  with  so  many  insertions  must 
he  confusing.  The  contents  could  be  more  readily  assimilated  if  these  historical  references 
were  included  separately  as  foot-notes  or  confincil  to  an  appendix. 

|A^n:s  \\'i;in  1"ki;ncii. 
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THE  PREPARATION  OF  COPPERED  GLASS  MIRRORS 

By  E.  a.  H.  FRENCH 

(Searchlight  Experimental  Establishment,  Biggin  Hill) 
[Communicated  by  Major  C.  H.  S.  Evans,  O.B.E.,  R.E.  (T.A.).] 

MS.  received,  ^th  March,  1924.    Read  and  discussed,  ?>th  May,  1924. 

ABSTRACT.  The  object  of  this  paper  is  to  introduce  a  method  for  the  deposition  of 
copper  on  plate  glass  surfaces,  in  the  form  of  a  highly  reflecting  coherent  film,  with 
special  reference  to  searchlight  mirrors. 

An  earlier  research  on  this  subject  was  conducted  by  Chattaway  in  1907,  using 
phenylhvdrazine  as  a  reducing  agent,  but  on  his  findings  it  was  not  possible  to  obtain  a 
coherent  copper  film  on  plate  glass  surfaces.  It  is  considered  by  the  author  of  this  paper 
that  this  was  probably  due  to  the  formation  of  tarry  by-products,  which  appear  in- 
evitably to  result  when  such  a  reducing  agent  is  used.  A  considerable  amount  of  research 
was  conducted  at  the  War  Department  Searchlight  Experimental  Establishment  with 
the  object  of  eliminating  this  drawback,  as  well  as  temperature  difficulties,  insuperable 
from  the  use  of  phenylhydrazine.  During  this  research  all  possible  variations  of  tem- 
perature reduction,  quantity  and  quality  of  chemicals  were  explored. 

This  paper  presents  in  detail  the  results  of  a  few  of  the  principal  experiments  which 
were  conducted  during  the  necessary-  research,  and  fully  defines  a  new  method  which,  by 
the  use  of  hydrazine  sulphate,  enables  a  satisfactory  coherent  and  lasting  film  to  be 
deposited  on  plate  glass  surfaces,  at  a  comparatively  low  temperature. 

As  it  appears  that  the  cleaning  of  the  glass  surface  is  peculiarly  important  to  the  film 
deposited  thereon,  a  short  statement  is  made  as  to  the  cleaning  method  which  was  found 
to  be  conducive  to  a  satisfactory  copper  film. 


Introduction 
The  deposition  of  copper  in  a  brightly  reflecting  coherent  form  from  the 
solutions  of  its  salts  offers  difficulties  not  encountered  in  the  case  of  silver.  Copper 
films  were  first  obtained  by  Faraday,  who  in  1857  produced  mirrors  by  heating 
plates  of  glass  in  a  mixture  composed  of  oxide  of  copper  and  olive  oil,  deposition 
occurring  when  the  oil  decomposed.  The  mirrors  obtained  in  this  way  were, 
Opt.  Soc.  XXV  16 
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however,  verj'  poor,  as  they  lacked  evenness  and  brilliance.  Faraday*  also  dis- 
covered that  a  copper  film  could  be  produced  by  "spattering"  the  metal  on  to 
the  glass,  in  an  atmosphere  of  hydrogen,  by  means  of  a  battery-  of  Ley  den  jars. 

In  1895  Waltherj-  drew  attention  to  the  application  of  phenylhydrazine  as  a 
reducing  agent  in  organic  chemistry,  and  Chattaway|  stated  that  "hydrazines  of 
the  formula  R.  N.  H.  XH^,  where  R  is  a  cyclic  group,  are  readily  oxidised  by  free 
oxygen,  the  action  being  accelerated  in  a  remarkable  way  by  alkali  hydroxide.  In 
the  case  of  phenylhydrazine  dissolved  in  three  times  its  weight  of  4N  alcoholic 
potash,  o.xidation  is  so  rapid  that  the  liquid  effervesces  freely  from  escape  of 
nitrogen  on  mere  exposure  to  air."  Again  he  states§  that  primary  aromatic 
hydrazines  are  readily  attacked  by  most  substances  capable  of  giving  up  oxygen  at 
all  easily,  the  products  being  in  the  main  the  same  as  those  which  are  formed  by 
free  oxygen. 

The  main  reaction,  which  results  in  the  replacement  of  the  hydrazine  group 
by  hydrogen  and  the  simultaneous  liberation  of  nitrogen,  is  generally  accompanied 
by  secondary-  actions,  which  occur,  however,  to  a  relatively  very  small  extent. 

It  appeared,  therefore,  that  phenylhydrazine  offered  some  promise  of  successful 
employment  especially  since  its  oxidation  may  be  greatly  accelerated  by  the 
presence  of  caustic  alkali.  In  1907  Chattawayll  described  a  method  of  obtaining 
copper  mirrors  from  aqueous  solutions  of  copper  salts,  using  phenylhydrazine  as 
a  reducing  agent  in  conjunction  with  potassium  hydroxide.  The  process  was 
found,  however,  to  be  successfully  applicable  only  to  the  inner  surfaces  of  blown 
glass  vessels.  It  appeared  to  be  impossible  to  obtain  satisfactory  deposits  on  plane 
surfaces,  e.g.  plate  glass,  owing  to  interference  by  the  tarry  by-products  which 
were  formed.  These  results,  although  limited,  appear  to  confirm  the  promising 
nature  of  phenylhydrazine  as  a  reducing  agent,  and  the  following  work  was  carried 
out  to  find  a  satisfactory  method  for  the  production  of  coppered  glass  reflectors. 

Preliminary  K.xperiineiifs 

As  an  example  of  the  method  pursued,  the  following  may  be  quoted: 
A  solution  was  prepared  by  mixing  boiling  distilled  water  with  phenylhydrazine, 
which,  it  was  found,  had  to  be  pure,  for  if  impure  phenylhydrazine  was  used  the 
resulting  solution  was  of  a  dirty  yellowish  colour,  'i'his  was  overcome  by  using 
phenylhydrazine  freshly  distilled  under  diminished  pressure,  with  the  result  that 
a  perfectly  clear  solution  was  obtained.  It  was  found,  however,  that  certain 
samples  of  phenylhydrazine,  although  freshly  distilled,  still  presented  a  slight 
turbidity  when  mixed  with  water. 

Investigations  into  the  cause  of  this  turliidity  tlnii  sli<i\\cd  that  it  was  tluc  to 
what  is  called  the  "oil"  of  phenylhydrazine  ixcDiiiiiiu  niixcd  with  the  sohitiim. 
This  oil  floats  to  the  surface  of  the  phenylhydrazine  alter  tlie  latter  has  frozen, 
i.e.  below  21    C. 

•  Phil.  Tr/iiis.  147  (1857)  154.  t  Ji'iirn.  Prnkt.  CJicm.  (1895)  141. 

X   Prnr.  (.'Item.  .Soc.  23  (1907)  iSi.  §  Proc.  Chcm.  Sue.  24  (1908)  10. 

II   Prnc.  Roy.  Soc.  80  (1907   S)  SS. 
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A  fresh  sample  of  the  same  phenylhydrazine  was  then  taken  in  the  frozen 
condition  and  the  oil  on  the  surface  poured  off.  The  solid  phenylhydrazine  which 
then  remained  was  melted  and  a  sample  of  it  mixed  with  boiling  water,  with  the 
result  that  a  perfectly  clear  solution  was  obtained.  These  tests  therefore  proved 
that,  to  obtain  a  clear  solution  of  phenylhydrazine  and  water,  the  former  must  be 
freshly  distilled  and  freed  from  this  oil  by  crystallization. 

It  was  found  that  this  solution  was  better  obtained  by  heating  phenylhydrazine 
and  water  together,  until  the  turbidity,  first  produced  when  cold,  disappeared, 
leaving  a  perfectly  clear  solution.  This  occurred  when  the  mixture  was  at  a 
temperature  of  about  70    to  80   C. 

A  10  per  cent,  solution  (by  weight)  of  potassium  hydroxide  was  then  prepared, 
using  stick  caustic  (pure  by  alcohol).  Sodium  hydroxide  was  tried,  but  was  found 
to  give  inferior  results. 

The  third  solution  required  consisted  of  -880  ammonia  solution  to  which  had 
been  added  sufficient  copper  hydroxide  to  saturate  it,  a  slight  excess  of  the  copper 
hydroxide  being  added  to  make  certain  of  complete  saturation.  As  cupram- 
monium  solution  cannot  be  filtered  through  paper — or  indeed  through  any 
cellulosic  medium — the  excess  of  copper  hydroxide  in  the  latter  solution  was 
separated,  either  by  filtration  through  closely  packed  glass  wool  or  by  decantation. 

The  hot  solution  of  phenylhydrazine  in  water  was  mixed  with  the  saturated 
ammoniacal  solution  of  copper  hydroxide.  To  this  was  added  the  10  per  cent, 
caustic  potash  solution  until  slight  precipitation  was  produced.  The  surfaces  to 
be  coppered  were  placed  in  the  mixture,  which  was  kept  just  under  its  boiling 
point. 

Effect  of  Temperature  and  Composition  of  Solutions 
Many  experiments  were  made  in  which  such  factors  as  were  likely  to  affect 
the  results  were  explored,  e.g.  temperature  and  composition  of  the  liquids.   The 
best  results  appeared  to  be  obtained  when  the  following  proportions  and  conditions 
were  realized. 

Phenylhydrazine  i  part  by  volume 

Hot  10  per  cent,  solution  (hy  weight)  potassium  hydroxide  0-585 

Solution  of  copper  hydroxide  and    880  ammonia 2  parts  by  volume 

Water,  distilled  5 

The  phenylhydrazine,  after  having  been  mixed  with  the  water,  was  heated 
until  the  mixture  became  a  quite  clear  solution.  To  this  was  added  the  solution 
of  copper  hydroxide  in  ammonia,  and  then  the  10  per  cent,  solution  of  potassium 
hydroxide,  when  a  reddish-yellow  turbidity  or  precipitate  was  formed.  This  solution 
was  then  heated  to  boiling  point*^in  contact  with  the  plate  glass  surface  to  be 
coppered.  The  deposit  obtained,  however,  was  very  thin,  uneven,  and  tarnished, 
due  entirely  to  the  effect  on  the  film  of  the  tarry  by-products  which  were  formed. 
It  was  found,  however,  that  these  proportions  had  to  be  strictly  abided  by  to 
obtain  a  deposit  at  all  on  plate  glass,  since  it  appears  from  experiments  that  there 
is  a  considerable  difference  between  depositing  copper  on  the  surface  of  plate 
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glass  and  on  blown  glass.    This  difference  occurs  in  the  case  of  silver  to  some 
extent,  but  is  considerably  more  marked  in  that  of  copper. 

Choice  of  Reducing  Agent 

The  great  difficulties  experienced  in  the  use  of  phenylhydrazine  as  a  reducing 
agent  were: 

(i)  The  formation  of  tarn,-  by-products,  which  were  produced  in  every  case, 
and  clouded  the  mirror. 

(2)  The  high  temperature  which,  in  every  experiment,  was  found  necessary 
for  the  reduction  of  the  copper  salt. 

(3)  During  the  process  ven,-  irritating  fumes  were  evolved  and,  on  account 
of  the  bad  effect  which  the  solution  has  on  the  skin,  great  care  had  to  be  taken 
to  protect  the  operator's  hands. 

Though  numerous  experiments  were  made,  none  of  the  results  could  be 
regarded  as  satisfactory'.  This  is  in  conformity  with  Chattaway's  experience,  and 
indicated  that  other  methods  were  necessar\'  to  obtain  the  desired  results.  It 
appeared  from  these  results  that  phenylhydrazine  as  a  reducing  agent  did  not 
lead  to  the  production  of  satisfacton,'  copper  films  on  plate  glass,  and  a  new 
reducing  agent  was  therefore  sought. 

It  appeared  of  interest  to  investigate  the  parent  substance,  and  so  hydrazine 
sulphate  was  used  as  a  suitable  compound  which,  compared  with  phenylhydrazine, 
has  greater  solubility  in  water,  is  cheaper,  less  poisonous,  and  is  more  easily 
purified. 

A  10  per  cent,  solution  of  hydrazine  sulphate  was  made,  to  which  was  added 
an  equal  volume  of  a  saturated  solution  of  copper  hydroxide  in  -880  ammonia, 
prepared  as  previously  explained.  The  resulting  solution,  which  was  of  a  perfectly 
clear  yellow  colour,  was  divided  into  six  test  tubes,  and  a  10  per  cent,  solution  of 
potassium  hydroxide  (prepared  by  weight  from  sticks,  pure  by  alcohol)  at  a  tem- 
perature of  60°  C.  was  added  to  each  tube,  the  amount  added  varying  from 
\  to  3  c.c,  increasing  by  1  c.c.  in  each  case.  The  addition  of  the  latter  produced 
a  turbidity  in  ever\-  tube. 

The  six  tubes  were  then  heated  by  immersion  in  a  beaker  of  boiling  water. 
After  a  few  minutes  the  solution  in  tubes  5  and  b,  i.e.  the  two  wiiich  contained 
the  most  potassium  hydroxide,  changed  colour  from  turbid  yellow  to  a  dark 
greenish  colour,  and  almost  directly  at  this  point  copper  commenced  to  deposit 
on  the  sides  of  the  two  test  tubes.  The  other  four  tubes,  however,  did  not  show 
any  signs  of  change,  although  much  later  there  was  a  change  of  colour  of  the 
solutions  they  contained."' 

The  result  of  this  experiment  showed  that,  by  increasing  the  amount  of 
potassium  hydroxide,  the  copper  was  not  only  deposited,  but  the  deposition  was 
relatively  accelerated.  'I'here  was,  moreover,  not  the  slightest  suspicion  of  tar 
or  scum. 

This  experiment  was  repeated,  using  the  same  copper-hydrazinc  solution,  but 
adding  more  alkali,  in  this  case  3  to  8  c.c.  being  employed.   The  test  tubes  were 
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heated  in  boiling  water,  and  the  same  action  as  before  took  phice.  Tubes  4,  5, 
and  6  all  presented  a  fairly  good  deposit  of  copper,  wliilst  tubes  i,  z,  and  3  were 
inferior. 

A  mixture  was  then  made  up  to  the  quantities  of  tube  6,  that  is: 
(i)   Water  distilled,  10  c.c,  hydrazine  sulphate,  i  gm. 

(2)  10  per  cent,  solution  of  potassium  hydro.xide,  at  60"  C,  8  c.c. 

(3)  Saturated  solution  of  copper  hydroxide  in  -880  ammonia,  10  c.c. 

The  hydrazine  sulphate  solution  was  heated  to  60°  C,  and  the  saturated 
solution  of  copper  hydroxide  in  -880  ammonia  added  to  it.  The  potassium 
hydroxide  solution  was  then  added  to  this  mixture.  The  resulting  solution,  which 
was  turbid  and  yellow,  was  poured  upon  a  piece  of  plate  glass  in  a  copper  vessel, 

Thermometer 


Glass  to  be  coppered 
Coppering  liquid 
Copper  vat 
Hot  water  bath 
Sand  bath 


which  was  capable  of  being  heated  in  a  water  bath,  as  show  n  in  Fig.  i .  The  water 
bath  was  provided  with  a  thermometer  and  was  heated  to  82"  C;  only  a  small 
amount  of  copper  was  deposited  on  the  glass. 

Other  tests  were  then  carried  out  under  exactly  the  same  conditions,  with  the 
exception  that  the  temperature  of  the  water  bath  (i.e.  the  temperature  of  the 
mixture)  was  varied,  when  it  was  found  that  at  a  temperature  between  43°  and 
57°  C.  the  result  of  the  deposition  was  superior,  although  the  copper  film  was 
not  of  sufficient  thickness. 

It  was  found,  however,  that  success  depended  upon  the  temperature  of  the 
solution  and  the  amount  of  potassium  hydroxide  solution  added  being  slightly  less 
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than  that  required  just  to  produce  the  turbidit}'  or  precipitate  which  occurs  when 
it  is  added  in  excess  to  the  mixed  solutions  of  hydrazine  sulphate  and  copper 
hydroxide  in  ammonia,  i.e.  just  before  the  precipitate  is  formed. 

The  same  process  as  just  explained  was  repeated,  only  in  this  case  a  saturated 
solution  of  copper  tartrate  (made  fully  alkaline  by  the  addition  of  a  few  drops  of 
ammonia)  was  used.  The  result  of  depositing  copper  on  ordinary  plate  glass  was, 
however,  not  good,  since  the  film  in  this  case  tended  to  blister,  and  so  the  tartrate 
solution  of  copper  was  abandoned. 

After  several  further  tests  with  the  original  reagent,  it  was  found  that  the 
reduction  of  the  mixed  solution  did  not  occur  at  a  definite  temperature,  but 
betAveen  the  limits  of  43  and  57  C,  for  lower  than  43  very  little  reduction  takes 
place,  whilst  higher  than  57"  the  copper  is  not  deposited  on  the  glass  surface  as 
a  reflecting  film,  but  is  thrown  down  as  a  fine  granular  precipitate.  This  was  of 
great  importance,  and  led  to  the  successful  production  of  mirrors. 


Method  of  Coppciing 

The  mirror  to  be  coppered  is  first  fixed  to  a  Hoat,  as  in  Fig.  2,  ami  the  vat — 
provided  with  legs  as  shown — which  is  capalile  of  receiving  the  lluat  willi  an 
annular  space  all  round,  is  then  placed  in  a  water  bath  capable  of  being  hcatetl  to 
the  required  temperature.    The  following  solution  is  then  made: 

9  gm.  of  hydrazine  sulphate  are  dissolved  in'  150  c.c.  of  distilled  water,  and 
heated  to  a  temperature  of  60"  C;  to  this  is  added,  with  constant  stiring,  90  c.c. 
of  the  saturated  solution  of  copper  hydroxide  and  ammonia  at  16' C.  The  re- 
sulting mixture  will  present  a  clear  yellow  colour. 

The  glass,  after  having  been  treated  by  the  cleaning  process  explained  later, 
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is  then  sponged  over  with  the  mixture.  'I'liis  sponging  is  very  iinjiortant,  for  it 
has  been  found  that  it  is  necessary  to  give  satisfactory  resuUs. 

Without  delay,  to  the  mixture  of  the  two  solutions  is  added  slowly,  and  with 
constant  stirring,  87-5  c.c.  of  a  solution  (at  60"  C.)  consisting  of  ii-igm.  of 
potassium  hydroxide  (pure  by  alcohol)  to  every  100  c.c.  of  distilled  water.  If  this 
is  correctly  carried  out,  the  final  mixture  of  the  solutions  should  still  be  of  a  clear 
yellow  colour,  without  any  signs  of  precipitation. 

The  mixture  is  then  poured  into  the  copper  vat  (Fig.  2),  which  must  be 
standing  in  a  bath  of  hot  water  (not  shown)  at  a  temperature  of  43  C.  The  mirror 
to  be  coppered,  which  is  clipped  to  the  float,  is  then  floated  and  periodically  given 
a  rotary  motion  in  the  liquid.  Great  care  must  be  taken  to  see  that  very  little 
time  elapses  between  the  time  of  adding  the  potassium  hydroxide  solution  and  that 
of  floating  the  mirror  to  be  coppered.  The  temperature  of  the  water  bath  (i.e.  the 
bath  which  heats  the  coppering  solution)  is  then  very  gradually  raised  to  57"  C. 
During  this  rise  of  temperature,  and  in  fact  almost  as  soon  as  the  glass  is  in, 
the  liquid  in  the  copper  vat  will  commence  to  turn  a  dark  green  colour  and  remain 
so  for  about  15  minutes,  after  which  its  colour  commences  to  turn  a  pink  shade, 
the  whole  change  taking  about  20  minutes,  by  which  time  a  copper  film  will  have 
formed  on  the  surface  of  the  glass. 

Thickening  the  Film 

In  order  to  protect  the  film  from  damage,  and  to  prevent  oxidation  by  the 
atmosphere,  thickening  is  necessar}'.  For  this  purpose  the  following  process,  which 
also  adds  appreciably  to  the  reflective  power  of  the  film,  should  be  followed: 

The  mirror,  which  is  already  floating  in  the  solution  in  the  vat,  should  be  left 
for  about  five  minutes,  when  the  temperature  of  the  vat  must  be  dropped  to 
43"  C,  and  to  the  remaining  solution  in  the  vat  an  addition  made  of  50  c.c.  copper 
hydroxide  and  ammonia  solution  at  16  C.  to  which  has  been  added  10  c.c.  of  the 
potassium  hydroxide  solution  at  60"  C.  This  mixture  is  added  by  quickly  lifting 
the  mirror  and  float  out  of  the  vat  and,  with  constant  stirring,  pouring  it  into  the 
solution,  after  which  the  mirror  must  be  quickly  replaced. 

After  the  mirror  is  put  back  it  will  be  found  that  the  solution  in  the  vat,  which 
should  be  approximately  at  43°  C,  will  again  turn  black  and,  if  gradually  heated  to 
50°  C,  further  reduction  of  copper  will  take  place,  which  will  slightly  thicken  the 
previous  film. 

By  exactly  the  same  process  as  that  just  described,  the  temperature  is  dropped 
to  43"  C.  and  another  addition  is  made  by  pouring  into  the  vat  a  solution  con- 
sisting of  I  gm.  of  hydrazine  sulphate  dissolved  in  60  c.c.  of  copper  hydroxide  and 
ammonia  solution  at  16  C.  Again  after  the  temperature  is  raised  to  50' C.  the 
colour  of  the  resulting  mixture  changes.  After  15  minutes  the  temperature  is 
again  dropped  to  43'  C.  and  another  addition  is  made  similar  to  the  first,  i.e. 
50  c.c.  copper  hydro.xide  and  ammonia  solution  at  16"  C,  to  which  has  been 
added  10  c.c.  potassium  hydroxide  solution  at  60"  C. 
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A  period  of  15  minutes  is  then  allowed  to  elapse,  during  which  the  tem- 
perature is  gently  raised  to  50'  C. 

Again,  after  the  temperature  of  the  solution  in  the  vat  has  dropped  to  43  C, 
another  addition  is  made  similar  to  that  of  the  second,  that  is,  a  solution  is  added 
consisting  of  i  gm.  hydrazine  sulphate  dissolved  in  60  c.c.  of  copper  hydroxide  in 
ammonia  solution  at  16°  C,  and  after  again  heating  the  vat  to  50°  C,  the  whole 
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Deposition  of  (Jof^prr  on  l.ari^c  .1  linors 
■or  depositing  the  copper  on  large  mirrors,  an   apjiaratus   may   be   useii   as 
,n  in  Fig.  3.    It  consists  of  a  vat  for  holding  the  coppering  liciuid,  aiul  a  tloat 
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upon  which  the  mirror  is  mounted.  The  mirror  is  fixed  to  the  Hoat  by  24  cHps, 
which  are  provided  with  slots  through  which  a  copper  wire  can  pass,  as  shown 
in  Kig.  4.  This  wire  is  made  fast  so  as  to  draw  all  the  clips  up  to  the  mirror,  and 
also  to  prevent  them  bending  outwards.  The  float  is  also  provided  with  a  pair  of 
handles  and  a  central  tube  through  which  any  gas  that  is  generated  in  the  vat  can 
escape. 

The  vat  is  of  sufficient  size  to  provide  an  annular  space  of  about  i^  inches,  to 
allow  any  bubbles  or  solid  matter  that  may  form  to  float  to  the  surface  of  the 
liquid,  and  thus  not  come  into  contact  with  the  surface  of  the  glass  upon  which 
copper  is  to  be  deposited.  It  is  constructed  to  stand  in  a  water  bath  capable  of 
being  heated  up  to  the  desired  temperature,  and  allowing  the  water  to  circulate 
underneath  and  around  the  sides. 

Thickening  by  Electro-deposition 

As  a  final  protection  to  the  films,  the  copperecr  mirror,  after  Iiaving  been 
washed  in  ordinary  and  distilled  water,  is  dried  and  placed  in  an  electroplating 
bath,  and  copper  electrically  deposited  for  half-an-hour.  Under  no  circumstances 
must  this  electro-coppering  be  done  in  an  ordinary  cyanide  or  acid  copper  sulphate 
bath,  as  such  baths  cause  the  copper  film  to  strip.  It  is  therefore  essential  that  a 
bath  should  be  used  free  from  any  marked  tendency  to  cause  solution  of  the  film. 
A  satisfactory  one  for  this  purpose  is  that  of  Dr  Elsoner,  which  is  as  follows : 

One  part  by  w-eight  of  bitartrate  of  potassium  is  boiled  in  ten  parts  by  weight 
of  water.  As  much  hydrated  carbonate  of  copper  is  then  added  as  the  liquid  will 
dissolve.  This  is  then  made  slightly  alkaline  by  the  addition  of  a  small  quantity 
of  carbonate  of  potassium. 

Great  care  must  be  taken  not  to  allow  the  current  density  at  the  cathode  to 
become  too  great,  for,  if  it  does,  there  is  a  danger  of  stripping  the  film.  A  safe 
current  density  to  use  is  0-25  ampere  per  square  decimetre. 

In  the  case  of  parabolic  mirrors,  coppering  is  best  done  by  putting  the  mirror 
back  on  the  float  and  floating  the  whole  in  the  copper  vat  which,  after  being  cleaned, 
should  be  partially  filled  with  the  electrolyte. 

The  whole  deposit  can  be  finally  protected  by  lead  backing  if  desired. 

Preparation  of  Glass  Surface  {upon  which  copper  is  to  be  deposited) 
The  glass  surface  is  first  thoroughly  cleansed  with  concentrated  nitric  acid, 
then,  after  having  been  thoroughly  washed  with  tap  water,  it  is  placed  for  half- 
an-hour  in  a  warm  i  per  cent,  solution  of  caustic  potash;  it  is  then  taken  out, 
washed  well  with  ordinary  water  for  about  half-an-hour,  and  finally  rinsed  with 
distilled  water.  The  whole  surface  is  then  thoroughly  polished  with  a  perfectly 
clean,  dry  glass  cloth,  which  should  have  been  previously  washed  in  the  following 
manner : 

The  cloth  is  first  boiled  in  water  with  castille  soap,  after  which  it  is  removed 
with  metal  tongs  and  boiled  with  successive  changes  of  water  until  no  trace  of 
milkiness  is  perceptible.   This  method,  although  laborious,  is  very  efficient  for 
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removing  grease,  and  the  washed  cloth  after  drying  must  be  kept  in  a  grease-free 
bottle,  handled  with  tongs  alone,  and  used  once  only  before  rewashing. 

Summary  and  Conclusions 

(1)  A  method  has  been  described  by  which  plate  glass  may  be  coppered. 

(2)  Hydrazine  sulphate  is  superior  to  phenylhydrazine  as  a  reducing  agent  for 
this  purpose. 

(3)  The  limits  of  temperature  within  wiiicii  highly  reflecting  deposits  are 
obtainable  have  been  indicated. 

(4)  The  process  now  described  is  appreciably  cheaper  than  that  in  wJiich 
phenylhydrazine  is  employed. 

(5)  The  use  of  hydrazine  sulphate  prevents  the  formation  of  scum  and  stains, 
and  is  much  safer  for  the  operator. 

I  desire  to  thank  the  President,  Royal  Engineer  Board,  for  permission  to 
publish  these  results.  I  wish  also  to  record  my  appreciation  of  the  facilities  for  the 
necessary  experimental  work  kindly  granted  by  Major  C.  H.  S.  Evans,  O.B.E., 
R.E.  (T.A.),  Superintendent,  Searchlight  Experimental  Establishment,  and  the 
assistance  received  from  Lieut.  H.  C.  Gibson,  R.E.  (T.A.)  and  Mr  S.  Field, 
A.R.C.S.,  in  other  ways. 


DISCUSSION 

Major  C.  H.  S.  Evans:  The  Searchlight  Experimental  Establishment  has  for 
several  years  experimented  with  various  reflecting  surfaces,  and  Mr  French's 
research  described  in  this  paper  was  the  outcome  of  a  demand  for  a  surface  capable 
of  producing,  to  a  certain  extent  at  least,  selective  reflection. 

Though  Mr  I-Vench  pursued  his  research  to  a  very  satisfactory  practical  con- 
clusion, other  factors  precluded  the  adoption  of  coppered  glass  mirrors  for  search- 
light work,  e.g.,  the  considerable  heat  absorption,  endangering  the  glass,  and  the 
low  reflective  efficiency,  which  latter  was  of  the  order  of  65  per  cent,  compared  ^\  ith 
90  per  cent,  in  the  case  of  a  silvered  glass  mirror. 

There  seems  a  practical  commercial  utility  in  the  process  for  motor-car  headlight 
reflectors,  and  there  is  no  doubt  that  the  copper  reflecting  surface  is  of  a  very  pleasing 
warm  colour  for  use  as  an  ordinary  household  decorative  mirror. 

I  would  add  to  Mr  French's  emphasis  on  scrupulous  cleanliness  throughout  the 
process;  my  own  confirmed  opinion  is  that  this  is  essential  to  success,  as  in  the 
majority  of  similar  processes  involving  the  deposition  of  reflecting  surfaces  on  glass; 
it  cannot  be  too  strongly  stressed.  In  the  case  of  searchlight  mirrors,  the  temperature 
reached  by  glass  and  reflecting  surfaces  is  often  as  high  as  250  C.  in  practice,  and 
the  effects  of  the  slightest  lack  of  cleanliness  in  the  deposition  process,  and  non- 
observance  of  the  other  points  of  procedure  described  in  the  paper,  rapidly  show  up 
in  accelerated  disintegration  of  the  reflecting  surface  itself,  and  lowered  reflective 
efficiency  after  use,  cither  of  the  whole,  or  of  patches  of  the  mirror  surfaces. 
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Capt.  S.  P.  Holloway:  Will  Mr  French  please  indicate  the  difference  in  the 
final  result  due  to  the  swabbing,  as  some  workers  place  the  glass  in  the  depositing 
fluid  in  a  wet  state  after  swilling  with  distilled  water?  Does  not  this  method  also 
break  down  the  surface  tension? 

Mr  F.  F.  S.  Brj'son:  What  part  docs  tlic  alkali  lake  in  tiie  mechanism  of  the 
process,  and  has  it  any  dissolving  action  on  the  surface  of  the  glass,  thus  rendering 
the  coppering  more  effective?  Glass  may  be  impregnated  by  copper  as  a  result  of 
electrolysis.  If  the  glass  be  heated  to  about  300 "  C.  and  a  current  passed  from  a 
copper  amalgam  as  anode  on  one  side  of  the  glass  to  a  mercury  cathode  on  the  other, 
the  copper  from  the  amalgam  enters  the  glass  to  take  the  place  of  the  sodium  re- 
moved by  electrolysis.  This  method,  of  course,  could  not  be  used  for  the  preparation 
of  mirrors  since  the  resulting  surface  is  usually  dull  and  patchy  and  the  introduction 
of  the  copper  tends  to  make  the  glass  brittle. 

Mr  French :  Major  Evans'  contribution  to  the  discussion  is  complementary  and 
explanatory  and  does  not  need  any  further  reference  by  me,  except  that  the  reflective 
efficiency  of  65  per  cent,  mentioned  by  him  is  the  figure  arrived  at  as  measured 
through  the  glass,  which  absorbs  about  10  per  cent,  of  the  light. 

In  reply  to  Capt.  Holloway,  it  was  found  by  experiment  that  the  process  of 
drying  and  polishing  the  glass  surface  with  a  clean  glass  cloth  and  afterwards 
breaking  down  the  surface  tension  by  swabbing  materially  improved  the  copper 
film.  If  the  glass  was  only  swilled  with  distilled  water,  then,  although  the  surface 
tension  was  broken  down,  the  copper  film  was  not  so  good  as  that  obtained  by  the 
process  detailed  in  this  paper. 

In  reply  to  Mr  Brj'son,  the  author  is  of  the  opinion,  as  a  result  of  continued 
investigation,  that  the  caustic  alkali  acts  as  an  accelerator  to  the  reducing  fluid  and 
does  not  have  any  appreciable  dissolving  action  on  the  glass.  If  an  excess  of  potassium 
hydroxide  is  added,  the  final  mixture  precipitates  cuprous  hydroxide  with  the  result 
that  the  copper  film  is  poor.  It  is  for  this  reason  that  the  exact  quantity  and  quality 
of  potassium  hydroxide  are  stated  in  this  paper. 
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ABSTRACT.  An  analysis  of  the  aberrations  of  an  anastigmat  lens  having  an  aperture 
of  Fjz  is  given,  and  comparison  made  with  existing  large  aperture  lenses.  Some  examples 
of  the  performance  of  the  actual  lens  as  manufactured  are  added,  and  directions  in  which 
the  lens  should  be  useful  are  suggested. 


Introduction 
The  need  for  greater  sensitivity  of  the  camera  in  recording  objects  in  motion  is 
apparent  enough  when  we  consider  the  number  of  scenes  which  are  visible  to 
the  eye  but  to  the  camera  are  practically  invisible.  The  speeding-up  of  the  camera 
depends  on  the  optician  and  the  plate  maker,  and  their  labours  can  never  he  con- 
sidered at  an  end  till  everjthing  which  the  eye  can  see  can  be  recorded  on  the 
photographic  plate.  This  means  that  maximum  sensitivity  of  the  plate  must  be 
made  to  fall  at  the  wave-length  for  which  the  eye  is  most  sensitive.  Attainment 
of  this  ideal  is  at  present  only  approximate  and  at  the  expense,  to  some  extent  at  least, 
of  speed.  When  such  plates  are  in  general  use  the  optician  will  have  to  modify  the 
corrections  of  his  lenses ;  at  present  his  task  is  complicated  by  having  to  adopt  a 
compromise  between  visual  and  photographic  correction.  The  usual  course  for  the 
lens  designer  is  to  calculate  the  performance  of  his  system  for  the  hydrogen  G'  line 
and  check  the  result  by  a  photographic  test. 

Specification  of  Lens 
The  aperture  F/2  is  not  in  itself  remarkably  great,  but  a  photographic  lens  must 
embrace  a  field  of  at  least  35°.  Actually  the  Cooke  lens  covers  over  50  with  a 
flat  field  at  this  aperture.  In  deciding  to  aim  at  a  large  aperture,  axial  corrections 
are  the  first  consideration,  and  we  have  to  choose  a  type  of  lens  which  possesses 
small  zonal  spherical  aberration  and  small  chromatic  difference  of  spherical  aberra- 
tion. 'I'he  Gauss  type  was  considered  most  favourable  and  its  symmetrical  shape 
makes  its  design  less  laborious.  The  half  system  was  first  designed  to  be  approxi- 
mately correct  in  itself,  and  then  the  symmetrical  system  was  afterwards  modified 
to  give  the  best  corrections  for  the  lens  as  a  whole.  This  led  to  a  somewhat  large 
departure  from  exact  symmetry  as  the  specification*  for  a  lens  of  unit  focal  length 
will  show: 

•   /iril.  /'<;/.  157,040  (lyjo). 


The  Taylor-Hobson  Fjz  Anastigmat 


241 


Radii 

3-0243 
0-446,, 

30 
0-2869 


-0-38786 


hicknesses  and 
separations 

0 

0836 

0 

0139 

0 

oy75 

0 

04.8 

0 

1393 

0 

0418 

° 

097s 

0 

0139 

0 

0836 

1-6135 

I-S76 


1-S76 
i-6i3S 


59-5 
41-2 


41-2 

59-5 


-  0-68839 

Fig.  I  shows  the  lens  in  section. 

2-00''      2-00" 


1-6135 


2-10"       2-30" 


Back  focus  3-36" 


One  often  sees  reference  to  lack  of  depth  of  field  in  large  aperture  lenses,  and 
some  rapid  lenses  claim  specially  great  depth.  Usually  discussion  of  the  question 
tacitly  presupposes  perfect  image  formation,  which  of  course  does  not  exist  in 
practice.  The  effect  of  aberration  of  the  image  on  the  depth  of  field  is  a  question 
hardly  worth  consideration.  It  is  sometimes  overlooked  that  depth  depends  on  the 
diameter  of  the  lens  in  use  and  not  on  its  relative  aperture,  so  that  a  lens  of  half  the 
focus  with  double  the  relative  aperture  retains  the  advantage  of  its  superior  speed 
without  the  disadvantage  of  lack  of  depth.  The  only  difference  is  in  the  size  of 
image.    If  the  smaller  focus  lens  yields  sufficiently  good  definition,  the  smaller 

*  There  is  a  slight  error  in  the  figure ;  the  two  central  surfaces  should  have  the  same  radius  of 
curvature. 
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image  can  afterwards  be  enlarged.  As  an  example  are  shown  two  photographs 
(Fig.  2)  of  a  series  of  objects  placed  at  different  distances  from  the  lens,  taken, 
one  with  a  7  inch  lens  at  F,  4-5,  the  other  with  a  3  inch  lens  at  Fjz,  the  one  image 
being  enlarged  to  the  same  size  as  the  other.  Verj-  little  difference  in  depth  of 
focus  can  be  seen  between  the  two. 


W' 


-07    G'D+0-2-0-5    +0  2 

94  n.  146 


GD 


FiR.  3 


spherical  Aberration 

The  curves  for  sjihcrical  aberration  (full  curve)  and  di'parturi-  from  fuiriliiicnt 
of  the  sine  condition  (tiotted  curve)  are  given  in  I'ig.  3  on  the  same  scale  as 
similar  curves  in  von  Rolir's  Theory  and  llislory  of  the  I'hotoniafihic  Lens.  'I'wo 
sets  of  curves  from  that  book  are  reproduced  by  the  side  of  those  for  the  Cooke 
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lens  for  comparison.  They  are  those  of  two  large  aperture  anastiginats,  the  FJT,-] 
of  H.  D.  Taylor  (94  a)  and  the  FjyT,  Planar  of  Rudolph  (146  a).  It  may  be  well 
to  be  cautious  in  accepting  the  figures  taken  from  a  Patent  Specification,  as  the 
data  there  disclosed  may  not  refer  to  the  best  adjustment  of  the  lens,  but  a 
general  idea  of  its  performance  may  he  gathered,  especially  as  to  the  run  of  the 
higher  aberrations.  It  will  be  noticed  that  the  Cooke  Fjz  lens  displays  the  same 
form  of  longitudinal  aberrations  as  the  Planar  and  that  there  is  an  increasing 
departure  from  exact  fulfilment  of  the  sine  condition  with  increasing  aperture. 
This  has  been  found  to  give  the  best  correction  for  coma.  It  is  frequently 
found  that  the  satisfaction  of  the  sine  condition  in  large  aperture  lenses  is  no 
very  exact  criterion  of  freedom  from  coma.  The  illustration  also  shows  how 
the  curves  would  run  if  the  sine  condition  were  satisfied  at  full  aperture  with  the 
corresponding  curves  for  the  hydrogen  C  line.  It  will  be  seen  that  the  G'  curve 
follows  that  for  D  very  closely,  which  is  a  good  indication  that  the  correction  for 
still  shorter  waves  will  be  good.  It  was  proved,  in  fact,  by  a  photographic  test  that 
the  best  general  focus  for  the  rays  emitted  from  an  enclosed  arc  lamp  coincide 
with  the  best  focus  for  the  visible  spectrum.  Exactly  where  that  occurs  I  do  not 
know.  S.  D.  Chalmers*  has  given  a  method  of  theoretically  deducing  the  best 
focus  from  the  lateral  aberration  curves,  but  no  account  was  taken  of  chromatism, 
which  must  play  a  large  part  in  helping  the  eye  to  decide  the  best  focus.  Research 
work  in  this  direction  would  be  invaluable. 

For  comparison  the  G'  spherical  aberration  curve  has  been  added  to  von  Rohr's 
Fig.  94  a.  It  will  be  seen  that,  to  counteract  the  spherical  over- correction  for  G' , 
a  large  amount  of  under-correction  for  colour  has  been  introduced. 

The  algebraic  expression  of  the  longitudinal  spherical  aberration  of  the  new 
lens  as  deduced  from  the  results  of  trigonometrical  computation  is 

y  =  -  If  A-  (-419  -  16-43^2  +  467-8^3^  -  5115^"), 

where  A  is  the  semi-aperture.  (The  first  term  is  taken  from  an  algebraic  evalua- 
tion of  the  first  order  aberration.)  The  number  of  terms  in  the  expansion  is  con- 
ditioned by  the  number  of  rays  traced,  but  the  various  terms  may  be  taken  to 
represent  fairly  accurately  the  different  orders  of  aberration.  The  corresponding 
expression  for  G'  is 

r  =  -  IfA^  (-444  -  1-945^^  -  99-28^^  I-  ^i2A% 

The  following  table  exhibits  what  part  the  various  orders  contribute  to  the  total : 


Aperture 

I  St  order 

2nd  order 

3rd  order 

4th  order 

Calculated 
aberration 

F/2  D 
G' 

F  264  D 
G' 

"-    g. 

-•01309 

-•01387 

-  -00753 

-  00796 

-  00327 

-  00347 

+  03209 

+  •00381 
+  •01053 
+  •00125 
+00201 
+00024 

-  ^05709 

H-OI2I3 

-•OI07I 
+  ^00229 

-  00089 
+  •oooig 

+  -03903 
-00614 
(  ^00423 
- ^00034 
+00015 
-  0000 I 

•)    ooogo 

-  00199 

-  -00348 

-  -00477 
-00201 

-  00305 

Trans.  Opt.  Snc.  iS  (1917)  189  et  seq. 
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Sine  Condition 
Departure   from   the   fulfilment   of  the  sine   condition  is  exhibited   by  the 
divergence  of  the  dotted  curve  from  the  spherical  aberration  curve.   The  amount  is 
found  to  be  expressed  algebraically  by  the  equations : 

y=~  \fA-  (-013  -  i-836^-^  +  152-2^*  -  \l^lA'')  for  D, 
and  y-  -  IM'-  (-  '037  +  4-461^^  -  7572^*  +  991-2^")  for  G' 

and  the  contributions  of  the  various  orders  are : 


Aperture 

I  St  order 

2nd  order 

3rd  order 

4th  order 

Total 

F/2   D 
G' 

-  -00041 
+ -00116 

-1- -00358 
- -00871 

- -01850 
+  -00924 

+ -00893 
--00756 

-  00646 
- -00588 

F;2-64  D 
G' 

-  -00023 
+  -00066 

+  -0OIIS 
-  -00287 

- -00351 
■f -00175 

-  -00082 

-00160 
- -00130 

^/4   g. 

-  -000 1 1 
+  -00029 

-  -00054 

-  -00029 

+  •00015 

t  -00003 
-  -00003 

- -00016 
- -00014 

It  will  be  noticed  that  the  higher  aberrations  for  G'  are  not  even  of  the  same 
sign  as  the  corresponding  ones  for  D,  and  further  that  the  algebraic  series  does 
not  rapidly  converge.  This  last  fact  seems  to  point  to  the  hopelessness  of  trying 
to  design  a  lens  of  this  aperture  and  field  from  purely  algebraic  equations.  The 
first  order  aberrations  must  be  approximately  reduced  to  zero,  and  this  forms  a 
first  and  most  important  step  in  the  design ;  the  rest  is  done  by  trigonometry  and 
modification  .as  the  result  of  test  of  a  model. 

Coma 

Coma  is  checked  by  tracing  three  initially  parallel  rays  through  the  system  at 

a  convenient  angle.   The  result  of  such  a  calculation  is  given  for  oblique  rays  at 

17'  to  the  axis.    Aj,  h.^,  and  //^  are  the  intercepts  on  the  focal  plane  of  the  rays 

passing  through  the  top,  middle,  and  bottom  of  the  effective  aperture  respectively. 

/',  -  -.10750  i  {h  +  fh)  ^  -30416 


-  -30750 

-  -30082 
=  -00668 


//.,      -30717 
Coma       -00301 


Spherical  aberration 
Aperture  of  beam  is  -26017      Fjy^. 

From  the  axial  calculation  we  obtain  longitudinal  spherical  aberration 
Focus  for  a  thin  pencil,  i.e.  M  aberration  at  i7"-3,  is  (see  next  page) ... 
Total  longitudinal  aberration  is 

giving  a  lateral  under-corrected  aix-rration  of  

Over-correction  of  spherical  aberration  of  oblique  pencil  is     

Similarly  for  coma  the  axial  expression  gives  us  the  inward  coma  at  tl 
•00016 
I-'rom  tlie  above  it  is  -00301 

so  that  -00285 

is  tJK-  inward  coma  due  to  the  oliiiiiwc  pencil. 


-00217 
-00044 

-  -00256 
-00066 
•00734 

a]U"rture 
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The  corresponding  values  for  G'  are 

//,  =  -30707,     h.,  =  -30677,    //,  =  -30076. 
Again  it  is  seen  that  the  G"  rays  keep  close  to  the  D  rays.   The  value  of  the  coma 
deduced  from  the  axial  expression  is  a  very  small  part  of  that  actually  found ;  in 
fact  the  higher  order  oblique  aberrations  are  preponderant. 

Field 
Curves  are  given  in  Fig.  4  showing  the  field,  again  on  the  same  scale  as  used 
by  von  Rohr,  and  with  reproductions  of  his  curves  for  the  same  two  lenses  for 
comparison.  The  resemblance  between  the  Cooke  and  the  Planar  is  again  apparent. 

30" 


20 


-3 


946. 


-5' 


.466. 


Cooke  Ser.  O. 


The  aberrations  for  the  meridional  (dotted)  and  sagittal  (full  line)  rays  can  be 
represented  as  far  as  25'  from  the  axis  by  the  equations 
m  -  -  -oii2f2  +  o^t*  -  •25^^ 
.?  -  -  -ioi6^-  +  -39<*  -  •o83;«, 
where  the  first  term  is  taken  from  algebraic  calculation  of  the  first  order  aberration 
coefficients  and  t  is  the  tangent  of  the  semi-angle  of  field.    Beyond  25°  this  ex- 
pression no  longer  represents  the  aberration.   The  contributions  of  the  various 
terms  are  shown  in  the  annexed  table : 


Angle  on 

Object 

side 

I  St  order 

2nd  order 

3rd  order 

Aberration 
calculated 

M 

S 

M 

S 

M 

S 

M 

S 

i7°-3 
i9°-7 
24"- 1 

27' -I 

-•00105 

143 
224 
293 

-  00956 
1304 

2666 

+  •00078 
146 

2087 

-•0003I 

S3 
203 
450 

- -00007 
16 
68 

-  00044 
50 
69 
220 

-  00624 
673 
519 
005 

Again  it  is  found  that  the  field  for  G"  is  very  similar,  e.g.  the  aberrations  for 
the  first  angle  are  respectively  —  -00597  ^"^  — 00055. 
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Where  higher  order  axial  aberrations  play  so  large  a  part,  too  much  importance 
must  not  be  paid  to  these  figures,  which  presuppose  a  small  stop.  It  is  likely  from 
the  calculation  with  three  rays  that  the  full  pencil  focusses  somewhat  flatter  than 
the  small  pencil. 

Distortion 

Coma  and  astigmatism  depending  on  aperture  and  field  of  view,  it  is  not 
possible  to  form  a  very  exact  impression  of  the  performance  of  the  lens  from 
trigonometrical  computation,  but  in  dealing  with  distortion  we  have  only  to  con- 
sider field.  The  following  table  shows  the  distortion  and  it  will  not  be  very 
surprising  to  find  that  we  need  only  two  terms  in  the  algebraic  expansion.  They 
are  both  of  the  same  sign,  so  that  the  higher  order  terms  do  not  compensate  the 
lower.  It  may  be  remarked  that  in  this  lens  no  particular  care  was  made  to  correct 
for  distortion,  which  for  the  purposes  for  which  the  lens  was  likely  to  be  used  would 
not  be  a  serious  matter.   As  a  matter  of  fact  the  distortion  is  nowhere  large. 

The  algebraic  expression  of  the  distortion  in  terms  of  the  tangent  of  the  angle 
of  field  t  is 

X  =  -oiojt^  +  ■057/^. 


Anfile 

I  St  order 

2nd  order 

Calculated 
distortion 

Distortion 
forC 

i7°-3 
i9°-7 
24"- 1 

27°- 1 

+  ■00031 
49 
97 
144 

+  ■00015 
34 

201 

+  ■00045 

202 

364 

+  ^00064 

General  Definition 

The  ultimate  test  of  a  photographic  lens  is  the  ciuiility  of  the  photograpli  that 
can  he  made  with  it.  A  test  photograph  made  with  this  lens  shows  sliarp  definition 
over  the  whole  field.  One  was  shown  on  the  screen  at  the  meeting,  but  is  not 
reproduced  here,  as  a  half-tone  block  is  not  suitable  for  showing  fine  definition. 

Possible  Uses  of  Lens 

In  conclusion  two  pictures  are  shown  (Figs.  5  and  6)  which  illustrate  one 
direction  in  which  the  lens  has  found  a  commercial  use,  i.e.  in  tlieatrical  photo- 
graphy. It  is  possible  now  to  photograph  the  actual  performance  on  the  stage 
with  the  ordinary  stage  lighting.  These  photographs  have  more  historical  and 
histrionic  value  than  reconstructed  flashlight  photographs. 

In  kineinatography  the  lens  should  be  valuable,  especially  in  the  studio,  per- 
mitting of  photography  with  less  intensely  actinic  light,  which  has  been  found  so 
harmful  to  the  actors'  eyes.  Fresh  ground  is  being  broken  in  otiier  tiirections, 
though  developments  are  not  so  far  advanced  as  to  jHTinit  nl  fnrlher  relercnce  at 
present. 

In  astronomy  the  new  lens  should  prove  useful.  Its  large  angular  field,  com- 
bined with  its  large  linear  aperture,  makes  it  possible  to  plot  star  fields  very 
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rapidly.   It  should  also  be  possible  to  photograph  meteors,  a  thing  which  has  not 
yet  been  accomplished  with  any  other  lens.  The  illumination  in  the  meteor  image 


Fiu.  ^.    lolanihe 


the  Princes  Theatre,  Lond 


Fig.  6.   Congreve's  The  Way  of  the  World  at  the  Lyric  Theatre,  Hammersmith. 

has  been  shown  to  depend  on  the  aperture  ratio  and  the  quality  of  definition  of 
the  lens,  and  of  course  the  large  field  is  a  necessity.  There  are  other  astronomical 
uses  to  which  the  lens  will  doubtless  be  put.  There  is,  for  instance,  the  problem 
of  the  shadow  bands  sweeping  rapidly  across  the  earth  during  a  total  eclipse  of 
the  sun.  Before  the  cause  of  these,  generally  ascribed  to  diffraction,  is  fully  under- 
stood, it  will  be  necessar}^  to  obtain  photographic,  or  rather  kinematographic, 
records.  The  faintness  and  rapidity  of  the  shadow  bands  calls  for  a  very  rapid 
lens.  An  attempt  to  obtain  a  photograph  during  the  last  eclipse  of  the  sun  un- 
fortunately failed. 
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DISCUSSION 

Mr  J.  \\'.  Pern-:  Mr  Lee  is  to  he  congratulated  upon  the  acconiphshment 
detailed  in  this  interesting  paper.  His  results  are  of  interest  considered  from  the 
analytical  standpoint  and  indicate  what  is  successfully  to  be  contended  with  in 
the  struggle  for  complete  mastery  of  the  aberration  question  in  general. 

Mr  T.  Smith:  Both  the  author  and  Messrs  Taylor,  Taylor  and  Hobson  have 
earned  the  warmest  thanks  of  the  Society  in  communicating  the  details  of  per- 
formance of  the  new  lens.  As  progress  is  made  in  the  very  difficult  task  of 
increasing  the  rapidity  of  photographic  systems  while  maintaining  a  large  field, 
it  is  of  the  greatest  interest  to  many  of  our  members  to  see  an  analysis  of  the 
results  attained  with  a  new  system  such  as  is  given  in  the  present  paper.  It  will 
be  observed  that  the  author  regards  the  algebraic  computation  of  such  a  system 
as  hopeless.  That  the  difficulties  in  the  way  of  such  a  feat  are  very  great  is  obvious, 
and  many  will  doubtless  agree  with  the  author's  view  until  someone  actually 
succeeds  in  overcoming  these  obstacles.  Meanwhile  opinions  will  no  doubt  differ 
as  to  the  possibility  of  success  by  other  means  than  ray  tracing — which  is  what 
is  evidently  implied  by  algebraic  methods.  My  own  opinion,  which  I  give  for 
what  it  is  worth,  is  that  the  prospects  are  less  hopeless  than  is  generally  believed. 

Mr  Lee :  The  algebraic  computation  of  aberrations  has  such  advantages  to  the 
designer  that  it  is  to  be  hoped  that  the  algebraic  method  advocated  by  Mr  Smith, 
the  scope  of  which  he  has  so  greatly  extended  by  his  own  labours,  will  one  day 
be  able  to  compete  with  the  trigonometrical,  or  partly  algebraic,  partly  trigono- 
metrical, and  partly  empirical  methods  of  to-day.  One  of  the  advantages  of  the 
present  method  is  the  amount  of  more  or  less  unskilled  assistance  that  can  be 
utilized  in  the  work  of  design. 
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A  WIDE-ANGLE  STEREOSCOPE  AND 
A  WIDE-ANGLE  VIEW-FINDER 
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ABSTRACT.  The  paper  describes  a  new  type  of  lens  system  for  use  in  wide-angle 
stereophotography  and  stereoscopy.  The  system  gives  a  iield  of  view  of  from  85°  to  90° 
diagonally  which  is  practically  free  from  distortion.  The  many  advantages  of  wide-angle 
stereoscopy  over  the  ordinary  type  are  discussed.  A  new  and  compact  type  of  wide-angle 
view-finder  is  also  described,  and  it  is  claimed  that,  with  the  exception  of  direct  focussing, 
it  yields  all  the  advantages  only  obtainable  hitherto  with  reflex  cameras. 


Introduction 

I  CONSIDER  it  a  great  honour  to  have  the  opportunity  of  explaining  my  methods  of 
wide-angle  stereoscopy  to  this  Society.  I  take  it  for  granted  that  you  wholly  agree 
with  the  well-known  principles  of  orthostereoscopy  as  formulated  first  by  Wheat- 
stone  and  afterwards,  among  others,  by  Helmholtz.  These  principles,  which  form 
the  basis  of  my  lecture,  depend  upon  the  fact  that,  to  obtain  in  the  stereoscope  as 
real  an  impression  as  possible,  it  is  necessary  that  the  stereoscopic  pictures  produce 
on  the  retinae  of  the  observer's  eyes  images  which,  as  regards  size,  form,  and 
position,  are  similar  to  those  actually  seen  by  the  operator  when  taking  the  pictures. 
The  necessary  conditions  for  this  are  as  follows : 

1 .  The  lenses  of  the  camera  must  be  at  the  same  distance  apart  as  the  eyes. 

2.  The  corresponding  points  of  a  verj'  distant  object  on  the  stereoscopic  picture 
must  be  at  the  same  distance  apart  as  the  nodal  points  of  the  stereoscope  lenses. 

3.  The  distance  from  the  stereoscopic  pictures  to  the  nodal  points  of  the 
stereoscope  lenses  must  be  equal  to  that  from  the  plate  to  the  nodal  points  of  the 
camera  lenses,  that  is,  the  pictures  must  be  seen  angle-true. 

I  wish  to  advocate  the  claims  of  wide-angle  stereoscopy  and  to  refute  the 
misapprehensions  which  keep  stereoscopy  unjustly  enclosed  within  far  too  narrow 
limits  and  prevent  its  natural  development.  I  will  show  the  optical  means  by  which 
it  is  possible  to  extend  the  field  of  stereoscopic  views  considerably  beyond  the  usual 
limits,  which  are  imposed  by  the  inability  of  the  short  focus  magnifiers  hitherto 
known  to  produce  orthoscopic  wide-angle  views. 
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Experiment  uii/i  Galilean  Binoculars 

Before  proceeding,  however,  I  would  like  to  make  a  few  remarks  connected 
with  physiological  optics.  Among  the  various  means  which  enable  us  to  get  the 
impression  of  varying  depth,  I  consider  the  alterations  in  the  convergence  of  the 
eyes  by  far  the  most  important;  accommodation  is  only  of  secondary  importance. 
I  assured  myself  of  this  fact  in  the  following  way.  I  took  a  pair  of  Galilean  bino- 
culars, removed  the  eyepieces,  placed  the  eyes  at  the  foci  of  the  objectives,  and 
asked  an  assistant  to  move  a  stereoscopic  picture  to  and  fro  along  the  axis  of  the 
instrument.  The  course  of  the  rays  was  telescopic,  and  the  images  on  the  retinae 
did  not  alter  their  size,  form,  or  position,  consequently  the  convergence  of  the 
eyes  remained  the  same  and,  when  the  picture  was  moved,  only  the  accommodation 
altered  with  the  distance.  When  the  picture  was  being  moved  away,  the  objects 
on  the  picture  seemed  to  increase,  according  to  the  apparent  increase  of  the  distance, 
and  conversely,  but  as  soon  as  it  was  stopped  I  could  not  decide  whether  it  was 
near  or  distant.  The  same  difficulty  was  experienced  when,  for  example,  the 
picture  was  divided  into  upper  and  lower  halves  placed  at  different  distances. 

With  the  above  arrangement  I  accidentally  discovered  the  fact  that,  when  a 
strong  light  penetrates  one  eye  sideways,  the  eye  sees  a  white  surface  distinctly 
greenish,  while  the  other  eye,  though  not  affected  by  the  light,  sees  the  same 
surface  rosy,  that  is,  in  the  complementary  colour.  It  may  thus  be  possible  to  see 
anaglyphs,  executed  in  properly  faint  colours,  stereoscopically  without  using  glasses 
with  the  reversed  colours,  pro\ided  they  are  viewed  with  the  side  of  the  appropriate 
eye  turned  to  the  light. 

(ii-NEKAi.  Considerations 

Proceeding  now  to  the  question  of  obtaining  orthostereoscopic  views,  we  can 
imagine  ourselves  standing  still  in  a  room  and  looking  through  a  window  at  the 
landscape  outside.  When  we  shut  our  right  eye  we  can  imagine  the  image  of  the 
landscape  formed  in  our  left  eye  to  be  projected  on  the  window-pane  and  exactly 
copied  with  a  pencil,  and  similarly  with  the  image  formed  in  our  right  eye  when  the 
left  (me  is  shut.  Thus  two  drawings  appear  side  by  side.  If  now  the  landscape 
disappeared,  we  should  see  it  unchanged  in  its  former  place  because  the  two 
drawings  would  produce  exactly  the  same  images  on  the  retinae  as  tiie  landscape 
itself. 

There  is  n(j  reason,  if  we  leave  out  of  consideration  the  question  of  accommo- 
dation, why  we  should  not  approach  the  window  so  closely  that  we  have  a  field 
of  view  possibly  as  wide  as  the  natural  field  of  view  of  the  eye,  reaching  up  to  120" 
or  more.  In  stereophotography  we  must  ensure  that  the  pictures  become  identical 
with  the  drawings  on  the  window-pane.  This  is  very  easy  if  we  employ  a  stereo- 
camera,  the  lenses  of  which  have  the  same  focal  length  as  the  distance  of  the  eyes 
from  the  window-pane,  provided  that  their  lateral  separation  is  equal  to  the 
interocular  distance,  and  that  they  are  free  from  distortion,  because  the  imaginary 
drawings  on  the  window-pane  are  free  from  it. 


A  Wide-angle  Stereoscope  and  a  Wide-angle  View-finder        25 1 

It  is  often  argued  that  photographs  must  not  be  taken  with  too  large  an  angle 
of  view  because  of  the  effect  of  exaggerated  perspective  and  also  because  the 
principal  object  is  not  brought  into  such  prominence  with  regard  to  the  background 
and  surroundings.  This  may  be  quite  true  in  the  case  of  single  photographs,  but  in 
the  case  of  stereo-pictures  the  argument  does  not  hold. 

One  practical  advantage  of  short-focus  lenses,  apart  from  their  greater  definition 
of  depth,  is  that  they  are  much  smaller  and  lighter  and  so  allow  the  cameras  to  be 
more  compact  and  lighter.  I  would  recommend  the  focal  length  to  be  not  shorter 
than  2},  inches,  as  otherwise  the  effect  of  the  grain  of  the  plate  comes  in  and  prevents 
one  obtaining  good  enlargements. 

It  is  most  desirable  not  to  increase  the  distance  between  the  lenses  ot  a  stereo- 
camera  beyond  the  normal  interocular  distance  of  about  2  J  inches,  on  account  of 
the  resulting  deformation.  In  some  cases,  however,  such  as  in  detecting  the  relief 
of  the  surface  of  the  earth  as  seen  from  an  aeroplane,  or  even  in  astronomy  in 
detecting  differences  in  the  distances  of  celestial  bodies,  the  employment  of  con- 
siderably increased  separation  may  have  great  advantages.  On  the  other  hand  a 
smaller  separation  is  of  use  in  the  case  of  very  small  and  microscopic  objects,  for 
example,  in  the  construction  of  stereoscopic  views  of  small  models  for  architectural 
purposes. 

Stereoscopes 
Mirror  Stereoscope 

The  plainest  and  still  the  best  stereoscope  we  know  is  Wheatstone's  mirror 
stereoscope.  Even  for  wide-angle  stereoscopic  pictures  it  might  be  of  great  use, 
permitting  in  any  case  a  horizontal  view  of  60°  and  producing  images  unsurpassed 
in  definition  and  general  freedom  from  aberration.  While  deploring  the  fact  that 
it  has  not  found  general  appreciation,  we  may  assume  that  this  is  only  due  to  the 
circumstance  that  it  requires  separated  pictures  of  considerable  size. 
Prism  Stereoscope 

Brewster's  prism  stereoscope,  although  technically  and  optically  far  inferior  to 
the  mirror  stereoscope,  has  enjoyed  an  unequalled  popularity  all  over  the  world. 
Lens  Stereoscope 

If  we  want  to  take  instantaneous  stereoscopic  photographs  Avith  lenses  of  shorter 
focal  length  than  the  distance  of  distinct  vision,  we  must  make  use  of  lenses  to 
supplement  our  defect  of  accommodation.  The  stereoscope  lens  has  nothing  else  to 
do  than  give  the  retinal  image  its  normal  sharp  definition.  Practically  this  can  be 
effected  by  making  its  focal  length  nearly  the  same  as  that  of  the  camera  lens. 
Freedom  from  Distortion 

The  stereoscope  lens  must  above  all  be  free  from  distortion,  as  this  imperfection 
exercises  a  most  disturbing  influence  on  the  localization  of  the  objects.  To  realize 
the  significance  of  this  fact  we  will  observe  that  differences  not  greater  than  Yrnr  inch 
in  the  value  of  the  distance  apart  of  the  two  corresponding  points  of  an  object  may 
produce  a  difference  of  depth  of  from  20  to  100  yards. 
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None  of  the  lenses  we  commonly  find  in  the  so-called  lens  stereoscopes,  not  to 
speak  of  Brewster's  prism  stereoscope,  are  free  from  distortion.  The  defect  is,  of 
course,  not  xery  prominent  when  the  lenses  are  only  used  for  small  angles  of 
vision,  but  it  increases  progressively  with  the  angle. 

Fig.  I  shows  the  distortion  produced  by  a  prismatic  lens  of  a  Brewster's 
stereoscope  and  Fig.  2  the  distortion  produced  by  a  common  achromatic  lens  of 
good  quality.   The  object  in  cacli  case  was  a  piece  of  squared  paper,  on  which  are 


Kit'.  I-    Distort  ion  of  the  prismatic  lens  of  a 
Brewster's  stereoscope  (stop  behind  the  lens). 


Fig.  ::.    Distortion  of  an  achromatic  stereoscope 
lens  (stop  behind  the  lens). 


marked  the  angles  at  which  the  squares  were  taken.  The  photographs  were  taken 
with  reversed  lenses,  the  stop  thus  coming  inside  the  camera,  so  as  to  get  the  same 
course  of  the  rays  and  the  same  distortion  as  in  using  the  lenses  in  the  stereoscope. 
Though  in  the  subjective  use  of  these  lenses  the  definition  is  much  better  than 
indicated  by  these  figures,  because  accommodation  neutralizes  the  curvature  of  the 
image  field,  it  is  clear  that  the  distortion  even  in  the  case  of  an  achromatic  lens  is 
a  prohibitive  impediment  to  wider  diagonal  angles  than  50°. 


Vet  ant  Lens 
For  diagonal  angles  up  to  57'  there  is,  ho\\c\er,  a  lens  which  is  free  from 
distortion  and  gives,  moreover,  true  perspective,  namely  the  so-called  Verant  lens, 
designed  by  Prof,  von  Rohr  and  described  before  the  Royal  Photographic  Society 
in  1903*.  This  lens  will  do  excellently  for  all  stereoscopic  fields  of  vision  at  present 
used,  but  for  wider  angles  the  distortion  becomes  excessive. 

Method  of  Correcting  Distortion 

It  thus  seems  impossible  to  get  a  correct  or  orthoscojiic  \  icw  of  a  wide-angle 

stereo-picture  of  more  than  60"  diagonally,  owing  to  lack  of  sufHciently  orthoscopic 

magnifying  glasses.    'I'hcre  is,  however,  a  well-known  simjilc  way  of  avoiding  the 

distortion  in  the  virtual  stereoscopic  image  by  purposely  introducing  the  reversed 

•  I'hul.Jmini.  43  (lyoj)  279. 


A  Wide-angle  Stereoscope  and  a  Wide-angle  View-finder         253 

distortion  in  the  picture.   If  we  take  a  wide-angle  photograph  with  a  landscape  or 

meniscus  lens  with  the  stop  in  front,  we  get 

barrel-shaped  distortion,  as  shown  in   Fig.  3, 

which  was  taken  with  the  same  lens  as  used  for 

Fig.  2  and  at  the  same  distance  from  the  squared 

paper.   Now  if  we  use  the  same  lens  in  the 

stereoscope   we   shall   see    the    picture    quite 

correct  with  straight  edges,  because  the  rays 

travel   in  the  opposite  direction  through  the 

lens  and  thus  suffer  distortion  of  the  opposite 

kind    which    exactly   neutralizes    that    of    the 

picture. 

This  method  has,  however,  several   draw- 
backs, the  principal  one  of  which  is  the  fact  that 
landscape  or  meniscus  lenses  are  not  anastig- 
matically  corrected  and  are  therefore  unsatisfactory  for  wide-angle  photographs. 
Moreover,  distorted  pictures  in  direct  vision  always  cause  annoyance. 

Considerations  in  tlie  Design  of  a  Wide-angle  Stereoscope  Lens 

The  desire  to  take  wide-angle  photographs  with  proper  anastigmat  lenses,  and 
see  the  correct  pictures  with  orthoscopic  wide-angle  magnifying  glasses,  made  me 
try  to  find  a  system  of  stereoscope  lenses  which  was  sufficiently  free  from  distortion 
over  a  field  of  nearly  90°  diagonally.  It  may  be  of  interest  to  describe  how  I  finally 
succeeded  in  finding  such  a  system. 

It  is,  of  course,  well  known  that  orthoscopy  of  a  lens  or  system  of  lenses  can  only 
be  obtained  when  the  mean  rays  of  all  pencils  of  rays  directed  to  one  point  on  the 
principal  axis  of  the  system  (the  centre  of  the  stop)  before  passing  it  also  meet  each 
other  in  one  point  on  the  axis  after  passing  through  the  system.  This  can  only 
take  place  when  the  system  over  its  whole  aperture  is  spherically  corrected  for  the 
two  conjugate  points. 

In  the  case  of  a  magnifying  glass  orthoscopy  is  practically  obtained  when  the 
narrow  pencils  of  rays  directed  to  the  pupil  of  the  eye  after  passing  through  the 
system  are  parallel  to  the  directions  they  had  before  entering  it.  This,  for  example, 
is  the  case  with  a  plane  parallel  glass  plate,  as  is  shown  diagrammatically  in  Fig.  4, 
though  the  pencils  of  rays  originating  from  one  point  do  not  exactly  meet  each 
other  in  one  point  again  when,  after  passing  through  the  plate,  they  are  continued 
backwards.  It  was  just  this  example  which  induced  me  to  try  to  find  a  kind  of 
magnifying  glass  plate. 

Suppose  we  have  a  lens  system  as  shown  in  Fig.  5.  A  point  P  on  the  axis  is 
taken  so  that  a  ray,  or  narrow  parallel  pencil  of  rays,  going  from  P  to  Q  appears, 
after  refraction  at  the  flat  surface  i,  to  come  from  a  point  M.  If  M  is  the  centre 
of  curvature  of  the  spherical  surface  2,  the  ray  OR  will  not  be  refracted  when  it 
emerges  from  the  first  lens  into  the  air,  nor  when  it  enters  the  second  lens,  provided 
the  spherical  surface  3  has  the  same  centre  of  curvature  M.    Thus  the  ray,  on 
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reaching  the  second  flat  surface  4  at  the  point  R,  is  refracted  in  a  direction  parallel 
to  PQ.  Thus  the  system  is  similar  in  action  to  a  glass  plate. 

Moreover,  when  both  lenses  are  made  from  the  same  kind  of  glass,  there  is  no 
chromatic  aberration,  as  the  prisms  at  Q  and  R  have  the  same  angle  but  turned  in 
opposite  directions,  nor  is  there  any  appreciable  astigmatism  because  the  rays  pass 
normally  across  the  spherical  surfaces.  The  system  has,  however,  a  certain  magni- 
fying power,  for  the  radius  of  curvature  of  surface  2  is  smaller  than  that  of  surface  3. 


T 

^ 

N 

L 

4 
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This  system  would  be  an  itlcal  one  if  all  rays  emerging  from  /'  were  refracted 
by  the  plane  surface  i  in  directions  which  when  continued  backwards  passed  through 
M,  but  this  is  not  the  case.  Thus  a  ray  PL  will,  after  refraction  by  tlie  first  lens, 
appear  to  come  from  a  point  !^  farther  away  than  M  and  will  consequently  meet 
the  spherical  surface  3  at  a  point  nearer  to  the  axis  than  would  be  necessary  to 
correct  the  deviation  caused  by  the  first  lens.  The  consequence  of  this  is  that  the 
angle  between  RS  and  OT  is  not  so  large  as  that  between  PO  and  PL,  so  that  the 
deviation  of  the  pencils  of  rays  towards  the  edge  is  somewhat  under-corrected  and 
towards  the  axis  a  little  over-corrected. 


I)<sii;ii  iillimalcly  adiiplvd 

Now  there  are  various  ways  of  obtaining  better  correction.    One  of  thi 
reverse  the  negative  lens,  increase  its  radius  of  curva- 
ture, and  bring  it  nearer  to  the  positive  lens,  as  shown 
in  Fig.  6.  In  this  way  we  get  a  system  which  is  prac- 
tically corrected  for  distortion  over  a  tliagonal  field  tif    

from  75°  to  80°  and  shows  but  little  chromatism.  If  a 
so-called  achromatic  positive  lens  is  used,  instead  of 
the  single  lens,  the  correction  for  distortion  may 
practically  be  carried  up  to  85"  and  90",  while  the 
system  becomes  almost  entirely  free  from  colour. 

The  distortion,  flatness  of  lielil,  tlefinition,  ami  extent  of  the  serviceabli 
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obtained  with  such  a  system  may  be  judged  from  a  study  of  Figs.  7  and  S  which 
were  taivcn  with  tiie  same  relative  stop  as  Figs.  1,2,  and  3.    Fig.  9  shows  an  archi- 
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Fig.  7.   Distortion  of  the  wide-angle  stereoscope  lens 
(stop  behind  the  lens). 


Fig.  S.    Distortion  of  the  wide-angle  stereoscope  lens 
(stop  in  front  of  the  lens). 


Fig.  9.   .Architectural  photograph  (angle  96°)  with  the  wide-angle  stereoscope 
lens  used  as  landscape  lens  (stop  in  front  of  the  lens). 


tectural  wide-angle  photograph  of  96"  taken  with  a  small  stop,  the  lens  being  used 
as  a  landscape  lens. 
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Remarks  as  to  Focal  Length 
With  regard  to  the  best  focal  length  to  employ  the  following  remarks  may  be 
made.  It  would  be  desirable  to  make  the  focal  length  as  short  as  possible  but,  in 
shortening  it,  the  difficulties  of  getting  a  useful  system  increase  progressively.  We 
must  bear  in  mind  that  the  eye  forms  part  of  the  complete  optical  system  and  that 
its  size  and  distance  from  the  nearest  lens  cannot  be  reduced.  In  shortening  the 
focal  length  to  widen  the  field  of  vision  we  cannot,  therefore,  simply  reduce  the 
system  proportionately.  On  the  contrary  we  should  have  to  enlarge  it  dispropor- 
tionately to  view  a  wider  field,  or  at  least  to  keep  the  same  field.  These  opposing 
conditions  set  a  limit  for  the  focal  length  (which  for  the  present  can  be  fi.xed  at 
22  inches)  which  it  will  not  be  easy  to  reduce. 


Fig.  10 

Though  the  curvature  of  field  of  the  system  is  very  small,  we  have  to  place  the 
picture  far  enough  inside  the  focus  on  the  principal  axis  to  enable  the  margins  to 
be  seen  distinctly,  so  that,  for  example,  at  a  focal  length  of  2.j  inches,  the  real 
distance  of  the  picture  is  reduced  to  aJ  inches.  A  system  with  a  focal  length  of 
2'1  inches  allows  a  diagonal  view  of  85"  to  be  seen  at  a  distance  of  2.I  inches 
without  displacing  the  centre  of  rotation  of  the  eye  (which  is  placed  as  close  as 
possible  to  the  lens)  away  from  the  axis  of  the  system.  When  using  the  system  as 
a  key-hole,  that  is,  moving  the  centre  of  rotation  of  the  eye  a  little  away  from  the 
axis  and  looking  slantingly  through  the  centre  of  the  lens,  a  tieki  of  view  of  more 
than  100   can  be  obtained. 

As  these  lenses  are  designed  to  give  the  widest  possible  view,  it  is  evident  that 
they  must  be  used  centrally,  that  is,  their  distance  apart  in  the  stereoscope  must  be 
equal  to  the  observer's  interocular  distance  and  the  eyes  must  be  placed  as  close 
as  possible  to  the  lenses.  The  distance  from  the  lenses  to  the  picture  accords  with 
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the  emmetropic  eye.  Small  hypermetropic  and  myopic  deviations  can  be  corrected 
by  changing  the  distance  to  the  picture ;  other  anomahes  can  only  be  corrected  by 
spectacles. 

The  complete  stereoscope  and  a  spare  picture-holder  are  shown  in  I''ig.  10.  It 
will  be  seen  that  provision  is  made  for  altering  the  interocular  distance  and  the 
distance  of  the  picture  from  the  lenses.  (.At  the  lecture  a  large  number  of  stereoscopic 
pictures,  taken  with  the  new  type  of  wide-angle  stereoscopic  camera,  were  exhibited 
in  the  special  stereoscopes.) 

Wide-angle  View-finder 
Previous  Types 

I  believe  there  is  no  part  of  photographic  optics  which  is  more  neglected  and 
undeveloped  than  that  which  deals  with  view-finders.  The  widely  distributed 
so-called  Brillant  finder  gives  an  image  which  is  much  too  small,  not  too  easy  to 
find,  and  only  visible  in  a  definite  position  of  the  eye.  It  requires  the  camera  to 
be  kept  at  the  distance  of  distinct  vision  beneath  the  level  of  the  eye,  giving  thus  the 
perspective  of  a  child  or  a  dwarf. 

The  Newton  finder,  consisting  of  a  negative  lens  with  a  small  sighting- vane, 
gives  undoubtedly  a  clear  reduced  image  at  eye  level,  but  it  cannot  give  the  exact 
limits  of  the  image  in  its  own  plane,  the  boundary  changing  at  every  movement  of 
the  eye. 

One  of  the  best  finders  is  the  so-called  Iconometer  finder,  which  consists  of  a 
single  vane  behind  a  rectangular  frame  of  wire  that  moves  with  the  lens.  It  has, 
however,  the  disadvantages  that  the  small  frame  is  so  near  the  eye  that  it  appears 
ven,-  indistinct  in  the  landscape  and  the  eye  must  be  at  a  certain  position. 

New  Type 

The  drawbacks  of  these  types  of  finder  increase  considerably  for  wide-angle 

photography  and  therefore  I  tried  to  construct  a  finder  that  was  free  from  these 

objections.   The  principle  of  such  a  finder  I  discovered  in  the  reversed  common 

spy-glass,  in  which  a  reduced  image  appears  in  the  stop  of  the  eyepiece  (Fig.  11). 


With  the  aid  of  a  stop  of  proper  form  and  size  we  can  limit  the  image  field  exactly. 
Moreover  we  can  move  the  eye  freely  behind  the  front  lens  (that  is,  the  objective) 
without  the  boundary  or  the  definition  of  the  field  being  altered.  The  reduction 
of  the  image  field  depends,  as  we  know,  on  the  magnifying  power  of  the  spy-glass 
as  normally  used. 
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For  normal  angles  up  to  60^  a  simple  construction  as  sho\\n  in  Fig.  12  will 
suffice.  It  turned  out  that  Richard*  had  already  designed  a  similar  construction. 
Perhaps  the  quality  of  the  images  he  obtained  was  not  sufficiently  good  to  use  the 
device  for  determining  the  boundary-  of  the  field,  because  he  only  suggests  its  use 
to  direct  the  centre  of  the  plate  on  a  definite  object. 


Fig.  12 


Fig.  13 


For  wide-angle  purposes  it  was  necessary  to  deviate  considerably  from  the 
reversed  spy-glass  construction.  Moreover  special  care  had  to  be  taken  to  eliminate 
distortion  from  so  wide  a  field.  The  con- 
struction ultimately  adopted  is  shown  in 
P'ig.  13.  A  view  of  the  complete  finder,  as 
manufactured  by  Messrs  Carl  Zeiss,  is  given 
in  l"ig.  14.  The  back  part,  which  only  con- 
tains the  eye  lens  and  the  reflecting  roof  prism 
(or  a  little  mirror),  can  be  turned  about  the 
axis  of  the  front  part  for  changing  from  the 
vertical  to  the  horizontal  position. 

This  finder  has  shown  itself  extremely 
useful  for  wide-angle  stereoscopic  purposes. 
Its  image  is  as  clear  as  that  of  the  naked  eye 

and  permits  us  to  detect  exactly  whether  a  '"'  '"* 

certain  detail  near  the  edge  of  the  plate  appears  on  the  plate  or  not,  with  still 
more  distinctness  than  the  well-known  reflex  cameras  can  give.  This  property, 
combined  with  the  great  depth  of  definition  of  short  focus  lenses,  makes  the  use 
of  the  ground  glass  superfluous.  Thus,  direct  focussing  not  being  required,  the 
finder  gives  in  a  very  compact  form  all  tlie  advantages  which  have  maiie  the 
reflex  cameras  so  popular,  notwithstaiuliiii,'  their  ciinilH  rsoinc  wiiulit 
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DISCUSSION 

Prof.  Cheshire:  The  author,  whilst  still  satisfying  the  conditions  that  (i)  stereo- 
scopic photographs  must  be  taken  with  an  inter-objective  distance  equal  to  the 
inter-pupillary  distance  of  the  observer,  and  (2)  each  picture  must  be  presented  to 
the  eye  angle-tme,  has  succeeded  at  the  same  time  in  very  materially  increasing 
the  angular  field  of  view.  A  distant  landscape  can  be  seen  through  a  window  either 
by  standing  on  the  hearthrug,  or  by  sitting  at  the  window — when  looking  at  the 
author's  slides,  you  felt  that  you  were  sitting  at  the  window.  The  enhanced  pleasure 
given  by  the  wider  angle  of  view  is  surprising  and  can  only  be  realized  by  experiment. 

Of  course,  the  results  that  Col.  van  Albada  has  been  successful  in  obtaining 
are  made  possible  by  his  magnifying  system,  which  is  a  very  beautiful  combination. 
Hitherto,  the  difficulty  has  always  been  to  get  viewing  lenses  with  sufficient  angle 
of  view  to  match  the  taking  lenses,  but  apparently  the  difficulty  in  future  will  be 
to  get  a  photographic  lens  to  match  the  viewing  lens. 

Col.  van  Albada  is  to  be  heartily  congratulated  upon  having  produced  what  is 
probably  the  highest  and  most  charming  expression  of  photographic  stereoscopic 
art  hitherto  achieved. 

Mr  J.  Rheinberg:  I  have  greatly  admired  the  demonstration  of  the  wonderful 
results  obtained  by  Col.  van  Albada's  wide-angle  stereoscopy  and  listened  with 
great  interest  to  his  lecture,  but  what  has  struck  me  as  much  as  anything  is  the  very 
clear  and  simple  way  in  which  the  lecturer  has  explained  the  principles  on  which 
he  worked  in  designing  his  lenses  for  the  purpose.  To  those  who  cannot  in  general 
easily  follow  the  problems  of  lens  construction  and  the  complicated  mathematics 
involved,  it  is  a  great  pleasure  to  have  the  ideas  leading  up  to  the  design  of  a  lens 
system  for  a  ]iarticular  purpose,  showing  how  it  was  evolved,  set  forth  in  so  simple 
a  manner. 

Instr.-Lt.-Comdr.  N.  Langlands:  This  paper  is  of  great  interest  because  it  opens 
out  a  new  future  for  stereoscopic  photography.  I  have  often  heard  Prof,  von  Rohr 
express  a  very  high  opinion  of  Col.  van  Albada's  ability  to  overcome  mechanical  and 
optical  difficulties  by  ingenious  devices.  We  have  had  a  good  example  of  that  in 
the  demonstration  shown  on  this  occasion. 

jNIr  Wilfred  E.  L.  Day:  Has  the  lecturer  adapted  the  principle  of  his  lens  to 
kinematography?  If  the  wonderful  results  achieved  by  the  new  lens  in  the  case  of 
lantern  slide  production  could  be  obtained  with  films,  the  value  of  screen  productions 
would  be  enhanced  enormously  and  a  greatly  added  charm  would  be  given  to 
scenic  films. 

Dr  J.  S.  Anderson:  Is  the  new  type  of  stereoscopic  camera  likely  to  be  put  on 
the  market  soon  and,  if  so,  what  will  be  the  approximate  cost  of  the  complete 
outfit? 

Mr  G.  W.  Gosling:  Are  the  new  lenses  similar  in  their  optical  construction  to 
the  wide-angle  magnifiers  which  bear  the  lecturer's  name  and  which  have  been 
manufactured  for  some  years  by  Messrs  Zeiss? 


26o  L.  E.  W.  ran  Alboda 

Col.  van  Albada:  I  am  ven-  glad  to  note  the  interest  taken  in  my  lecture  and 
demonstration  and  wish  to  thank  the  audience,  especially  those  members  who 
expressed  their  views  in  such  kind  words. 

For  the  greater  part  the  satisfaction  is  due  to  the  beautiful  pictures  which  some 
of  my  friends  lent  me  for  the  demonstration. 

I  regret  that,  on  account  of  an  application  for  patents,  I  am  not  able  to  give 
fuller  details  of  the  optical  data  of  the  lens  systems. 

Although  the  principle  of  the  wide-angle  magnifier  is  not  yet  adapted  to  kine- 
matography,  it  may  be  used  for  this  purpose  as  well. 

I  have  not  yet  put  a  special  wide-angle  stereo-camera  on  the  market  because 
several  types,  at  present  in  use,  can  easily  be  made  fit  for  this  purpose.  Special 
stereoscopes,  provided  with  wide-angle  magnifiers,  will  be  put  on  the  market  by 
Messrs  Zeiss  next  autumn  at  moderate  prices,  but  I  am  not  able  to  say  what  will 
be  the  approximate  cost. 

The  wide-angle  magnifiers  which  bear  my  name  and  have  been  manufactured 
for  some  years  by  Messrs  Zeiss  are  not  quite  the  same  as  those  of  the  new  type, 
which  possess  particular  advantages. 
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BINOCULAR  VISION  AND  THE 
STEREOSCOPIC  SENSE 

By  R.  J.  TRUMP,  B.A.,  B.Sc. 

MS.  received,  2yd  May,  1924.    Read  and  discussed,  I2tli  June,  1924. 

ABSTRACT.  The  convergence  of  the  eyes,  the  visual  focus,  and  the  variation  of  these 
accommodations  as  the  eyes  sweep  over  the  field  do  not  play  any  vital  part  in  the  apprecia- 
tion of  distance.  The  recognition  of  a  familiar  type  of  perspective  system  is  important, 
even  to  the  extent  of  overriding  the  evidence  of  hinocular  parallax,  when  the  two  come 
into  conflict.  This  may  be  shown  by  reversing  the  mounting  of  stereoscopic  photographs, 
or  by  preparing  stereo-diagrams  in  which  the  perspective  is  not  in  accord  with  the  paral- 
lactic displacements. 

Parallax,  powerful  in  association  with  other  factors,  is  uncertain,  or  even  breaks  down, 
when  not  assisted  by  perspective.  There  therefore  appears  to  be  no  "mechanism"  of 
stereoscopic  vision  dependent  upon  binocular  parallax,  but  the  perception  of  distance  is 
a  psychological  function,  involving  the  interpretation  of  all  the  details,  similarities,  and 
differences  in  the  images  in  the  two  eyes,  in  the  light  of  previous  association  and  experience. 


Introduction 

In  his  paper  "Stereoscopy  Re-stated"*  read  to  this  Society,  Dr  French  arrives  at 
the  conclusion  that  stereoscopic  perception  involves  a  certain  relationship  between 
the  axial  convergence  of  the  eyes  and  the  focal  accommodation.  If  this  were  so,  it 
might  be  expected  that,  in  examining  an  ordinary  pair  of  stereoscopic  pictures,  the 
result  would  be  appreciably  modified  by  varying  the  distance  of  separation  between 
corresponding  points  of  the  two  component  pictures,  by  which  means  the  con- 
vergence of  the  eyes  would  be  altered,  but  if  the  slide  of  the  stereoscope  were  not 
moved,  the  focal  accommodation  would  be  unchanged.  A  certain  amount  of 
experience  in  stereoscopic  photography  having  indicated  that  no  noticeable  modi- 
fication of  the  observed  effect  was  obtainable  in  this  way,  it  appeared  to  be  a  matter 
of  interest  to  look  a  little  more  closely  into  the  matter,  in  order  to  ascertain,  if 
possible,  whether  the  independence  of  stereoscopic  effect  and  the  convergence  of 
the  optical  axes  of  the  eyes  could  be  definitely  established,  and  also  to  find  how  far 
convergence  and  optical  focus  were  necessarily  inter-related  in  stereoscopic 
appreciation  of  distance. 

Observations  with  the  Naked  Eyes 
A  possible  objection  arises  at  the  outset.   Should  a  stereoscope,  or  indeed  any 
artificial  aid,  be  used  at  all  in  making  observations  upon  binocular  vision?    The 
object  of  the  instrument  is,  of  course,  to  enable  the  eyes  to  take  up  an  adjustment 
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with  their  axes  parallel,  without  requiring  simultaneously  an  accommodation  of 
focus  suited  for  a  near  object.  This  type  of  focus  is  never  required  in  actual  life, 
and  is  therefore  unfamiliar,  and  not  easily  secured.  The  stereoscope  provides  the 
extra  focussing  power  which  permits  the  object  to  be  seen  with  the  eyes  focussed 
for  infinity,  a  setting  which  is  customarily  associated  with  parallelism  of  the  axes, 
and  is  therefore  natural  and  comfortable.  In  view  of  the  particular  enquiry  in  mind, 
results  obtained  with  a  stereoscope  might  have  been  open  to  suspicion.  It  was 
therefore  thought  better  to  dispense  with  the  instrument. 

It  is  well  known  that  stereo-pictures  may  be  seen  with  the  unaided  eyes.  Upon 
looking  at  a  stereo-pair,  and  imposing  upon  the  eyes  a  "pensive"  or  "far-away" 
look — the  description  will  no  doubt  be  well  understood — the  axes  of  the  eyes  tend 
to  become  parallel,  and  each  eye  independently  sees  two  pictures,  making  four  in 
all,  the  two  inner  ones  overlapping  more  or  less.  If  the  displacement  can  be  carried 
far  enough,  the  two  images  seen  in  the  inner  positions  come  into  coincidence,  but 
quite  out  of  visual  focus.  It  is  then  necessary  to  maintain  the  eyes  fixed  in  position, 
while  gradually  altering  the  focus  until  clear  vision  is  obtained.  The  stereoscopic 
effect  is  then  apparent,  just  as  in  the  stereoscope.  The  chief  difficulty  consists  in 
holding  the  proper  images  in  coincidence,  while  the  visual  focus  is  adjusted,  as 
they  show  a  marked  tendency  to  break  away,  and  one  is  left  looking  at  the  picture 
in  the  ordinary  straightforward  way.  ^^'ith  practice,  the  necessary  power  can  be 
developed. 

A  pair  of  stereo-prints  were  therefore  taken,  and  clipped  to  a  card,  with 
corresponding  points  separated  to  a  relatively  small  distance — about  4  cm.  or  so — 
and  stereoscopic  fusion  obtained  in  this  way.  After  a  little  practice,  the  separation 
was  increased  a  little,  and  the  operation  was  repeated  until  the  necessary  facility 
was  obtained.  The  process  is  rather  difficult  when  the  pictures  chosen  are  full  of 
rather  small  detail,  but  much  simpler  when  there  is  present  a  bold,  strong  object, 
such  as,  for  instance,  an  isolated  tree  standing  out  in  marked  contrast  against  the 
sky.  When  the  separation  is  somewhat  large,  and  attention  is  fi.xed  upon  the.se 
prominent  objects,  they  may  be  seen  approaching  each  other  up  to  a  point,  with 
seeming  increasing  reluctance.  They  then  hesitate  and  stop,  perhaps  flutter  a  little, 
and  then,  as  if  definitely  coming  within  a  certain  sphere  of  influence,  they  rush 
together  and  fuse.  To  obtain  the  best  results,  it  is  necessary  to  see  that  the  vertical 
lines  in  the  prints  are  set  vertically,  and  that  the  images  of  corresponding  points 
on  the  two  sides  are  set  at  the  same  level,  although  no  extreme  accuracy  is  demandetl. 
If  then,  in  attempting  to  secure  stereoscopic  fusion,  one  image  falls  above  or  below 
the  other,  this  error  can  be  corrected  by  tilting  either  the  head  or  the  card  in  the 
appropriate  direction. 

With  steady  practice,  gradually  increasing  the  separation  of  the  centres  of  the 
two  pictures,  quite  a  surprising  degree  of  flexibility  can  be  developed.  It  is  possible 
to  secure  coalescence  when  the  centres  are  separated  distinctly  more  widely  than 
the  inter-ocular  distance — as  much  as  85  mm.  has  been  reached — while  the  eyes 
arc  focussed  for  a  distance  of  no  more  than  a  foot  or  so.  Just  as  with  other  im- 
accustomed   jihysical   exercise,   however,  it   is  necessary   to   lolidw    out  a  carel'ul 
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system  of  training,  and  to  be  content  with  slow  progress.  Otherwise,  as  might  be 
expected,  serious  and  painful  eye-strain  will  be  experienced.  Personal  observation 
showed  that,  after  a  time,  it  was  possible  to  snap  the  two  images  into  fusion,  almost 
without  hesitation,  over  quite  a  wide  range  of  separations,  independently  of  the 
distance  of  the  object  from  the  eyes.  In  no  case  was  there  any  essentially  different 
appearance.  Stereoscopic  relief  was  neither  more  nor  less  apparent  under  these 
varying  conditions.  Moreover,  it  was  even  found  that  if  the  two  pictures  were 
reversed  upon  the  mount,  that  is,  if  the  left-hand  picture  were  mounted  upon  the 
right,  the  two  could  still  be  fused  and  viewed  by  looking  at  them  cross-eyed.  This 
method  was,  indeed,  habitually  used  in  order  to  judge  of  the  general  effect  of  a 
negative  before  printing  off. 

It  is  now  clear  that  stereoscopic  relief  is  not  sensibly  affected  over  the  most 
extreme  possible  range  of  ocular  accommodation,  from  cross-eyed  convergence  to 
actual  divergence  of  the  optical  a.xes  of  the  eyes,  the  focussing  adjustment  being 
little  if  at  all  changed.  It  is  difficult,  therefore,  to  feel  that  the  stereoscopic  sense 
is  due  to  any  inter-relation  between  these  adjustments.  Nor,  equally,  can  the 
absolute  convergence  of  the  eyes  be  very  closely  involved. 

Observations  zvith  Galilean  Binoculars 

A  complementary  investigation  now  requires  to  be  made,  keeping  the  eyes 
parallel,  and  varying  the  focal  accommodation.  This  was  done  by  looking  at  the 
stereo-photographs  through  a  pair  of  Galilean  binoculars,"with  the  lenses  removed, 
the  separation  of  the  Uvo  fields  being  made  equal  to  the  interocular  distance. 
Beyond  a  distance  of  about  three  feet,  details  of  the  pictures  become  difficult  to 
distinguish.  Once  the  general  similarity  of  the  results  observed  has  been  established 
by  the  eyes  alone,  it  becomes  permissible  to  insert  the  objectives  in  the  tubes,  by 
which  means  the  range  of  focus  can  be  greatly  increased.  In  this  case  also  it  was 
found  that  stereoscopic  fusion  could  be  secured  over  the  whole  range  of  visual 
focussing  power,  with  no  apparent  alteration  in  the  relief  observed. 

Reversal  of  Normal  Conditions 

At  this  stage  of  practice  it  was  found  to  be  possible  to  produce  a  shift,  with 
subsequent  fusion,  upon  almost  any  object  showing  a  repeat  pattern — the  panes 
of  a  leaded  window,  the  pattern  of  a  wall  paper,  the  rails  of  a  fence,  the  keys  of  a 
typewriter — obtaining  an  apparent  coincidence  after  a  shift  of  one,  two,  or  more 
spaces  in  succession,  according  to  the  angular  width  of  the  pattern.  Finally,  by 
choosing  a  suitable  object  and  background,  a  set  of  conditions  was  produced  which 
was  the  exact  reverse  of  the  normal,  namely,  that  an  object  in  nearer  visual  focus 
appeared  to  be  stereoscopically  more  remote.  In  other  words,  in  order  to  restore 
clear  vision  in  passing  from  the  observation  of  one  object  to  that  of  the  other,  it  was 
necessary  to  increase  the  focal  power  of  the  eyes,  while  decreasing  their  convergence. 
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Experiment  with  Pins 

The  method  adopted  was  quite  simple.  Two  pins  were  pressed  vertically  into 
a  piece  of  cardboard,  and  held  between  the  eyes  and  the  central  vertical  rail  of  a 
window,  backed  by  the  open  sky.  This  choice  of  means  has  the  merit  of  avoiding 
a  number  of  factors  which,  by  providing  a  psychological  denial  of  the  phenomenon 
which  is  being  sought,  greatly  increase  the  difficulty  of  obserx'ing  it.  The  pins, 
being  considerably  nearer  to  the  eyes,  become  comparable  in  apparent  diameter 
with  the  window  rail,  which  facilitates  proper  placing.  Incidentally  the  superfluous 
images  can  be  thrown  upon  the  curtain,  and  thus  effectively  lost.  The  chief 
advantage  of  the  arrangement,  however,  lies  in  the  fact  that  it  does  not  oftend  one's 
sense  of  the  correctness  of  things  to  see  a  distant  object  through  a  glass  window. 
The  employment  of  a  screen,  a  wall,  or  other  opaque  object  as  a  background  adds 
very  greatly  to  the  difficulty  of  perception.  The  appearance  of  an  object,  seemingly 
located  behind  such  a  background,  but  remaining  visible  itself  while  obstructing 
the  view  of  the  background,  is  so  incredible  that  psychological  objections  inter\'ene, 
and  perception  invariably  yields  to  the  subconscious  arguments  of  association  and 
experience. 

By  the  employment  in  this  way  of  a  pair  of  pins  as  an  object,  and  regarding 
them  as  constituting  a  stereoscopic  pair,  two  images  of  each  may  be  formed  by 
rotating  the  eyes  outwardly,  and  the  inner  ones  brought  into  coincidence  and  fused. 
It  was  found,  when  this  was  done,  that  a  variation  of  the  distance  of  the  pins  from 
each  other,  or  from  the  eyes,  did  in  fact  cause  the  image  to  move  in  the  manner 
stated  by  Wheatstone,  with  which  Dr  I'rench  disagrees.  It  is,  in  fact,  quite  possible 
to  reduce  the  observation  to  quantitative  terms,  by  carrying  out  a  little  rough  and 
ready  range-finding. 

The  results  obtained,  even  with  the  crudest  appliances,  left  no  doubt  that  the 
apparent  position  in  .space  of  the  complex  image  made  up  of  the  two  pins  does 
actually  lie  at  the  intersection  of  the  axes  of  the  two  eyes,  as  originally  stated  by 
Wheatstone,  and  not  at  or  near  the  object  itself,  as  Dr  French  suggests.  The 
difference  is,  however,  not  so  great  as  it  appears.  If  we  imagine  the  optical  conditions 
reversed,  and  the  retinal  images  projected  back  into  space,  the  conjugate  images 
will  fall,  naturally,  upon  the  pins.  Any  attempt  to  locate  the  composite  image  in 
space  by  a  parallax  method,  moving  the  head,  places  it  again  on  the  pins.  Keep  the 
head  still,  and  trj'  to  place  the  image  with  respect  to  surrounding  objects,  using 
only  the  parallax  given  in  the  two  eyes,  and  it  will  be  found  where  the  optical  axes 
of  the  eyes  intersect.  The  whole  appearance  is,  of  course,  an  illusion.  The  complex 
image  is  a  mental  concept  only,  derived  from  the  conjoint  impression  produced 
by  two  real  objects.  No  such  image,  in  any  optical  sense,  exists  at  all,  and  so  it 
cannot  be  properly  placed  anywhere;  or,  if  desired,  one  may  say  that  according 
to  the  point  of  view,  it  may  appear  to  be  located  in  either  of  two  positions. 

In  view  of  the  above  experiences,  it  is  now  not  unreasonable  to  sujiposc  that, 
with  sufficient  practice,  almost  complete  independence  between  the  visual  focus  and 
the  axial  convergence  of  the  eyes  could  be  secured,  and  that,  given  suitable  olijects, 
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the  power  of  appreciating  and  interpreting  parallax  would  still  remain  practically 
unimpaired.  It  will  have  been  seen  that  any  direct  effect  of  the  convergence  of 
the  eyes,  as  also  of  their  focal  accommodation,  has  been  eliminated.  Dove's 
observation — that  a  sense  of  distance  is  still  retained,  even  when  the  object  is  only 
instantaneously  illuminated — is  fatal  to  the  suggestion  that  any  change  in  these 
accommodations,  in  passing  from  viewing  one  object  to  viewing  another,  is  con- 
cerned. In  order  to  leave  no  doubt  upon  the  point,  this  experiment  was  repeated, 
with  the  aid  of  a  Wimshurst  machine,  and  fully  confirmed. 

Experiments  with  Various  Diagrams 

A  doubt  has  also  been  thrown  upon  the  sufficiency  of  binocular  parallax  alone 
to  determine  stereoscopic  perception,  when  it  comes  into  conflict  with  experience. 
It  therefore  became  desirable  to  look  more  closely  into  the  matter.  In  an  attempt 
further  to  elucidate  this  problem,  a  number  of  pairs  of  stereo-diagrams  were 
prepared,  all  based  upon  a  fixed  series  of  points,  which  were  carefully  pricked 
through  several  sheets  of  paper,  so  as  to  be  identical  in  position  throughout.  The 
previous  experiments  had  disclosed  no  apparent  difference  in  the  results,  save  of 
course  in  magnification,  whether  a  stereoscope  be  used  or  not.  As  the  instrument 
is  a  very  useful  aid  to  comfort,  it  may  therefore  well  be  used  in  observing  these 
diagrams.  So  far  as  the  more  complete  ones  are  concerned,  the  observations  were 
confirmed  by  the  use  of  the  eyes  alone.  The  simpler  diagrams  do  not  provide 
enough  guidance  to  enable  stereoscopic  fusion  to  be  secured  at  the  rather  extreme 
separations  employed  (about  80  mm.).  A  false  fusion  was  usually  obtained  about 
two  spaces  short  of  the  actual  shift  sought  for,  and  stopped  any  further  movement. 
In  these  cases,  therefore,  the  stereoscope  was  necessarily  used.  The  results  obtained 
are  given  as  personal;  for  although  a  general  confirmation  has  been  obtained  in  a 
fair  number  of  cases,  distinct  individual  differences  have  been  recorded. 

Fig.  I  shows  the  points  A,  B,  C,  D,  E,  F,  G  on  one  member  of  the  pair  of 
fields,  all  equally  spaced  upon  the  paper.  The  conjugate  points  A' ,  B' ,  etc.  are 
unequally  spaced,  so  as  to  give  an  apparent  parallactic  sliift.  The  distances  CC, 
EE' ,  FF',  BB',  GG'  DD',  A  A'  all  differ  from  each  other  successively  by  0-5  mm., 
so  that  the  apparent  order  of  recession  in  space  when  observed  through  the  stereo- 
scope should  be  C,  E,  F,  B,  G,  D,  A.  In  this  diagram  the  only  feature  present  is 
this  parallactic  shift,  free  from  any  disturbing  element,  and  the  stereoscopic 
sensation  should  therefore  be  very  strong.  Actually,  it  was  found  very  difficult  to 
form  any  consistent  impression  at  all.  The  pairs  of  dots,  after  being  brought  into 
coincidence,  broke  away  and  wandered,  until  perhaps  a  different  coincidence 
altogether  was  obtained.  It  therefore  became  desirable  to  mark  the  centre  dot  D 
and  its  counterpart  D'  with  a  cross  stroke,  to  ensure  the  proper  coincidence.  This 
done,  the  effect  obser\'ed  seemed  to  be  that,  when  one  pair,  say  D  and  D',  are 
fused,  neither  C,  C'  nor  E,  E'  are  seen  as  single  points;  and  similarly  with  most 
of  the  others.  Upon  turning  the  attention  from  one  point  to  another,  the  two 
members  of  the  second  pair  slide  into  each  other  without  apparent  difficulty,  but 
seem  to  require  a  certain  conscious  effort  to  make  them  do  so,  and  the  movement 
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as  they  join  up  is  obvious.  One  can  always,  as  it  were,  catch  the  doubled  dot 
sliding  into  one.  At  the  same  time,  its  neighbours  generally  break  up  into  two. 
The  eyes  very  largely  fail  to  place  them  in  space  in  accordance  with  their  parallactic 
separations. 

In  Fig.  2  the  dots  have  precisely  the  same  horizontal  separations,  but  they  have 
been  placed  at  different  heights,  which  are  proportional  to  the  parallactic  separa- 
tions of  the  respective  points,  in  such  a  way  that  some  sort  of  uniform,  though 
crude,  perspective  pattern  results.  This  provides  distinct  assistance  in  placing  the 
dots.  C,  B,  A  and  E,  F,  G,  for  instance,  obviously  form  receding  series,  and  D  is 
behind  both  C  and  E.  Moreover,  they  all  constitute,  in  effect,  a  single  "view,"  and 
it  is  not  easy  to  see  one  point  slide  into  its  doublet  as  the  attention  sweeps  over  the 
field.  The  eyes  are  in  some  manner  guided,  so  that  the  requisite  change  of  con- 
vergence in  passing  from  one  point  to  another  takes  place  to  some  extent  auto- 
matically, as  if  there  were  a  realization  in  advance  as  to  what  the  necessary  change 
was  to  be. 

When  the  crude  perspective  is  replaced  by  a  set  of  less  consistent  ordinates, 
there  is  a  distinct  loss  of  the  sense  of  relative  distance.  The  points  are  more  fluctuat- 
ing and  uncertain ;  doubling  is  apparent,  and  the  sense  of  unity  of  the  field  is  largely 
lost. 

Fig.  I  may  be  modified  by  drawing  vertical  lines,  all  of  the  same  length,  through 
the  respective  points.  The  difiiculty  of  identification  again  requires  that  the  central 
line  on  each  side  shall  be  specially  marked.  The  sense  of  distance  obtained  is 
neither  immediate  nor  strong,  though  when  found  it  is  recognizable.  The  doubling 
of  the  lines,  the  uncertainty  of  the  fusion,  and  the  sliding  of  the  doublets  into  each 
other  are  quite  apparent. 

In  Fig.  3  vertical  lines  have  been  drawn  in  this  way,  but  a  little  additional 
assistance  is  afl^orded  by  the  long  sloping  lines,  which  appreciably  help  in  placing 
the  verticals.  These  now  appear  to  lie  in  three  definite  and  well-separated  planes, 
ADG,  BF,  and  CE.  The  tendency  to  doubling  of  the  lines  is  not  wholly  gone, 
but  it  is  so  far  reduced  that  the  diagram  does  appear  to  constitute  a  single  field, 
with  some  connection  between  the  various  lines. 

Fig.  4  introduces  a  full  and  complete,  though  simple  perspective  system, 
consistent  in  ever)-  way  with  the  parallactic  separations.  The  efiect  is  immediate 
and  obvious.  No  doubt  can  arise  as  to  the  respective  distances  of  the  vertical  lines 
of  the  series,  which  can  be  placed  without  hesitation  in  their  correct  order  of 
distance.  The  stereoscopic  perception  is  clear  and  unmistakable. 

In  Fig.  5,  on  the  contrary,  the  perspective,  as  also  the  interruption  of  some  of 
the  vertical  lines  in  the  drawing,  convey  a  wholly  false  suggestion.  The  parallactic 
displacements  are  such  as  exactly  to  contradict  the  impression  conveyed  by  the 
lines  of  the  drawing.  Upon  looking  at  it  in  the  stereoscope,  the  eyes,  if  at  best  they 
do  not  seem  to  suggest  that  the  whole  constitutes  merely  a  flat  drawing,  are  deceived 
by  the  perspective,  and  lead  us  to  regard  the  edge  through  A  as  the  foremost,  and 
that  through  C  as  the  most  remote.  Binocular  parallax  should  show  the  exact 
contrarj',  for  the  vertical  lines  are  spaced  exactly  as  in  the  last  figure.  At  the  same 
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time,  the  unity  of  the  field  is  well  maintained,  and  there  is  nothing  to  suggest  the 
violent  contrast  which  is  actually  present.  The  drawing  must,  however,  be  verj' 
carefully  executed,  for  if  the  short  verticals  cross,  or  fail  to  meet,  the  cross-lines, 
the  mere  hint  of  detachment  so  introduced  does  tend  to  make  the  verticals  "come 
out"  into  the  front. 

A  number  of  other  types  of  perspective  may  be  drawn  which  are  largely  false 
in  relation  to  the  parallax.  The  conclusions  of  various  observers  show  appreciable 
differences  but,  upon  the  whole,  the  perspective  generally  seems  to  play  the  more 
important  part  in  the  result,  if  the  drawings  are  accurately  made. 

Discussion  of  Results 

The  conclusion  seems  to  be  irresistible  that  there  is  no  real  mechanism,  optical 
or  cerebral,  which  provides  a  true  stereoscopic  sensation,  based  upon  binocular 
parallax.  For  if  there  were,  it  would  be  equally  present,  and  its  results  equally 
apparent,  throughout  the  whole  series  of  diagrams  in  all  of  which  the  parallax  is 
identical;  whereas,  in  fact,  its  indications  are  very  clear  and  decided  where  it  is 
helped  by  the  perspective,  and  uncertain,  or  even  completely  ineffective,  where  no 
such  assistance  is  to  be  obtained. 

This  result  should  not,  after  all,  be  thought  surprising.  The  eye  is  nothing  but 
a  camera  and,  organic  imperfections  and  casual  defects  apart,  it  cannot  lie.  It 
produces  an  image  of  the  outside  world  upon  the  retina,  and  the  optic  nerve  carries 
a  corresponding  report  to  the  brain.  There  and  there  only  is  it  interpreted  and, 
what  is  more  important,  it  may  there  be  wholly  or  partially  disregarded  or  modified, 
as  the  result  of  experience.  Thus,  the  image  on  the  retina  is  inverted,  but  it  is 
interpreted  in  association  with  ideas  derived  from  the  other  senses.  A  certain 
relationship  between  points  in  the  image  is  associated  with  the  conceptions  of  up 
and  down,  derived,  for  instance,  from  the  movements  of  the  hand  necessary  to 
reach  certain  points  in  space.  It  is  quite  immaterial  that  the  points  in  the  image 
have  the  contrary  relationship.  The  stereoscopic  sense  may  well  be  derived  in 
precisely  the  same  way.  At  an  early  age  the  foveae,  the  only  parts  of  the  retina 
upon  which  clear  vision  is  possible,  develop  into  "corresponding  points,"  if  the 
term  may  be  retained,  from  the  attempt  to  see  as  clearly  as  possible,  bringing  both 
eyes  into  play.  Perception  of  distance  is  a  later  acquirement,  for  it  is  well  known  to 
be  faulty  in  very  young  children. 

The  factors  which  have  any  effect  are  not  far  to  seek.  Apart  from  the  parallactic 
displacement  of  a  point  as  seen  in  the  two  eyes,  when  observed  in  contrast  to  another 
at  a  different  distance,  there  are  both  the  absolute  amounts  of  the  convergence 
which  has  to  be  imposed  upon  the  eyes,  and  of  the  focal  accommodation  necessary, 
and  also  the  changes  in  these  accommodations  in  passing  over  the  field  of  view. 
There  is  also  the  parallax  arising  from  movements  of  the  head,  affecting  both  eyes 
equally.  Undoubtedly,  however,  one  of  the  most  important  factors  is  the  existence 
in  the  field  of  view  of  a  familiar  type  of  perspective,  in  which  term,  for  the  present 
purpose,  one  must  include  not  only  the  general  run  of  the  lines,  but  also  the  relative 
apparent  sizes  of  objects  whose  actual  sizes  are  more  or  less  known,  the  recognition 
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of  natural  shading  as  associated  with  reHcf,  and  the  knowledge  that  a  more  remote 
object  is  not  visible  through  a  nearer  opaque  one.  In  ordinary  life,  objects  are  seen 
invariably  in  association  with  others  in  a  certain  relationship,  which  in  itself  gives 
a  powerful  aid  to  the  perception  of  distance. 

A  known  object,  placed  in  a  known  perspective  system,  can  be  located  with 
considerable  accuracy,  when  the  visual  parallax  is  also  coming  into  play.  Close  one 
eye,  and  parallax  is  lost,  but  if  the  perspective  remains,  there  is  not  much  uncertainty. 
A  mere  movement  of  the  head  can,  to  a  large  extent,  restore  the  position.  Remove 
the  perspective,  as,  for  instance,  over  the  sea  and,  although  parallax  remains,  the 
judgment  of  distance  of  a  landsman,  working  under  unfamiliar  conditions,  is 
greatly  impaired.  An  image  formed  in  space  by  an  optical  system  is  quite  difficult 
to  place  without  a  screen;  and  to  take  another  instance,  an  absurdly  incorrect 
judgment  of  distance  may  be  made  when  a  tiny  spider  hangs  suspended  in  mid  air 
upon  its  thread  in  front  of  the  eyes.  Remove  both  perspective  and  parallax,  and 
the  perception  of  distance  may  be  wholly  at  fault.  Hence  the  apparent  great  size 
of  objects  suddenly  looming  up  through  a  fog,  which  appear  large  merely  because 
their  distances  have  been  wholly  misjudged. 

In  estimating  distance,  therefore,  it  would  seem  that  binocular  parallax  does  not 
play  the  supreme  part  with  which  it  is  usually  credited.  On  the  contrary,  perspective, 
in  the  wide  sense  previously  specified,  appears  to  be  more  relied  upon.  Ocular 
adjustment  may  come  in,  but  to  a  relatively  minor  degree.  Whatever  the  eyes 
depict,  however,  the  brain  receives  the  impressions,  and  then  proceeds  to  interpret 
them,  adjusting  them,  as  it  were,  in  accordance  with  some  psychological  law  of 
least  squares,  in  order  to  arrive  at  the  most  probable  conclusion.  AH  so-called 
optical  illusions  are  based  upon  this  fact. 

With  an  ordinary  stereoscopic  slide,  the  sense  of  reality  of  distance  is  very 
strong.  Parallax  is  present,  even,  may  be,  exaggerated,  owing  to  the  fact  that  the 
lenses  of  the  taking  camera  are  perhaps  separated  more  widely  than  the  two  eyes. 
Perspective,  shading,  relative  sizes  of  the  objects  shown,  and  the  mutual  obstruction 
of  the  details  are  all  in  accord.  Differential  focussing  of  the  eyes  is,  of  course, 
wholly  absent.  If,  however,  the  prints  be  transposed,  parallax,  which  should 
completely  pervert  the  apparent  relief,  is  then  in  conflict  with  the  other  factors. 
In  general,  in  such  a  case  one  experiences  merely  a  sense  of  disappointment  that 
the  picture  is  unusually  flat.  Only  occasionally  does  it  appear  that  there  is  anything 
strange  in  the  result,  and  it  is  rarely  possible  to  detect  the  wholly  false  parallactic 
effect.  The  mind  simply  rejects  the  evidence  of  parallax  when  it  leads  to  absurdity, 
although  a  foreknowledge  of  the  effect  to  be  expected  does,  at  times,  enable  it  to 
be  detected,  especially  after  some  experience.  In  the  majority  of  cases  the  verdict 
seems  to  be  that,  as  the  evidence  as  to  solidity  is  conflicting,  there  is  no  solidity, 
but  the  picture  is  flat — as  indeed  it  is  known  to  be. 

One  other  observation  is  perhaps  particularly  relevant  at  this  point.  It  has 
frequently  been  remarked  that  if  an  ordinary  photograph  be  looked  at  with  one 
eye  only,  it  takes  on  a  distinctly  more  marked  appearance  of  stereoscopic  relief. 
This  is  particularly  the  case  when  the  picture  shows  a  strongly  marked  perspective. 
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It  can  now  readily  be  explained  why  this  is  so.  The  correct  perspective  in  all  its 
aspects  is  present,  but  the  picture  is  flat,  and  is  known  to  be  so.  Looked  at  with 
both  eyes,  there  is  no  parallax,  and  the  real  flatness  is  so  emphasized  that  the  mind 
is  greatly  hampered  in  endeavouring  to  reconstruct  the  original  solid  reality.  With 
one  eye  closed,  parallax  could  not  be  present,  and  its  absence  is  not  therefore 
remarked.  The  evidence  which  opposes  the  suggestion  of  the  perspective  is  thus 
no  longer  there,  and  the  imagination,  which  is  of  course  in  this  case  a  willing  agent, 
can  form  a  much  better  appreciation  of  the  original  subject*. 

Conclusions 

The  general  conclusion  arrived  at  is,  therefore,  that  there  is  no  real  stereoscopic 
sense,  based  upon  parallactic  displacements  between  the  images  formed  by  the  two 
eyes,  but  that  these  differences,  frequently  inconclusive  in  them.selves,  constitute 
merely  one  of  the  factors  which,  together  with  others  at  least  as  important,  are 
utilized  by  the  brain  in  forming  its  idea  of  distance.  One  of  the  most  important  of 
these  other  factors  is  the  recognition  of  a  perspective  system,  already  familiar  by 
association  and  experience.  Further,  just  as  one  does  not  require  to  assume  any 
special  mechanism  by  which  the  inverted  image  upon  the  retina  is  erected  before 
it  is  perceived,  so  one  is  led  to  think  that  there  is  nothing  which  can  intelligibly  be 
called  a  "mechanism"  of  stereoscopic  vision,  which  is  simply  another  manifestation 
of  that  extraordinary  cerebral  faculty  which  receives,  collects,  co-ordinates,  and 
interprets  all  the  sensory  impulses  which  are  continually  reaching  it,  and  employs 
them  to  build  up  a  single  unified  conception  of  the  world  around  us,  even  to  the 
extent  of  setting  off  one  sensation  against  another,  in  order  to  arrive  at  a  conclusion 
which  is  justified  by  the  sum  of  the  evidence,  when  the  latter  is  not  wholly  clear 
and  unequivocal. 

DISCUSSION 

Instr.-Lt.-Comdr.  X.  Langlands:  Mr  Trump's  paper  is  very  interesting.  His 
experiment  with  the  pins  is  really  similar  to  one  of  the  first  stereoscopic  experiments 
of  which  we  have  any  record — (Robert  Smith— ^  Compleat  System  uf  Opdiks, 
Cambridge,  1738).  In  making  the  statement  that  stereoscopic  fusion  of  diagrams 
with  the  unaided  eyes  is  more  trustworthy  than  fusion  with  the  aid  of  the  stereoscope, 
Mr  Trump  has  not  considered  the  trouble  which  might  arise  from  inferences 
drawn  from  the  rotations  of  the  eyes.  Accommodation  and  convergence  are  of 
course  of  prime  importance  but,  especially  in  "crossed"  stereoscopic  vision,  we 
have  to  consider  the  Law  of  Listing. 

The  cases  of  perspective  which  the  author  has  shown  .seem  to  he  particular 
cases  of  the  nine  types  of  stereoscopic  vision  which  have  been  exhaustively  treated 
by  Prof,  von  Rohr  in  his  pamphlet  on  Seeing  u-itli  tuv  eyes.  A  less  complete  account 

•  Prof.  Cheshire  pointed  out  one  among  Col.  van  Albada's  exhibits  in  which  the  foreground 
was  best  appreciated  by  using  both  eyes  in  the  stereoscope  (parallax)  and  the  background  by  using 
one  eye  (perspective). 
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is  to  he  found  in  his  Binokidareii  Iiistninuntv  anil  edition,  p.  256.  No  type  of 
stereoscopic  perspective  could  be  found  which  did  not  belong  to  one  of  these 
classes. 

Mr  Trump  states  that  he  has  verified  Dove's  classical  experiment  by  examining 
stereoscope  diagrams  illuminated  by  a  short  electric  discharge.  The  important 
thing  is  to  obtain  quantitative  and  not  qualitative  results.  I  have  conducted  a  long 
series  of  experiments  and  the  results  of  these  will  be  the  subject  of  a  paper  in  the 
near  future. 

Prof.  Cheshire:  I  agree  that  this  subject  is  one  that  should  be  approached  with 
care  and  caution,  because,  as  a  matter  of  fact,  a  very  large  amount  of  important 
work  has  been  done  in  connection  with  it  since  Wheatstone's  days. 

In  the  first  place,  there  are  one  or  two  fundamental  experiments  of  such  great 
importance  that  they  should  always  be  borne  in  mind.  One  of  the  first  of  these  is 
the  description  of  what  in  effect  is  the  stereoscopic  range-finder  by  Robert  Smith 
in  1738.  In  this  experiment  a  pair  of  compasses  with  extended  legs  is  held  in  front 
of  the  eyes  of  the  observer.  By  proper  adjustment  of  the  angle  between  the  legs 
a  "  W"  can  be  seen  when  viewing  a  distant  object.  The  middle  leg  produced  by 
stereoscopic  fusion  can  be  made,  by  altering  the  angle  between  the  legs  of  the 
compass,  to  stretch  out  to,  and  apparently  touch,  a  distant  object.  Then,  by 
measuring  the  distance  between  the  compass  points  and  the  eyes,  and  the  distance 
between  the  ej'es  and  the  compasses,  the  range  can  be  determined. 

Another  important  experiment  is  that  by  means  of  which  Wheatstone  showed 
that  simple  alteration  in  the  convergence  of  the  axes  of  the  two  eyes  does  not 
produce  any  marked  stereoscopic  impression.  This  experiment  can  be  repeated 
with  two  parallel  postal  tubes  placed  before  the  eyes,  with  a  vertical  pin  fixed  at 
the  farther  end  of  one  of  them  and  a  movable  parallel  pin  in  the  corresponding 
end  of  the  other;  then,  by  looking  through  the  tubes  at  a  distant  object  and  moving 
the  adjustable  pin  across  the  line  of  sight,  the  pin  produced  by  stereoscopic  fusion 
can  be  seen  moving  up  and  down  the  line  of  sight.  If,  however,  the  second  pin  be 
fixed  in  the  end  of  the  tube,  and  an  alteration  in  the  angle  of  convergence  be 
produced  by  an  angular  movement  of  one  of  the  tubes  in  a  horizontal  plane  about 
the  centre  of  the  eye,  it  will  be  found  that  a  very  considerable  angular  displacement 
of  the  tube  is  necessary  to  produce  the  impression  of  any  displacement  of  the 
stereoscopic  pin  in  the  line  of  sight. 

The  third  experiment  that  should  be  remembered  is  the  test  card  for  stereoscopic 
vision  by  Dr  Pulfrich.  Here  a  ruled  graticule  is  placed  before  each  e3'e.  The  distance 
between  the  corresponding  lines  in  the  two  graticules  is  made  to  vary  slightly  in 
passing  from  one  pair  to  another.  The  observer  views  these  pictures  and  then 
proceeds  to  determine  the  order  in  which  they  appear  to  occur  in  the  line  of  sight 
in  the  stereoscopic  picture  and  he  is  finally  called  upon  to  plot  a  plan  of  the  vertical 
lines  as  seen.  In  some  of  the  finer  tests  the  angle  of  convergence  alters  by  not  more 
than  a  few  seconds  in  passing  from  one  line  to  the  other  in  the  stereoscopic  picture 
seen.    Psychological  difliculties  in  connection  with  range-taking  are  undoubtedly 
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very  disconcerting,  especially  when  the  observer  is  called  upon  to  see  a  stereoscopic 
scale  behind  an  opaque  wall,  but  for  one  class  of  work  the  instrument  is  admirably 
adapted,  namely,  for  use  on  air-craft. 

Mr  Trump:  It  was  not  the  intention  to  suggest  that  more  trustworthy  results 
could  be  obtained  with  the  eyes  alone,  but  rather  that  the  employment  of  auxiliary 
aid  might  have  left  a  point  for  criticism.  I  have  not  seen  Prof,  von  Rohr's  pamphlet, 
but  in  referring  to  it  Comdr.  Langlands  appears  to  have  used  the  term  "  perspective  " 
in  a  signification  different  to  that  given  to  it  in  this  paper,  where  it  is  taken  to  describe 
all  the  features  which  are  characteristic  of  a  purely  monocular  representation  of  an 
object.  In  other  words,  perspective  can  be  fully  appreciated  by  one  eye  only, 
whereas  parallax  necessarily  requires  two.  In  this  sense,  therefore,  "stereoscopic 
perspecti\e  "  becomes  a  contradiction  in  terms. 

\\'ith  regard  to  Dove's  experiment,  it  did  not  occur  to  me  to  imagine  that,  if 
stereoscopic  vision  was  possible  when  the  object  was  illuminated  by  an  electric 
flash,  as  well  as  under  ordinary  observation,  it  could  be  lost  under  any  other  con- 
ditions. Comdr.  Langlands'  results  in  this  connection  will  be  awaited  with  interest. 
The  point  has  been  raised  that,  under  instantaneous  lighting,  stereoscopic  percep- 
tion might  be  due  to  a  mental  conception  of  the  change  of  convergence  necessary 
to  fix  the  various  points  of  the  field  in  succession.  As  any  such  estimate  must  be 
based  upon  the  differences  between  the  images  formed  in  the  two  eyes,  it  is  simpler 
to  conclude  that  these  differences  are  in  themselves  sufficient,  than  to  consider  that 
they  must  first  be  translated  into  terms  of  potential  muscular  effort.  By  analogy, 
one  might  say  that  it  is  more  direct  to  judge  of  the  height  of  a  fence  by  eye,  than  by 
estimating  the  effort  required  to  jump  it. 

Personal  differences  in  the  power  of  appreciating  stereoscopic  parallax  arc  very 
great,  and  the  faculty  is  one  which  can  be  much  developed  with  practice;  but  in 
the  case  of  no  one  of  the  limited  number  of  observers  who  have  been  tried  was 
there  any  failure  to  perceive  it  correctly  in  diagrams  similar  to  those  shown  when 
an  appropriate  perspective  was  worked  in.  In  the  contrary  case,  failures  were 
frequent,  and  occasionally  almost  complete. 
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ABSTRACT.  The  general  equation  by  which  the  properties  of  the  component  parts  of 
a  compound  optical  system  are  determined  is  put  into  a  new  form.  Solutions  are  obtained 
consisting  of  terms  containing  arbitrary  constants  together  with  any  particular  solution. 
The  particular  solution  itself  is  the  sum  of  two  parts,  one  of  which  is  independent  of  the 
corrections  required  in  the  complete  instrument,  while  the  other  contains  only  the  terms 
which  express  these  special  conditions.  The  arbitrary  terms  are  given  for  a  system  of 
any  number  of  components,  and  the  particular  solutions  for  systems  of  few  components, 
the  only  cases  which  require  special  treatment. 


Introduction 

The  proper  allocation  of  corrective  duties  to  the  various  component  lenses  of  a 
complex  optical  instrument  formed  the  subject  of  an  earlier  investigation*,  which 
contained  all  that  was  essential  for  the  solution  of  the  problem.  The  equations 
obtained  were  in  the  form  of  relations  connecting  the  fundamental  aberrational 
constants  of  the  component  lenses.  Some  of  these,  the  number  depending  on  the 
number  of  components,  could  be  chosen  arbitrarily,  and  the  others  were  then 
determined  uniquely  from  these  relations.  Though  a  solution  in  this  form  is 
theoretically  unexceptionable,  there  are  practical  advantages  in  expressing  it 
differently,  the  arbitrary  degrees  of  freedom  being  represented  by  arbitrary  con- 
stants. The  expression  of  the  conditions  in  this  form  is  the  aim  of  the  present 
enquiry. 

As  in  other  cases,  the  Petzval  condition  is  left  out  of  account  as  its  satisfaction, 
while  mathematically  of  the  greatest  simplicity,  actually  depends  upon  the  Gaussian 
plan  of  the  instrument,  which  is  assumed  to  be  given.  There  remain  the  five  primary 
aberrations  to  consider.  As  each  component  lens  may  be  made  to  satisfy  two 
conditions  by  the  choice  of  suitable  materials  of  construction  and  by  the  imposition 
of  the  proper  form,  the  number  of  arbitrary  constants  will  be  2«  —  5,  where  n  is 
the  number  of  component  lenses. 

The  five  primary  aberrations  will  be  determined  by  the  five  axial  aberration 
coefficientsf  A,,  z)  =  o,  i,  2,  3,  4.  In  terms  of  these  quantities  the  general  relation 
of  the  earlier  investigation  may  be  written 

si-(§„,8,,8.„S3,84P)„.(^)„,(.)„,(a,  =  ^(Ao,A,,A,,A3,A,^A)(;x)(.)(a...(i), 

*  Trans.  Opt.  Soc.  24  (1922-23)  168.  t  '<^<^-  "'•  P-  176,  foot-note. 
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where  S,.  is  the  coefficient  for  the  wth  component  corresponding  to  A,,  for  the 
complete  lens.  By  the  special  choice  5  =  i,  G  =  -  i  for  the  reference  system  of 
each  component,  (A)„,  assumes  the  particular  value 

(A,„^A,„_i,  A,„-A,„_0  (2), 

and  the  coefficients  under  control  are  S^  and  S, .  In  the  particular  case  when  the 
lens  is  thin  the  values  are 

So  =  8i  =  o  \ 

8.-«„.ji+J-J  (3) 

O3  =   -  Pm 

in  the  notation  extensively  employed  in  earlier  papers  deaUng  with  thin  lenses. 
The  problem  for  solution  is  thus  the  determination  of  general  expressions  for  83 
and  8,  in  equation  (i). 

A  ?iezv  form  for  the  i^eneral  equation 

Before  proceeding  to  a  solution  it  will  be  noted  that  this  equation  can  be  put 
into  a  more  convenient  form.   For  consider  the  table  of  aperture  intersections* 

/;,„  /;,„  K,  ...  K„ 
/;,,  //„  //i,  ...  /7i„ 
//.„         /;.,..         //..,         ...         /;.,„ 


(/x?)  (4). 


h,a        h,,,        li„,         ■■■         /'„„ 
which  may  be  constructed  either  in  the  way  already  described  from  the  traces  of 
two  paraxial  rays  or  alternatively  from 

with  h,,,,,      h^_^_„^  K^[pq\    j 

h.,.„  ~h,,y,^  =  K,[pq\ 
or  A,,,,,  -  /Jp,,+i  =  ',fp4i,« 

where  the  apparent  separation  between  lenses/)  and  </  is  denoted  by  [/>(/],  so  tiiat 
d-K 

Particular  values  are 

'I'heA's./x's,  etc.  are  identified  with  selected  columns  of  the  above  /;'s.   Now  define 
new  ciuantitics  //„  and  //,„„  bv  the  eiiuations 

"•■■■•■"•■■•  (5). 

and  //„„.  =  7"" '  '  7"'""''  ((')• 


luc.  cil.  p.  177. 
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The  values  in  certain  cases  are  evidently 

H,„=oo;  //„„_,=  !-  -^;  H„„,,  =  ^-  i. 

Instead  of  calculating  the  /;'s  initially,  the  H's  may  be  found  directly  using  the 
relations 

„  r/     „        2  [qr]       \ 

H    -H    =       ^f^"?^ 
'"  ''       '<r[pr][qr]\ 

It  will  be  noted  that  the  sign  of  the  H  differences  is  determined  by  the  cyclical 
order  of  the  suffixes.  Now  from  (2),  if  A  and  /x  are  identified  with  columns  p  and  q 
of  the  above  table  respectively, 

(A),„  =  (A„„p +  //,„-,,;,,//„,,  „-//,„-,.„) 
=  (//„.„  I)  .„.[;«/>] 
by  (4)  and  (6),  so  that  by  (7) 

(A)„  (^)„,  =  (//„,„  I)  (//„,„  I)  ^„r  [/«/)J  M 
^  (//.„.  I)  (//„„.  I) 

with  similar  expressions  of  like  form  for  (v),„  and  (f),,; .  The  corresponding  quantities 
for  the  complete  lens  may  be  treated  in  a  similar  way.  On  removing  the  common 
factors,  (i)  then  takes  the  form 

,,  K,„  (8, .  §1 ,  8„  83 , 8,-^H^, ,  I)  (//„., ,  I)  (//^. ,  I)  (i/„,. ,  I) 

_  Kj^^oAi^^^AzA^'^^" '  i){H,,i){H,,i){H,  ,1) 

{H,~H,)(H,-H,)  ^  ^• 

It  will  be  observed  that  the  grouping  of  the  brackets  is  always  such  that  p  and  q  are 
different  integers,  and  similarly  r  and  s  are  different. 

When  m  is  equal  to  one  of  the  integers  p,  q,  r,  or  s,  the  H  with  the  equal  suffixes 
becomes  infinite.  This  number  appears  in  both  numerator  and  denominator  and  its 
coefficients  alone  are  to  be  retained.  Thus  if  m  =  p  =  r,q  and  ^  being  different,  this 
particular  term  on  the  left  of  (8)  becomes 

and  if  m  =  p,  while  q,  r,  and  s  differ  from  p,  the  contribution  to  the  sum  is 

Kp(§o,Si,8„83]^i/,,.   !)(//,.,  I)  (//.S.I) 

It  is  easily  seen  that  equation  (8)  is  strictly  algebraic,  the  signs  in  all  cases  following 
automatically  from  the  definitions. 
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The  coefficients  of  tJie  general  constants 

A  particular  solution  of  equations  (8)  may  be  found  without  difficulty.  From 
this  solution  it  is  possible  to  derive  every  other  solution  by  giving  suitable  values 
to  the  arbitrary  constants.  The  matter  of  chief  moment  is  to  determine  the  coeffi- 
cients to  be  combined  with  these  constants  in  the  expressions  for  §3  and  S4  for  the 
various  components.  The  problem  is  obviously  to  find  (2;/  —  5)  sets  of  quantities 
which  satisfy  the  relation 

^  x„.  +  r„,  {H„„  +  H,„,  +  //„.,  +  //,„.)  ,  - 

(i/„., -//„.,)(//„,- //„,.)         ^°  ^'^'' 

however  p,  q,  r,  and  5  may  be  chosen.  From  the  form  of  the  equation  it  may  be 
anticipated  that  Y  will  be  of  the  first  and  X  of  the  second  degree  in  the  H's.  Take 
an  arbitrary  closed  cycle  of  integers  ahcd...k,  arranged  in  any  order,  none  of  which 
exceeds  n.  Any  particular  integer  a  follows  another  k  and  is  succeeded  by  a  third  b. 
The  relations  of  b  and  ^  to  a  may  be  expressed  by  the  positive  and  negative  signs 
respectively. 

In  the  condition  (9)  substitute 

-  r„    //„,  - //„,      ) 

and  similarly  for  other  members  of  the  cycle  abcd...k,  and  zero  in  other  cases. 
Consider  the  terms  which  involve  the  two  suffi.\es  a  and  h.   Since 
4  {H\,  -  H\,)  -  2  (//„,  -  //„,)  (//„,  +  //„,  +  H„,  +  11.,) 

=  (2//,,,  -  //,.„  -  i/„,)  (2//„,  -  i/„.      //„,) 

-  (2//,,,  -  //„„  -  //„,)  (2//,,,  -  //„.  ~  //„,), 
the  terms  that  have  to  be  considered  are 

(2//„,^ //„p  -  //„,)  (2//„,  -  H„  -  J/gQ 
(//„,  -  //„,)  (//„,  -  //„,) 

(//.p -//.,)(//.;-//.,) 

and  it  will  be  shown  that  their  sum  vanishes  identically.  By  considering  all  the 
pairs  as  they  occur  in  the  circuit  it  follows  that  the  addition  of  any  common  multiple 
of  the  ^'s  and  F's  to  their  respective  S,'s  and  S:,'s  makes  no  difference  to  the  sum 


on  the  left  of  (8).  Let 

fe^r -('"''" 

By  (7) 

{Inidc)                                        \ 

ami  the  e(|ualitv  of 

[("/'/"/) 

(ulnil^)]  [(ahrs)       (ahsr)\ 

and 

((/'"/"/) 

(ha,/f>)]  f[/>ars)       (has,)]. 

that  is  to  sav  the  vanish 

ing  of  til 

le  sum  (>r  the  (//)  terms,  at  once  follows. 

(■I). 


(•2). 


A  General  Solution  of  the  First  Order  Aberrational  Equations     277 

The  foregoing  formulae  will  evidently  be  of  particular  value  in  dealing  with 
special  problems,  such  as  the  determination  of  the  alterations  necessary  in  two  other 
selected  components  to  balance  a  certain  change  which  it  is  desired  to  introduce  in 
a  third  lens.  The  coefficients  (10)  give  the  necessary  changes  without  Further 
calculation. 

The  independence  of  circuits 
To  ensure  that  the  formal  solution  in  any  particular  case  is  quite  general,  care 
must  be  taken  to  see  that  the  circuits  are  all  independent,  that  is,  that  the  arbitrary 
terms  are  not  expressible  with  a  smaller  number  of  arbitrary  constants.  In  the 
cases  when  n  is  small  this  is  comparatively  simple.  For  example,  with  triangular 
circuits  the  following  solutions  may  be  taken : 

n  =  3;     (123). 

«  =  4;     (123),  (234),  (341). 

«  =  5 ;     (135).  (125),  (245),  (234),  (134). 
Other  circuits  may  be  constructed  from  these ;  for  example,  when  «  =  4  the  fourth 
possible  cycle  (412)  is  given  by  the  relation 

(123)    r  (341)        (234)  +  (412). 

Examples  of  quadrilateral  circuits  are 

//  =  4;     (1234),  (1324),  (1342). 

"      5;     (1234).  (2345).  (3451).  (4512),  (5123). 
As  an  instance  of  a  group  of  five  quadrilaterals  for  n  ^^  5  which  are  not  inde- 
pendent, the  set 

(1254),  (2315),  (3421).  (4532),  (3143) 
may  be  taken. 

The  examination  for  independence  may  be  facilitated  by  both  algebraical  and 
geometrical  means.  The  methods  below  yield  in  general  a  larger  number  of  circuits 
than  the  number  of  independent  constants  in  the  equations,  but  they  are  useful  in 
rejecting  a  large  number  of  circuits  which  are  related  in  simple  ways. 

Taking  the  algebraical  method  first,  suppose  that  the  set  of  circuits  (123), 
(1473),  (2356),  (1267),  (247),  ...  is  to  be  examined.  Take  each  pair  of  integers  in 
their  natural  order  and  enter  opposite  them  undetermined  quantities  for  each 
circuit.  Thus  for  the  first  circuit  enter  A  opposite  12  and  23  and  —  A  opposite 
13.  Similarly  for  the  second  circuit  enter  B  opposite  14  and  47  and  —  B  opposite 
13  and  37;  and  so  on.  The  entries  opposite  each  pair  of  integers  are  to  be  added 
together.  The  circuits  are  not  independent  if  all  these  sums  can  be  made  to  vanish 
simultaneously  while  any  of  the  quantities  A,  B,C,  ...  remain  finite. 

The  geometrical  method  depends  on  the  selection  of  component  areas  of  a 
polygon  of  n  sides  in  such  a  way  that  no  other  area,  whether  the  whole  or  a  part, 
can  be  built  out  of  these  parts  in  more  than  one  way.  The  angular  points  may  be 
denoted  by  the  numbers  i,  2,  3, ...  n  and  the  area  formed  by  joining  these  points 
in  this  order  by  (123. ../»).  Attention  may  be  confined  to  convex  polygons.   When 
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w  =  3  the  only  possible  area  is  the  triangle  (123),  and  this  is  the  complete  solution 
as  given  above.  When  «  =  4  the  sum  of  the  areas  (123)  and  (341)  is  identical  with 
the  area  {1234)  of  the  whole  polygon,  and  the  same  applies  to  the  sum  of  (234) 
and  (412).  There  is  therefore  one  relation  between  the  four  possible  triangular 
components,  leaving  three  independent  circuits.  When  «  =  5,  five  independent 
quadrilaterals  can  be  obtained  by  suppressing  each  of  the  angular  points  in  turn, 
but  to  enable  even,-  area  to  be  expressed  in  terms  of  the  components,  the  complete 
polygon  or  a  triangle  or  a  concave  quadrilateral  must  be  added,  giving  a  total  of 
six  components.  Again  there  is  one  relation  between  the  four  triangles  contained 
by  each  of  the  five  convex  quadrilaterals,  but  that  given  by  the  fifth  is  derivable 
from  the  other  four.  There  are  therefore  four  relations  among  the  complete  set  of 
ten  triangles,  leaving  six  triangular  circuits  for  consideration.  Fig.  i  illustrates  a 
set  of  six  triangles  which  satisfies  the  conditions.  When  w  =  6,  15  quadrilaterals 
can  be  constructed.  Of  these,  if  the  points  are  taken  in  order  at  the  vertices  of  a 
regular  hexagon,  3  are  rectangles  such  as  (1245),  6  are  kite-shaped  figures  such  as 
(123^),  and  6  are  the  halves  of  the  hexagon  completed  by  a  diagonal,  as  (1234). 


2  3 


FiB. 


FiR.  2 


Since  the  last  six  may  be  combined  in  pairs  to  yield  the  complete  hexagon,  there 
are  two  relations  connecting  them,  and  they  are  equivalent  to  only  four  independent 
elements.  Also  the  combination  of  two  opposite  kite-shaped  figures  yields  the 
same  result  as  a  pair  of  rectangles.  It  follows  that  this  method  reduces  the  number 
of  possible  quadrilateral  circuits  from  15  to  10.  Again  there  are  20  possible  triangles, 
and  since  each  independent  quadrilateral  gives  an  independent  relation  among  them, 
the  number  of  triangular  circuits  is  reduced  from  20  to  10,  the  same  number  as 
with  the  c|uadrilatcrals.  Fig.  2  illustrates  a  set  of  triangles  satisfying  this  condition. 
It  will  be  noted  that  the  final  number  of  circuits  in  this  case  exceeds  by  three  the 
number  of  general  constants  in  the  solution  of  the  equations.  I  f  all  ten  are  includcii 
it  is  certain  that  no  degree  of  freedom  has  been  neglected. 

As  Figs.  I  and  2  illustrate,  \{n-  i)  («  -  2)  triangular  circuits  satisfying  these 
geometrical  conditions  may  be  selected  by  taking  the  w  —  2  triangles  having  i  as 
vertex  and  consecutive  points  of  the  polygon  as  the  ends  of  their  bases,  together 
with  w  -  3  triangles  having  2  as  vertex  and  the  joins  of  consecutive  points  for  bases 
excluding  the  point  i,  and  generally  n  -  p  -    i  triangles  of  the  form  {p,q,q  I    i) 
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where  q  takes  in  turn  all  values  from  p  +  1  to  n  —  i.  This  gives  J  (n  —  3)  (//  —  4) 
more  circuits  than  there  are  general  constants  in  the  solution,  and  the  further 
reduction  must  depend  upon  relations  beUveen  the  H's.  It  will  be  noted  that  the 
number  of  finite  H's  is  /;-  -  //,  of  which  only  2  («  —  i)  are  independent,  since  this 
is  the  number  of  independent  /;'s.  Thus  there  are  («  -  i)(«  -  2)  relations  con- 
necting the  //'s. 

Particular  solutions 

Although,  as  has  been  remarked,  the  determination  of  particular  solutions  offers 
no  difficulty,  it  may  be  of  interest  to  include  examples  covering  systems  of  the 
complexity  found  in  photographic  lenses,  particularly  as  it  appears  that  it  is  custom- 
ary for  designers  to  reach  such  a  solution  by  trial  and  error  instead  of  by  a  direct 
expression.  These  particular  solutions  may  be  conveniently  divided  into  two  parts; 
one  yields  the  results  for  the  case  in  which  the  axial  aberration  is  entirely  removed, 
that  is  when  all  the  A's  are  zero;  the  other  gives  the  corrections  necessary  when 
finite  values  are  to  be  secured  for  the  A's,  and  depends  only  on  the  special  correc- 
tions required  in  the  particular  problem. 

The  first  part  of  the  solution  will  be  considered  first.  The  letters  p,  q,  r,  s  denote 
different  lens  numbers,  and  the  solutions  are  written  for  lens  p,  the  other  cases 
following  from  symmetry. 

Three  lenses. 

/c„(S„,S,,8,,83  0//;>,,  i){H,„,  i){H„„+  II„r,2) 

^  (//„,- //„.)K(S„, 8,, §,-<)//,.,  I)  (//,.,  I) -/<. (80,8,, 8,l[//,„,  i)(//,,,  I)} 

(13). 

K„(8„,Si,8„ 0,84 ()//,„  !)(//,„  !)(//,,  +  //,.,  2) (3//,,+  3i/,„  -  2) 

=  4  (//,,2  -  //,/)  {k,  (8„ , 8, ,  8,fH,r ,  1)  (//,. ,  I)  -  /<.  (8„ ,  8^ , 8,$//,,, ,  i)  {H,., ,  i)} 
+  (H,,  -  //J- {4^,(80,8,, 8, $//,,,  1)2  +  4^,(80,81,82^; i/„,  i)- 

-«,  (80,  Si,S,]J//,„  I)  (//,„!)}      (14). 

When  the  components  are  thin  these  expressions  take  the  forms 

x.  {2)3,  -  3«„  {H,,  +  H„)}  +  (//,,  -  //,,)  {K„a,  -  K,a,)  =  o  (15), 

and   K,{^Y,  -  a,  {H  J  +  H^,H„  +  //„/)}  +  (//,,  -  H ,„)  {k.u.H,,  -  k,u,H„^      o 

(16). 

These  expressions  are  easily  derived  from  the  equations. 

Four  lenses. 

When  there  are  four  components  the  case  in  which  /),  q,  r,  s  in  (8)  are  all  different 
shows  that  the  8.,'s  may  be  chosen  to  satisfy 

x,  (S„,  81,  8,,  S^i^//,,,,  I)  {II..r,  I)  {//,..,  I)  =  o  (17). 

19 — a 
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The  remaining  four  conditions  are  of  the  tjpe 

K,  (So,  81,  82AlS4<)^.,.   ^f(H,r,   I)  (//p.,   I) 
+  K,(8o,Sl.82W,r,l)(^,s,l) 

_  K,  (80,  8^,8, ,  83^//^,  i)^ (^„ ,1) 

>c,  (80 ,  8, ,  8., ,  83^  H,, ,  ly-  (//,, ,  I )  _ 

H,,  -  //,,  °" 

Now     ^^(80,81,82,83,8^0//^,,  if{H,,,  I)  (//,„,  I) 

+  Kj,  (80,  8,,  82,  83,  84^//,,,  i)  (//,„,  i)  (//,„,  i)  (//,,  +  //,.  +  //p,,  -  i) 
=  (zH,.,  +  //,,  +  //,.,)  «,  (80,  8, ,  S,,8,^H,,,  I)  (//„.,  I)  (//,.,  1) 
=  o, 
in  consequence  of  (17).  Also  by  the  same  formula 

Kr  (80  ,  8,  ,  8,  ,  8,Mr, ,  if  {Hrs ,  l)  =(//.,  -  H,„)  K,  {\  ,  8^  ,  8.,  ()  //,„  ,  l)  (//., ,  I ). 

Moreover  ^^  "  ^^^  =  (r/).?)  =  (/.r?.)  =  ^"^^ZhZ  " 

Substituting  this  value  and  dealing  with  the  last  term  in  a  similar  way  gives 
K^  (80,  8,,  82,  o,S4$//„,,i)(//^,,  I)  (//,,,  !)(//,,  +  //,,  ■  //„.,       I) 
=  (//,,  -  //J  (//,,  ~  //,„)  K,  (80,  81.  8.,^//,„  I)  (//,„  I) 

+  (//,.  -  //„,)  (//,.  -  //,,)  K,  (So,  8,,  8,J//,,,  1)  (//,„  I) 

-  (//„,,  -  //J  (//,,  -  H,r)  X.  (80,  8,,  8.,$//,,,  I)  (//„  ,  I)      (18). 

The  simplicity  of  the  general  results  in  this  case  makes  it  unnecessary  to  deal 
specially  with  the  case  when  the  components  are  thin. 

Five  lenses. 

Since  there  are  five  degrees  of  freedom  present  one  possible  choice  is  to  make 
all  the  83's  zero.  By  giving  p,  q,  r,  s  different  values  the  condition  becomes  an 
equation  for  the  value  of  8,  for  the  remaining  component.  'I"hc  solution  then  takes 
the  form 

'\      o  (19), 

'c,(8„,  81^2,0,  8, Jl//,„  !)(//,„,  I)  (//„„,  I )(//,„,  1) 
"  (//,,  -  //„,)  (//,.,      //,,) 
^  K,(8o,8.,8„oi^//,„i)(//,,.i)(//,,,i) 

K,(8„,8,,8„oO//„,i)(//.,,  I)  (//,„!) 

//r,  -  fJrt 

^.(So.  8,,  8.,,  0(1 /A,,,  I )(//,„.  i)(//„,  i) 


(S„,8,,8.,,oo//„,  I)  (//,,,!)(//,  ,  1) 


.(20). 
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This  solution  is  of  an  entirely  different  type  from  those  given  for  three  and 
four  lenses,  and,  since  each  component,  if  of  a  single  glass,  is  equiconvex  or  equi- 
concave,  it  illustrates  that  a  practicable  form  for  manufacture  may  readily  be 
secured  for  the  particular  solution.  It  may  be  of  interest  to  add  a  solution  of  the 
earlier  type.    Its  derivation  offers  no  difficulty. 

Let  83  be  given  by 

,c,  (S„,  §1,8.,,  §3 0 //;,,,  I )(//..,  I )(//,.,  I) 

+  K,(S„,8,,S„83!i//„.,i)(//,„„i)(//,,,i) 
+  K,(8„,8,,8„83^//,.,i)(//,„,i)(//,„,,i) 

-f /.,  (8„ ,  8, ,  S.„  83]^//,,, ,  I )  (//„„  I )  (//,„  I)  =  o, 
tluit  is  by 

,.,(0,80,    281,382,433]!^.,,   l)(//„r,    l)(//„.,    1){H„,,    I)  =  0    (21). 

By  proceeding  as  in  the  case  of  four  lenses  it  at  once  follows  that 
4K„  (8„ , 8, , 8.,,  o,  8J/f,„  I)  (//,„  1)  (//,.„  I)  (//,„  I) 
-(//,,  ^ //,,  +  //,,  + i/„,)  K„  (o,  80 ,  281 ,  38, ,  o^i/,,,  I)  (//,„  I)  (//,„,  I)  (//,,,  I) 
,  S  (//„,  -  //J  (i/,,  -  //,.)  K,  (80,  8„  h,lH,r,  I)  (//..,  I)  -  o  (22), 

where  the  summation  denotes  that  q  is  to  receive  in  turn  all  values  but  p,  and  that 
r  and  5  represent  each  pair  of  values  excluding  p  and  q. 

Evidently  cases  where  there  are  still  more  components  may  be  treated  in  a 
similar  way. 

The  special  conditions 

It  remains  to  insert  the  special  terms  by  which  particular  types  of  correction 
are  obtained  when  the  system  is  not  to  be  designed  for  the  absence  of  axial  aberra- 
tion. Provision  against  error  is  secured  by  introducing  these  conditions  in  a 
symmetrical  form.  Owing  to  the  degrees  of  freedom  always  present  when  there 
are  more  than  two  components  this  can  be  done  in  a  number  of  ways.  By  analogy 
with  the  discussion  of  the  previous  section  it  may  be  inferred  that  if  a  symmetrical 
form  is  secured  for  the  terms  affecting  the  83's,  symmetry  for  the  8j's  will  follow. 

Three  lenses. 

The  correction  to  k-^Sj  for  lens  p  given  by  equation  (13)  is 
_  (H,,-  H,r)  H„  K  (A„,  Ai,  A,,  A3,  A4^//,,  i)  (//,,  i)  (//,,  i)  (//,  +  //,,  i) 
{H,     H,){H,-H,){H/-H^) 
and  the  correction  to  k^S^  is 

2(//„,^-//,.^)//,^(Ao,A„A„  A3.  A«]?//„,  !)(//„  !)(//.,  i)(i/,  +  //.,  I) 
{H,  -  H,)  {H,  -  H,)  {Hr  -  H,) 


(23). 
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Four  lenses. 

The  formulae  having  the  fullest  symmetry  are  not  concise.  A  solution  may 
therefore  be  based  upon  a  particular  group  p,  q,  r.  The  expressions  are  then  of  the 
form : 

for  p,  q,  r  group;  correction  to  ^-^83  is  zero; 
correction  to  Kj,?>^  is 

and  for  s;  correction  to  K^h^  is 

correction  to  K584  is 


(H,,-H,,){H,,-H, 


K{X,\,X,,l,,1^0H,,i){II,,i){n,,if...{27). 


(II,.-H,){H,-H,) 
Five  lenses. 

Here  the  correction  to  all  the  S:,'s  may  be  made  zero  and  that  to  hr,,S,  is  then 

Numerous  fields  suggest  theinseivcs  as  affording  suitable  problems  for  treat- 
ment by  means  of  the  foregoing  equations.  It  is  proposed  to  discuss  a  few  of  these 
in  further  papers. 


DISCUSSION 

Mr  J.  W.  Perry:  The  new  form  for  the  expressions  of  first  order  aberrations 
here  introduced  by  Mr  Smith  would  appear  to  lend  itself  very  readily  to  facile 
application  to  special  problems,  considerable  attendant  advantages  in  manipulation 
resulting  also  from  the  general  symmetry  by  reason  of  the  attention  paid  to 
generality.  Having  given,  evolved  already  in  its  essentials,  an  optical  system  of 
whatever  complexity,  first  steps  toward  the  final  realization  of  the  projected  system 
consist  in  gaining  a  knowledge  as  to  the  existence  and  nature  of  practicable  solutions ; 
this  is  an  operati(jn  which  it  is  highly  desirable  to  be  able  to  perform  readily,  and 
the  methods  implicitly  formulated  in  this  paper  seem  well  adajitcil  to  this  purpose. 
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Ophthalmo-Optical  Manual.  By  William  Swaine,  B.Sc.  Pp.  152;  22  Figs. 
(London:  The  Hatton  Press,  Ltd.)  Price  5*-.  net. 

According  to  the  Preface  this  excellent  Httle  book  is  intended  to  ^e  efementary, 
practical,  and  non-mathematical.  It  possesses  all  three  qualities;  the  essential  facts  are 
described  in  clear  and  simple  language,  the  experiments  relied  on  are  easily  performed 
by  the  aid  of  readily  accessible  apparatus,  and  there  is  hardly  an  algebraic  expression  or 
equati(m  in  the  whole  book,  their  places  being  taken  by  numerous  examples  having 
numerals  instead  of  letters. 

The  drawings  are  all  new  and  appear  to  have  been  made  by  the  author;  although 
small  they  are  clear  and  tell  a  great  deal.  The  25  tables  at  the  end  of  the  book  contain 
much  useful  information  about  the  eye  and  about  spectacle  lenses;  many  of  these  tables 
are  new  and  the  figures  have  obviously  been  calculated  by  the  author;  I  have  checked 
samples  from  these  tables  and  found  them  correct. 

Of  the  fifteen  chapters,  I  and  11  relate  to  the  structure  of  the  eye  and  to  its  functions 
and  include  a  clear  statement  of  what  is  meant  by  visual  acuity,  ill  to  vi  are  concerned 
with  the  action  of  prisms  and  lenses,  vii  to  xii  deal  with  the  various  optical  errors  of  the 
eye,  xiii  and  xiv  are  on  retinoscopy,  ophthalmoscopy,  and  the  preliminary  examination 
of  the  eye,  and  the  last  chapter  gives  a  concise  description  of  the  various  frames,  mounts, 
and  elements  of  spectacles. 

Plane  and  spherical  wave-surfaces  are  made  use  of  in  explaining  the  action  of  prisms 
and  lenses,  but  the  book  is  too  elementary  to  extend  the  conception  of  the  wave-surface 
to  lenses  when  the  aperture  is  considerable  and  when  there  is  aberration.  Specially  clear 
accounts  are  given  of  the  method  of  measuring  the  power  of  lenses  by  neutralization,  of 
the  effect  of  varjing  the  position  of  the  spectacle  lens  with  respect  to  the  eye,  and  of 
the  prismatic  effects  due  to  decentering  the  lens. 

The  definition  of  a  toric  surface  on  p.  49  is  not  quite  the  thing.  Mr  Swaine  says 
"A  toriodal  cur\^e  is  one  which  has  two  principal  curvatures  in  directions  at  right  angles. 
Thus  an  arc  of  a  circle  rotated  about  a  chord  generates  such  a  surface."  The  first  of  these 
statements  is  too  wide,  as  every  continuous  curved  surface  has  at  every  point  on  it  two 
principal  curvatures  at  right  angles,  and  the  second  statement  is  too  narrow,  as  the  axis 
of  rotation  need  not  be  a  chord  but  may  be  any  straight  line  in  the  plane  of  the  circle. 

The  paragraph  on  pp.  49-50  relating  to  "Simple  Transposition  of  Tories"  is  rather 
too  skimpy,  probably  due  to  the  non-mathematical  treatment.  A  lens  having  a  power 
of  +  7/)  in  the  vertical  meridian  and  +  ^D  in  the  horizontal  meridian  is  to  be  transposed 
to  a  toric  lens  with  a  —  6Z)  base  curve.  Nothing  is  said  as  to  whether  the  —  6D  curve  is 
to  be  in  the  vertical  or  the  horizontal  meridian.  There  are  four  lenses  which  may  be 
prescribed,  viz.: 

+i3sph- ,.  -t-iisph. 

-6cyl.a.x.H.C:-8cyl.ax.V. *•  ''  -4cyl.ax.  H.  3  -  6cyl.ax.  V. ^  '' 

and  (3)  and  (4)  the  same  as  (i)  and  (2),  but  with  the  spherical  surface  last.  Mr  Swaine 
gives  prescription  (i)  but  not  (2).  Similarly,  when  the  same  lens  is  transposed  to  a  toric 
lens  on  a  +  3D  base,  the  prescriptions  are : 

+4sph. ,  .  +  5  cyl.  ax.H.  C+t,  cyl.ax.  V. 

-(-3cyl.ax.H.3+ icyl.ax. V. ^  -t-2sph.  ^  " 
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and  (7)  and  (8)  the  same  as  (5)  and  (6)  with  the  surfaces  reversed.  Mr  Swaine  gives  (6) 
but  not  (5).  There  is  an  obvious  misprint  in  the  last  prescription  of  the  paragraph  referred 
to;  the  axis  of  the  11 D  cylinder  should  of  course  be  vertical. 

On  p.  55  Mr  Swaine  says  "  In... transposing  a  toric  or  sphero-cylindrical  lens,  a  com- 
promise should  be  effected  which  gives  an  approximation  towards  a  best  form  bending." 
If  this  mean  that  the  section  of  a  sphero-toric  lens  in  either  meridian  should  be  made  to 
approximate  to  the  section  of  a  best  form  spherical  lens,  that  is,  one  designed  to  be  free 
from  oblique  astigmatism,  the  statement  is  rather  too  loose  as  it  by  no  means  follows  that 
such  a  toric  lens  would  have  the  astigmatism  of  an  oblique  pencil  the  same  as  that  of  an 
axial  pencil. 

The  book  contains  a  great  deal  of  information  particularly  useful  to  sight-testers  and 
it  can  be  confidently  recommended  both  to  students  and  to  practising  refractionists. 

A.  W. 


ABSTRACTS  OF  PATENT  SPECIFICATIONS 

21 1034.    Graves,  A.  Optic.xl  Projection  App.^r.'VTUS. 

An  episcopic  apparatus  includes  a  source  of  light  placed  at  the  focus  of  an  ellipsoidal 
reflector,  and  backed  by  a  hemispherical  mirror.  The  main  reflector  may  be  fitted  with 
screw  devices  to  deform  its  curvature  so  as  to  produce  a  beam  of  the  required  cross-section. 
21 1 147.    May,  H.  Optical  Systems. 

Behind  an  objective  there  is  placed  a  compounil  prism,  which  splits  up  the  light  into 
four  divergent  pencils,  each  of  which  passes  through  an  appropriate  colour  filter.  For 
three-colour  work,  the  fourth  pencil  is  stopped  ofl^,  or  passed  through  a  neutral  grey  filter. 
A  second  prism,  having  its  faces  parallel  to  those  of  the  first  prism  to  which  they  are 
respectively  opposite,  places  the  four  images  in  juxtaposition  upon  a  plate  or  screen.  The 
system  is  reversible. 
211168.    Perrin,  J.  n.,  and  another.  Telescopes. 

Hetween  the  eyepiece  and  the  objective  a  system  of  prisms  or  mirrors  is  arranged  in 
such  a  way  that  the  objective  can  be  turned  in  any  direction  while  the  eyepiece  remains 
fixed.  The  beam  is  transmitted  along  the  axis  of  rotation  at  each  stage. 
21 1476.    Marcelin,  A.  J.  Coi'Hsi;  Indicators. 

An  apparatus  for  use  on  the  ground  for  following  and  indicating  the  course  of  an 
aircraft  consists  of  a  telescope  system,  rotatable  about  two  axes,  or  including  rotatable 
prisms,  the  movements  executed  in  following  the  object  being  transmitted  to  a  marker, 
which  traces  out  upon  a  concave  spherical  surface  llu-  course  followed. 
21 1757.    Herry,  P.  W.  Coi.oi'R  Screens. 

A  single  glass  unit  has  upon  it  a  series  of  merging  colours,  repeated  several  times,  so 
as  to  give  a  number  of  cycles  in  succession  without  returning  it  to  its  original  position, 
when  it  is  slowly  traversed  across  the  lens  of  a  projection  system. 

H.J.   T. 


Note.  With  regard  to  Mr  E.  Wilfred  Taylor's  reply  to  the  discussion  on  his  paper 
(Vol.  XXV,  No.  4,  p.  208),  Major  Ilenrici  wishes  to  say  that  he  has  not  been  connected 
with  the  Ordnance  Survey  since  1914  and  that  the  opinion  expressed  is  his  own. — Kd. 
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